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Abstract
In this study, we developed multiscale models of vector-borne diseases. In general, the transmis-

sion of vector-borne diseases can be considered as falling into two categories, i.e. direct transmis-

sion and environmental transmission. Two representative vector-borne diseases, namely; malaria

which represents all directly transmitted vector-borne diseases and schistosomiasis which rep-

resents all environmentally transmitted vector-borne diseases were studied. Based on existing

mathematical modelling science base, we established a new multiscale modelling framework

that can be used to evaluate the effectiveness of vector-borne diseases treatment and preven-

tive interventions. The multiscale models consisted of systems of nonlinear ordinary differential

equations which were studied for the provision of solutions to the underlying problem of the

disease transmission dynamics. Relying on the fact that there is still serious lack of knowl-

edge pertaining to mathematical techniques for the representation and construction of multiscale

models of vector-bone diseases, we have developed some grand ideas to placate this gap. The

central idea in multiscale modelling is to divide a modelling problem such as a vector-bone dis-

ease system into a family of sub-models that exist at different scales and then attempt to study

the problem at these scales while simultaneously linking the sub-models across these scales.

For malaria, we formulated the multiscale models by integrating four submodels which are: (i)

a sub-model for the mosquito-to-human transmission of malaria parasite, (ii) a sub-model for

the human-to-mosquito transmission of malaria parasite, (iii) a within-mosquito malaria parasite

population dynamics sub-model and (iv) a within-human malaria parasite population dynamics

sub-model. For schistosomiasis, we integrated the two subsystems (within-host and between-host

sub-models) by identifying the within-host and between-host variables and parameters associated

with the environmental dynamics of the pathogen and then designed a feedback of the variables

and parameters across the within-host and between-host sub-models. Using a combination of an-

alytical and computational tools we adequately accounted for the influence of the sub-models in

the different multiscale models. The multiscale models were then used to evaluate the effective-

ness of the control and prevention interventions that operate at different scales of a vector-bone

disease system. Although the results obtained in this study are specific to malaria and schisto-

somiasis, the multiscale modelling frameworks developed are robust enough to be applicable to

other vector-borne diseases.
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Chapter 1

Overview of vector-borne diseases

1.1 Introduction

Vector-borne diseases are illnesses caused by parasites, viruses and bacteria that are transmit-

ted by organisms/vectors such as mosquitoes, sandflies, triatomine bugs, blackflies, ticks, tsetse

flies, mites, snails and lice [8]. Vector-borne diseases transmission depends on three different

factors, namely pathologic agent, arthropod vector, and human host [8]. Vector-borne diseases

are commonly found in regions where access to safe drinking-water and sanitation systems are

problematic [166].

Vectors are facilitators of many dangerous disease-causing organisms, the prevention and treat-

ment of which cannot be effective for long without addressing the vector directly [11]. The

characteristics of vector-borne diseases include high disease transmissibility, explosive, unpre-

dicted spread of disease, resilience to control and prevention because of the vector’s small size

and sheer numbers as well as large range visas diseases that require direct contact [11].

The vector receives the pathogen from an infected host and transmits it either to an intermediary

host or directly to the human host. The different stages of the pathogen’s life cycle occur during

this process and are intimately dependent upon the availability of suitable vectors and hosts [9].

Key components that determine the occurrence of vector-borne diseases include: (a) The abun-

dance of vectors and intermediate and reservoir hosts;(b) The prevalence of the disease-causing

pathogens suitably adapted to the vectors and human or animal host;(c) The local environmental
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conditions, especially temperature and humidity and (d) The resilience behavior and immune

status of the human population [9].

Each year there are more than 700 000 deaths from vector-borne diseases such as malaria,

dengue, schistosomiasis, human African trypanosomiasis, leishmaniasis, Chagas disease, yellow

fever, Japanese encephalitis and onchocerciasis, globally [162]. Since 2014, major outbreaks of

dengue, malaria, chikungunya yellow fever and Zika have afflicted populations, claimed lives

and overwhelmed health systems in many countries [162].

Schistosomiasis and malaria are the world’s most prevalent vector-borne diseases [166]. Out of a

world population of approximately 5300 million people in 1990, some 2200 million people were

considered as being at high risk of contracting malaria, and some 60 million as being vulnerable

to schistosomiasis [166]. Roughly 270 million people are actually infected with the malaria

parasite and the current prevalence of schistosomiasis is about 200 million [166].

Dengue is the fastest spreading vector-borne disease of the twenty-first century [161]. More than

1.3 billion people in Africa are at risk of malaria, as over 75% of the population live in malaria-

prone areas [161]. In 2002, Africa had more deaths from vector-borne diseases than any other

continent (see figure 1.1) [15]. Because there is a high health risk for the vector-borne diseases

and a large number of deaths associated with vector-borne diseases, it is important to increase

our understanding of their transmission dynamics and be ready for any emerging vector-borne

disease [11]. Table 1.1 represents the list of some of the important vector-borne diseases [10].

Main risk factors of vector borne diseases include climate variations, certain human activities,

as well as movements of animals, people or goods. Human life is dependent on the earth’s

climate system. The interactions of the atmosphere, ocean, terrestrial and marine biospheres,

chromosphere and land surface determine the earth’s surface climate [12].

Climate change plays an important role in the seasonal pattern or temporal distribution of dis-

eases that are carried and transmitted through vectors because the vector animals often thrive in

particular climate conditions. For instance, warm and wet environments are excellent places for

mosquitoes to breed. If the mosquitoes happen to be a species that can transmit the disease and

if there is an infected population in the region, then the disease is more likely to spread in that

area. Because they are sensitive to climate, the distribution and number of vectors is affected

by climate change [13]. Adaptive strategies to climate change like irrigation can result in the

increase of the risk of schistosomiaisis transmission [12].

The greatest effect of climate change on the transmission of vector-borne diseases is likely to

be observed at the extremes of the range of temperatures at which transmission occurs. It is

estimated that on average, global temperatures will have risen by 1.0 − 3.50C by 2100, thus

increasing the likelihood of many vector-borne diseases [12]. The temporal and spatial changes
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in temperature, precipitation and humidity that are expected to occur under different climate

change scenarios will affect the biology and ecology of vectors as well as intermediate hosts [12].

Consequently, the risk of disease transmission is increased. The risk increases because, although

arthropods can regulate their internal temperature by changing their behavior, they cannot do so

physiologically, and are thus critically dependent on climate for their survival and development

[12].

Disease and Host Pathogen Vector
Schistosomiasis in humans Flatworm Snails
Malaria in vertebrates Plasmodium protozoan Moisquitoes
Sleeping sickness in humans Trypanosome protozoan Tsetse flies
Lyme disease in humans Bacterial spirochete Ticks
Yellow fever in humans Arbovirus Mosquitoes
Bubonic plague in humans Yersinia bacteria Fleas on rodents
Typhus in humans Rickettsial bacteria Body lice
Strawberry crinkle virus disease Rhabdovirus Aphid
African cassava mosaic virus disease Geminivirus Whitefly
Pierce’s disease in grapes Xylella bacteria Sharpshooter bugs

Table 1.1: Examples of vectors and diseases they carry with their respective pathogens[10].

Figure 1.1: Deaths from vector-borne disease [15].
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Significant progress has been made against vector-borne diseases control through a combina-

tion of poverty alleviation and socio-economic development, increased access to health services,

large scale and more coordinated control programmes, and development of more effective control

measures. As a result of these successes, the proportional attribution of vector-borne diseases to

global mortality has declined in recent years [7]. However, not all vector-borne diseases are de-

clining in incidence globally, and some diseases like malaria, which are decreasing at the global

scale, are stable or increasing in specific locations. More efforts in controlling these diseases

are therefore important attribution to global health, security and development. Moreover, pol-

icy markers engaged in control of vector-borne diseases need to take into account the following

factors:(i) Climate change factors; (ii) Environmental factors; (iii) Within-host and between-host

dynamics, that is, what happens at the population level and within infected individual and (iv)

Cost involved in designing and implementing disease control measures.

Vector control relies on integrated vector management, that is, whenever possible, biological, en-

vironmental and use of insecticides control mechanisms complement each other. The early 20th

century discovery that mosquitoes transmitted diseases like malaria, yellow fever and dengue led

quickly to draining bred and eventually to the use of pesticides, which reduced populations of

these disease vectors. Access to water and sanitation is a very important factor in disease control

and elimination [165].

1.2 Vector-borne diseases transmission mechanisms

In this section, we outline some of the vector-borne diseases transmission cycles by describing

their transmission pathways and also give examples of each transmission cycle.
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Figure 1.2: A conceptual diagram illustrating the three different groups of transmission cycles

for infections that are environmentally transmitted.
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Disease transmission cycle (a) in Figure 1.2 includes within-host and between-host infections

that are environmentally transmitted. During the disease transmission, human and vector do not

interact with each other directly, except through the shared parasites. For instance, for schis-

tosomiasis and guinea worm, the environment contamination is through human and/or vector

shedding the pathogen. In this transmission cycle, the transmission occurs either between the

human-host and environment or between the vector and environment. There is no human and

vector interaction in this cycle.

Disease transmission cycle (b) in Figure 1.2 includes the host infections through a bite by/or

contact with an infected vector. Vector infection is through a bite or/by contact with an infected

animal host. Vector-borne diseases that fall under this cycle are yellow fever, lyme disease and

west nile virus. In this cycle, the human-host transmission occurs after the interaction between

animal-host and vector in the environment. That is, the transmission occurs either from vector to

human-host or from animal-host to vector.

Disease transmission cycle (c) in Figure 1.2 includes vector-borne infections that are through a

bite by/or contact with an infected vector. The vector infection is through a bite by/or contact

with an infected human or animal-host. For example, Lymphatic, filarias, dengue, malaria, on-

chocerciasis and trypanosomiasis. The transmission of host infection occurs after direct contact

between human-host and vector in the environment or between animal-host and vector in the

environment. In this cycle, the transmission does not occur from human to human or from vector

to vector. In general, this is an indirect contact transmission, whereby transmission occurs when

there is no direct contact from human-to-human. Contact occurs from a reservoir to contaminated

surfaces or objects, or to vectors such as mosquitoes, flies, mites, ticks, rodents or dogs.

In our case, we follow the disease transmission pathways where environmental contamination is

through human and/or vector shedding the pathogen (schistosomiasis) and where vector infection

is through a bite by or direct contact with an infected human or animal host (malaria).

1.3 Overview of multi-scale models categories for vector-borne

disease systems

In this section, we give a brief overview of multi-scale models categories for vector-borne dis-

ease systems, whereby the micro-scale and macro-scale of vector-borne disease systems are the

within-host and between-host scales, respectively.

There are five categories of multi-scale models of infectious disease systems that integrate the

within-host and between-host scale of disease systems, namely: (i) Individual-based multi-scale
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models (IMSMs); (ii) Nested multi-scale models (NMSMs); (iii) Embedded multi-scale models

(EMSMs); (iv) Hybrid multi-scale models (HMSMs) and coupled multi-scale models (CMSMs)

for more details see [149]. However, in our study we develop coupled multi-scale and embedded

models since they are relevant to vector-borne diseases systems whereby the disease transmission

is either through environmental contamination or direct contact, respectively.

Coupled multi-scale models (CMSMs) are host-level immune-epidemiological models which

take into account the diversity of pathogen and host species composition. CMSMs use parallel

integration framework. Host-level immune-epidemiological models are either described homo-

geneously or in hybrid way. CMSMs take into account the host and pathogen species diversity.

CMSMs category is either top-down or bottom-up multi-scale type or both [149].

Embedded multi-scale models (EMSMs) are host level immune-epidemiological models whereby

within-host scale and between-host scale interact with each other resulting in reciprocal feed-

back. EMSMs category use embedded integration framework. It is a top-down and bottom-up

modelling approach. There is a bidirectional flow of information between the within-host sub-

model and between-host sub-model in EMSMs category whereas there is only uni-directional

flow of information in nested multi-scale models [149].

1.4 Mathematical models of vector-borne diseases

The model first developed by Ross [3] and subsequently modified by Macdonald [4] has in-

fluenced both the modeling and the application of control strategies to vector-borne diseases.

Recently, mathematical models concerning the emergence and re-emergence of the vector-host

infectious disease have been proposed and analyzed. For example, an ordinary differential equa-

tion compartmental model for the spread of dengue fever has been presented in [5]. Some math-

ematical work about the transmission dynamics of vector-borne diseases have been published

recently [6].

In [181], a coupled multi-scale model was developed. The model combined within-host and

between-host modelling framework for the evolution of antimalarial drugs resistance using a

stochastic modelling approach. Each submodel for the between-host and for the within-host was

first presented as a deterministic set of ODEs. The final, stochastic model was then obtained by

translating each deterministic component into the corresponding stochastic model, using Gille-

spie tau-leap algorithms [180]. The authors established that the spread of drug resistance is gen-

erally less likely in areas of intense transmission, and therefore of increased competition between

strains, an effect exacerbated when costs of drug resistance are higher. Further, they also used the
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(Single-host multi-pathogen coupled multi-scale model) SHMP-CMSM to illustrate how treat-

ment influences the spread of drug resistance, with a trade-off between slowing resistance and

curbing disease incidence. The authors established that treatment coverage has a stronger impact

on disease prevalence, whereas treatment efficacy primarily affects drug resistance spread, sug-

gesting that coverage should constitute the primary focus of control efforts. For further examples

of this multi-scale modelling approach refer to [178, 179, 182, 183, 185].

In [192], a typical example of Embedded multi-scale model arising from modelling the host level

immuno-epidemiology of environmentally transmitted infectious disease systems is provided in

the context of schistosomiasis infectious disease system. Using results from the analysis of the

endemic equilibrium expression, the disease reproductive numberR0 , and numerical simulations

of the full model, the authors were able to adequately account for the reciprocal influence of the

linked within-host and between-host sub-models. In particular, the authors illustrated that for

human schistosomiasis, the outcome of infection at the individual level determines if, when and

how much the individual host will further transmit the infectious agent into the environment,

eventually affecting the spread of the infection in the host population [192].

The most commonly modelled vector-borne diseases are malaria and dengue, but many others

also cause notable burden to humans and other animals [163]. In [167], a model that explicitly

coupled the between-host and within-host was developed. It was established that when the two

sub-systems are explicitly coupled, the full system exhibits a backward bifurcation. Most models

have focused on between-host and within-host processes separately. Previously, some attempts

have been made to study models that coupled these two processes (between-host and within-

host) [168, 169]. A multi-scale of malaria model inter-comparison that considered the impact of

climate change on the disease transmission at global scale is presented in [164]. However the

model failed to account for within-host and the complete life cycle of malaria.

In [175], a typical example of a single-host multi-pathogen coupled multi-scale model (SHMP-

CMSM) for studying the immuno-epidemiology of infectious disease systems is presented in the

context of a multi-group HIV/AIDS infection model. A multi-group coupled multi-scale model

composed of within-host model of ODEs and between-host model of ODEs and first-order PDEs

was formulated together with an optimal control problem subject to fusion inhibitors and protease

inhibitors. This multi-scale model is further classified as a SHMP-CMSM of hybrid type. The

optimality system was solved numerically. The numerical simulations obtained suggest that

the combination of fusion and PIs reduces viral load at the within-host level and the disease-

induced mortality at the population level. However, the results lead to an increase in the number

of infectious individuals at the population level since infectious individuals live longer in the

presence of drugs. For more examples of coupled multi-scale modelling approach refer to [170,



Chapter 1 9

173, 179, 185] in the case of modelling multi-strain infections and [185] in the case of modelling

multi-group infections.

The main challenges faced in modelling vector-borne diseases are as follows: exploring the

effects of combinations of control measures and whether there are epidemiological and evolu-

tionary synergies for using multiple control measures; understanding the roles of different hosts;

how to measure control and infection patterns and heterogeneities in contact rates [164]. Despite

the early seminal work by Ronald Ross, the increasing availability of big data still constitutes

additional challenges concerning their coherent use by expanding the modeler’s views into new

macro and micro model structures [191].

Several BIDI-EMSMs for Toxoplasma gondii were developed and analyzed using distinct mod-

ifications where the within-host submodel and the between-host submodel are coupled through

the pathogen load in the environment in [186, 188, 189]. The main findings from these studies

is that infection may persist at population level even if the isolated between-host reproduction

number is less than one. In [190] there is another good example of a BIDI-EMSM in the context

of cholera transmission with both environmental and direct transmission.

In [177], a model of vector-host disease with both direct transmission and the vector-mediated

transmission was investigated. The model incorporated some important epidemiological features,

such as density-dependent birth rate in both host and vector populations and time dependent con-

trol functions. The model also took into account three types of control functions associated with

personal protection, blood donor screening and vector reduction strategies. Their control plots in-

dicated that the number of exposed and infected human decreased and the total number of vector

population also decreased in the optimality system. By following Pontryagin’s Maximum Prin-

ciple, the control system was analyzed to determine the necessary conditions for the existence

of an optimal control. Moreover, the number of exposed, infected hosts and the total number of

vector population were minimized by using three control variables. The disease dynamics were

investigated using a numerical method based on optimal control to identify the best strategy of a

vector-borne disease in order to reduce infection and prevent vector host as well as direct contacts

by using three controls. It was established through numerical results that preventive practices are

very effective in reducing the incidence of infectious hosts and vectors [177]. Another example

of direct transmission mode is presented in [176].

To the best of our knowledge only one BIDI-EMSM for directly transmitted infectious disease

systems has been developed to date [187] in the context of a general viral infectious disease

system. The model allows the two dynamic processes at both the within-host scale and the

between-host scale to explicitly depend on each other. From the analysis of this BIDI-EMSM

it is shown that new properties can emerge from the coupled system such as multiple endemic
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equilibria and stability.

In this study, we are mainly interested in developing coupled and embedded multi-scale models

of vector-borne diseases. Two representative examples of vector-borne diseases are used to illus-

trate ideas, namely malaria (a directly transmitted vector-borne disease) and schistosomiasis (a

indirectly transmitted vector-borne disease). This will assist us in developing new mathematical

modelling frameworks and their applications in control of vector-borne diseases. We take into

account both between-host and within-host disease transmission dynamics following multi-scale

modelling approach in [149].

1.5 Problem statement

Due to high rate of deaths from vector-borne diseases, it is imperative for us to come up with

effective control measures that can be implemented in order to significantly control and reduce

the spread of vector-borne diseases in Africa. It is estimated that in 2015 malaria caused 212 mil-

lion clinical episodes and 429,000 deaths [148]. It is also estimated that more than 200,000 deaths

annually are due to schistosomiasis [17]. Mathematical models have been a useful tool to gain

insights into various aspects of vector-borne diseases transmission dynamics. In particular, the

transmission dynamics of malaria and schistosomiasis. These insights can potentially assist us

to assess comparative effectiveness and implications of various preventive and control measures.

Current modelling frameworks based on compartmentalizing humans and mosquitoes into SIRS

and SI or SEIRS and SEI are based on addressing a complicated question about which mosquito

infects which human and which human infects which mosquito in a particular community. In

this study, we present a new modelling framework based on addressing a more simpler question

which is about how often are humans and mosquitoes get infected in a particular community.

Since the data on which mosquito infects which human and which human infects which mosquito

are difficult to obtain. Further, there is still no generalized framework for linking the within-host

and between-host dynamics of infectious diseases. Furthermore, for linking the within-host and

between-host dynamics of vector-borne diseases that are indirectly/environmentally trasmitted,

there is a stumbling block in that there is a gap in knowledge on how environmental factors

(through water, air, soil, food, fomites, etc.) alter many aspects of such infections including

susceptibility to infective dose, persistence of infection, pathogen shedding and severity of the

disease. In this study, we fill the gab by establishing new mathematical frameworks that will

address a broader spectrum of both directly and indirectly transmitted vector-borne diseases.
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1.6 Overall aim of the study

To develop multi-scale models for vector-borne diseases and use them to illustrate the compara-

tive effectiveness of treatment and preventive measures for vector-borne diseases.

1.7 Objectives of the study

The objectives of the study are as follows.

• To develop a multi-scale model for directly transmitted vector-borne diseases with a special

reference to malaria where the within-human and within-mosquito sub-models are uni-

directionally coupled to human-to-mosquito and mosquito-to-human sub-models.

• To extend the multi-scale model for directly transmitted vector-borne diseases by incorpo-

rating treatment and preventive interventions (artemisinin-based combination therapy and

long-lasting insecticide treated nets) for vector-borne diseases.

• To develop a multi-scale model for environmentally transmitted vector-borne diseases with

a special reference to schistosomiasis. The model is based on the linkage of between-host

scale and within-host scale sub-models.

1.8 Structure of the study

• Chapter 2 deals with development of a baseline uni-directional coupled multi-scale model

with a special reference to malaria where the within-human and within-mosquito sub-

models are unidirectionally coupled to human-to-mosquito and mosquito-to-human sub-

models.

• In Chapter 3 extend, the baseline uni-directional coupled multi-scale model in Chapter
2 by incorporating treatment and preventive interventions (artemisinin-based combination

therapy and long-lasting insecticide treated nets).

• Chapter 4 deals with the development of a basic transmission dynamics single-scale

model for vector-borne diseases with a special reference to schistosomiasis.

• Whereas in Chapter 5 we concern ourselves with the development of an embedded multi-

scale model for environmentally/directly transmitted vector-borne diseases with a special

reference to schistosomiasis.
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• Chapter 6 gives conclusions and future research directions.



Chapter 2

Multi-scale Modelling Of Directly
Transmitted Vector-Borne Diseases

2.1 Introduction

Among the most important innovations in disease modelling in recent years is the development

of multi-scale models of infectious diseases -the all-encompassing quantitative representation of

an infectious disease system that can lay bare its mechanisms of transmission. This innovation

requires a paradigm shift towards a sharper focus on understanding the disease dynamics and the

mechanism of how it spreads among humans and animals.

Improving human and animal health can be achieved through integrating knowledge from epi-

demiology and immunology research with that from a broad spectrum of health research such

as environmental health, molecular biology, population biology and microbiology. Efforts to

develop multi-scale models of infectious diseases have been underpinned by a recent catego-

rization framework that helps to categorize the different multi-scale models at different levels of

organization of an infectious disease system [192]. This framework acknowledges that different

pathogens interact with their hosts (humans, animals, vectors) in very different ways resulting in

different types of multi-scale models of infectious disease systems that can be developed at the

various levels of organization of an infectious disease system which include the cell level, the tis-

sue level and the host level. Such models allow progressively greater spatial, temporal, or causal

detail of infectious disease systems to be considered as the scales become finer. The development
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of multi-scale models of infectious diseases in this way is even more possible now than ever be-

fore because infectious disease study has entered a new era dominated by the “omics” [193–196]

as a result of the advent of high-throughput experimental technologies producing patient-specific

data, establishing a complete cascade from genome, transcriptome, proteome, metabolome and

physiome to health, forming a multi-scale, multi-science system that can assist in establishing

the molecular basis of diseases.

In general, there is still widespread lack of knowledge on the mathematical techniques for the

representation and construction of multi-scale models of infectious disease systems. The cen-

tral idea in multi-scale modelling is to divide a modelling problem such as an infectious disease

system into a family of sub-models that exist at different scales and then attempt to study the

problem at these scales while simultaneously linking the sub-models across these scales. We

therefore define multi-scale modelling as a modelling methodology in which a collection of par-

tial models or sub-models from at least two different scales are integrated into a single model

using a wide range of linking/coupling methods [200]. However, this divide-and-rule strategy

poses new challenges in terms of strategies for problem decomposition and solution strategy,

scale separation and coupling, integration and coupling of sub-models of different or same for-

malism and validation of multi-scale models. Some papers have proposed that multi-scale mod-

els of infectious disease systems can be developed through integrating a within-host sub-model

and a between-host sub-model by making parameters of the between-host sub-model functions

of the independent variable of the within-host sub-model [198–200]. The papers suggest that

this can be achieved by, for example, making transmission parameters of the between-host sub-

model functions of within-host pathogen load variables and immune response. But to date, this

approach has not been successfully demonstrated for a specific infectious disease system. This

chapter represents a first attempt to develop a multi-scale model of a specific infectious disease

system - malaria using such an approach. The resulting multi-scale is a suitable candidate for

guiding malaria control and reduction.

The explicit aim of this chapter is to develop a new coupled multi-scale model of malaria disease

dynamics that integrate the within-host scale and between-host scale (human host and mosquito

host) and demonstrate the utility and process by which this multi-scale model can be used to

guide malaria control and elimination using two malaria interventions (artemisinin-based com-

bination therapy and long-lasting insecticide treated nets). Malaria is the world’s most prevalent

vector-born disease. Three organisms are implicated in the transmission of this disease. These

are the human host, the female Anopheles mosquito vector and the malaria parasite of the Plas-

modium family which is made up of five different species (P. falciparum, P. vivax, P. malariae,



Chapter 2 15

P. ovale and P. knowlesi). The most prevalent of these five species are P. falciparum and P. vi-

vax with P. falciparum being the most pathogenic. Therefore, malaria transmission events take

place in a dynamic, interconnected system composed of these three organisms (human, mosquito,

plasmodium parasite) together with the environment with all its various domains (physical, bio-

logical, geographical, economic, social etc.) making malaria disease system a complex system.

This complex nature of malaria as an infectious disease system makes the aggregate dynamics

of this complex system non-linear and being characterized by the following properties [228]: (i)

Openness - so that it may be difficult to determine malaria disease system boundaries, e.g. due

to importation of malaria. (ii) A history - so that the past helps to shape the present behaviour

of malaria disease system e.g. due to development of partial immunity due to prior exposure to

malaria infection [202] or development of herd immunity due to prior exposure to malaria vacci-

nation. (iii) Emergence - so that patterns emerge from the interaction of malaria disease system

components (human host, mosquito vector, plasmodium parasite, environment), e.g. coloniza-

tion of host and vector by the plasmodium parasite, establishment of plasmodium parasite within

the host while evading immune responses, transmission of the parasite to new hosts and vec-

tors, altered host and vector behaviour, use of host and vector as both transport and reservoir of

malaria parasite, infection induced death of host, etc. (iv) Co-evolution - so that each of the three

organisms implicated in transmission of malaria (human, mosquito and plasmodium) imposes

selection on the other in a dynamic process of ongoing reciprocal change where the plasmodium

parasite population imposes a selective influence on its hosts (human and mosquito) populations

which respond to the selection, in turn imposing a selective influence on the plasmodium para-

site population, with this cycle potentially repeated over and over with this process potentially

involving traits like parasite infectivity, host resistance and parasite host-finding ability. (v) Self-

organization - so that some overall order which is spontaneous (i.e not requiring control from

an external agent) and robust (e.g. implementing control measures will result in a reduction in

malaria burden from its intrinsic levels, but stopping implementing those control measures will

result in malaria burden returning to intrinsic levels) arises from the local interactions between

the components of malaria disease system (human host, mosquito vector, plasmodium parasite,

environment) which result in malaria disease system being organized into a hierarchical multi-

level (e.g. cell level, tissue level, host level) and multi-scale structure with scales ranging from

molecular scale to ecosystem scale.

Malaria is a disease that has a long history of being targeted as a suitable candidate for global

eradication. The process of global malaria eradication is expected to take place in the form of

a series national malaria eliminations [208]. Therefore, the global effort to eradicate malaria is

expected to take place in phases with malaria control and malaria elimination being respectively
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the first and intermediate phases towards the ultimate goal of worldwide eradication of malaria.

Control, elimination and eradication levels of an infectious disease system are defined by the

World Health Organization (WHO) as follows [197]. (i) Malaria control means reducing the dis-

ease burden to a level at which it is no longer a public health problem. (ii) Malaria elimination

means interrupting local mosquito-borne malaria transmission in a defined geographical area,

i.e. zero incidence of locally contracted cases, although imported cases will continue to occur.

Continued intervention measures are required. (iii) Malaria eradication means permanent reduc-

tion to zero of the worldwide incidence of malaria infection. However, while this understanding

of control, elimination and eradication of an infectious disease system based on incidence and

prevalence is useful for some practical purposes, it does not take into account the multi-scale

nature of an infectious disease system. Since the most sure way to eliminate malaria in a defined

geographical area is to eliminate the malaria parasite, we develop a multi-scale model of malaria

disease dynamics based on plasmodium parasite population dynamics at both the within-host

scale and the between-host scale. At the between-host scale the malaria parasite population dy-

namics is represented by some surrogate measurable quantity called community pathogen load.

We first develop within-human and within-mosquito sub-models for malaria infection dynamics

and then use these two sub-models to approximate malaria parasite population dynamics at the

within-host (within-human and within-mosquito) scale and then up-scale these approximations

to define community sporozoite load and community gametocyte load (collectively defined in

this chapter as community pathogen load) which we use as public health measures of human-to-

mosquito and mosquito-to-human malaria transmission dynamics.

This model contributes to already growing knowledge of multi-scale modelling of malaria [203–

206]. Based on the categorization of multi-scale models of infectious diseases given in [192],

these multi-scale models for mularia disease dynamics that have been developed at host level

(that is, those integrating the within-host scale and the between-host scale) are either individual-

based multi-scale models (IMSMs) such as [203] or they are hybrid multi-scale models (HMSMs) [204–

206]. For general information on IMSMs of infectious diseases see [192]. The IMSM in [203]

cannot be easily implemented to evaluate the comparative effectiveness of health interventions

using standard disease transmission metrics such as reproductive numbers and endemic equilib-

ria because it is not easy to derive explicit expressions of such quantities from these IMSMs.

Moreover, the HMSMs developed in [204–206], cannot also be easily applied to evaluate the

comparative effectiveness of health interventions that operate at different scale domains such as

within-host scale and between-host scale because they do not use common metrics of disease

transmission across scales. At within-host scale pathogen load is used as the metric for disease

transmission while at between-host scale, disease class (i.e. infected class or prevalence) is used



Chapter 2 17

as the metric for disease transmission. In this study, we develop a new coupled multi-scale model

for malaria disease dynamics using pathogen load as a common metric for (i) infectiousness and

(ii) disease transmission potential and as (iii) an indicator of the effectiveness of health inter-

ventions across scales. Although we use malaria disease system as a case study, the multi-scale

modelling approach presented in this study is general enough and is in principle applicable to

many other directly transmitted vector-borne diseases.

2.2 Derivation of the multi-scale Model for Malaria Elimina-

tion

To estimate the malaria baseline transmission dynamics, we develop a multi-scale model which

incorporates the dynamics of all the three populations of living organisms that are implicated

in the transmission of malaria which are the human host, the vector and plasmodium falciparum

parasite. To achieve this, we first of all develop four separate sub-models for malaria transmission

dynamics which are: (i) the mosquito-to-human malaria transmission sub-model, (ii) the human-

to-mosquito malaria transmission sub-model, (iii) the within-human plasmodium falciparum par-

asite population dynamics sub-model and (iv) the within-mosquito plasmodium falciparum par-

asite population dynamics sub-model. These four separate sub-models are then integrated into a

single multi-scale model of malaria transmission dynamics. Details of the derivations are given

in the following three subsections of this section.

2.2.1 The Four Sub-models of Malaria Transmission Dynamics

The Four separate sub-models of malaria disease dynamics are formulated as follows:

1. Mosquito-to-human malaria transmission sub-model: This sub-model is described by

an SIS model. This sub-model is formulated based on monitoring the dynamics of two

populations which are susceptible humans SH , and infected humans IH so that the total

human population is given by NH = SH + IH . We make the following assumptions for

this sub-model.

i. There is no herd immunity in the human population as a result of prior exposure to

the malaria infection or vaccination.

ii. The infected human population can recover naturally from malaria infection.

iii. The transmission parameter β̂V is a function of the number of infected mosquitoes so

that β̂V = β̂V (IV ).
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iv. The dynamics of SH and IH are assumed to occur at slow time scale t compared to

the within-human and within-mosquito sub-models for malaria parasite population

dynamics so that SH = SH(t) and IH = IH(t).

These assumptions lead to the following sub-model for the mosquito-to-human malaria

transmission dynamics.

Mosquito-to-human sub-model :


1.

dSH(t)

dt
= ΛH − β̂V (IV )SH(t)− µHSH(t) + γ̂HIH ,

2.
dIH(t)

dt
= β̂V (IV )SH(t)−

[
µH + δ̂H + γ̂H

]
IH(t).

(2.2.1)

The first equation in sub-model system (2.2.1) describes the dynamics of susceptible hu-

mans. The population of susceptible humans is assumed to increase at a constant rate ΛH

through birth. This population is depleted through infection of susceptible humans at a

variable rate β̂V (IV ) and natural death at a constant rate µH . The population of susceptible

humans also increases through natural recovery of infected individuals at a rate γ̂H . The

second equation in sub-model system (2.2.1) describes the dynamics of infected humans.

This population increases through infection of susceptible humans and decreases through

natural death at a rate µH , through disease induced death at a rate δ̂H and through natural

recovery at rate γ̂H .

2. Human-to-mosquito malaria transmission sub-model: This sub-model is described by

an SI model and describes the transmission of malaria parasite from infected humans to

susceptible mosquitoes. We make the following assumptions for this sub-model.

i. The infected mosquitoes do not recover naturally from malaria infection.

ii. The transmission parameter β̂H is a function of the number of infected humans so

that β̂H = β̂H(IH).

iii. The dynamics of SV and IV are assumed to occur at slow time scale t compared to the

within-human and within-mosquito sub-models so that SV = SV (t) and IV = IV (t).

Based on these assumptions the sub-model for the human-to-mosquito malaria transmis-

sion dynamics becomes

Human-to-mosquito sub-model :


1.

dSV (t)

dt
= ΛV − β̂H(IH)SV (t)− µV SV (t),

2.
dIV (t)

dt
= β̂H(IH)SV (t)−

[
µV + δ̂V

]
IV (t).

(2.2.2)
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The first equation in sub-model system (2.2.2) describes the dynamics of susceptible mosquitoes.

The first term on the right-hand side of this equation models the increase of susceptible

mosquitoes through birth. The susceptible population of mosquitoes decreases through

natural death at a constant rate µV , and through infection by humans at a variable rate

β̂H(IH). The second equation in sub-model system (2.2.2) describes the dynamics of in-

fected mosquitoes. The population of infected mosquitoes increases through infection of

susceptible mosquitoes at a rate β̂H(IH). The same population decreases through natural

death at a constant rate µV and also through infection induced death at a constant rate δ̂V .

3. The within-human malaria parasite population dynamics sub-model:
The within-human malaria parasite population dynamics describe the time evolution of

four populations within an infected human host which are the population of susceptible

erythrocytes Rh, the population of merozoite infected erythrocytes Rm, the population of

free merozoites in the blood streamMh and the population of gametocyte infected erythro-

cytes Gh. We make the following assumptions for these four within-human populations.

i. There is no super-infection of humans.

ii. There is no immune response in the infected human.

iii. We only explicitly consider the blood stage parasite population dynamics and the

liver stage malaria parasite population dynamics is only captured through merozoite

initial value in the blood stream, Mh = Mh(0).

iv. The dynamics of the four populations within an infected human occurs at slow time

scale s compared to mosquito-to-human and human-to-mosquito parasite transmis-

sion dynamics so that Mh = Mh(s), Rh = Rh(s), Rm = Rm(s) and Gh = Gh(s).

v. The within-human gametocyte population Gh is a proxy for individual human infec-

tiousness to mosquitoes.

Taking into account these assumptions, the sub-model describing the dynamics of the four

within-human populations is proposed to be
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Within-human sub-model :



1.
dRh(s)

ds
= Λh − βhRh(s)Mh(s)− µbRh(s),

2.
dRm(s)

ds
= (1− π)βhRh(s)Mh(s)− αmRm(s),

3.
dMh(s)

ds
= NmαmRm(s)− µmMh(s),

4.
dGh(s)

ds
= πβhRh(s)Mh(s)−

[
αh + µh

]
Gh(s).

(2.2.3)

In the sub-model system (2.2.3) the first equation describes the dynamics of susceptible

erythrocytes (red blood cells). The population of susceptible red blood cells (RBCs) or

erythrocytes is assumed to increase through supply of RBCs from the bone marrow [219]

at rate Λh and decrease through infection. βhRh(s)Mh(s) models the rate at which free

merozoites infect erythrocytes where βh is the rate of infection. The susceptible erythro-

cytes are also reduced through natural death at a constant rate µb. The second equation

in sub-model system (2.2.3) describes the dynamics of merozoite infected erythrocytes.

A merozoite that infects an erythrocyte has one of two potential fates [243]: (i) it may

either become a trophozoite and repeat the cycle of merozoite production, or (ii) it may

transform into a trophozoite and then undergo gametocytogenesis, a process in which ga-

metocytes are formed within host erythrocyte. In the second equation we therefore assume

that merozoite infected erythrocytes Rm(s) which upon bursting will produce merozoites

increase through a proportion (1−π) of the total population of merozoite infected erythro-

cytes. Therefore, the first term in the second equation of sub-model system (2.2.3) models

the rate of this proportion of merozoite infected erythrocytes increase while the second

term models the rate of reduction of this proportion of merozoite infected erythrocytes

through bursting to produce merozoites. In the sub-model system (2.2.3) the third equa-

tion describes the dynamics of the population of merozoites in the human blood stream.

We assume that each bursting infected erythrocyte which is merozoite producing releases

an average of Nm merozoites upon bursting. Therefore, NmαmRm(s) models the rate of

increase of merozoites in the human blood stream through bursting of infected erythro-

cytes. The population of merozoites is assumed to decay through natural death due to each

merozoite having an average life-span of
1

µm
days. The fourth equation in sub-model sys-

tem (2.2.3) describes the dynamics of the remaining proportion, π, of the total population
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of merozoite infected erythrocytes, Gh(s). This population of merozoite infected erythro-

cytes will after the merozoite has infected the erythrocyte transform into a trophozoite and

then undergo gametocytogenesis, a process in which gametocytes are formed within host

erythrocyte (either a male or female gametocyte is generated within the host erythrocyte).

The human-to-mosquito transmission of malaria is mediated through this population of ga-

metocytes [243]. The first term in the fourth equation of sub-model system (2.2.3) models

the rate of increase of this population of gametocye infected erythrocytes. In this equation

αh is the rate at which gametocytes within erythrocytes mature and become infectious to

mosquitoes. The mature and infectious gametocytes are detectable in the bloodstream at

days 7 to 15 after the initial wave of merozoites from which they are derived [241, 242].

These gametocyte infected erythrocytes are assume to decay at a rate µh through natu-

ral death. This population of gametocyte infected erythrocytes within an infected human

remain in an arrested developmental state until they are ingested by a mosquito where

they complete their development and become either male or female gametes [243]. The

lack of malaria interventions that significantly target gametocytes, as the human infectious

reservoir that should be targeted to reduce human-to-mosquito malaria transmission has

hampered progress towards malaria elimination.

4. The within-mosquito malaria parasite population dynamics sub-model:
Mosquitoes are the definitive hosts for the malaria parasites, where the sexual phase of the

parasite’s life cycle occurs in a process involving morphologically distinct life-stages [232,

233] called sporogony and culminates in the development of infectious form of the parasite

called sporozoites. In this study, the within-mosquito malaria parasite population dynam-

ics during sporogony is modelled by following the time evolution of five parasite devel-

opmental stages in the infected mosquito which are the population of gametocyte infected

erythrocytes, Gv(s), the population of gametes, Gm(s), the population of zygotes Zv(s),

the population of oocysts, Ov(s), and the population of sporozoites, Pv(s). We make the

following assumptions for the dynamics of the four malaria parasite stage populations.

i. There is super-infection of mosquito at a constant rate Λv since the mosquito cannot

clear the infection and yet it takes several blood meals at different stages of its life

time which may be contaminated with gametocytes.

ii. There is no immune response in the mosquito.

iii. The within-mosquito sporozoite population Pv is a proxy for individual mosquito

infectiousness to humans.
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iv. The population dynamics of the different malaria parasites at different stages of de-

velopment occurs at slow time scale s compared to mosquito-to-human and human-

to-mosquito parasite transmission dynamics so that Gv = Gv(s), Zv = Zv(s),

Ov = Ov(s) and Pv = Pv(s).

v. We assume that within an infected mosquito, male and female gametes only fuse as

pairs to form zygotes and those gametes that fail to locate a gamete of opposite sex

to fuse with will, with time, die a natural death and therefore will not participate in

zygote formation, making their contribution to mosquito infectiousness irrelevant.

These assumptions lead to the following system of differential equations for the within-

mosquito malaria parasite population dynamics.

Within-mosquito sub-model :



1.
dGv(s)

ds
= Λv −

[
αg + µg

]
Gv(s),

2.
dGm(s)

ds
= NgαgGv(s)−

[
αs + µs

]
Gm(s),

3.
dZv(s)

ds
=

1

2
αsGm(s)−

[
αz + µz

]
Zv(s),

4.
dOv(s)

ds
= αzZv(s)−

[
αk + µk

]
Ov(s),

5.
dPv(s)

ds
= NkαkOv(s)−

[
αv + µv

]
Pv(s).

(2.2.4)

In the sub-model system (2.2.4) the first equation describes the dynamics of gametocyte in-

fected erythrocytes within an infected mosquito after a mosquito has ingested a blood-meal

from an infected human host. The first term, Λv, models super-infection of the infected

mosquito. This is expected because mosquitoes do not recover from malaria parasite infec-

tion, and yet may take several other blood meals contaminated with gametocyte infected

erythrocytes after taking the first blood meal contaminated with gametocyte infected ery-

throcytes. As soon as the gametocyte infected erythrocytes are ingested by the mosquito,

the gametocytes are activated to undergo another developmental process called gametoge-

nesis, a process in which gametes are formed within host erythrocyte (either male or female

gametes are generated within the host erythrocyte) resulting in the erythrocyte bursting re-

leasing gametes. In the first equation of sub-model system (2.2.3), αg is the rate at which

gametocyte infected erythrocytes burst releasing sex cells called gametes and µg is the

natural decay rate of gametocyte infected erythrocytes within an infected mosquito. The



Chapter 2 23

second equation in sub-model system (2.2.4) describes the dynamics of the population of

gametes within an infected mosquito. We assume that each bursting gametocyte infected

erythrocyte releases an average ofNg gametes upon bursting. Therefore, NgαgGv(s) mod-

els the rate of increase of gametes within an infected mosquito. These gametes are assumed

to decay at a rate µs. Further, these gametes also get depleted through male and female ga-

metes fusing to form zygotes at a constant rate αs. In the sub-model system (2.2.4) the third

equation describes the dynamics of zygotes. The mean population of zygotes Zv(s), within

a single infected mosquito is generated following developmental processes undergone by

gametes to mature and pair up and fuse to form zygotes at rate
αs
2

. The introduction of the

fraction
1

2
multiplying the parameter αs models the pairing of male and female gametes

and fusing to form zygotes. We assume that the zygotes either die naturally at a rate µz or

undergo further developmental changes into ookinetes (population of ookinetes is not ex-

plicitly modelled in this chapter), which invade the mosquito mid-gut lining and eventually

develop into oocysts. The fourth equation in sub-model system (2.2.4) describes the dy-

namics of the population of oocysts. The mean population of oocysts is formed following

developmental changes undergone by zygotes into ookinetes first (which are not explicitly

represented in the model) and then ookinetes becoming oocysts at a rate αz. Therefore, the

first term in the fourth equation of sub-model system (2.2.4) models the rate of increase of

the population of oocysts through developmental changes undergone by ookinetes to be-

come oocysts while the second term models the rate of reduction of this population through

either natural decay at a rate µk or through bursting of oocysts to produce sporozoites at

an assumed rate of αk. In the sub-model system (2.2.4) the fifth equation describes the

dynamics of sporozoites. The population of sporozoites is generated following the com-

pletion of the Plasmodium development within the mosquito vector. We assume that each

oocyst bursts at a rate of αk releasing an average of Nk sporozoites upon bursting. There-

fore, NkαkOv(s) models the rate of increase of sporozoites within an infected mosquito.

In this last equation αv is the rate at which sporozoites mature and become infectious to

humans and migrate to the salivary glands of the infected mosquito forming the infectious

reservoir of an individual mosquito. The population of sporozoites is assumed to decay

through each sporozoite having an average life-span of
1

µv
days.

2.2.2 Integration of the Four Separate Sub-models of Malaria Transmis-
sion Dynamics into a Single multi-scale Model

Having presented the four sub-models that separately describe the transmission of malaria at

different scales, we now show how to integrate them into a single multi-scale model. Based on
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our previous experience of developing multi-scale models for environmentally transmitted in-

fectious disease systems [200, 201], we know that in general individual infectiousness links the

within-host scale to between-host scale while exposure links between-host scale to the within-

host scale [200, 201]. We apply these ideas to the current problem where the within-mosquito and

within-human sub-models are unidirectionally coupled to the mosquito-to-human and human-

to-mosquito malaria transmission dynamics sub-models respectively. The integration of the

four sub-models is achieved in two steps. The first step in the integration of the four sub-

models (2.2.1), (2.2.2), (2.2.3), (2.2.4) is to make assumptions about the relationship between

the independent variables of the within-human and within-mosquito malaria parasite population

dynamics which are Gh, Pv, Mh and the parameters of the human-to-mosquito and mosquito-

to-human malaria parasite transmission at epidemiological scale which are β̂V (IV ), β̂H(IH), δ̂V ,

γ̂H and δ̂H . The second step involves applying ecosystems concepts to the within-mosquito and

within-human malaria parasite population dynamics [210–212] to derive the appropriate equa-

tions. Details of the specific derivations and assumptions are as follows.

1. In the context of malaria infection, when the human host is considered as an ecosys-

tem [210–212], then host survival or death and host recovery can be considered as suitable

metrics of the emergent ecosystem properties owing to merozoites since the merozoite

stage of the malaria parasite is responsible for morbidity and mortality. So we assume that

the disease induced death rate of humans δ̂V and the malaria infected humans recovery

rate γ̂H in the mosquito-to-human sub-model (2.2.1) is a function of the within-human

merozoite population dynamics so that δ̂H = δ̂H(Mh) and γ̂H = γ̂H(Mh(s)).

2. Similarly, in the context of malaria infection, when the mosquito vector is considered as

an ecosystem [210–212], then mosquito survival or death can be considered as a suitable

metric of the emergent ecosystem property owing to sporozoites since the sporozoite stage

of the malaria parasite is responsible for infection induced death of the mosquito [234].

So we assume that the infection induced death rate of mosquitoes δ̂V in the human-to-

mosquito sub-model (2.2.2) is a function of the within-mosquito sporozoite population

dynamics so that δ̂V = δ̂V (Pv).

3. Further, we assume that the transmission parameter in the mosquito-to-human malaria

transmission sub-model, β̂V is not just a function of the vector population alone IV (t),

but of both the vector population IV (t) and sporozoite population Pv(s) so that β̂V =

β̂V (Pv(s)IV (t)). The net effect of this assumption is to up-scale individual mosquito in-

fectiousness Pv(s) to population level or community level infectiousness Pv(s)IV (t). In

addition, we interpret the quantity Pv(s)IV (t) to be a new variable at epidemiological scale
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which we now denote by PV (t) so that PV (t) = Pv(s)IV (t), which is a product of the aver-

age individual infected mosquito’s sporozoite load and the number of infected mosquitoes.

Here PV (t) is the total infectious reservoir of mosquitoes in the community which we refer

to in this study as community sporozoite load. In terms of community sporozoite load, the

transmission parameter for mosquito-to-human malaria transmission sub-model becomes

β̂V = β̂V (PV (t)). We further assume a Holling type II functional form of the function

β̂V (PV ) so that the force of infection, denoted here by λV (t), associated with infectivity of

the community to humans becomes

λV (t) = β̂V (PV (t)) =
βV PV (t)

P0 + PV (t)
(2.2.1)

where βV is the exposure rate to a community with a population PV of sporozoites per unit

time, P0 is the community sporozoite load that yields 50 percent chance of getting a human

host infected with malaria after a bite by a mosquito in a particular community and

λV [PV (t)] =
PV (t)

P0 + PV (t)
, (2.2.2)

is probability that a random bite by a mosquito vector in a particular community with

a community sporozoite load PV (t) will infect the individual with malaria in that com-

munity. However, PV (t), is a new variable at epidemiological scale which we have just

introduced. In order to derive the differential equation governing PV (t), we again ap-

peal to the ideas of an ecosystem approach to the within-mosquito parasite population

dynamics [210–212]. The ecosystem approach to the within-mosquito parasite population

dynamics will enable us to explicitly couple the new epidemiological variable PV (t), to

the within-mosquito parasite population dynamics. In particular it enables us to couple the

differential equation for PV (t) to the differential equation for Pv(s) at the within-mosquito

scale. From model system (2.2.4), we know that the differential equation for Pv(s) is

dPv(s)

ds
= NkαkOv(s)− [αv + µv]Pv(s). (2.2.3)

Applying the ecosystem concepts in [210–212] to the within-mosquito population dynam-

ics of sporozoites, we assume that mosquitoes in a particular geographical area or commu-

nity are small and unevenly distributed habitats or environments in which sporozoites can

multiply and grow until they are mature to become infectious to humans. So at any time s

each of these habitats is contaminated at a rate αv since this is the rate at which sporozoites

grow and become infectious within each of the mosquitoes. Now since at any time t we

have a total of IV (t) of these contaminated habitats/environments contaminated with an
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average of Pv(s) sporozoites, then the rate of change of community sporozoite load PV (t),

in the entire community made of IV (t) unevenly distributed habitats/environments in the

community becomes
dPV (t)

dt
= Pv(s)αvIV (t)− αV PV (t), (2.2.4)

where αV is the rate of sporozoite elimination in a particular geographical area/country/-

community so that the process of sporozoite elimination of community sporozoite load

in a particular geographical area/country/community takes an average of
1

αV
days. Since

PV (t) is the total infectious reservoir of mosquitoes in a particular community defined

here as community sporozoite load, then
1

αV
days is the average time to eliminate the

total infectious reservoir of mosquitoes and render all mosquitoes in a particular commu-

nity non-infectious. Taking into account these derivations and assumptions the mosquito-

to-human malaria transmission sub-model which is now coupled to the within-mosquito

parasite population dynamics becomes



1.
dSH(t)

dt
= ΛH −

βV PV (t)

P0 + PV (t)
SH(t)− µHSH(t) + γ̂H(Mh(s))IH(t),

2.
dIH(t)

dt
=

βV PV (t)

P0 + PV (t)
SH(t)−

[
µH + γ̂H(Mh(s)) + δ̂H(Mh(s))

]
IH(t),

3.
dPV (t)

dt
= Pv(s)αvIV (t)− αV PV (t).

(2.2.5)

Community sporozoite load (CSL) PV (t), which is also a measure of the total infec-

tious reservoir of mosquitoes in the community, is defined in this study as an aggregate

population-level biomarker of a community’s sporozoite burden over a specific time pe-

riod and is being proposed in this study as a useful metric for assessing the overall impact

of malaria health interventions targeted at the mosquito vector or the uptake of malaria

interventions targeted at the mosquito vector and quantifying their impact on transmission

of malaria from mosquitoes to humans. In line with a similar metric for HIV/AIDS [213–

216], we therefore propose that this new public health measure of malaria transmission

should be operationalized in the assessment of the path from control to elimination for

malaria transmission in a particular community as (a) an indicator of a community’s level

of infectiousness and transmission probability of malaria to humans, (b) a measure of the

effectiveness of malaria interventions targeted at the mosquito vector, and (c) a proximal

maker of malaria incidence among mosquitoes and their potential to propagate malaria to

humans.
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4. Finally, we assume that the transmission parameter in the human-to-mosquito malaria

transmission sub-model, β̂H is not just a function of the human population alone IH(t),

but of both the human population IH(t) and gametocyte population Gh(s) so that β̂H =

β̂H(Gh(s)IH(t)). The net effect of this assumption is also to up-scale individual human

infectiousness Gh(s) to population level or community level infectiousness Gh(s)IH(t).

In addition, the quantity Gh(s)IH(t) is also a new variable at epidemiological scale which

we now denote by GH(t) so that GH(t) = Gh(s)IH(t), which is a product of the average

individual infected human’s gametocyte load and the number of infected humans. Here

GH(t) is the total infectious reservoir of humans in the community which we refer to in

this study as community gametocyte load. In terms of community gametocyte load, the

transmission parameter for human-to-mosquito malaria transmission sub-model becomes

β̂H = β̂H(GH(t)). We further also assume a Holling type II functional form of the function

β̂H(GH) so that the force of infection, denoted here by λH(t), associated with infectivity

of the community to mosquito becomes

λH(t) = β̂H(GH(t)) =
βHGH(t)

G0 +GH(t)
, (2.2.6)

where βH is the exposure rate to a community with a population GH of gametocytes per

unit time, G0 is the community gametocyte load that yields 50 percent chance of getting

a mosquito vector infected with malaria after a bite of a human host by a mosquito in a

particular community and

λH [GH(t)] =
GH(t)

G0 +GH(t)
, (2.2.7)

is the probability that a random bite of a human host by a mosquito vector in a particu-

lar community with a community gametocyte load GH(t) will infect the mosquito with

malaria in that community. However, because GH(t), is also a new variable at epidemi-

ological scale which we have just introduced. In order to derive the differential equation

governing GH(t), we again appeal to the ideas of an ecosystem approach to the within-

human parasite population dynamics [210–212]. The ecosystem approach to the within-

human parasite population dynamics will enable us to couple the new epidemiological

variable GH(t), to the within-human parasite population dynamics. In particular it enables

us to couple the differential equation for GH(t) to the differential equation for gametocyte

Gh(s) at the within-human scale. From model system (2.2.3), we know that the differential

equation for Gh(s) is

dGh(s)

ds
= πβhRh(s)Mh(s)− [αh + µh]Gh(s). (2.2.8)
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Applying the ecosystem concepts in [210–212] to the within-human population dynamics

of gametocytes, we assume that humans in a particular geographical area or community

are small homogeneous and unevenly distributed habitats or environments in which game-

tocytes can multiply and grow until they are mature to become infectious to mosquitoes.

So at any time s each of these habitats is contaminated at a rate αh since this is the rate

at which gametocytes grow and mature to become infectious within each of the human

hosts. Now, since at any time t we have a total of IH(t) of these contaminated habitats/en-

vironments contaminated with an average ofGh(s) gametocytes, then the rate of change of

community gametocyte load, GH(t) in the entire community made of IH(t) homogeneous

and unevenly distributed habitats/environments in the community becomes

dGH(t)

dt
= Gh(s)αhIH(t)− αHGH(t), (2.2.9)

where αH is the rate of elimination of this total infectious reservoir of humans in the com-

munity so that the process of gametocyte elimination in a particular geographical area/-

country/community takes an average of
1

αH
days. SinceGH(t) is the total infectious reser-

voir of humans in a particular community defined here as community gametocyte load,

then
1

αH
days is the average time to eliminate the total infectious reservoir of humans

and render all humans in a particular community non-infectious to mosquitoes. Taking

into account these derivations and assumptions the human-to-mosquito malaria transmis-

sion sub-model which is now coupled to the within-human parasite population dynamics

becomes



1.
dSV (t)

dt
= ΛV −

βHGH(t)

G0 +GH(t)
SV (t)− µV SV (t),

2.
dIV (t)

dt
=

βHGH(t)

G0 +GH(t)
SV (t)−

[
µV + δ̂V (Pv(s))

]
IV (t),

3.
dGH(t)

dt
= Gh(s)αhIh(t)− αHGH(t).

(2.2.10)

Community gametocyte load (CGL) GH(t), which is also a measure of the total infec-

tious reservoir of humans in the community [217], is defined in this study as an aggre-

gate population-level biomarker of a community’s gametocyte burden over a specific time

period and is being proposed in this study as a useful public health measure of malaria

transmission for assessing the overall impact of malaria health interventions targeted at the
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human host or the uptake of malaria interventions targeted at the human host and quan-

tifying their impact on transmission of malaria from humans to mosquitoes. In line with

a similar metric for HIV/AIDS [213–216], we therefore propose that this new measure

should be operationalized in the assessment of the path from control to elimination for

malaria transmission in a particular community as (a) an indicator of a community’s level

of infectiousness and transmission probability of malaria to mosquitoes, (b) a measure

of the effectiveness of malaria interventions targeted at the human host, and (c) a proxi-

mal maker of malaria incidence among humans and their potential to propagate malaria to

mosquito vectors.

Putting together all the various derivations and assumptions the complete multi-scale model for

malaria transmission dynamics from human-to-human or from mosquito-to-mosquito becomes

1.
dSH(t)

dt
= ΛH −

βV PV (t)

P0 + PV (t)
SH(t)− µHSH(t) + γ̂H(Mh(s))IH(t),

2.
dIH(t)

dt
=

βV PV (t)

P0 + PV (t)
SH(t)−

[
µH + γ̂H(Mh(s)) + δ̂H(Mh(s))

]
IH(t),

3.
dPV (t)

dt
= Pv(s)αvIV (t)− αV PV (t),

4.
dSV (t)

dt
= ΛV −

βHGH(t)

G0 +GH(t)
SV (t)− µV SV (t),

5.
dIV (t)

dt
=

βHGH(t)

G0 +GH(t)
SV (t)−

[
µV + δ̂V (Pv(s))

]
IV (t),

6.
dGH(t)

dt
= Gh(s)αhIH(t)− αHGH(t),

7.
dGv(s)

ds
= Λv −

[
αg + µg

]
Gv(s),

8.
dGm(s)

ds
= NgαgGv(s)−

[
αs + µs

]
Gm(s),

9.
dZv(s)

ds
=

1

2
αsGm(s)−

[
αz + µz

]
Zv(s),

10.
dOv(s)

ds
= αzZv(s)−

[
αk + µk

]
Ov(s),

11.
dPv(s)

ds
= NkαkOv(s)−

[
αv + µv

]
Pv(s),

12.
dRh(s)

ds
= Λh − βhRh(s)Mh(s)− µbRh(s),

13.
dRm(s)

ds
= (1− π)βhRh(s)Mh(s)− αmRm(s),

14.
dMh(s)

ds
= NmαmRm(s)− µmMh(s),

15.
dGh(s)

ds
= πβhRh(s)Mh(s)−

[
αh + µh

]
Gh(s).

(2.2.11)
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We derived the multi-scale model system (2.2.11) by making the assumption that mosquitoes

and humans are small homogeneous and unevenly distributed habitats/environments in the com-

munity in which sporozoites and gametocytes multiply and grow to become infectious. This

assumption has the importance of establishing a modelling science base for directly transmitted

vector-borne diseases that is comparable to an existing modelling science base for environmen-

tally transmitted vector-borne diseases where the community pathogen load in the environment

is explicitly incorporated into the model [200]. However, we note that there are some differences

between these mosquitoes and humans as environments and some geographical environments in

that they die and can move. But if we consider other geographical environments such as those

associated with water-borne infections, we note that water bodies in which infective pathogens

can multiply and grow can also dry-up which is analogous to death of habitat. In addition, there

is some movement associated with these water environments as habitats for infective pathogens

as the water flows in that the movements associated with these water environments results in

transportation of the infective pathogen. The relationship between the fifteen variables in the

complete multi-scale model systems (2.2.11) is shown schematically in Figure 2.1.
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Figure 2.1: A conceptual diagram of the complete integrated multi-scale model of malaria base-

line transmission dynamics where λh = βhMh. In this Figure δV stands for δ̂V (Pv), δH stands

for δ̂H(Mh) and γH stands for γ̂H(Mh).
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This type of modelling framework enables us to develop the multi-scale model for malaria in-

fectious disease system given by (2.2.11) without focusing on which mosquito infects which

human and which human infects which mosquito in a particular community but only address-

ing the question about how often are individual humans and mosquitoes infected in a particular

community. Data on which mosquito infects which individual and which human infects which

mosquito are difficult to obtain. On the other hand, there is considerable data available on the ef-

fects of sporozoites, merozotes and gametocytes within infected humans and mosquitoes and the

resulting responses of the human immune system [234–240, 242–249], and including data on the

distribution of malaria within human and moquito populations (for example, the total number of

infections and the rates of new infections) which are not being adequately applied to good effect

in multi-scale modelling of malaria.

2.2.3 Simplifying the Complete multi-scale Model for Malaria

One of the difficulties in analyzing the multi-scale model system (2.2.11) is that two of the sub-

models (within-mosquito and within-human sub-models) are in terms of a fast time scale s, while

the other two sub-models (mosquito-to-human and human-to-mosquito sub-models) are in terms

of a slow time scale t. We simplify this multi-scale model by making a slow and fast time scale

analysis to the system. Consider the within-mosquito sub-model (2.2.4) and re-written here for

quick reference as

Within-mosquito sub-model :



1.
dGv(s)

ds
= Λv −

[
αg + µg

]
Gv(s),

2.
dGm(s)

ds
= NgαgGv(s)−

[
αs + µs

]
Gm(s),

3.
dZv(s)

ds
=

1

2
αsGm(s)−

[
αz + µz

]
Zv(s),

4.
dOv(s)

ds
= αzZv(s)−

[
αk + µk

]
Ov(s),

5.
dPv(s)

ds
= NkαkOv(s)−

[
αv + µv

]
Pv(s).

(2.2.1)

We can write this system using the slow time scale t by assuming a relation between the fast

and slow time-scales to be of the form t = εs, so that the within-mosquito malaria transmission

dynamics sub-model can be written in terms of the slow time-scale as follows:
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

1. ε
dGv(t)

dt
= Λv −

[
αg + µg

]
Gv(t),

2. ε
dGm(t)

dt
= NgαgGv(t)−

[
αs + µs

]
Gm(t),

3. ε
dZv(t)

dt
=

1

2
αsGm(t)−

[
αz + µz

]
Zv(t),

4. ε
dOv(t)

dt
= αzZv(t)−

[
αk + µk

]
Ov(t),

5. ε
dPv(t)

dt
= NkαkOv(t)−

[
αv + µv

]
Pv(t),

(2.2.2)

where ε is a constant highlighting the fast time scale of the within-mosquito sub-model compared

to the slow time scale of the mosquito-to-human transmission sub-model. Since 0 < ε << 1, the

within-mosquito malaria transmission dynamics sub-model can be assumed to be independent of

time and we get: 

1. Λv −
[
αg + µg

]
G̃v = 0,

2. NgαgĜv −
[
αs + µs

]
G̃m = 0,

3.
1

2
αcG̃m −

[
αz + µz

]
Z̃v = 0,

3. αzZ̃v −
[
αk + µk

]
Õv = 0,

4. NkαkÕv −
[
αv + µv

]
P̃v = 0.

(2.2.3)

From which we get
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

1. G̃v =
Λv

αg + µg
,

2. G̃m =
Λv

αs + µs
.
Ngαg
αg + µg

,

3. Z̃v =
Λv

2
.

1

αz + µz
.

αs
αs + µs

,

4. Õv =
Λv

2
.

1

αk + µk
.

αz
αz + µz

.
αc

αs + µs
.
Ngαg
αg + µg

,

5. P̃v =
1

2
.

Λv

αv + µv
.
Nkαk
αk + µk

.
αz

αz + µz
.

αs
αs + µs

.
Ngαg
αg + µg

.

(2.2.4)

Consider also the within-human sub-model (2.2.3) and re-written here for quick reference as

Within-human sub-model :



1.
dRh(s)

ds
= Λh − βhRh(s)Mh(s)− µbRh(s),

2.
dRm(s)

ds
= (1− π)βhRh(s)Mh(s)− αmRm(s),

3.
dMh(s)

ds
= NmαmRm(s)− µmMh(s),

4.
dGh(s)

ds
= πβhRh(s)Mh(s)− (αh + µh)Gh(s).

(2.2.5)

We can also write this system in terms of the slow time scale t by assuming a relation between the

fast and slow time-scales to be of the form t = εs, so that the within-human malaria transmission

dynamics sub-model can be written in terms of the slow time-scale as follows:
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

1. ε
dRh(t)

dt
= Λh − βhRh(t)Mh(t)− µbRh(t),

2. ε
dRm(t)

dt
= (1− π)βhRh(t)Mh(t)− αmRm(t),

3. ε
dMh(t)

dt
= NmαmRm(t)− µmMh(t),

4. ε
dGh(t)

dt
= πβhRh(t)Mh(t)− (αh + µh)Gh(t).

(2.2.6)

where ε is a constant highlighting the fast time scale of the within-human sub-model compared

to the time scale of human-to-mosquito malaria transmission sub-model. Since 0 < ε << 1, the

within-human malaria transmission dynamics sub-model can now be assumed to be independent

of time and we get: 

1. Λh − βhR̃hM̃h − µbR̃h = 0,

2. (1− π)βhR̃hM̃h − αmR̃m = 0,

3. NmαmR̃m − µmM̃h = 0,

4. πβhR̃hM̃h − (αh + µh)G̃h = 0.

(2.2.7)

From which we get
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

1. R̃h =
µm

(1− π)Nmβh
=

Λh

µb<0

,

2. R̃m =
(1− π)NmβhΛh − µbµm

µmαmβh
=

µbµm
Nmαmβh

[
<0 − 1

]
,

3. M̃h =
(1− π)NmβhΛh − µbµm

µmβh
=

µb
βh

[
<0 − 1

]
,

4. G̃h =
π

(1− π)

[(1− π)NmβhΛh − µbµm
Nmβh(αh + µh)

]
=

πΛh

(αh + µh)<0

[
<0 − 1

]
,

5. <0 =
(1− π)NmβhΛh

µbµm
.

(2.2.8)

From the expressions (2.2.4) the total infectious reservoir of mosquitoes (community sporozoite

load) PV (t) is now approximated by P̃vIV (t). Similarly, from the expressions (2.2.8) the total

infectious reservoir of humans (community gametocyte load) GH(t) is now approximated by

G̃hIH(t). Using the notation thatNv = P̃v andNh = G̃h, then the full multi-scale model (2.2.11)

of malaria transmission dynamics is simplified to become



1.
dSH(t)

dt
= ΛH − λV (t)SH(t)− µHSH(t) + γHIH(t),

2.
dIH(t)

dt
= λV (t)SH(t)−

[
µH + δH + γH

]
IH(t),

3.
dPV (t)

dt
= NvαvIV (t)− αV PV (t),

4.
dSV (t)

dt
= ΛV − λH(t)SV (t)− µV SV (t),

5.
dIV (t)

dt
= λH(t)SV (t)−

[
µV + δV

]
IV (t),

6.
dGH(t)

dt
= NhαhIH(t)− αHGH(t),

(2.2.9)
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where

1. λV (t) =
βV PV (t)

P0 + PV (t)
,

2. λH(t) =
βHGH(t)

G0 +GH(t)
,

3. Nv =
1

2
.

Λv

αv + µv
.
Nkαk
αk + µk

.
αz

αz + µz
.

αs
αs + µs

.
Ngαg
αg + µg

,

4. Nh =
π

(1− π)

[(1− π)NmβhΛh − µbµm
Nmβh(αh + µh)

]
=

πΛh

(αh + µh)<0

[
<0 − 1

]
,

5. δH = δ̂H(M̃h), a constant,

6. δV = δ̂V (P̃v), a constant,

7. γH = γ̂H(M̃h), a constant.

(2.2.10)

Table 2.1 shows a summary of the variables of the multi-scale model (2.2.9).

Variable Description

SH(t) Number of susceptible humans hosts

at time t

IH(t) Number of infected human hosts at time t

GH(t) Community gametocyte load at time t

SV (t) Number of susceptible mosquito vectors at time

t

IV (t) Number of infected mosquito vectors at time t

PV (t) Community sporozoite load at time t

Table 2.1: A summary of the variables of the malaria multi-scale model given by (2.2.9).

In the multi-scale model (2.2.9) the parameters G0 and P0 are the community gametocyte load

and community sporozoite load that yield 50 percent chance of getting a human host and mosquito

vector infected with malaria in a particular geographical area/community/country with commu-

nity gametocyte load and community sporozoite load GH and PV respectively. In this study,
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we interpret the quantities
(

1

G0

and
1

P0

)
as measures of a specific geographical area/communi-

ty/country’s susceptibility to malaria infection. We assume that every geographical area/com-

munity/country’s malaria disease dynamics is characterized by a different set of susceptibil-

ity coefficients
(

1

G0

and
1

P0

)
, to malaria infection which is intrinsic to that community and

that these susceptibility coefficients are dependent on many factors which include [209]: (i)

the mosquito vector species, their abundance and behaviour, (ii) the Plasmodium species, (iii)

temperature and rainfall, (iv) geography and topography of the land, (v) amount and type of agri-

culture or land-cover in that area, (vi) strength of the health system, (vii) quality of housing in

which people live, and (viii) how people spend their time in the places and times when vectors

are feeding. Together, these characteristics will lead to particular malaria susceptibility coeffi-

cients
(

1

G0

and
1

P0

)
which determine the malaria baseline burden (the level of malaria burden

that would exist in a given geographical area/community/country if no interventions are imple-

mented to control it). This implies that certain reductions of malaria transmission observed in one

geographical area/community/country following implementation of malaria health interventions

may not be found in another geographical area/community/country where the same interventions

are implemented. A summary of the parameters of the malaria multi-scale model given by (2.2.9)

is presented in Table 2.2 and Table 2.3.
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Para-

meter

Description Initial

Value

Range

explored

Units Source/

Rational

αV Rate of elimination of community sporozoite

load

0.8 0.1-0.8 day−1 [224]

ΛV Rate of supply of susceptible mosquitoes 200 200-400 day−1 Estimated

βV Rate of infection of susceptible humans 0.2 0.2-0.4 day−1 [225]

G0 Saturation constant of community gametocyte

load

100 10-500 day−1 [220]

µV Natural death rate of mosquitoes 0.12 - day−1 [220]

δV Infection induced death rate of mosquitoes 0.000004260.00000426-

0.00000533

day−1 Estimated

ΛH Rate of supply of susceptible humans 0.037 0.033-

0.05

day−1 [225]

βH Rate of infection of susceptible mosquitoes 0.5 0.025-0.5 day−1 [225]

αH Rate of elimination of community gametocyte

load

0.002 0.002-

0.005

day−1 Estimated

µH Natural death rate of humans 0.0000391 0.0000391 day−1 [220]

γH Natural recovery rate of humans 0.1667 0.1667 day−1 Estimated

P0 Saturation constant of community sporozoite

load

100 10-500 day−1 [220]

δH Disease induced death rate of humans 0.0027 0.0001-

0.5

day−1 [225]

Table 2.2: Between-host (human and mosquito) parameter values and their description.
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Para-

meter

Description Initial

Value

Range

explored

Units Source/

Rational

αg Rate at which gametocyte infected en-

rythocytes burst

96 - day−1 [220]

Λv Rate of uptake of gametocytes through

super infection of mosquito

3000 100-3000 day−1 [220]

µg Death rate of gametocytes 0.0625 0.0625 day−1 [220]

Ng Number of gametes produced per ga-

metocyte infected enrythocyte

8 4-8 day−1 [220]

αs Fertilization rate of gametes 0.08 0-0.15 no.−1day−1 [220]

µs Natural decay rate of gametes 129 129 day−1 [220]

αz Rate at which zygotes develop into

oocysts

1.26 0.91-1.26 day−1 [220]

µz Natural decay rate of zygotes 1 - day−1 [220]

αk Bursting rate of oocysts to produce

sporozoites

1 - day−1 [220]

µk Natural decay rate of oocysts 0.00005 - day−1 [220]

Nk Number of sporozoites produced per

bursting oocyst

3000 3000-

4000

day−1 [220]

αv Rate at which sporozoites become in-

fectious to humans

0.0625 - day−1 [220]

µv Natural decay rate of sporozoites 0.8 0.1 - 0.8 day−1 [220]

Λh Rate of supply of susceptible red blood

cells (erythrocytes)

0.25 0.142857-

0.5

day−1 [203]

βh Infection rate of erythrocytes by free

merozoites

0.02 0.02-0.1 day−1 [203]

µb Natural decay rate of susceptible ery-

throcytes

1/120 1/120 day−1 [203]

π Proportion of gametocyte infected en-

rythocytes

0.1 0.1 day−1 [203]

µm Natural decay rate of free merozoites 0.05 0.05-0.5 day−1 [224]

αm Rate at which erythrocytes burst to

produce merozoites

1.0 1.0 day−1 [224]

Nm Number of merozoites produced per

bursting erythrocyte

16 16-30 day−1 [221],[222],[223]

αh Rate at which gametocytes develop

and become infectious

0.02 0.02-0.9 day−1 [203]

µh Natural decay rate of gametocyte in-

fected erythrocytes within infected hu-

mans

0.0625 0.0625 day−1 [203]

Table 2.3: Within-Mosquito and within-human parameter values and their description.
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2.3 Mathematical Analysis Of The Baseline multi-scale Model

Of Malaria Dynamics

In this section, we use the multi-scale model (2.2.9) to characterize a malaria baseline bur-

den using parameters given in Tables 2.2 and 2.3. In the context of the multi-scale model

given by (2.2.9), the malaria baseline burden is the community gametocyte load and community

sporozoite load (collectively called community pathogen load) that would exist in a particular

geographical area/country/community if no control measures were implemented to reduce the

malaria community pathogen load.

2.3.1 Positivity and boundedness of solutions of the malaria multi-scale
model

Since the multi-scale model given by (2.2.9) describes human, mosquito, and malaria parasite

populations, all parameters in the multi-scale model are non- negative and it can also be shown

that the solutions of the multi-scale model (2.2.9) are non-negative, given non-negative initial

values. In order to analyze this multi-scale model, we split it into four parts, namely the human

population, mosquito population, community gametocyte load and community sporozoite load.

Consider the biologically feasible region consisting of

Ω =
{

ΩH × ΩV × ΩG × ΩP ⊂ R2
+ × R2

+ × R+ × R+

}
(2.3.1)

where



ΩH =
{

(SH , IH) ∈ R2
+ : 0 ≤ NH ≤

ΛH

µH

}
,

ΩV =
{

(SV , IV ) ∈ R2
+ : 0 ≤ NH ≤

ΛV

µV

}
,

ΩG =
{
GH ∈ R : 0 ≤ NH ≤

NhαhΛH

µHµH

}
,

ΩP =
{
PV ∈ R : 0 ≤ NV ≤

NvαvΛV

µV µV

}
.

(2.3.2)
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We follow the following steps to establish the positive invariance of Ω. Adding equations (1),

(2), (3) and (4) of model system (2.2.9) gives,



1.
dNH

dt
= ΛH − µHNH − δHIH ,

2.
dNV

dt
= ΛV − µVNV − δV IV ,

3.
dPV
dt

= NvαvIV − αV PV ,

4.
dGH

dt
= NhαhIH − αHGH .

(2.3.3)

It follows that,



1.
dNH

dt
≤ ΛH − µHNH ,

2.
dNV

dt
≤ ΛV − µVNV ,

3.
dPV
dt
≤ NvαvNV − αV PV ,

4.
dGH

dt
≤ NhαhNH − αHGH .

(2.3.4)

From which we get



1. NH(t) ≤ NH(0)e−µH t +
ΛH

µH

[
1− e−µH t

]
,

2. NV (t) ≤ NV (0)e−µV t +
ΛV

µV

[
1− e−µV t

]
,

3. PV (t) ≤ PV (0)e−αV t +
NvαvΛV

µV αV

[
1− e−αV t

]
,

4. GH(t) ≤ GH(0)e−αH t +
NhαhΛH

µHαH

[
1− e−αH t

]
.

(2.3.5)
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where NH(0), NV (0), PV (0) and GH(0) represent the values of total human population, total

mosquito population, community sporozoite load (total infectious reservoir of mosquitoes) and

community gametocyte load (total infectious reservoir of humans) evaluated at the initial values

of the respective variables. Taking the limit as time gets large, we get the following expressions.



1. lim
t→∞

sup(NH(t)) ≤ ΛH

µH
,

2. lim
t→∞

sup(NV (t)) ≤ ΛV

µV
,

3. lim
t→∞

sup(PV (t)) ≤ NvαvΛV

µV µV
,

4. lim
t→∞

sup(GH(t)) ≤ NhαhΛH

µHµH
.

(2.3.6)

Thus, the region Ω is positively invariant. Therefore, it is sufficient to consider the dynamics of

the flow generated by (2.2.9) in Ω . In this region, the multi-scale model (2.2.9) is epidemiologi-

cally and mathematically well-posed. Thus, every solution of the multi-scale model (2.2.9) with

initial conditions in Ω remains in Ω for all t > 0. Therefore, the ω-limit sets of the multi-scale

model (2.2.9) are contained in Ω. We summarize this result in Theorem 2.1 below.

Theorem 2.1. The region Ω =
{

ΩH × ΩV × ΩG × ΩP ⊂ R2
+ × R2

+ × R+ × R+

}
is positively

invariant for the multi-scale model system (2.2.9) with non-negative initial conditions in R6
+.

2.3.2 The Malaria Elimination State and Its Stability

The malaria elimination state, which is mathematically described as the disease-free equilib-

rium point is steady state solution of the malaria multi-scale model (2.2.9). This is a state

characterized by the absence of community gametocyte load and community sporozoite load

(collectively called community pathogen load) in a particular geographical area/country/com-

munity except through importation. In the absence of community pathogen load, this implies

that (I0
H = G0

H = IV 00 = P 0
V = 0). Therefore, the disease-free state of the multi-scale model

for malaria (2.2.9) is given by

E0 =
(
S0
H , I

0
H , G

0
H , S

0
V , I

0
V , P

0
V

)
=
(ΛH

µH
, 0, 0,

ΛV

µV
, 0, 0,

)
. (2.3.1)
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The basic reproduction number denoted as R0 , is a threshold value that is often used in public

health to measure the spread of a disease. It is defined as the number of new infectious hosts

that arise as a result of a single infected host being introduced into a fully susceptible population.

When R0 < 1 , it implies that on average an infectious host infects less than one host throughout

his/her period of infectiousness and in this case it is feasible to eliminate the disease. On the

other hand, when R0 > 1 , then on average every infectious host infects more than one host

during his/her period of infectiousness and the disease persists in the population. We use the

next generation operator approach [100] to calculate the basic reproductive number from the

multi-scale model (2.2.9). Using this approach, the multi-scale model given by (2.2.9) can be

re-written in the form



dX

dt
= f(X, Y, Z),

dY

dt
= g(X, Y, Z),

dZ

dt
= h(X, Y, Z),

(2.3.2)

where 

X = (SH , SV ),

Y = (IH , IV ),

Z = (GH , PV ).

(2.3.3)

The components X denote the number of susceptibles, while the components Y represent the

number of infected individuals that do not transmit the disease. Components Z represent the

number of individuals capable of transmitting the disease. Following [100] we define g̃(X,Z)

by

g̃(X∗, Z) = (g̃1(X∗, Z), g̃2(X∗, Z)) (2.3.4)

with 
g̃1(X∗, Z) =

βV PV ΛH

µH(P0 + PV )(µH + αH + δH)
,

g̃2(X∗, Z) =
βHGHΛV

µV (G0 +GH)(µV + δV )
.

(2.3.5)
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By substituting the value of IV and IH and letting h1 =
dPV
dt

, h2 =
dGH

dt
we have that


h1 =

NhαhβV PV ΛH

µH(P0 + PV )(µH + αH + δV )
− αHGH ,

h2 =
NvαvβHGHΛV

(G0 +GH)(µV + δV )
− αV PV .

(2.3.6)

LetA = Dzh(X∗, g̃(X∗, 0), 0) and further assume that A can be written in the formA = M−D,

where M ≥ 0 and D > 0, a diagonal matrix.

Then A becomes

A =

 −αH
NhαhβV ΛH

µHP0(µH + αH + δH)
NvαvβHΛV

µVG0(µV + δV )
−αV

 . (2.3.7)

Since A = M −D, we deduce matrices M and D to be

M =

 0
NhαhβV ΛH

µHP0(µH + γH + δH)
NvαvβHΛV

µVG0(µV + δV )
0,

 , (2.3.8)

and

D =

(
αH 0

0 αV

)
⇒ D−1 =

 1

αH
0

0
1

αV
.

 . (2.3.9)

The basic reproductive number is the spectral radius (dominant eigenvalues) which is given by


R0 = ρ(MD−1) =

√
Nhαh

(µH + δH + γH)
.

ΛV βH
µV αHG0

.
Nvαv

(µV + δV )
.

ΛHβV
µHαV P0

,

=
√
R0HC .R0CV .ROV C .R0CH .

(2.3.10)

Therefore, the basic reproductive number R0 is the human-to-human or mosquito-to-mosquito

malaria transmission coefficient and is made up of the following partial reproductive numbers.
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i. The human-to-community partial reproductive number (R0HC): This partial reproductive

number is given by

R0HC =
Nhαh

(µH + δH + γH)
. (2.3.11)

This is the average amount of infectious reservoir contributed to the community gameto-

cyte load by each infected human host during his or her entire period of infectiousness.

This quantity depends on the average number of gametocytes Nh, in the blood stream of

an infected human, which is available for ingestion by a mosquito during her uptake of

blood meals from an infected human during his or her entire period of infectiousness and

is a composite parameter which in this study is interpreted as the endemic value of the

population of gametocytes G̃h which we have already determined from the within-human

malaria transmission sub-model as

Nh = G̃h =
π

1− π

[(1− π)NmβhΛh − µbµm
Nmβh(αh + µh)

]
=

πΛh

<0(αh + µh)

[
<0 − 1

]
. (2.3.12)

In the expression for R0HC , αh is the rate at which gametocytes develop and mature to

become infectious within an infected human host in the blood stream. Therefore, Nhαh is

the rate that describes how much an infected person contributes to the community gameto-

cyte load (the total infectious reservoir of humans in the community) during his/her entire

period of infectiousness while
1

(µH + δH + γH)
is the average gametocyte carriage time

by each infected person.

ii. The community-to-vector partial reproductive number (R0CV ): This partial reproductive

number is given by

R0CV =
ΛV βH
µV αHG0

. (2.3.13)

It describes the average number of infected mosquitoes arising from each infectious dose

of gametocytes ingested from the total infectious reservoir of humans in the community.

This partial reproductive number depends on the supply rate of susceptible mosquitoes

ΛV , the average life span of each susceptible mosquito
1

µV
, the rate of contact of the sus-

ceptible mosquitoes with the infectious reservoir of humans βH , the average time it takes

to eliminate the infectious reservoir of humans in the community
1

αH
and the community

gametocyte load that yields 50% chance of a mosquito becoming infected with the malaria

parasite, G0.

iii. The vector-to-community partial reproductive number (R0V C): This partial reproductive

number is given by

R0V C =
Nvαv

(µV + δV )
. (2.3.14)



Chapter 2 47

This is also the average amount of infectious reservoir contributed to the community sporo-

zoite load by each infected mosquito vector during her entire period of infectiousness. This

quantity depends on the average number of sporozoites in the salivary glands of each in-

fected mosquito Nv, which is available for injection into a human host by a mosquito

during uptake of blood meals from a human during her entire period of infectiousness and

is a composite parameter which in this study is interpreted as the endemic value of the

within-mosquito population of sporozoites P̃v which we have already determined from the

within-mosquito malaria transmission sub-model as

Nv = P̃v =
1

2
.

Λv

αv + µv
.
Nkαk
αk + µk

.
αz

αz + µz
.

αs
αs + µs

.
Ngαg
αg + µg

. (2.3.15)

In the expression for R0V C , αv is the rate at which sporozoites are excreted from the mid-

gut within an infected mosquito vector into the salivary glands. Therefore, Nvαv is the

rate that describes how much an infected mosquito contributes to the community sporo-

zoite load (the total infectious reservoir of mosquitoes in the community) during her entire

period of infectiousness while
1

(µV + δV )
is the average sporozoite carriage time by each

infected mosquito.

iv. The community-to-human partial reproductive number (R0CH): This reproductive number

is given by

R0CH =
ΛHβV
µHαV P0

. (2.3.16)

It describes the average number of infected humans arising from each infectious dose of

sporozoites injected from the total infectious reservoir of mosquitoes in the community.

This partial reproductive number depends on the supply rate of susceptible mosquitoes

ΛH , the average life span of each susceptible mosquito
1

µH
, the rate of contact of the

susceptible humans with the infectious reservoir of mosquitoes βV , the average time it

takes to eliminate the infectious reservoir of mosquitoes in the community
1

αV
and the

community sporozoite load that yields 50% chance of a human becoming infected with

the malaria parasite, P0.

Another informative way of interpreting R0 is to consider it as a product of two partial repro-

ductive numbers which are the human-to-mosquito partial reproductive number R0HV and the

mosquito-to-human partial reproductive numberR0V H so that
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
R0 =

√√√√[ Nhαh
(µH + δH + γH)

ΛV βH
µV αHG0

][
Nvαv

(µV + δV )
.

ΛHβV
µHαV P0

]
,

=
√
R0HV .ROVH .

(2.3.17)

In Eq. (2.3.17), the quantity R0HV is interpreted as follows. Consider a single newly infected

human host entering a disease-free population of mosquitoes at equilibrium. This individual is

still present and infectious and the expected number of mosquitoes infected by this human is

approximately



R0HV =
Nhαh

(µH + δH + γH)

ΛV βH
µV αHG0

,

=
π

1− π

[(1− π)NmβhΛh − µbµm
Nmβh(αh + µh)

]
.

αhΛHβV
(µH + δH + γH)µHαV P0

,

=
πΛh

<0(αh + µh)

[
<0 − 1

]
.

αhΛHβV
(µH + δH + γH)µHαV P0

.

(2.3.18)

Therefore, the human-to-mosquito transmission coefficient R0HV is composed of between-host

disease parameters and within-human parameters. Similarly, in Eq. (2.3.17) the quantity R0V H

is interpreted as follows. Consider a single newly infected mosquito vector entering a disease-

free population of humans at equilibrium. This mosquito is still present and infectious and the

expected number of humans infected by this mosquito is approximately
R0V H =

Nvαv
(µV + δV )

.
ΛHβV
µHαV P0

,

=
Λv

2
.
Nkαk
αk + µk

.
αz

αz + µz
.

αs
αs + µs

.
Ngαg
αg + µg

.
αv

αv + µv
.

ΛHβV
(µV + δV )µHαV P0

.

(2.3.19)

From Eq. (2.3.19) we also deduce that the mosquito-to-human transmission coefficient R0CH is

composed of between-host disease parameters and within-mosquito parameters.
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2.3.3 Local Stability of the Malaria Elimination state

From Theorem 4.2 of van den Driesche and Watmough [97], if R0 < 1 then the disease free

equilibrium is locally asymptotically stable and the disease cannot persist in the population. This

result is summarized in the following theorem.

Theorem 2.2. The disease free equilibrium point E0, of the multi-scale model system (2.2.9) is

locally asymptotically stable whenever R0 < 1 and unstable otherwise.

Proof. The proof is not necessary since local stability of the disease free equilibrium is a conse-

quence of Theorem 4.2 in van den Driessche and Watmough [97].

2.3.4 Global Stability of the Malaria Elimination state

In this sub-section, we investigate the global stability of DFE by following Castillo-Chavez’s

approach [97]. We re-write the multi-scale model system (2.2.9) in the form


dX

dt
= F (X,Z),

dZ

dt
= G(X,Z), G(X, 0) = 0,

(2.3.1)

whereX = (SH , SV ) ∈ R2
+ comprises of the uninfected components andZ = (IH , PV , IV , GH) ∈

R4
+ comprises of infected and infectious components. The disease free equilibrium is given by

E0 =
(ΛH

µH
, 0, 0,

ΛV

µV
, 0, 0

)
. For E0 to be global asymptotically stable, the conditions H1 and H2

below must hold:

H1 : For
dX

dt
= F (X, 0), X∗ is globally asymptotically stable.

H2 : G(X,Z) = AZ − G̃(X,Z), G̃(X,Z) ≥ 0 for (X,Z) ∈ R where A = DZ [G(X∗, 0)] is

an M-matrix (the off diagonal elements of A are non-negative) and R6
+ is the region where

the model is meaningful biologically.

Theorem 2.3. The fixed point E0 is a globally asymptotically stable equilibrium point of sys-

tem (2.2.9) provided R0 < 1 and assumptions H1 and H2 hold.

Proof. Using model system (2.2.9), we investigate if the conditionsH1 andH2 hold. In our case,

we observe that
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F (X, 0) =

(
ΛH − µHSH
ΛV − µV SV

)
(2.3.2)

and

A =



−µH γH
−βV ΛH

P0µH
0 0 0

0 −(µH + δH + γH)
βV ΛH

P0µH
0 0 0

0 0 −αV 0 Nvαv 0

0 0 0 −µV 0 −βHΛV

G0µV

0 0 0 0 −(µV + δV )
βHΛV

G0µV
0 Nhαh 0 0 0 −αH


, (2.3.3)

G̃(X,Z) =


(

ΛH

P0µH
− SH
P0 + PV

)βV PV

0

(
ΛV

G0µV
− SV
G0 +GH

)βHGH

0.


. (2.3.4)

Since S0
H =

ΛH

µH

1

P0

≥ SH
P0 + PV

and S0
V =

ΛV

µV

1

G0

≥ SV
G0 +GH

,

it is clear that G̃(X,Z) ≥ 0 for all (X,Z) ∈ R6
+ and A is an M-matrix because the off diagonal

elements of A are non-negative. Hence, the disease free equilibrium is globally asymptotically

stable.

2.3.5 Estimating the Malaria Baseline Burden

The malaria baseline burden can be approximated using the multi-scale model (2.2.9). The en-

demic equilibrium of the multi-scale model (2.2.9) can used an approximation of the malaria

baseline burden. At the endemic equilibrium both human and mosquitoes vector are infected

by sporozoites and gametocytes respectively and the endemic equilibrium is denoted here by

Ẽ = (S̃H , ĨV , G̃H , S̃V , ĨV , P̃V ). We now give expressions for the endemic equilibrium and their

interpretation. The endemic value of infected humans is given by

ĨH =
λ̃V S̃H

(µH + γH + δH)
. (2.3.1)
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We deduce from above equation that the infected population is determined by three quantities:

the average time of stay of humans in the infected compartment, the rate of infection of suscep-

tibles and the number of susceptible hosts. Further, the endemic value of susceptible humans is

given by

S̃H =
ΛH + γH ĨH

(µH + λ̃V )
. (2.3.2)

We deduce from (2.3.2) the endemic value of the susceptible humans is proportional to the aver-

age time of stay in the susceptible compartment and the rate of supply of few susceptible through

birth. Individuals exit this compartment either through death or infection. The endemic value of

the community gametocyte load human is given by

G̃H =
NhαhĨH
αH

. (2.3.3)

The endemic value of the community gametocyte load shows that this quantity is dependent on

the number of infected humans and average gametocyte load within each infected human as well

as the rate of elimination of the community gametocyte load. The endemic value of infected

mosquitoes is given as follows.

ĨV =
λ̃V S̃V

(µV + δV )
. (2.3.4)

From the expression of the endemic value of mosquitoes (2.3.4) we deduce that this quantity

is the product of the rate of infection of mosquitoes and the average life span of an infected

mosquito. The endemic value of susceptible mosquitoes is given by

S̃V =
ΛV

(λ̃H + µV )
. (2.3.5)

The quantity given by (2.3.5) is a product of the rate of supply new susceptible mosquitoes and

the average time of stay in the susceptible class. The expression for the endemic value of the

community sporozoite load is given by

P̃V =
Nvαv ĨV
αV

. (2.3.6)

We note from the expression (2.3.6) that this quantity is determined by three quantities: the

number of infected mosquitoes, the average sporozoite load within an infected mosquito and the

rate of elimination of community sporozoite load. We have just discussed the endemic state of
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a malaria disease which is quantitatively represented by the endemic values of the multi-scale

model system (2.2.9) but have not discussed the conditions under which this state can exist in a

community. We accomplish this in the subsection that follows.

2.3.6 The Existence of the Endemic state

We now present some results concerning the existence of an endemic malaria in a community as

conditions on a solution for multi-scale model system (2.2.9). To do, this we shall make use of

the reproductive number, R0.

Theorem 2.4. The multi-scale model (2.2.9) has at least one endemic equilibrium solution given

by

Ẽ = (S̃H , ĨH , S̃V , ĨV , P̃V , G̃H), (2.3.1)

with S̃H , ĨH , S̃V , ĨV , P̃V , G̃H all non-negative, whose existence and properties are determined by

the threshold parameter R0 where

R0 =

√
NhαhΛHβV

αV P0µH(µH + δH + γH)
.

NvαvΛV βH
αHG0µV (µV + δV )

, (2.3.2)

andNh andNv are composite parameters describing within-human and within-mosquito malaria

parasite population dynamics.

Proof. Let Ẽ = S̃H , ĨH , S̃V , ĨV , P̃V , G̃H be a constant solution of the model system (2.2.9) . We

can easily express S̃H , G̃H , S̃V , ĨV , P̃V in terms of ĨH in the form
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

S̃H(ĨH) =
(ΛH − γH ĨH ][b+ cĨH ]

bµH + (a+ cµH)ĨH
,

S̃V (ĨH) =
ΛV [αHG0 +NhαhĨH ]

µV αHG0 + dĨH
,

ĨV (ĨH) =
ΛVNhαhβH ĨH

[µV + δV ][µV αHG0 + dĨH ]
,

P̃V (ĨH) =
NvαvΛVNhαhβH ĨH

µV [µV + δV ] + d[µV + δV ][µV + βH ]αV ĨH
,

G̃H(ĨH) =
NhαH ĨH
αH

,

λ̃V (ĨH) =
aĨH

[b+ cĨH ]
,

λ̃H(ĨH) =
NhαhβH ĨH

αHG0 +NhαhĨH
,

(2.3.3)

where



1. a = βVNvαvΛV .NhαhβH ,

2. b = µV [µV + δV ]αHG0αV P0,

3. c = NvαvΛV .NhαhβH +NhαhαV P0[µV + δV ][µV + βH ],

4. d = Nhαh[µV + βH ],

5. Nv =
1

2
.

Λv

αv + µv
.
Nkαk
αk + µk

.
αz

αz + µz
.

αs
αs + µs

.
Ngαg
αg + µg

,

6. Nh =
π

(1− π)

[(1− π)βhΛh − µbµm
Nmβh(αh + µh)

]
=

πΛh

(αh + µh)<0

[
<0 − 1

]
.

(2.3.4)
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Substituting the expressions in (2.3.3) in the equation for IH which is given by

dIH
dt

= λV SH −
[
µH + δH + γH

]
IH ,

at the endemic equilibrium we get:

ĨH =
µH(µH + δH + γH)b[R2

0 − 1]

aγH + [a+ cµH ][µH + δH + γH ]
, (2.3.5)

where a, b and c are as defined by the expressions (2.3.4).

We can easily deduce from expression (2.3.5) that there exists one unique endemic equilibrium

for model system (2.2.9) wheneverR0 > 1.

Apart from the fact that the endemic equilibrium values represented by expressions (2.3.3)

and (2.3.5) synthesize important elements of human malaria transmission processes, we also

note that the between-host endemic expressions for

S̃H , G̃H , S̃V , ĨV , P̃V , ĨH , (2.3.6)

are determined by both within-host (human host and malaria host) disease parameters and between-

host (human host and malaria host) disease parameters while the within-host composite param-

eters Nh and Nv are only determined by both the within-host disease parameters and not the

between-host disease parameters. This confirms the uni-directional coupling and influence of

within-host sub-models on between-host sub-models in the multi-scale model (2.2.9).

2.3.7 The Local Stability of Malaria Baseline Endemic state

Center Manifold Theory has been used to determine the local stability of a non-hyperbolic equi-

librium (linearized matrix has at least one eigenvalue with zero real part). We now employ the

Center Manifold Theory [229] to establish the local asymptotic stability of the endemic equi-

librium of multi-scale model system (2.2.9). In order to apply the Center Manifold Theory, we

make the following simplifications and change of variables. Let SH = x1, IH = x2, PV = X3,

SV = x4, IV = x5 and GH = x6 so that NH = x1 + x2 and NV = x4 + x5. Further, by using the

vector notation x = (x1, x2, x3, x4, x5, x6)T , the multi-scale model system (2.2.9) can be written

in the form
dx

dt
= F (x) with

F (x) = (f1, f2, f3, f4, f5, f6),
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such that



dSH(t)

dt
= ΛH − λV x1 − µHx2 + γHx2

dIH(t)

dt
= λV x1 − (µH + δH + γH)x2

dPV (t)

dt
= Nvαvx5 − αvx3

dSV (t)

dt
= ΛV − λHx4 − µV x4

dIV (t)

dt
= λHx4 − (µV + δV )x5

dGH(t)

dt
= Nhαhx2 − αHx6

(2.3.1)

where,

λH(t) =
βV x3(t)

P0 + x3(t)
, λV (t) =

βHx6(t)

G0 + x6(t)
. (2.3.2)

The method involves evaluating the Jacobian matrix of the system (2.2.9) at the disease-free

equilibrium E0 denoted by J(E0). The Jacobian matrix associated with equation system (2.2.9)

at E0 is given by
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J(E0) =



−µH γH
−βV ΛH

P0

0 0 0

0 −(µH + δH + γH)
βV ΛH

P0

0 0 0

0 0 −αV 0 Nvαv 0

0 0 0 −µV 0 −βHΛV

G0µV

0 0 0 0 −(µV + δV )
βHΛV

G0µV

0 Nhαh 0 0 0 −αH



(2.3.3)

The reproductive number of system (2.2.9) is

R0 =

√
Nhαh

(µH + δH + γH)
.

ΛV βH
µV αHG0

.
Nvαv

(µV + δV )
.

ΛHβV
µHαV P0

. (2.3.4)

Now let us consider βV = kβH , regardless of whether k ∈ (0, 1) or k ≥ 1 and let βH = β∗.

Taking β∗ as the bifurcation parameter and if we consider R0 = 1, and solve for β∗, we obtain

β∗ =

√
(µH + δH + γH)(µV αHG0)(µV + δV )(µHαV P0)

kNhγSΛV .ΛV .Nvαv.ΛH

. (2.3.5)

Note that the linearized system of the transformed equations (2.3.1) with bifurcation point β∗

has a simple zero eigenvalue. Hence, the Center Manifold Theory can be used to analyse the

dynamics of (2.3.1)) near βH = β∗.

In particular, Theorem 4.1 in Castillo-Chavez and Song [230] reproduced here as Theorem 2.5 for

convenience, will be used to show the local asymptotic stability of the endemic equilibrium point

of (2.3.1) (which is the same as the endemic equilibrium point of the original system (2.2.9), for

βH = β∗ ).

Theorem 2.5. Consider the following general system of ordinary differential equations with

parameter φ:
dx

dt
= f(x, φ), f : Rn × R −→ R, f : C2(Rn

+ × R), (2.3.6)
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where 0 is an equilibrium of the system, that is f(0, φ) = 0 for all φ, and assume that

A1. A = Dxf(0, 0) = ((∂fi/∂xj)(0, 0)) is linearization of system (2.3.1) around the equilib-

rium 0 with φ evaluated at 0. Zero is a simple eigenvalue of A, and other eigenvalues of A

have negative real parts,

A2. matrix A has a right eigenvector u and a left eigenvector v corresponding to the zero

eigenvalue.

Let fk be the kth component of f and



a =
n∑

k,i,j=1

ukvivj
∂2fk
∂xi∂xj

(0, 0),

b =
n∑

k,i=1

ukvi
∂2fk
∂xi∂φ

(0, 0).

(2.3.7)

The local dynamics of (2.3.1) around 0 are totally governed by a and b.

i. a > 0, b > 0. When φ < 0 with |φ| � 1, 0 is locally asymptotically stable, and there exists

a positive unstable equilibrium; when 0 < φ� 1, 0 is unstable and there exists a negative

and locally asymptotically stable equilibrium.

ii. a < 0, b < 0. When φ < 0 with |φ| � 1, 0 is unstable; when 0 < φ � 1, 0 is locally

asymptotically stable, and there exists a positive unstable equilibrium;

iii. a > 0, b < 0. When φ < 0 with |φ| � 1, 0 is unstable, and there exists a locally

asymptotically stable negative equilibrium; when 0 < φ � 1, 0 is stable and a positive

unstable equilibrium appears;

iv. a < 0, b > 0. When φ changes from negative to positive, 0 changes its stability from

stable to unstable. Correspondingly a negative unstable equilibrium becomes positive and

locally asymptotically stable

In order to apply the above theorem, the following computations are necessary (it should be noted

that we are using β∗ as the bifurcation parameter, in place of φ in Theorem 2.5.

Eigenvectors of Jβ∗: For the case when R0 = 1, it can be shown that the Jacobian of (2.3.3) at

βH = β∗ (denoted by Jβ∗ ) has a right eigenvector associated with the zero eigenvalue given by

u = [u1, u2, u3, u4, u5, u6]T , where
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

u1 = − kβ∗2ΛHNvαvΛV ΛV

P 2
0 µ

2
HαVG0µV (µV + δV )

+
γHαH
NhαhµH

,

u2 =
αH
Nhαh

,

u3 = − Nvαvβ
∗ΛV

αVG0µV (µV + δV )
,

u4 = − β∗ΛV

G0µ∗V
,

u5 =
β∗ΛV

G0µ∗V (αV + µV )
,

u6 = 1

(2.3.8)

Further, the left eigenvector of J(E0) associated with the zero eigenvalue at βH = β∗ is given by

v = [v1, v2, v3, v4, v5, v6]T , where

v1 = 0,

v2 =
Nhαh

µH + δH + γH
,

v3 =
kβ∗ΛHNhαh

P0µH(µH + δH + γH)
,

v4 = 0,

v5 =
Nvαvkβ

∗ΛHNhαh
(µV + δV )(µH + δH + γH)P0µH

,

v6 = 1.

(2.3.9)

Computation of bifurcation parameters a and b:
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The sign of a is associated with the following non-vanishing partial derivatives of F:

∂2f1

∂x1∂x6

=
∂2f1

∂x6∂x1

=
−β∗

G0

,

∂2f1

∂x2
6

= − 2β∗ΛH

µHG2
0

,

∂2f2

∂x1∂x6

=
∂2f2

∂x6∂x1

=
β∗

G0

,

∂2f2

∂x2
6

= − 2β∗ΛH

G2
0µH

,

∂2f5

∂x3∂x4

=
∂2f5

∂x4∂x3

=
kβ∗ΛV

P0µV
,

∂2f5

∂x2
3

= − 2kβ∗ΛV

µV P 2
0

.

(2.3.10)

Substituting equation (2.3.10) into equation (2.3.1), we get



a =
n∑

k,i,j=1

ukvivj
∂2fk
∂xi∂xj

(0, 0)

= u1v
2
6

∂2f1

∂x2
6

+ u2v
2
6

∂2f2

∂x2
6

+ u5v
2
3

∂2f5

∂x2
3

,

= −
[

−β∗NvαvΛV

P 2
0 µ

2
HαVG0µV (µV + δV )

+
δHαH
NhαhµH

]
.12.

2β∗ΛH

µHG2
0

− αH
Nhαh

.12.
2β∗ΛH

µHG2
0

−

β∗ΛV

G0µV (µV − δV )
.

[
β∗ΛHNhαh

P0µH(µH + δH + γH)

]2

.
2kβ∗ΛV

µV P 2
0

,

=
2β∗2NvαvΛV

P 2
0 µ

2
HαVG0µV (µV + δV )

.
ΛH

µHG2
0

− 2δHαH
NhαhµH

.
β∗ΛH

µHG2
0

− 2αHβ
∗ΛH

NhαhµHG2
0

.

− 2kβ∗2Λ2
V

G0P 2
0 µ

2
V (µV − δV )

[
β∗ΛHNhαh

P0µH(µH + δH + γH)

]2

< 0.

(2.3.11)

For the sign of b, it is associated with the following non-vanishing partial derivatives of F ,
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

∂2f1

∂β∗∂x6

= − ΛH

G0µH
,

∂2f2

∂β∗∂x6

=
ΛH

G0µH
,

∂2f4

∂β∗∂x3

=
−kΛV

P0µV
,

∂2f5

∂β∗∂x3

=
ΛV

P0µV
.

(2.3.12)

It follows from the above expression that

b =
12∑

k,i=1

ukvi
∂2fk
∂xi∂φ

(0, 0)

= u1v6
∂2f1

∂β∗∂x6

+ u2v6
∂2f2

∂β∗∂x6

+ u4v3
∂2f4

∂β∗∂x3

+ u5v3
∂2f5

∂β∗∂x3

=

[
−kβ∗2ΛHNvαvΛV

P 2
0 µ

2
HαVG0µV (µV + δV )

+
γHαH
NhαhµH

]
.1.
−ΛH

µHG0

+
αH
Nhαh

.1.
ΛH

µHG0

−
[
−kβ∗2Λ2

V

G0µ2
V

.
ΛHNhαh

P0µH(µH + δH + γH).P0µV

]
+

β∗ΛV

G0µV (µV + δV )
.

β∗ΛHNhαh
P0µH(µH + δH + γH)

.
ΛH

µHG0

=
kβ∗2Λ2

HNvαvΛV

P 2
0 µ

2
HαVG0µV (µV + δV )

+
αHΛH

NhαhµHG0

+

[
kβ2∗Λ2

V

G0µ2
V

.
ΛHNhαh

P0µH(µH + δH + γH).P0µV

]
+

β∗ΛV Λ2
HNhαh

G2
0P

2
0 µV µ

2
H(µV + δV )(µH + δH + γH)

− δHαHΛH

Nhαhµ2
HG0

> 0.

(2.3.13)

Thus, a < 0 and b > 0. Using Theorem 2.5, item (iv), we have establish the following result

which only holds forR0 > 1 but close to 1:

Theorem 2.6. The unique endemic equilibrium of the multi-scale models system (2.2.9) guaran-

teed by Theorem 2.5 is locally asymptotically stable for R0 > 1 near 1.
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2.3.8 Sensitivity Analysis of the Transmission Metrics of Baseline multi-
scale Model

In this subsection, we present results of the sensitivity analysis of six malaria transmission met-

rics (three at within-host scale and the other three at between-host scale) which we derived

from the multi-scale model (2.2.9), with respect to thirty-five parameters of the multi-scale

model (2.2.9). At within-host scale (within-human and within-mosquito) the three malaria trans-

mission metrics are: (i) Nh (which we use as a proxy for individual human infectiousness to

mosquitoes), (ii)Nv (which we use as a proxy for individual mosquito infectiousness to humans),

and (iii) <0 (which we use to characterize within-human reproductive capacity of merozoites).

At between-host scale (humans and mosquitoes), the three malaria transmission metrics are: (i)

community sporozoite load, PV (which we take an indicator of a community’s level of infec-

tiousness and transmission probability of malaria to humans), (ii) community gametocyte load,

GH (which we also take an indicator of a community’s level of infectiousness and transmission

probability of malaria to mosquitoes), and (iii) malaria basic reproductive number, R0 (which

we take as characterizing transmission potential of malaria at the start of the epidemic). In gen-

eral, parameters to which these six malaria transmission metrics (multi-scale model outputs) are

sensitive provide critical points for control and elimination of malaria parasite along its life-cycle

which should be monitored and controlled during malaria outbreak. Using the approach in [231],

for the sensitivity analysis, we note that the normalized sensitivity index with respect to param-

eter P of the three within-host scale malaria disease transmission metrics (Nh, Nv,<0) is given

by

SPΓw
=
∂Γw
∂P
× P

Γw
, Γw = Nh, Nv,<0, (2.3.1)

Where



1. Nv =
1

2
.

Λv

αv + µv
.
Nkαk
αk + µk

.
αz

αz + µz
.

αs
αs + µs

.
Ngαg
αg + µg

,

2. Nh =
π

(1− π)

[(1− π)NmβhΛh − µbµm
Nmβh(αh + µh)

]
=

πΛh

(αh + µh)<0

[
<0 − 1

]
,

3. <0 =
(1− π)NmβhΛh

µbµm
.

(2.3.2)

Table 2.4 shows the results of the evaluation of the sensitivity of the three within-host scale

malaria disease transmission metrics (Nh, Nv,<0) to the multi-scale model (2.2.9)’s parameters.
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Considering the sensitivity of Nh, Nv and <0 to within-human and within-mosquito parameters

in Table 2.3 we note the following results.

i. For the within-human parameters, we note from Table 2.4 that both Nh and <0 have high

sensitivity to βh, µb, µm, Nm and αh. This implies that care must be taken to improve the

accuracy of these parameters during data collection if the utility and validity of the within-

human malaria transmission sub-model given by (2.2.3) is to be improved. On the other

hand, this also means that at individual level, interventions that target these parameters are

likely to have a higher impact.

ii. Nh has little sensitivity to µh and Λh while <0 has little sensitivity to π. This means that

the within-human sub-model is robust with respect to these parameters (µh and Λh) when

used to characterize within-human malaria disease dynamics when infection is at endemic

levels, while the same sub-model is robust with respect to π when used to characterize

within-human malaria disease dynamics when infection is at the start of the infection.

Since these parameters also determine gametocyte dynamics at individual human level, it

means that malaria interventions that target gametocytes are likely to have little impact on

disease dynamics at individual level.

iii. We also note that Nv has high sensitivity to all within-mosquito sub-model parameters

except αg and µg. This means that the within-mosquito sub-model is robust with respect

to αg and µg. On the other hand, it also means that care must be taken in improving the

accuracy of all within-mosquito malaria disease dynamics parameters (except αg and µg)

if the utility and validity of this sub-model is to be improved. Further, this also means

that malaria interventions that target these parameters (except αg and µg) are likely to be

effective in reducing malaria parasite population growth within an infected mosquito.
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SL.No. Parameter Sensitivity in-
dex of Nh

Sensitivity
index of Nv

Sensitivity
index of <0

1 Λv - 1.000000 -

2 αg - 0.000163 -

3 µg - -0.000163 -

4 Ng - 1.000000 -

5 αs - 0.999380 -

6 µs - -0.999380 -

7 αz - 0.442478 -

8 µz - -0.442478 -

9 αk - 0.666667 -

10 µk - -0.666667 -

11 Nk - 1.000000 -

12 αv - -0.757576 -

13 µv - -0.242424 -

14 βh -1.000002 - 1.000000

15 µb 1.000002 - -1.000000

16 π 1.052632 - -0.052632

17 µm 1.000002 - -1.000000

18 Nm -1.000002 - 1.000000

19 αh -0.961538 - -

20 µh -0.038462 - -

21 Λh -0.000002 - 1.000000

Table 2.4: Sensitivity indices of Nh, Nv and <0.

Further, using the approach in [231], for the sensitivity analysis, we note that the normalized sen-

sitivity index of the three between-host scale malaria disease transmission metrics (G̃H , P̃V ,R0)

with respect to parameter P is given by

SPΓb
=
∂Γb
∂P
× P

Γb
, Γb = G̃H , P̃V ,R0, (2.3.3)

where
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

1. G̃H =
(R2

0 − 1).µVG0ΛHβV .(µH + δH + γH)

ΛV βHRV H [βV (µH + δH) + µH(µH + δH + γH)] + ΛHβV (µV + βH)(µH + δH + γH)
,

2. P̃V =
(R2

0 − 1).µHP0ΛV βH .(µH + δH + γH)

ΛHβVRHV (µV + βH)(µH + δH + γH) + ΛV βH [µH(µH + δH + γH) + βV (µH + δH)]
,

3. R0 =

√
NhαhΛV βH

µV (µH + δH + γH)αHG0

.
NvαvΛHβV

µH(µV + δV )αV P0

.

(2.3.4)

Table 2.5 shows the results of the evaluation of the sensitivity of the three between-host scale

malaria disease transmission metrics (G̃H , P̃V ,R0) to the multi-scale model (2.2.9)’s parameters.

Considering the sensitivity of G̃H to all the human-to-mosquito malaria disease dynamics sub-

model parameters, we note the following results.

i. The malaria transmission metric G̃H is highly sensitive to four between-host malaria trans-

mission parameters ΛH , γH , αH and βV and five within-human malaria transmission pa-

rameters βh, µb, π, µm and Nm. This means that care must be taken in improving the

accuracy of these parameters during data collection if the utility and validity of the human-

to-mosquito malaria transmission sub-model is to be improved.

ii. On the other hand, because G̃H has high sensitivity to the nine parameters (ΛH , γH , αH ,

βV , βh, µb, π, µm, Nm), then this implies that interventions that are focused on the human

host that target these parameters are likely to have high impact in reducing human-to-

mosquito malaria transmission.

iii. The malaria transmission metric G̃H has low sensitivity to the remaining twenty-five malaria

transmission parameters. This means that the human-to-mosquito malaria transmission

sub-model in the multi-scale model given by (2.2.9) is robust with respect to these twenty-

five parameters.

Considering the sensitivity of P̃V to all the mosquito-to- human malaria disease dynamics sub-

model parameters, we note the following results.

i. The malaria transmission metric P̃V has high sensitivity to four between-host malaria trans-

mission parameters ΛV , αV , µV , and βH and eleven within-mosquito malaria transmission

parameters (Λv, Ng, αs, µs, αz, µz, αk, µk, Nk, αv, µv). This means also that care must

be taken in improving the accuracy of these parameters during data collection if the utility

and validity of the mosquito-to- human malaria transmission sub-model is to be improved.
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ii. Furthermore, because P̃V has high sensitivity to the fifteen parameters (ΛV , αV , µV , βH ,

Λv, Ng, αs, µs, αz, µz, αk, µk, Nk, αv, µv), then this implies that interventions that are

focused on the mosquito vector that target these fifteen parameters are likely to have high

impact in reducing mosquito-to- human malaria transmission.

iii. However, the malaria transmission metric P̃V has low sensitivity to the remaining nineteen

malaria transmission parameters. This means that the mosquito-to- human malaria trans-

mission sub-model in the multi-scale model given by (2.2.9) is robust with respect to these

twenty-five parameters.

Considering the sensitivity ofR0 to the full malaria disease dynamics multi-scale model param-

eters, we note the following results.

i. The malaria transmission metric,R0, derived from the multi-scale model given by (2.2.9),

has very low sensitivity to six parameters (δV , αg, µg, Λh, αh, µh). This again means that

the full malaria transmission multi-scale model given by (2.2.9) is robust with respect to

these six parameters.

ii. In addition, the malaria transmission metric,R0, derived from the multi-scale model given

by (2.2.9), has high sensitivity to the remaining twenty-eight malaria disease dynamics

parameters. This means also that care must be taken in improving the accuracy of these

twenty-eight malaria disease dynamics parameters during data collection if the utility and

validity of the full malaria transmission multi-scale model given by (2.2.9) is to be im-

proved.

iii. On the other hand, because R0 has high sensitivity to the twenty-eight remaining malaria

disease dynamics parameters then this implies that interventions that are focused on the

controlling malaria disease system that target these twenty-eight parameters are likely to

have high impact in reducing malaria transmission in the community, especially at the start

of the malaria epidemic.
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SL.No. Parameter Sensitivity
index of G̃H

Sensitivity
index of P̃V

Sensitivity
index ofR0

1 ΛH 1.000000000 -0.000000243 0.500000000

2 γH -0.980663693 0.000000001 -0.491917155

3 P0 -0.000001477 0.000000000 -0.500000000

4 αH -1.000000000 0.000000243 -0.500000000

5 δH -0.019060285 0.000000239 -0.007967464

6 βH 0.000000286 0.666666585 0.500000000

7 µH -0.000277498 0.000000004 -0.500115381

8 ΛV 0.000001477 1.000000000 0.500000000

9 βV 0.996777286 -0.000000001 0.500000000

10 αV -0.000001477 -1.000000000 -0.500000000

11 Λv 0.000001477 1.000000000 0.500000000

12 µV -0.000001763 -0.999964257 -0.999982251

13 δV 0.000000000 -0.000035499 -0.000017749

14 G0 0.000000000 0.000000243 -0.500000000

15 αg 0.000000000 0.000162734 0.000081367

16 µg 0.000000000 -0.000162734 -0.000081367

17 Ng 0.000001477 1.000000000 0.500000000

18 αs 0.000001476 0.999380229 0.499690115

19 µs -0.000001476 -0.999380229 -0.499690115

20 αz 0.000000654 0.442477876 0.221238938

21 µz -0.000000654 -0.442477876 -0.221238938

22 αk 0.000000738 0.500000000 0.250000000

23 µk -0.000000738 -0.500000000 -0.250000000

24 Nk 0.000001477 1.000000000 0.500000000

25 αv 0.000000358 0.242424242 0.121212121

26 µv -0.000000358 -0.242424242 -0.121212121

27 βh -1.000002464 0.000000243 -0.500001232

28 µb 1.000002464 -0.000000243 0.500001232

29 π 1.052631708 -0.000000256 0.526315854

30 µm 1.000002464 -0.000000243 0.500001232

31 Nm -1.000002464 0.000000243 -0.500001232

32 αh 0.038461538 -0.000000009 0.019230769

33 µh -0.038461538 0.000000009 -0.019230769

34 Λh -0.000002464 0.000000000 -0.000001232

Table 2.5: Sensitivity indices of G̃H , P̃V , and R0 with respect to 34 parameters of the malaria

disease system.
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2.3.9 The Influence of Within-host sub-models on between-host sub-models

In the multi-scale model (2.2.9), the within-host scale sub-models influence between-host malaria

disease dynamics and not the other may round. We use numerical simulations to illustrate this

uni-directional coupling of the multi-scale model (2.2.9) using four with-human selected param-

eters which are µh, µm, Nm and βh. More specifically, we illustrate the influence of these four

within-human malaria disease dynamics parameters (µh, µm, Nm, βh) on four key between-host

scale variables (IH , IV , GH , PV ). Changes in the four within-human malaria disease dynamics

parameters (µh, µm, Nm, βh) are associated with the following medical interventions (drugs and

vaccines) effects: (i) variation in the killing of gametocytes within an infected human host, µh,

(ii) variations in the killing merozoites within an infected human host, µm, (iii) variation in the

replication of merozoites at within-cell scale in an infected human host, Nm, and (iv) variation

in the transmission rate of merozoites at between-cell scale within an infected human host, βh.

The numerical simulations, which are conducted using the baseline parameter values given in

Tables 2.2 and 2.3 are shown in Figures 2.2, 2.3, 2.4 and 2.5.
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Figure 2.2: Graphs showing changes in (a) community gametocyte load (GH), (b) population of

infected mosquitoes IV , (c) population of infected humans IH , and (d): community sporozoite

load PV for different values of death rate of within-human gametocyte load µh: µh = 0.0625,

µh = 0.05938, µh = 0.05625, and µh = 0.05.

Figure 2.2 shows variations in (a) community gametocyte load (GH), (b) population of infected

mosquitoes IV , (c) population of infected humans IH , and (d): community sporozoite load PV for

different values of death rate of within-human gametocyte load µh: µh = 0.0625, µh = 0.05938,

µh = 0.05625, and µh = 0.05. The results show that as the death rate of gametocytes within

infected humans increase, there is also a noticeable decrease in community gametocyte load

(GH), population of infected mosquitoes IV , population of infected humans IH and community

sporozoite load (PV ) at between-host scale. The results imply that control measures aimed at

giving treatments that kill gametocyte within infected individuals are good for the community in

that they reduce transmission of malaria at population/community level.
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Figure 2.3: Graphs showing changes in (a) community gametocyte load (GH), (b) population of

infected mosquitoes IV , (c) population of infected humans IH , and (d): community sporozoite

load PV for different values of death rate of merozoites µm: µm = 0.0006, µm = 0.006, and

µm = 0.06.

Figure 2.3 shows changes in (a) community gametocyte load (GH), (b) population of infected

mosquitoes IV , (c) population of infected humans IH , and (d): community sporozoite load PV
for different values of death rate of merozoites µm: µm = 0.0006, µm = 0.006, and µm = 0.06.

From these results we notice that as the death rate of merozoites within infected humans in-

crease, there is also a noticeable decrease in community gametocyte load, population of infected

mosquitoes IV , population of infected humans IH and community sporozoite load at between-

host scale. These results imply that treatments that cure an individual from malaria by increasing

the killing rate of merozoites are equally good for both the individual and the community because

the individual’s transmission risk of malaria in the community is reduced.
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Figure 2.4: Graphs showing changes in (a) community gametocyte load (GH), (b) population of

infected mosquitoes IV , (c) population of infected humans IH , and (d): community sporozoite

load PV for different values of merozoites produced per bursting infected red blood cell Nm:

Nm = 100, Nm = 200, Nm = 300 and Nm = 400.

Figure 2.4 shows variations in (a) community gametocyte load (GH), (b) population of infected

mosquitoes IV , (c) population of infected humans IH , and (d): community sporozoite load PV
for different values of merozoites produced per bursting infected red blood cell Nm: Nm = 100,

Nm = 200, Nm = 300 and Nm = 400. These results show that as the average replication rate of

merozoites at within-cell scale at individual level increases, transmission of malaria at commu-

nity level also increases. Therefore, these results are proof-of-principle about the public health

beneficial effects of treatments that reduce the replication rate of malaria parasite (merozoites) at

individual level (within-human scale).
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Figure 2.5: Graphs showing changes in (a) community gametocyte load (GH), (b) population of

infected mosquitoes IV , (c) population of infected humans IH , and (d): community sporozoite

load PV for different values of infection rate of erythrocytes by free merozoites in the blood

stream βh: βh = 0.0083, βh = 0.0625, and βh = 0.76.

Figure 2.5 also shows variations in (a) community gametocyte load (GH), (b) population of in-

fected mosquitoes IV , (c) population of infected humans IH , and (d): community sporozoite load

PV for different values of infection rate of erythrocytes by free merozoites in the blood stream βh:

βh = 0.0083, βh = 0.0625, and βh = 0.76. The results show that an increase in the average rate

of infection rate of merozoites at individual level has important public health consequences at

community level in that there is a proportional increase in the community gametocyte load, pop-

ulation of infected mosquitoes IV , population of infected humans IH and community sporozoite

load at between-host scale.

Overall, the numerical results presented in this chapter are proof-of-principle about the public

health benefits of treatment as prevention (TasP) as an important preventive health intervention
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for malaria. In general, the use TasP as a preventive health intervention for any infectious dis-

ease is based on the fact that the transmission of an infectious disease system can be prevented

by treating infected individuals so that they become less likely to transmit the infection to others.

However, for malaria, since treatment operates at within-host scale while other malaria pre-

ventive interventions such as long-lasting insecticide treated nets operate at between-host scale,

mathematical models that link the within-host scale and the between-host scale can be useful

in evaluating the comparative effectiveness of malaria health interventions that operate at dif-

ferent scale domains of this infectious disease system. In the chapter that follows we use the

multi-scale model system (2.2.9) to evaluate the comparative effectiveness of two malaria health

interventions (artemisinin-based combination therapy and long-lasting insecticide treated nets).

2.4 Summary

The major innovation in this chapter is the establishment of an infectious disease modelling

science base for directly transmitted vector-borne diseases which is comparable to an existing

modelling science base for environmentally transmitted vector-borne diseases where pathogen

load in the environment is explicitly incorporated into the model. We achieved this by assuming

that individual mosquitoes and humans are small homogeneous and unevenly distributed habitats

for malaria parasites in the community. Therefore, the multi-scale model presented in this chap-

ter describes the mechanics of malaria transmission in a community in terms of the complete

parasite life cycle. This modelling framework can be found useful as a global malaria control

and elimination infrastructure and its future research. It more accurately describes the malaria

transmission cycle including malaria infections in humans and mosquitoes. Current modelling

frameworks based on compartmentalizing humans and mosquitoes into SIRS and SI or SEIRS

and SEI are based on addressing a complicated question about which mosquito infects which hu-

man and which human infects which mosquito in a particular community but the new modelling

framework presented in this study is based on addressing a more simpler question about how

often are humans and mosquitoes infected in a particular community. Data on which mosquito

infects which human and which human infects which mosquito are difficult to obtain. On the

other hand, there is considerable data available on the effects of sporozoites, merozoites and

gametocytes within infected humans and mosquitoes and the resulting responses of the human

immune system [234–240, 242–249], and including data on the distribution of malaria within

human and moquito populations (for example, the total number of infections and the rates of

new infections).
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Using multi-scale Modelling To Guide
Malaria Control and Elimination

3.1 Introduction

In this chapter, we extend the baseline multi-scale model (2.2.9) to incorporate two malaria health

interventions: (i) artemisinin-based combination therapy (ACT) and (ii) long-lasting insecticide

treated nets (LLTNs). ACT and its semi-synthetic derivatives are a group of drugs used against

plasmodium falciparum malaria. Treatments containing an artemisinin derivative are now stan-

dard treatment worldwide for plasmodium falciparum malaria [1]. We then use the multi-scale

model that incorporates the two malaria health interventions (ACT and LLTNs) to evaluate the

comparative effectiveness of these two health interventions. However, ACT and LLTNs are

complex malaria health interventions. We define complex health interventions as ‘health inter-

ventions which are build up from a number of components, which may act independently and

inter-dependently’ [218]. This makes it hard to determine which component or combination of

components has a higher comparative effectiveness. LLTNs have three components which are:

(i) killing of mosquitoes effect of LLTNs, (ii) repelling of mosquitoes effect of LLTNs, and (iii)

protection of host from mosquito bite effect of LLTNs. In this study ACT is assumed to have two

components which are: (i) killing of gametocytes effect of ACT and (ii) killing of merozoites

effect of ACT. In addition, these two malaria health interventions (ACT and LLTNs), operate

at different scale domains of the malaria disease system with LLNTs operating at between-host
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scale while ACT operates at within-host scale. This makes it difficult to use single scale mod-

els to evaluate the effectiveness of these interventions because this results in mismatch between

the scale at which the interventions operate and the scale at which decisions on them are made.

Assuming the use of the baseline multi-scale model system (2.2.9) to evaluate the effectiveness

of the two malaria health interventions (ACT and LLTNs), then the parameters of the baseline

multi-scale model system (2.2.9) are modified as follows.

i. Long-lasting insecticide-treated nets (LLTN): Typically nets are assumed to have three

effects [227]. Firstly, nets directly kill mosquitoes that lands on them. This has the net

effect of increasing the natural death rate of mosquitoes so that that if nets have kill efficacy

of k, then µV is modified so that µV → (1 + k)µV . Secondly, nets have a mosquito

repellency effect which results in a longer gonotrophic cycle and possible diversion to a

non-human blood host. The implication of this intervention is that if nets have repellency

efficacy of r, then βV and βH are modified to become βV → (1 − r)βV and βH →
(1 − r)βH . Thirdly, nets have a direct protective effect for individuals sleeping under

them. So if nets have an assumed protective efficacy on humans of p, then βV and βH are

modified to become βV → (1− p)βV and βH → (1− p)βH .

ii Use ACT as first-line treatment: If during the control phase effective treatment is given

to all those identified with malaria infection and suppose that the killing efficacy on ga-

metocyte is g and the kill efficacy on merozoite is m, then αm is modified so that αm →
(1 +m)αm, and µh is modified to become µh → (1 + g)µh.

A summary of the modifications of the multi-scale model given by (2.2.9) due to effects of the

two malaria health interventions (Long-lasting insecticide-treated nets (LLTNs) and use ACT as

first-line treatment) is given in Table 3.1.
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SL.No.Health Intervention Mechanism of Intervention
action

Modelling effect of
intervention

1. Killing of mosquitoes effect

of LLTNs

Increases natural death rate

of mosquitoes µV

µV → µV (1 + k)

2. Repelling of mosquitoes ef-

fect of LLTNs

Decreases malaria transmis-

sion rates βV and βH

βV → βV (1− r) and

βH → βH(1− r)
3. Protection of host from

mosquito bite effect of

LLTNs

Decreases malaria transmis-

sion rates βV and βH

βV → βV (1− p) and

βH → βH(1− p)

4. Killing of merozoites effect

of ACT

Increases death rate of mero-

zoites µm

µm → µm(1 +m)

5. Killing of gametocytes effect

of ACT

Increases gametocytes death

rate within infected humans

µh

µh → µh(1 + g)

6. Overall ACT emergent effect Decreases disease induced

death rate δH

δH → δH(1− ρ)

7. Overall ACT emergent effect Increases patient’s recovery

rate γH

γH → γH(1 + φ)

Table 3.1: Summary of the actions of the components of the two malaria health interventions on

disease dynamics.

Taking into account all these modifications, the multi-scale model that incorporates the effects of

the two malaria health interventions (ACT and LLTNs) becomes
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

dSH(t)

dt
= ΛH − λV E.SH − µHSH + γH(1 + φ)IH ,

dIH(t)

dt
= λV E.SH −

[
µH + δH(1− ρ) + γH(1 + φ)

]
IH ,

dPV (t)

dt
= NvαvIV − αV PV ,

dSV (t)

dt
= ΛV − λHE.SV − µV (1 + k)SV ,

dIV (t)

dt
= λHE.SV −

[
µV (1 + k) + δV

]
IV ,

dGH(t)

dt
= NhαhIH − αHGH ,

(3.1.1)

where

λHE =
βV (1− r)(1− p)PV (t)

P0 + PV (t)
and λV E =

βH(1− r)(1− p)GH(t)

G0 +GH(t)
. (3.1.2)

The multi-scale model given by (3.1.1) has a malaria control induced disease-free equilibrium

given by

E1 = (S1
H , I

1
H , G

1
H , S

1
V , I

1
V , P

1
V ) =

(ΛH

µH
, 0, 0,

ΛV

µV
, 0, 0,

)
. (3.1.3)

In addition, the multi-scale model given by (3.1.1) has a malaria control induced endemic equi-

librium equilibrium given by

E =
(
SH , IH , SV , IV , PV , GH

)
, (3.1.4)
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where,

E =



IH =
λV E.SH[

µH + γH(1 + φ) + δH(1 + ρ)
] ,

SH =
ΛH + γH(1 + φ)IH

(µH + λV E)
,

GH =
NeαhIH
αH

,

IV =
λV E.SV[

µV (1 + k) + δV

] ,
SV =

ΛV[
λHE + µV (1 + k)

] ,

PV =
NvαvIV
αV

.

(3.1.5)

The stability and existence of the malaria induced elimination state E1 and the malaria control

induced endemic state E derived from the multi-scale model (3.1.1) can be established in the

same way as for the baseline malaria multi-scale model (2.2.9). By modifying appropriate pa-

rameters from expressions derived from the baseline multi-scale model (2.2.9) it can be shown

that the explicit values of the effective reproductive number RE , the malaria control induced

endemic value of the community gametocyte load GH and the malaria control induced endemic

value of the community sporozoite load PV derived from the multi-scale model (3.1.1) are given

by

GH =
(R2

E − 1)µV (1 + k)G0ΛHβV (1− r)(1− p)QH

ΛV βH(1− r)(1− p)RHE[QD + µHQH ] + ΛHβV (1− r)(1− p)QVQH

,

PV =
(R2

E − 1)µHP0ΛV βH(1− r)(1− p)QH

ΛHβV (1− r)(1− p)RV EQVQH + ΛV βH(1− r)(1− p)[QD + µHQH ]
,

RE =
NeαhΛV βH(1− r)(1− p)
µV (1 + k)QHαHG0

.
NvαvΛHβV (1− r)(1− p)
µH [µV (1 + k) + δV ]αV P0

.

(3.1.6)
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where 

QH =
[
µH + δH(1− ρ) + γH(1 + φ)

]
,

QD = βV (1− r)(1− p)
[
µH + δH(1− ρ)

]
,

QV =
[
µV (1 + k) + βH(1− r)(1− p)

]
,

Ne =
πΛh

[αh + µh(1 + g)]<e

[
<e − 1

]
,

Nv =
ΛvNkαkαzαsNgαg

2(αv + µv)(αk + µk)(αz + µz)(αs + µs)(αg + µg)
.

(3.1.7)

In the following three subsections, we evaluate the comparative effectiveness of the two malaria

health interventions using the multi-scale model (3.1.1). We evaluate the comparative effective-

ness of the two malaria health interventions using the proposed three public health measures

of malaria disease dynamics which are (i) the basic reproductive number R0, (ii) the baseline

endemic value of the community gametocyte load, G̃H and (iii) the baseline endemic value of

the community sporozoite load, P̃V . The determination of the comparative effectiveness of the

two malaria health interventions is achieved by ranking the percentage (%age) reductions of the

three public health public health measures (R0, G̃H , P̃V ) for malaria transmission. The rank-

ing of the %age reductions of the two public health measures of malaria disease dynamics is

from 1 to 18 corresponding to the different combinations of the two malaria interventions and

the combinations of their components. In the ranking, 1 corresponds to the lowest comparative

effectiveness and 18 corresponds to the highest comparative effectiveness. The %age reductions

of the three public health measures of malaria disease dynamics (R0, G̃H , P̃V ) are calculated

using the expressions given by (3.1.6) as follows.



1. %age reduction of R0 =
[R0 −RE

R0

]
× 100,

2. %age reduction of G̃H =
[G̃H −GH

G̃H

]
× 100,

3. %age reduction of P̃V =
[ P̃V − PV

P̃V

]
× 100,

(3.1.8)



Chapter 3 79

where RE , GH and PV are the effective reproductive number, the malaria control induced en-

demic value of the community gametocyte load and the malaria control induced endemic value

of the community sporozoite load respectively given by (3.1.6). The expressions in (3.1.8) are

used to calculate the comparative effectiveness at low efficacy (CEL) which is taken to be 0.3,

comparative effectiveness at medium efficacy (CEM) which is taken to be 0.6, and comparative

effectiveness at high efficacy (CEH) which is taken to be 0.9 using each of the three public health

measures of malaria disease dynamics (R0, G̃H , P̃V ). The results of the comparative effective-

ness of the two malaria health interventions and their respective components are given in the

three sections that follow.

3.2 Evaluation of the comparative effectiveness of malaria health

interventions using the basic reproductive number as the

indicator of intervention effectiveness

In this section, we evaluate the comparative effectiveness of the two malaria health interventions

(LLTNs and ACT) using the malaria basic reproductive number as the indicator of intervention

effectiveness using efficacy data. Since a reproductive number characterizes disease transmission

at the start of the epidemic as opposed to the situation when the disease has spread in the popu-

lation and is at endemic levels, the effectiveness values obtained using the reproductive number

characterize the performance of the interventions at the start of the epidemic. The effective-

ness values of the two malaria interventions are obtained by calculating the percentage (%age)

reduction of the basic reproductive number due to the use of the two malaria interventions. Ta-

ble 3.2 shows the results of the evaluation of the comparative effectiveness of the two malaria

health interventions and their associated components using the percentage reduction in the basic

reproductive number as the indicator of intervention effectiveness.
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No. Components
of inter-
ventions
used

%age reduction
of R0 at low ef-
ficacy of 0.3

CEL %age reduc-
tion of R0

at medium
efficacy of 0.6

CEM %age reduction
ofR0 at high ef-
ficacy of 0.9

CEH

1 R0 0.00 1 0.00 1 0.00 1

2 REk 12.29 2 20.94 2 27.45 2

3 REr 30.00 6 60.00 6 90.00 7

4 REp 30.00 6 60.00 6 90.00 7

5 REm 16.74 3 37.65 3 69.40 3

6 REg 26.65 4 50.35 4 77.59 4

7 REkr 51.00 15 68.38 9 92.75 9

8 REkp 38.61 9 68.38 9 92.75 9

9 RErp 51.00 15 84.00 16 99.00 16

10 REmp 41.99 11 75.29 12 96.95 12

11 REkm 27.32 5 51.17 5 77.90 5

12 RErm 41.99 11 75.29 12 96.95 12

13 REkg 35.97 8 61.11 8 83.82 6

14 RErg 48.90 13 80.32 14 97.77 14

15 REmg 38.92 10 68.89 11 92.95 11

16 REpg 48.90 13 80.32 14 97.77 14

17 REkrp 57.02 17 87.35 17 99.2 17

18 REkrpmg 73.87 18 96.08 18 99.95 18

Table 3.2: Results of the assessment of comparative effectiveness of malaria interventions using

the %age reduction of basic reproductive number (R0) as the indicator intervention effectiveness

when each of the five interventions is assumed to have: (a) low efficacy of 0.30, (b) medium

efficacy of 0.60, and (c) high efficacy of 0.90.

From Table 3.2, we deduce the following results:

a. Considering the use of LLTNs as the only malaria health intervention, we note that this

intervention has three components which are (i) killing of mosquitoes effect, (ii) repelling

of mosquitoes effect, and (iii) protection of host from mosquito bites effect. The results

show that mosquito repellency effect and protection of host from mosquito bites effect have

the highest but equal comparative effectiveness while the killing of mosquitoes effect has a

much lower comparative effectiveness than these two components of LLTNs as a complex

malaria health intervention.



Chapter 3 81

b. Considering the use of ACT as the only malaria health intervention, we note that this in-

tervention has two components which are (i) killing of merozoites effect, and (ii) killing of

gametocytes effect. The results show that killing of gametocytes effect has a much higher

comparative effectiveness than killing of merozoites effect. This is expected because ga-

metocytes are associated with malaria transmission while merozoites (which infect red

blood cells) are associated with malaria morbidity and mortality.

c. Comparing the effectiveness of two components at a time of the two malaria health inter-

ventions we note the following results.

i. The combination of repelling of mosquitoes effect and protection of host from mosquito

bites effect has the highest comparative effectiveness.

ii. The combinations of repelling of mosquitoes effect and the killing of gametocytes

effect on one side and that of protection of host from mosquito bites effect and the

killing of gametocytes effect on the other side have the second highest but equal

comparative effectiveness.

iii. The combinations of repelling of mosquitoes effect and the killing of merozoites ef-

fect on one side and that of protection of host from mosquito bites effect and the

killing of merozoites effect on the other side have the third highest but equal compar-

ative effectiveness.

iv. The combination of killing of merozoites effect and killing of gametocytes effect has

the fourth comparative effectiveness.

v. The combinations of repelling of mosquitoes effect and the killing of mosquitoes ef-

fect on one side and that of protection of host from mosquito bites effect and the

killing of mosquitoes effect on the other side have the fifth highest but equal compar-

ative effectiveness.

vi. The combination of killing of mosquitoes effect and killing of gametocytes effect has

the sixth comparative effectiveness.

vii. The combination of killing of mosquitoes effect and killing of merozoites effect has

the seventh comparative effectiveness.

d. Comparing the effectiveness of ACT and LLTNs, we note just like the case when using

community sporozoite load as an indicator of intervention effectiveness, we note that in

this case, LLTNs has a much higher comparative effectiveness than ACT.

e. We note that at 90% efficacy of each intervention, the two interventions can potentially

eliminate malaria in a particular geographical area/community/country since they result in

approximately 100% reduction of basic reproductive number when used in combination.
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3.3 Evaluation of the comparative effectiveness of malaria health

interventions using community gametocyte load as the in-

dicator of intervention effectiveness

In this section, we again evaluate the comparative effectiveness of the two malaria health inter-

ventions (LLTNs and ACT) using the community gametocyte load as the indicator of intervention

effectiveness using efficacy data. In the context of malaria control and elimination, community

gametocyte load is a measure of the total infectious reservior of humans which we also pro-

pose in this chapter as a suitable public health measure for evaluating the overall performance of

malaria health interventions targeted at the human host. It can therefore be used to guide malaria

control and elimination in a particular geographical area/community/country as (i) an indicator

of a community’s level of infectiousness and transmission probability of malaria to mosquitoes,

(ii) a measure of the effectiveness of malaria interventions targeted at the human host, and (iii) a

proximal maker of malaria incidence among humans and their potential to propagate malaria to

mosquitoes. Since the community gametocyte load characterizes transmission at epidemic levels

as opposed to the situation when the epidemic is in its early stages, the effectiveness values ob-

tained using the community gametocyte load characterize the performance of the interventions

when malaria is at endemic levels. The effectiveness values of the two malaria interventions

are obtained by calculating the percentage (%age) reduction of the community gametocyte load

due to the use of the two malaria interventions. Table 3.3 shows the results of the evaluation of

the comparative effectiveness of the two malaria health interventions and their associated com-

ponents using the percentage reduction in the community gametocyte load as the indicator of

intervention effectiveness.
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No. Components
of inter-
ventions
used

%age reduction
of G̃H at low ef-
ficacy of 0.3

CEL %age reduc-
tion of G̃H

at medium
efficacy of 0.6

CEM %age reduction
of G̃H at high ef-
ficacy of 0.9

CEH

1 G̃H 0.0000 1 0.0000 1 0.0000 1

2 G̃Hk 0.0000 2 0.0000 2 0.0000 2

3 G̃Hr 0.1147 3 0.4004 3 2.3555 3

4 G̃Hp 0.1147 3 0.4004 3 2.3555 3

5 G̃Hm 29.3069 12 59.1999 12 89.2631 10

6 G̃Hg 45.1337 16 74.1268 16 94.2441 14

7 G̃Hkr 0.2782 6 0.4004 5 2.3556 5

8 G̃Hkp 0.1147 5 0.4004 5 2.3556 5

9 G̃Hrp 0.2782 6 1.3877 7 20.9763 7

10 G̃Hpm 28.6850 10 58.1236 10 89.4465 11

11 G̃Hkm 28.5999 9 57.9379 9 89.1488 9

12 G̃Hrm 28.6850 10 58.1236 10 89.4465 11

13 G̃Hkg 44.5850 13 73.3265 13 94.1829 13

14 G̃Hrg 44.6511 14 73.4442 14 94.3424 15

15 G̃Hmg 61.2095 18 89.3306 17 99.4183 17

16 G̃Hpg 44.6511 14 73.4442 14 94.3424 15

17 G̃Hkrp 0.2782 8 1.3877 8 20.9816 8

18 G̃Hkrpmg 60.9332 17 89.3874 18 99.5534 18

Table 3.3: Results of the assessment of comparative effectiveness of malaria interventions using

the %age reduction of endemic value of the community gametocyte load (G̃H ) as the indicator

intervention effectiveness when each of the five interventions is assumed to have: (a) low efficacy

of 0.30, (b) medium efficacy of 0.60, and (c) high efficacy of 0.90.

From Table 3.3, we deduce the following results.

a. Considering the use of LLTNs as the only malaria health intervention, we note that this

intervention has three components which are (i) killing of mosquitoes effect, (ii) repelling

of mosquitoes effect, and (iii) protection of host from mosquito bites effect. The results

show that mosquito repellency effect and protection of host from mosquito bites effect,

have the highest but equal comparative effectiveness while the killing of mosquitoes effect

has a much lower comparative effectiveness than these two components of LLTNs as a

malaria health intervention.
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b. Considering the use of ACT as the only malaria health intervention, we note that this in-

tervention has two components which are (i) killing of merozoites effect, and (ii) killing of

gametocytes effect. The results show that killing of gametocytes effect has a much higher

comparative effectiveness than killing of merozoites effect. This is expected because ga-

metocytes are associated within malaria transmission while merozoites (which infect red

blood cells) are associated with malaria morbidity and mortality.

c. Comparing the effectiveness of two components at a time of the two malaria health inter-

ventions we note the following results.

i. The combination of killing of merozoites effect and killing of gametocytes effect has

the highest comparative effectiveness.

ii. The combinations of repelling of mosquitoes effect and the killing of gametocytes

effect on one side and that of protection of host from mosquito bites effect and the

killing of gametocytes effect on the other side have the second highest but equal

comparative effectiveness.

iii. The combination of killing of mosquitoes effect and killing of gametocytes effect has

the third comparative effectiveness.

iv. The combinations of repelling of mosquitoes effect and the killing of merozoites ef-

fect on one side and that of protection of host from mosquito bites effect and the

killing of merozoites effect on the other side have the fourth highest but equal com-

parative effectiveness.

v. The combination of killing of mosquitoes effect and killing of merozoites effect has

the fifth comparative effectiveness.

vi. The combination of repelling of mosquitoes effect and protection of host from mosquito

bites effect has the sixth comparative effectiveness.

vii. The combinations of repelling of mosquitoes effect and the killing of mosquitoes ef-

fect on one side and that of protection of host from mosquito bites effect and the

killing of mosquitoes effect on the other side have the seventh highest but equal com-

parative effectiveness.

d. Comparing the effectiveness of ACT and LLTNs, we note that unlike the case when using

community sporozoite load is used as an indicator of intervention effectiveness, we note

that in this case, ACT has a much higher comparative effectiveness than LLTNs.

e. We also note that at 90% efficacy of each intervention, the two interventions can potentially

eliminate malaria in a particular geographical area/community/country since they result
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in approximately 100% reduction of community gametocyte load when implemented in

combination.

3.4 Evaluation of the comparative effectiveness of malaria pre-

ventive and treatment interventions using community sporo-

zoite load as the indicator of intervention effectiveness

In this section, we further evaluate the comparative effectiveness of the two malaria preventive

and treatment interventions (LLTNs and ACT) using the community sporozoite load as the in-

dicator of intervention effectiveness using efficacy data. Since the community sporozoite load

also characterizes transmission at epidemic levels as opposed to the situation when the epidemic

is at the initial stages, the effectiveness values obtained using the community sporozoite load

also characterize the performance of the interventions when malaria is at endemic levels. The

effectiveness values of the two malaria interventions are obtained by calculating the percentage

(%age) reduction of the community sporozoite load due to the use of the two malaria interven-

tions. In the context of malaria control and elimination, community sporozoite load is a measure

of the total infectious reservoir of mosquitoes which we also propose in this chapter as a suitable

public health measure for evaluating the overall performance of malaria preventive and treatment

interventions targeted at the mosquito. It can therefore be used to guide malaria control and elim-

ination in a particular geographical area/community/country as (i) an indicator of a community’s

level of infectiousness and transmission probability of malaria to humans, (ii) a measure of the

effectiveness of malaria interventions targeted at the mosquito vector, and (iii) a proximal maker

of malaria incidence among mosquitoes and their potential to propagate malaria to humans. Ta-

ble 3.4 shows the results of the evaluation of the comparative effectiveness of the malaria preven-

tive and treatment interventions and their associated components using the percentage reduction

in the community sporozoite load as the indicator of intervention effectiveness.
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No. Components
of inter-
ventions
used

%age reduction
of P̃V at low ef-
ficacy of 0.3

CEL %age reduc-
tion of P̃V

at medium
efficacy of 0.6

CEM %age reduction
of P̃V at high ef-
ficacy of 0.9

CEH

1 P̃V 0.0000 1 0.0000 1 0.0000 1

2 P̃V k 7.1890 5 10.4095 5 14.8419 5

3 P̃V r 11.4315 8 22.5051 8 63.5363 8

4 P̃V p 11.4315 8 22.5051 8 63.5363 8

5 P̃V m 0.0045 2 0.0097 2 0.0574 2

6 P̃V g 0.0089 3 0.0193 3 0.1130 3

7 P̃V kr 20.5188 14 36.7429 14 77.7038 14

8 P̃V kp 20.5188 14 36.7429 14 77.7038 14

9 P̃V rp 25.6055 16 50.4073 16 95.0418 16

10 P̃V pm 11.4372 10 22.5194 10 63.6138 10

11 P̃V km 7.1943 6 10.4217 6 14.9200 6

12 P̃V rm 11.4372 10 22.5194 10 63.6138 10

13 P̃V kg 7.1995 7 10.4338 7 14.9957 7

14 P̃V rg 11.4429 12 22.5337 12 63.6886 12

15 P̃V mg 0.0191 4 0.0578 4 1.1672 4

16 P̃V pg 11.4429 12 22.5337 12 63.6886 12

17 P̃V krp 35.8698 17 63.5371 17 97.3401 17

18 P̃V krpmg 35.9001 18 63.6142 18 97.5320 18

Table 3.4: Results of the assessment of comparative effectiveness of malaria interventions using

%age reduction of the endemic value of the community sporozoite load (P̃V ) as the indicator

intervention effectiveness when each of the five interventions is assumed to have: (a) low efficacy

of 0.30, (b) medium efficacy of 0.60, and (c) high efficacy of 0.90.

From Table 3.4, we deduce the following results:

a. Considering the use of LLTNs as the only malaria preventive and treatment intervention,

we note, as previously indicated, that this intervention has three components which are

(i) killing of mosquitoes effect, (ii) repelling of mosquitoes effect, and (iii) protection

of host from mosquito bites effect. The results of evaluation of the comparative effec-

tiveness of these three components of LLTNs are the same as those obtained when using

community gametocyte load in that mosquito repellency effect and protection of host from

mosquito bites effect, have the highest but equal comparative effectiveness while the killing



Chapter 3 87

of mosquitoes effect has a much lower comparative effectiveness than these two compo-

nents of LLTNs as a complex malaria preventive intervention. However, although ranking

of the comparative effectiveness of these components using the two different indicators of

effectiveness (community sporozoite load and community gametocyte load) is the same,

the results show that the %age reductions of community sporozoite load at the different

efficacy values are much higher than for community gametocyte load. This implies that

these components of LLTNs as a complex malaria intervention are more effectiveness as

interventions towards the mosquito vector than towards the human host.

b. Considering the use of ACT as the only malaria treatment intervention, we again note that

this intervention has two components which are (i) killing of merozoites effect, and (ii)

killing of gametocytes effect. The results of evaluation of the comparative effectiveness of

these two components of ACT are also the same as those obtained when using community

gametocyte load as the indicator of intervention effectiveness in that killing of gameto-

cytes effect has a much higher comparative effectiveness than killing of merozoites effect.

This is still expected because gametocytes are associated within malaria transmission while

merozoites (which infect red blood cells) are associated with malaria morbidity and mor-

tality. However, although ranking of the comparative effectiveness of these components

ACT using the two different indicators of effectiveness (community sporozoite load and

community gametocyte load) is the same, the results show that the %age reductions at the

different efficacy values are much higher for community gametocyte load than for com-

munity sporozoite load. This also implies that ACT is more effective as an intervention

towards the human host than towards the mosquito vector.

c. Comparing the effectiveness of two components at a time of the two malaria preventive

and treatment interventions, we note the following results.

i. Like in the case of using the basic reproductive number as the indicator of interven-

tion effectiveness, the combination of repelling of mosquitoes effect and protection

of host from mosquito bites effect has the highest comparative effectiveness.

ii. The combinations of repelling of mosquitoes effect and the killing of mosquitoes ef-

fect on one side and that of protection of host from mosquito bites effect and the

killing of mosquitoes effect on the other side have the second highest but equal com-

parative effectiveness.

iii. The combinations of repelling of mosquitoes effect and the killing of gametocytes

effect on one side and that of protection of host from mosquito bites effect and the

killing of gametocytes effect on the other side have the third highest but equal com-

parative effectiveness.
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iv. The combinations of repelling of mosquitoes effect and the killing of merozoites ef-

fect on one side and that of protection of host from mosquito bites effect and the

killing of merozoites effect on the other side have the fourth highest but equal com-

parative effectiveness.

v. The combination of killing of mosquitoes effect and killing of gametocytes effect has

the fifth comparative effectiveness.

vi. The combination of killing of mosquitoes effect and killing of merozoites effect has

the sixth comparative effectiveness.

vii. The combination of killing of merozoites effect and killing of gametocytes effect has

the lowest comparative effectiveness.

d. Comparing the effectiveness of ACT and LLTNs, we note unlike the case when using

community gametocyte load as an indicator of intervention effectiveness, we note that in

this case, LLTNs has a much higher comparative effectiveness than ACT.

e. We also note that at 90% efficacy of each intervention, the two interventions can potentially

eliminate malaria in a particular geographical area/community/country since they result in

approximately 100% reduction of community sporozoite load when implemented together

as a combination.

3.5 Summary

The multi-scale model developed in this chapter enabled us to compare the effectiveness of

malaria preventive and treatment interventions in terms of three different viewpoints: (i) in terms

of the interventions targeted at the human host using community gametocyte as the indicator of

intervention effectiveness, (ii) in terms of the interventions targeted at the mosquito vector using

community sporozoite as the indicator of intervention effectiveness, and (iii) in terms of impact

of interventions on overall disease dynamics using disease reproductive number as the indicator

of intervention effectiveness. The results show that of the two components of ACT (killing of

merozoites effect, and killing of gametocytes effect), treatments that kill gametocytes at individ-

ual level have a higher comparative effectiveness than those that kill merozoites at population/-

community level. Furthermore, the results also show that among the three components of LLTNs

which are targeted at the mosquito vector ( killing of mosquitoes effect, repelling of mosquitoes

effect, and protection of host from mosquito bites effect), repellency effect of LLTNs and protec-

tive effect of LLTNs have a higher comparative effectiveness than the killing of mosquito effect.

This study also provided with proof-of-principle about the public health benefits of treatment as
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prevention (TasP) as an important preventive intervention for malaria. In general, the use TasP

as a preventive intervention for any infectious disease is based on the fact that the transmission

of an infectious disease system can be prevented by treating infected individuals so that they

become less likely to transmit the infection to others. However, for malaria, since treatment

operates at within-host scale while other malaria interventions such as long-lasting insecticide

treated nets operate at between-host scale, mathematical models that link the within-host scale

and the between-host scale can be useful in evaluating the comparative effectiveness of malaria

preventive and treatment interventions that operate at different scale domains of this infectious

disease system. Although, the focus of this study was on one of the most important vector-borne

disease - malaria, the framework is robust enough to be applicable to many other vector-borne

diseases.
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Basic Schistosomiasis mathematical model
with interventions

4.1 Introduction

Schistomiasis, which is well known as bilharzia, is a parasitic water-borne infection caused by

digenetic trematodes that belong to the family schistosomatoidae. Five species of schistosomes

are involved in human infection. The three principal agents are schistosoma mansoni and S.

japonicum which are responsible for intestinal schistosomiasis and S. haematobium, the aetio-

logic agent of urinary schistosomiasis. The other two species responsible for intestinal disease

though with low frequency are S.intercalatum and S. mekongi. It is transmitted through contact

with contaminated bulk water sources such as lakes, ponds, rivers and dams. It is diagnosed

through the detection of parasite eggs in stool or urine. Schistosomiasis is easily transmitted to

those who are frequently in contact with contaminated freshwater, especially children who wade

or play in water and women conducting domestic chores. It has been estimated that schisto-

somiasis and geohelmiths represent more than 40% of the global burden caused by all tropical

diseases, excluding malaria [116]. There are more than 650 million people living in endemic

areas, and about 200 million people infected worldwide [118]. Schistosomiasis transmission has

been documented in 77 countries. The most severely affected countries in Africa are Angola,

Central African Republic, Mozambique, Nigeria, Senegal, Sudan, the United Republic of Tanza-

nia and Zambia [140]. However, those at risk of infection are in 52 countries. It is estimated that
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at least 90% of those requiring treatment for schistosomiasis live in Africa. More than 200 000

deaths annually are due to schistosomiasis [117].

The life cycle of the schistosome is complex and begins when schistosome eggs are released

into freshwater through faeces and urine and consists of an obligatory alternation of sexual and

asexual generations [120]. Schistosome eggs produced by the sexual stage leave people via urine

or faeces, reach freshwater, shed their shells and hatch a ciliated free-swimming larva called a

miracidium [130]. More than 50% of the eggs do not make it into the faecal or urinary stream

but rather, they become entrapped in adjacent tissues or get carried away by the circulatory or

lymphatic system and can become lodged in virtually any organ in the body [131]. A miracid-

ium that locates an appropriate species and genotype snail, penetrates and infects it, multiplies

asexually through two larval stages into thousands of cercariae that escape the snail and live in

water. They swim until they encounter a skin of suitable warmth and smell, and infect humans

by direct penetration of the skin. Once the cercariae penetrate the skin, they lose their tails and

differentiate into larval forms called schistosomulae. A schistosomulum spends several days in

the skin before exiting via blood vessels traversing to the lung, where it undergoes further de-

velopmental changes. It then migrates via the systematic circulation to the liver where it settles,

reaches sexual maturity and pairs. Only those worm pairs that reach the portal system of the

liver mature into adults. Subsequently, worm pairs migrate by the bloodstream to their definitive

location; S. mansoni and S. japonicum to the small and large intestines and S. haematobium to

the bladder and rectal veins [120].

Symptoms of schistosomiasis are caused by the body’s reaction to the worm’s eggs, not by the

worms themselves. Intestinal schistosomiasis can result in abdominal pain, diarrhoea, and blood

in the stool. Liver enlargement is common in advanced cases of infected individuals, and is

frequently associated with an accumulation of fluid in the peritoneal cavity and hypertension of

the abdominal blood vessels. In such cases, there may also be an enlargement of the spleen.

Fibrosis of the bladder and ureter, and kidney damage are common findings in advanced cases

[117].

Despite the success of control programmes, Schistosomiasis remains a serious public health

problem in the world [132]. Over 230 million people require treatment for schistosomiasis ev-

ery year. The number of people treated for schistosomiasis rose from 12.4 million in 2006 to

33.5 million in 2010 [140]. In this study, we take into account both man-made and natural con-

trol mechanisms. The natural control mechanisms include climate change and extreme weather

changes such as heat waves, drought and floods of which we can not predict their occurrence.

The man-made control measures include improved sanitation, chemotherapy, molluscicides and
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health education campaigns. We take into account natural control mechanisms because it is pos-

sible that the disease vanish due to extreme weather changes. While man-made control measures

are always intended to reduce schistosomiasis transmission, natural events may results in either

on the desired effect of controlling schistosomiasis transmission (in which case we refer to these

natural events as natural control measures) or the natural events may have the undesirable effect

of amplifying transmission of schistosomiasis in the community. In this chapter, we focus on

investigating the situation where natural events (herein referred to as natural control measures)

are complementary to man-made control measures in curbing transmission of schistosomiasis.

Natural control measures such as extreme heat result in drying of some natural water sources

killing the snails which inhibit these environments. Equally other natural control measures such

as extreme cold hinder the growth and reproductive capacity of snail population while land use

change from agricultural activities to urban settlement will result in destruction of water sources

where the snails habitat. Below we outline both man-made and natural control mechanisms.

1. Climate change: Climate change may alter geographical suitability of freshwater bodies

for hosting parasite and snail populations. In [138], agent-based model of the temperature-

sensitive stages of the schistosoma mansoni and intermediate host snail lifestyle is studied.

Maps were produced showing predicted changes over the next 20 to 50 years. Tempera-

tures are likely to become suitable for increased schistosomiasis transmission over much of

Eastern Africa. This is likely to reduce the impact of control and elimination programmes.

2. Land use: The prevalence of infection in relation to land use and cover showed that, of

218 positive schools in the States, 140 schools were in regions with intensive small-scale

agricultural practices, in a similar study by Okwori, he found fishermen and farmers mostly

affected by schistosomiasis haematobium in Toto LGA of Nasarawa State, Nigeria [141].

This confirms that infection can only be transmitted where people engage in occupations

that bring them in contact with snail populations.

3. Extreme weather changes: Extreme weather changes include heat waves, drought and

floods. These changes have a great impact on schistosomiasis transmission though cap-

turing these events within dynamical models will be challenging due to complexity in

predicting their occurrence. Heat waves could potentially increase the transmission of

schsitosomiasis and incidence of schistosomiasis especially in colder areas, resulting in

outbreaks occurring in areas that normally experience little transmission [142]. Droughts

of a sufficient length and severity may even lead to temporary or permanent elimination of

a snail population from a site [142]. This is currently marginal for snail survival. Flooding

may play a large role in determining the actual range of schistosomiasis, as opposed to its

potential range, over coming decades [142]. Habitats can be made unsuitable for snails to



Chapter 4 93

exist by alternate flooding and drying of water channels, covering and lining of canals and

filling in of marshy areas [146].

4. Treatment (Chemotherapy): In [137], it was shown that chemotherapy plays an impor-

tant role in the control of schistosomiasis, like in all other helminthic diseases. Reduction

of morbidity after treatment has now been validated with metrofonare, oxamniquine and

praziquantel [137]. In [143], it was found that when the average number of eggs before

treatment was 3486, it dropped by 543 eggs per gram of tissue after treatment. Treat-

ing infected humans do not stop transmission of the parasite, which occurs when human

sewage contaminates local water bodies and parasite eggs infect intermediate host snails.

Treatment only reduces the worm burden as a result of reduction in the eggs production by

infected individuals.

5. Molluscicides: In the past decades many schistosomiasis control programmes in Ghana,

Madagascar, Zimbabwe, Brazil and elsewhere, have shown that vector-control by mollus-

cicides, either on its own or in combination with other control strategies such as chemother-

apy, environmental measures, health education etc. can be a rapid and efficient means of

eradicating the spread of schistosomiasis. In 1965, the World Health Organisation sup-

ported the preparation and publication of screening and evaluation of molluscicides guide-

lines [136]. The efficacy of snail control can be enhanced if coupled with other control

strategies [136]. Estimates from the aggregated studies indicate that vector-control alone

typically reduced new infections by 64% and local prevalence declined over a period of

years [144].

6. Sanitation: Sanitation is often considered as too expensive, but it is known what proportion

it would make up compared with sums spent on classical measures for the control of schis-

tosomiasis [145]. In [134], it was found that a 10−20% reduction in the number of people

with schistosomiasis might be achieved as a result of providing safe public water supplies.

Nevertheless, improvement of the water supply continues to be neglected as a control mea-

sure. The construction and use of toilets should be encouraged to improve the standard of

hygiene and to reduce the incidence of other faecal-borne diseases as well [135]. In [145],

it was established that the decline in the rates of hospitalization for diarrhoea in infants was

associated with improved sanitation and income.

7. Health education:Since all control strategies require the knowledge, attitudes and practices

of a community, health education remains a high priority in control strategies programmes

[133]. Health education approach can be established in all endemic areas drawing to atten-

tion personal hygiene and individual’s role in controlling the spread of schistosomiasis as

a result the will be reduction of human contact with unsafe water bodies.
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Due to high risk for schistosomiasis pandemic and large number of deaths associated with schis-

tosomiasis, it is important to increase our understanding of schistosomiasis transmission dynam-

ics. Mathematical models have provided a useful tool to gain insights into the transmission and

control of the vector-borne diseases. These insights can potentially guide us to assess the impli-

cations and effectiveness of different control mechanisms.

Several recent studies on schistosomiasis modeling have been published since 1965 [123]. Most

of those have had little impact on field studies or on the design of disease control because of

the little interaction between field workers and mathematicians [119]. MacDonald developed

the first mathematical model for the study of schistosomiasis transmission dynamics [123]. The

model has shown some potential for understanding the transmission dynamics and control of the

disease. However, the model is based on the oversimplified biological assumptions that fail to

account for all man-made and natural control mechanisms. The man-made control mechanisms

such as chemotherapy, vector-control using mulluscicides, providing endemic communities with

proper sanitation such as promoting the use of toilets and health education campaigns.

In [129], the basic schistosomiasis model which is an IS model was developed to represent the

interaction between the miracidia and the susceptible snail and interaction between the cercariae

and human beings. The model can be extended to account for man-made and natural control

mechanisms. Our models will be of this kind. These models can be analysed numerically and

mathematically.

In [124], the evolution outcomes result from interactions between schistosoma mansoni and its

snail and human hosts are investigated mathematically. The model includes two types of snail

hosts representing resident and mutant types. It has been found that the evolutionary trajectories

of host-parasite interactions can be varied, and at times, counter-intuitive, based on parasite vir-

ulence, host resistance, and drug treatment. This model fails to account both human and snail

populations. In [121], control problems of a mathematical model for schistosomiasis transmis-

sion dynamics were studied. They classified the humans and snails populations as uninfected and

infected, and also considered cercariae and miracidia populations. Their model put forward the

view that killing snails is the most effective way to control the transmission of schistosomiasis

compared to drug treatment, cercariae control and health education. Their model did not include

the eggs on the land and in the water and natural control mechanisms.

In [122], age-structured model with multiple strains of schistosome was studied in order to ex-

plore the role of drug treatment in the maintenance of a polymorphism of parasite strains that

differ in their resistance levels. Moreover, in [18], a deterministic mathematical model was

developed in order to study the transmission dynamics of schistosomiasis where cercariae and

miracidia dynamics were incorporated. The results in [122] and [129] demonstrated that control
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mechanisms that target the transmission of schistosomiasis from snail to human will be more ef-

fective in eradicating the spread of the disease than those that block the transmission from human

to snail.

In [125], the potential impact of climate change on schistosomiasis transmission is studied in

China. It was found that a temperature threshold of 15.40c for the development of schistoma

Japonium within the intermediate host snail and a temperature of 5.80c at which half the snail

sample investigated was in hibernation. Anderson and May introduced models for macroparasite-

host interactions when the parasites had direct life-cycles involving only a single host population

and one stage of parasites [126]. In [127], a free-living stage of the parasite was considered in

the model. Interactions between schistosome infection and molluscan intermediate hosts (snails)

were studied [128]. However, these models do not explicitly include snail and human transmis-

sion dynamics.

Based on the review, to date there are no mathematical models that take into account both snail

and human populations together with man-made and natural control mechanisms. In this study,

we investigate the most sensitive epidemiological parameters that have high impact in the spread

of schistosomiasis. Furthermore, we introduce men-made and natural control measures based on

the most sensitive parameters.

4.2 Basic Schistosomiasis mathematical model formulation

The mathematical model developed in this section is based on monitoring the dynamics of the

eight populations at any time t which are susceptible humans (SH(t)) and infected humans

(IH(t)) in the behavioural human environment, susceptible snails (SV (t)) and infected snails

(IV (t)) in the physical water environment, cercariae (PW (t)), miracidia (M(t)), worm eggs

(EL(t)), on the physical land environment and eggs on the physical water environment (EW (t)).

The compartmental model in figure (4.1) describes the flow of eight different population classes.

For simplicity we let NH = SH + IH be the total human population and NV = SV + IV be the

total snail population where SH denotes the susceptible humans, IH denotes the infected humans.

Similarly, SV denotes the susceptible snails and IV denotes the infected snails. The eggs on the

land are denoted by EL and the eggs in the physical water environment are denoted by EW . The

parasites, namely miracidia and cercariae are denoted by M and PW respectively.

We make the following assumptions for the model:

i. There is no vertical transmission of the disease.
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ii. The transmission of the disease in the snail and human populations is only through con-

tact with infective free-living pathogens (miracidia and cercariae) in the physical water

environment.

iii. There is no immigration of infectious humans.

iv. Seasonal and weather variations do not affect snail populations and contact patterns.

v. Infected snails do not reproduce due to castration by the miracidia.

vi. The within-host processes of schistosomiasis transmission are represented phenomenolog-

ically by parameters Nh (the number of eggs released by each infected human to envi-

ronment) and NS (the number of cercariae released into water environment by infected

snail).

vii. The human host is assumed to be healthy, has not been previously exposed to the disease

and has no immunity to infection.

viii. Infected snails and humans do not recover naturally from the infection or disease.

At any time t, new recruits enter the human and snail populations through birth at constant rates

ΛH and ΛV respectively. There is a constant natural death rate µH and µV in the human and snail

populations respectively. Infected human hosts have an additional mortality of δH . Similarly,

infected snails have an additional mortality δV . NH(t) is the total human population and is given

by

NH(t) = SH(t) + IH(t). (4.2.1)

Susceptible individuals acquire schistosomiasis through infection by cercariae in water at rate

λH(t) where

λH(t) =
βHPW (t)

P0 + PW (t)
, (4.2.2)

with βH being the maximum rate of exposure; P0 is the half saturation constant of cercariae.

From the functional response, we notice that at low parasite densities, contacts are directly pro-

portional to host densities.

NV (t) is the total snail population and is given by

NV (t) = SV (t) + IV (t). (4.2.3)
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Similarly, susceptible snails acquire schistosomiasis through infection by miracidia in water at

rate λV (t) where

λV (t) =
βVM(t)

M0 +M(t)
, (4.2.4)

with βV being the maximum rate of exposure and M0 is the half saturation constant of miracidia.

As in the case of humans, we notice that at low parasite densities, contacts are directly propor-

tional to host densities.

Susceptible human population, SH gains from the recruitment of individuals at the rate ΛH

through immigration. Susceptible individuals either die due to natural causes at the rate µH
or acquire schistosomiasis through infection by cercariae in water at the rate λH .

The rate of change over time in days of susceptible human population is given by

dSH
dt

= ΛH − λHSH − µHSH . (4.2.5)

Infected humans population is generated from susceptible individuals who have acquired schis-

tosomiasis through infection by cercairae in water at the rate λH . They either die naturally or

due the disease at the rates, µH and δH respectively. Infected individuals exit this compartment

through production of eggs per infected individual, Nh and rate at which infected individual

becomes eggs producing, γh. The total number of eggs produced at the population level is mod-

elled then byNhγhIH . The change in the infected human population over time in days is given by

dIH
dt

= λHSH − (µH + δH)IH . (4.2.6)

Schistosome eggs population on the land environment , EL is generated from the total number

of eggs produced at the population level on the land are modelled by NhγhIH . They either get

washed away by running water environment into water physical water environment at the rate

αL or die naturally at the rate µL. The rate of change of schistosome eggs population on the land

environment over time in days is given by

dEL
dt

= NhγhIH − (µL + αL)EL. (4.2.7)
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The population of schistoma eggs, EW (t), in the physical water environment is generated follow-

ing inflow of schistoma eggs in running water from the contaminated physical land environment

into the physical water environment at a rate αL. We assume that these eggs die naturally in

the physical water environment at a rate µW and hatch at a rate αW releasing miracidia into the

physical water environment. The rate of change of schistosome eggs population in the physical

water environment over time in days is given by

dEW
dt

= αLEL − (µW + αW )EW . (4.2.8)

The population of miracidia, M(t), in the physical water environment is generated through each

egg hatching an average of NW miracidia with eggs hatching at an average rate of αW so that

the total miracidia population in the physical water environment is modelled by NWαWEW . We

assume that miracidia in the physical water environment die naturally at a rate µM . The rate of

change of miracidia population over time in days is given by

dM

dt
= NWαWEW − µMM. (4.2.9)

The cercariae population PW (t), in the physical water environment, is generated through shed-

ding of cercariae by infected snails at an assumed rate of NSγS where NS is the number of

cercariae shed by each snail per day and γS is the rate at which infected snails become cercariae

shedding. The total number of cercariae population in the physical water environment is given

by NSγSIV . These cercariae are further assumed to have an average life span of
1

µS
. The rate of

change of cercariae population is given by

dPW
dt

= NSγSIV − µSPW . (4.2.10)

Susceptible snails population gains from new recruits through birth at constant rate ΛV . There is

a constant natural death rate µV in the snail population. They acquire schistosomiasis through

infection by miracidia in water at the rate λV (t). The rate of change of susceptible snails over

time in days is given by
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dSV
dt

= ΛV − λV SV − µV SV . (4.2.11)

Infected snails population is generated from snails that have acquired schistosomiasis through

infection by miracidia in water at the rate λV (t). They either die naturally or due to the disease at

the rates, µV and δV respectively. The rate of change of infected snails over time in days is given

by

dIV
dt

= λV SV − (µV + δV )IV . (4.2.12)

Putting together the above formulations and assumptions gives the following system of differen-

tial equations:



dSH
dt

= ΛH − λHSH − µHSH ,

dIH
dt

= λHSH − (µH + δH)IH ,

dSV
dt

= ΛV − λV SV − µV SV ,

dIV
dt

= λV SV − (µV + δV )IV ,

dEL
dt

= NhγhIH − (µL + αL)EL,

dEW
dt

= αLEL − (µW + αW )EW ,

dM

dt
= NWαWEW − µMM,

dPW
dt

= NSγSIV − µSPW .

(4.2.13)

The model flow diagram is depicted in Figure (4.1), and the associated parameters are further

defined in Table (4.2).
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Figure 4.1: A conceptual diagram of the mathematical model of schistosomiasis in human and
snail populations.

4.2.1 Feasible Region of Equilibria of the Model

Since the model system (4.2.13) monitors the dynamics of the human and snail populations,

it is empirical that all the model variables stay positive at all times. We introduce a region of

feasibility, Ω.

Ω = {(SH , IH , SV , IV , EL, EW ,M, PW ) ∈ R8
+ : 0 ≤ SH + IH ≤M1,

0 ≤ SV + IV ≤M2, 0 ≤ EL ≤M3, 0 ≤ EW ≤M4, 0 ≤M ≤M5, 0 ≤ PW ≤M6}.

Letting NH = SH + IH and adding the first and second equations in system (4.2.13) gives

dNH

dt
≤ ΛH − µHNH . (4.2.1)
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Parameter Parameter description
ΛH Recruitment rate of susceptible human population.
ΛV Recruitment rate of susceptible snail population.
βH Human maximum exposure rate.
βV Snail maximum exposure rate.
µH Natural death rate in the human population.
µV Natural death rate in the snail population.
µL Natural death rate of eggs worms in the physical land.
µW Natural death rate of eggs worms in the water.
µM Natural death rate of miracidia.
µS Rate at which cercariea die.
δH Additional mortality rate of infected humans.
δV Additional mortality rate of infected snails.
αL Rate which schistoma eggs are washed away by running water

into the physical water environment.
αW Rate at which miracidia is released into the physical water environment.
γh Rate at which infected individual becomes eggs producing.
Nh Number of eggs produced per infected host.
γS Rate at which infected snails become cercariae shedding.
NS Number of cercariae produced by each snail per day.
NW Number of miracidia produced from each worm egg
M0 Saturation constant of miracidia
P0 Saturation constant of cercariae

Table 4.1: Description of parameters

Then we have

lim
t→∞

sup(NH(t)) ≤ ΛH

µH
. (4.2.2)

Similarly, letting NV = SV + IV and adding the third and fourth equations in system (4.2.13)

gives

dNV

dt
≤ ΛV − µVNV . (4.2.3)

This implies that

lim
t→∞

sup(NV (t)) ≤ ΛV

µV
. (4.2.4)

Hence, all feasible solutions of model system (4.2.13) enter the region Ω, where
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

M1 =
ΛH

µH
,

M2 =
ΛV

µV
,

M3 =
NhγhΛH

µH(αL + µL)
,

M4 =
αLNhγhΛH

(αL + µL)(αW + µW )µH
,

M5 =
NWαWαLNhγhΛH

µMµH(αL + µL)(αW + µW )
,

M6 =
NSγSΛV

µSµV
.

(4.2.5)

Thus, Ω is positively invariant and attracting. It is therefore sufficient to search for the solutions

of the model system (4.2.13) in Ω.

4.2.2 Disease free equilibrium (DFE)

At the disease-free equilibrium, there is no cercariae, miracidia, worms and eggs and hence no in-

fection in the human and snail populations. By simple calculations, the disease-free equilibrium

of the model system (4.2.13) is given as

U0 =

(
ΛH

µH
, 0,

ΛV

µV
, 0, 0, 0, 0, 0

)
. (4.2.1)

4.2.3 Reproductive number

The basic reproductive number, denoted by R0, is the average number of secondary cases pro-

duced by a typical infected individual during her/his entire life as infectious when introduced in

a population of susceptibles [97]. We follow the next generation operator approach to derive the

basic reproductive number [97]. The model system (4.2.13) can be written in the form
dX

dt
= f(X, Y, Z),

dY

dt
= g(X, Y, Z),

dZ

dt
= h(X, Y, Z).

(4.2.1)

where
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
X = (SH , SV ),

Y = (IH , IV , EL, EW ),

Z = (M,PW ).

(4.2.2)

Components ofX are ordered pair representing, respectively, susceptible human and snail, while

components of Y represent the number of infected individuals that do not transmit the disease.

Components of Z represent the number of individuals capable of transmitting the disease. Let

U0 =

(
ΛH

µH
, 0,

ΛV

µV
, 0, 0, 0, 0, 0

)
(4.2.3)

denote the disease free equilibrium state and let

g̃(X∗, Z) = (g̃1(X∗, Z), g̃2(X∗, Z), g̃3(X∗, Z), g̃4(X∗, Z)) (4.2.4)

with



g̃1(X∗, Z) =
βHΛHPW

µH(µH + δH)(P0 + PW )
,

g̃2(X∗, Z) =
βV ΛVM

µV (µV + δV )(M0 +M)
,

g̃3(X∗, Z) =
NhγhβHPWΛH

µH(µH + δH)(P0 + PW )(αL + µL)
,

g̃4(X∗, Z) =
αLNhγhβHΛHPW

µH(µH + δH)(P0 + PW )(αL + µL)(αW + µW )
.

(4.2.5)

LetA = Dzh(X∗, g̃(X∗, 0), 0) and further assume thatA can be written in the formA = M−D,
where M ≤ 0 and D > 0, a diagonal matrix.

Then A becomes

A =

 −µW
NWαWαLNhγhβHΛH

µH(µH + δH)(αL + µL)(αW + µW )P0
NSγSβV ΛV

µV (µV + δV )M0

−µS

 . (4.2.6)

Since A = M −D, we define matrices M and D as follows

M =

 0
NWαWαLNhγhβHΛH

µH(µH + δH)(αL + µL)(αW + µW )P0
NSγSβV ΛV

µV (µV + δV )M0

0

 , D =

[
µM 0

0 µS

]
.
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The basic reproductive number is the spectral radius (dominant eigenvalue) of the matrixMD−1,

that is,

R0 =
√
R0HR0V (4.2.7)

where

R0H =
NWαWαLNhγhβHΛH

µSµH(µH + δH)(αL + µL)(αW + µW )P0

, (4.2.8)

and

R0V =
NSγSβV ΛV

µV (µV + δV )µMM0

. (4.2.9)

The quantity R0H represents the expected number of snails infected by a single newly infected

human host entering a completely susceptible snail population at the equilibrium. This indi-

vidual is still present and infectious. That is, the average number of new infections through

environment-to-host transmission caused by one infected individual in a susceptible snail popu-

lation. Note that R0H comprises of human population epidemiological parameters.

The quantity R0V represents the expected number of humans infected by a single newly infected

snail entering a completely susceptible population at the equilibrium. This snail is still present

and infectious. That is, the average number of new infections through host-to-host transmis-

sion caused by one infected snail in its infectious lifetime. Note that R0V comprises of snail

population epidemiological parameters.

4.2.4 Local Stability of DFE

From Theorem 4.2 of van den Driesche and Watmough [97], if the basic reproduction numberR0

is less than one, then the disease free equilibrium is locally asymptotically stable and the disease

cannot invade the population. This is summarized in the following theorem.

Theorem 4.1. The disease free equilibrium point E0, of model system (4.2.13) is locally asymp-

totically stable whenever R0 < 1 and unstable otherwise.

Proof. The proof is not needed since local stability of the disease free equilibrium is a conse-

quence of Theorem 4.2 of van den Driessche and Watmough [97].
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4.2.5 The Endemic Equilibrium State and Its Existence

4.2.5.1 The Endemic Equilibrium State

At the endemic equilibrium point both humans and snails are infected by cercariae and miracidia,

respectively and the endemic equilibrium of the model system (4.2.13) is given by

E∗ = (S∗H , I
∗
H , S

∗
V , I

∗
V , E

∗
L, E

∗
W ,M

∗, P ∗W )

where



S∗H =
ΛH

µH + λ∗H
,

I∗H =
λ∗HΛH

(µH + δH)(µH + λ∗H)
,

S∗V =
ΛV

µV + λ∗V
,

I∗V =
λ∗V ΛV

(µV + λ∗V )(δV + µV )
,

E∗L =
NhγhΛHλ

∗
H

(µH + λ∗H)(δH + µH)(αL + µL)
,

E∗W =
αLNhγhΛHλ

∗
H

(µH + λ∗H)(δH + µH)(αL + µL)(αW + µW )
,

M∗ =
NWαWαLNhγhΛHλ

∗
H

(µH + λ∗H)(δH + µH)(αL + µL)(αW + µW )µM
,

P ∗W =
NSγSΛV λ

∗
V

(µV + λ∗V )(δV + µV )µS
.

(4.2.1)

At the endemic equilibrium state, the susceptible human population given by the expression S∗H
is proportional to the average time of stay of individuals in the susceptible compartment and

the supply rate of new susceptible individuals through birth. Susceptible individuals exit this

compartment either through death or infection.

The infected human population at the endemic equilibrium given by I∗H is directly proportional

to a product of three quantities: the average time of stay in the infected compartment, the rate of
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infection of susceptible individuals and the number of susceptible hosts.

The susceptible snail population at the endemic equilibrium given by S∗V equals the product of

the average time of stay in this compartment and the rate of supply of new susceptible snails

through birth.

The infected snail population endemic equilibrium given by I∗V is influenced by the average life

span of infected snails, the rate of infection of snails and the number/density of susceptible snails.

The egg population on the physical land environment endemic equilibrium given by E∗L is influ-

enced by the life span of eggs, the rate at which infected human hosts excrete schistosome eggs

and the total number of humans infected with schistosomiasis.

The egg population in the water environment endemic equilibrium given by E∗W is influenced by

the average life span of the eggs and the rate at which the eggs are transported into the physical

water environment by flowing water.

The endemic equilibrium associated with miracidia population in the physical water environment

given by M∗ is influenced by the life span of miracidia and worm fecundity.

The endemic equilibrium associated with cercariae population in the physical water environment

given by P ∗W is influenced by the the reduction in the life span of cercariae in the physical

water environment and the rate at which infected snails shed cercariae in the physical water

environment. Thus, control measures intended to kill snails reduce schistosomiasis transmission.

4.2.5.2 Existence of endemic equilibrium

In this section, we make use of the reproductive number denoted by R0 to show the existence of

the endemic equilibrium (4.3.1) for the model system (4.2.13).

We start by stating the following theorem:

Theorem 4.2. The model formulated in terms of propositions has at least one endemic equi-

librium solution given by E∗ = (S∗H , I
∗
H , S

∗
V , I

∗
V , E

∗
L, E

∗
W ,M

∗, P ∗W ), with all components of E∗

being non-negative, whose existence and properties are determined by the threshold parameter

R0, where

R0 =

√
NWαWαLNhγhβHΛH

µHµM(µH + δH)(αL + µL)(αW + µW )P0

.
NSγSβV ΛV

µSµV (µV + δV )M0

.

Proof. Let S∗H , I
∗
H , S

∗
V , I

∗
V , E

∗
L, E

∗
W ,M

∗, P ∗W be a constant solution of the model system (4.2.13).

We can easily express S∗H , I
∗
H , S

∗
V , E

∗
L, E

∗
W ,M

∗, P ∗W in terms of I∗V as follows:
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

S∗H(I∗V ) =
ΛH(P0µS +NSγSI

∗
V )

µH(P0µS +NSγSI∗V ) + βHNSγSI∗V
,

I∗H(I∗V ) =
ΛHβHNSγSI

∗
V

[µH(P0µS +NSγSI∗V ) + βHNSγSI∗V ](µH + δH)
,

S∗V (I∗V ) =
a0[µH(P0µS +NSγSI

∗
V ) + βHNSγSI

∗
V ] + a1ΛV

a0[µH(P0µS +NSγSI∗V ) + βHNSγSI∗V ] + a1 + βV a1

,

E∗L(I∗V ) =
NhγhNSγSβHI

∗
V

[µH(P0µS +NSγSI∗V ) + βHNSγSI∗V ](µL + αL)(µH + δH)
,

E∗W (I∗V ) =
αLNhγhΛHβHNSγSI

∗
V

µM(µW + αW )(µL + αL)(µH + δH)[µH(P0µS +NSγSI∗V ) + βHNSγSI∗V ]
,

M∗(I∗V ) =
a1

µM(µW + αW )(µL + αL)(µH + δH)[µH(P0µS +NSγSI∗V ) + βHNSγSI∗V ]
,

P ∗W (I∗V ) =
NSγSI

∗
V

µS
.

(4.2.2)

where

a0 = M0µM(µW + αW )(µL + αL)(µH + δH) and a1 = NWαWαLNSγSΛHβHI
∗
V .

Substituting the expressions in (4.2.2) in the equation of IV which is given by
dIV
dt

= λV SV − (µV + δV )IV , at the endemic equilibrium state, we get the following polyno-

mial:

b0 + b1I
∗
V + b2I

∗2
V = 0

where
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

b0 = βHNSγSa0µHµS − a0µHµS(µV + δV ),

b1 = βHNSγS +NWαWαLNSγ
2
SΛHβ

2
H − (µH + δH)[P0µS(a0µHNSγS + a0βHNSγS) +NWαWNSγS],

b2 = −(µV + δV )[a2
0µH + a0βHNSγS +NSγSNWαWαLNSγSΛHβH +NWαWαLNSγSΛHβHNSγSβV ].

(4.2.3)

Solving for I∗V , we get

I∗V =
−b1 ±

√
b2

1 − 4b2b0

2b2

> 0.

We only consider I∗V =
−b1 +

√
b2

1 − 4b2b0

2b2

> 0 since I∗V =
−b1 −

√
b2

1 − 4b2b0

2b2

is negative

and hence, it is biological meaningless.

The existence of the endemic equilibrium states will hold provided the following conditions are

positive.



−b1 +
√
b2

1 − 4b2b0 > 0,

b2
1 < b2

1 + 4b2(A−BR2
0),

0 < 4b2(A−BR2
0).

(4.2.4)

where A = βHNSγSM0µW (µW + αW )(µL + αL)(µH + δH) and

B =
M0µMµ

2
Hµ

2
Sµ

2
W (µV + δV )P0(µW + αW )2(µL + αL)2(µH + δH)2

αLγHβHΛHNSγSβV ΛV

.

From equation (4.2.4) we have the following conditions:

• If B < 0 and A > 0, then R0 > 1, that is, there exists an endemic point.

• If B > 0, A > 0, and A < B then R0 > 1, that is, there exists an endemic point.
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4.2.6 Sensitivity Analysis

Sensitivity analysis is used to determine how sensitive a model is, to changes in the values of the

parameters of the model. It provides information on factors that most contribute to the output

variability. In this section, we perform sensitivity analysis by calculating the sensitivity indices

of the basic reproduction number R0, because they determine whether schistosomiasis spreads

in the human and snail populations or not. These indices tell us how crucial each parameter is to

the spread of schistosomiasis and which parameters should be targeted for intervention strategies

[226]. We apply the method presented in [160] to investigate which parameters in our model have

a high impact on R0. These parameters have to be taken into consideration in control measures.

According to [160], the normalized forward sensitivity index of a variable to a parameter, is a

ratio of the relative change in the variable to the relative change in parameter. When the variable

is a differentiable function of the parameter, the sensitivity index may alternatively be defined

using partial derivatives. To determine the sensitivity indices we use the following definition and

the parameter values in Table 2.

Parameter Value Range Units Source
ΛH 800 800-1600 Humans day−1 Assumed
ΛV 2500 2500-5000 Snails day−1 Assumed
µH 0.0000384 0.0000384-0.14 day−1 [200]
µV 0.0014 0.000569-0.9 day−1 [200]
µL 0.2 0.142857-0.5 day−1 [200]
µW 0.11 0.11-0.833 day−1 [200]
µM 2.2 2-2.66 day−1 [200]
µS 0.4 0.33-0.5 day−1 [200]
γS 0.02 0.0119-0.04 day−1 [200]
δH 0.0013699 0.0039-0.039 day−1 [200]
δV 0.002 0.002-0.05 day−1 [200]
αL 0.0004 0.0004-0.4 day−1 Assumed
αW 0.05 0.05-0.0625 day−1 [200]
βH 0.023 0.028-0.122 day−1 [200]
βV 0.000127 0.000127-0.0012 day−1 [200]
γh 0.1 0.1-0.9 day−1 Assumed
Nh 110 110-1000 day−1 Assumed
NS 110 110-500 day−1 [200]
NW 110 110-500 day−1 [200]
M0 108 104 − 1010 - Assumed
P0 1010 104 − 1010 - Assumed
αV - 0.1-0.7 - Assumed

Table 4.2: Between-host and within-host schistosomiasis transmission dynamics Parameter val-
ues
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Definition 4.3. The normalized forward sensitivity index of a variable, ν, that depends on a

differentiable parameter ξ is defined as:

Sνξ =
∂ν

∂ξ
× ξ

ν
.

By definition (6.1), we determined the partial derivatives of R0 with respect to each parameter

of the model system (2.13) multiplied by respective parameter divided by R0. The sensitivity

indices are summarized in Table 3 which are ordered from most sensitive to the least. The

sensitivity analysis results are categorised into five groups, namely A,B,C, and D, where cat-

egory A represents snail mortality parameter, category B represents the parameters associated

with the recruitment and transmission of both snail and human populations, eggs on the land

and in the water and parasites within infected hosts. Category C is associated with additional

snail mortality, category D represents miracidia released into water environment and category

E represents parameters associated with natural death rates and saturation of parasites. The

most sensitive parameter on the basic reproductive number is the natural death rate of infected

snails. Since SR0
µV

= −0.7, it implies that increasing µV by 10%, decreases R0 by 7%. That

is, killing infected snails is the most effective way of eliminating schistosomiasis. We recall

that ΛV ,ΛH , βH , βV , NW , Nh, γh, NS and γS, are recruitment rate of susceptible snail popula-

tion, recruitment rate of susceptible human population, maximum exposure rate, snail maximum

exposure rate, number of miracidia produced by each snail per day, rate at which infected individ-

ual becomes eggs producing, rate at which infected snails become cercariae shedding, additional

mortality rate of infected snails, and the rate at which miracidia is released into the physical

water environment, respectively. The sensitivity index of these parameters is +0.5 implying that

increasing these parameters by 10% will lead to an increase in R0 by 5%. These parameters have

a direct proportional relation to R0, that is, an increase in each of these parameters will bring

about the same proportion in R0, likewise, a decrease in each of these parameters will bring

about an equivalent decrease in R0. Recall that µL, µS, µM , µW , δH ,M0 andP0 are natural death

rate of eggs worms on the land, natural death rate of cercariae, natural death rate of miracidia,

natural death rate of eggs worms in the water, additional mortality rate of infected humans, sat-

uration constant of miracidia and saturation constant of cercariae, respectively. Their sensitive

index is−0.5 meaning that increasing each of these rates by 10% will lead to a decrease in R0 by

5%. We also observe that an increase in additional mortality rate of infected snails ; δV by 10%

will lead to a decrease in R0 by 3%. It is clear that an increase in either of these rates is neither

ethical nor practical. Therefore, the natural control mechanisms will be the option in reducing the

transmission of the disease if we are to focus on these parameters, though we cannot rely much

on them since we can not predict their occurrence. Lastly, increasing a rate at which miracidia



Chapter 4 111

is released into the water environment, αW by 10% will lead to an increase in R0 by 2%. When

designing and planning intervention programmes more efforts must be focused on the reduction

of the following parameters: µV ,ΛV ,ΛH , βH , βV , NW , Nh, γh, NS, γS, and δV . The man-made

control mechanisms will be applicable in this case.

Parameter Sensitivity 10% Increase in
index

A:µV −0.7 A leads to 7% decrease in R0

B:µL, µS, µW , δH ,M0, P0 −0.5 B leads to 5% decrease in R0

C:δV −0.3 C leads to 3% decrease in R0

D:αW +0.2 D leads to 2% increase in R0

E:ΛH ,ΛV , βH , βV , NW , Nh, NS, γS +0.5 E leads to 5% increase in R0

Table 4.3: Sensitivity Indices of R0

In the next section, we extend the basic model in order to incorporate control measures. The

control measures are going to focus more on the most sensitive parameters.

4.3 Basic Schistosomiasis Mathematical Model with control

measures

Despite the success of control programmes in the world, schistosomiasis remains a serious public

health problem [132]. In this section, we extend the model in the previous section in order to in-

corporate the man-made and natural schistosomiasis control measures. The parameters described

in Table 1 remain the same, except that we have control measures parameters incorporated into

the previous model. The description of new parameters is as follows:

The effect of health education campaigns (HEC) is modelled by βH(1−a) where a is the efficacy

of HEC. When a = 0, it implies that the HEC alone is not effective in reducing human contact

with contaminated water bodies, whereas a = 1 implies that the HEC is 100% effective in

reducing human contact with contaminated water bodies.

The effect of climate change in reducing cercariae production by each snail is modelled by

NS(1−n) where n is the efficacy of climate change. When n = 0, it implies that climate change

alone is not reliable in reducing cercariae production by each snail whereas n = 1 implies that

climate change is 100% effective in reducing cercariae production by each snail.

The effect of extreme weather changes in reducing snail production capacity is modelled by

ΛV (1 − c) where c is the efficacy of extreme weather changes. When c = 0, extreme whether
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changes are not reliable in reducing snail production capacity whereas n = 1 implies that extreme

weather changes are 100% effective in reducing snail production capacity.

The effect of improved sanitation and treatment in reducing matured worms and schistosome

eggs, respectively, is modelled byNh(1−g)(1−f) where g is the efficacy of improved sanitation

and f is the efficacy of treatment. When g = 0, it implies that good environmental sanitation

associated with construction and use of toilets by individuals in schistosomiasis endemic areas

alone is not effective in reducing the environmental contamination. This implies that there might

be other factors which contribute in contamination of the environment other than good sanitation

associated with construction and use of toilets in endemic areas. When g = 1, it implies that

good environmental sanitation associated with construction and use of toilets by individuals in

schistosomiasis endemic areas is 100% effective. When f = 0, it implies that treatment alone is

not effective whereas when f = 1, it implies that treatment is 100% effective.

In [200], the effects of climatological environment change were not explicitly incorporated. Our

model explicitly incorporates climate change in reducing water levels associated with free-living

pathogens (cercariae and miracidia). The descriptions of both P0 and M0 are similar to the

ones in [14]. The effect of climate change in reducing water levels associated with cercariae

is modelled by P0(1 − b) where b is the efficacy of climate change in reducing water levels

associated with cercariae. When b = 0, it means that climate change alone cannot lead to a

reduction in water volumes that can lead to death of the snails and cercariae whereas b = 1

implies that climate change is 100% effective in reducing water volumes. Climate change may

either lead to a reduction in the disease transmission since cercariae become more saturated when

the water level is high or increase in the disease transmission when the water level is low since

cercariae become less saturated when the water level is low, that is, force of infection associated

with humans, λH , is inversely proportional to P0. Thus λH is higher whenever water levels are

low, than when they are high.

The effect of climate change in reducing water levels associated with miracidia is modelled by

M0(1 − d), where d is the efficacy of climate change in reducing water levels associated with

miracidia. When d = 0, it implies that climate change has no effect in the reduction of water

levels whereas d = 1 implies that climate change has 100% effect in reducing the water levels.

The force of infection associated with snails, λV , is inversely proportional to M0. Thus λV is

higher whenever water levels are low, compared to when they are high. Schistosomiasis epidemic

areas close to rivers, streams and ponds are in constant tension between temperatures which

stimulates the growth of cercariae and miracidia. Increased water levels also lead to moderate

infections. The summary of control mechanisms is represented on table 4.4.
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Parameter
Modified Model

representation Mechanism of
control

βH βH(1− a) a: Efficacy of health education campaigns in
reducing human contact with contaminated waters.

P0 P0(1− b) b:Efficacy of climate change in reducing water levels that
tend to stimulating cercariae growth in the water.

ΛV ΛV (1− c) c: Efficacy of extreme weather changes in reducing snail
production capacity.

M0 M0(1− d) d:Efficacy of climate change in reducing water levels that
tend to stimulating miracidia growth in the water.

µv µv(1− e) e: Efficacy of molluscicides in killing snails.
Nh Nh(1− g)(1− f) g,f : Efficacy of improved sanitation and treatment in reducing

matured worms and schistosome eggs, respectively.
NS NS(1− n) n : Efficacy of climate change in reducing cercariae

production by each snail.
µM µM(1−m) m : Efficacy of extreme weather changes in reducing the rate

at which miracidia die.
µS µS(1− r) r : Efficacy of climate change in reducing the rate at which

cercariae die.

Table 4.4: Summary of control mechanisms of schistosomiasis

The mathematical model of schistosomiasis in human and snail populations with control mea-

sures takes the form
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

dSH
dt

= ΛH − λHSH − µHSH ,

dIH
dt

= λHSH − (µH + δH)IH ,

dSV
dt

= ΛV − λV SV − µV (1− e)SV ,

dIV
dt

= λV SV − (µV (1− e) + αV )IV ,

dEL
dt

= Nhγh(1− f)(1− g)IH − (µL + αL)EL,

dEW
dt

= αLEL − (µW + αW )EW ,

dM

dt
= NWαWEW − µM(1−m)M,

dPW
dt

= NS(1− n)γSIV − µS(1− r)PW .

(4.3.1)

where

λH =
βH(1− a)PW
P0(1− b) + PW

and λV =
βVM

M0(1− d) +M
.

4.3.1 Properties of the model

The feasibility of the model solutions, equilibria and stability analysis can be established using

the same techniques as in the previous sections. In the next section we determine the reproductive

number and equilibrium states of the model system .

4.3.2 Reproductive Number

The feasibility of the model solutions, equilibria and stability analysis can be established using

the same techniques as in the previous sections. In the next section we determine the reproductive

number and equilibrium states of the model system .

In the absence of cercariae, miracidia, eggs and control measures we have no infections in the

human and snail populations. Thus, the model system (5.3.9) has a disease-free equilibrium state
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E0 =

(
ΛH

µH
, 0,

ΛV

µV
, 0, 0, 0, 0, 0

)
.

(4.3.1)

Following the same approach for getting reproductive number as in the previous section we get

basic reproductive number which is the spectral radius of the matrix MD−1, that is,

R0C =
√
R0HCR0V C (4.3.2)

where

R0HC =
NWαWαLNhγh(1− f)(1− g)βH(1− a)ΛH

µH(µH + δH)(αL + µL)(αW + µW )P0(1− b)µS(1− r)
, (4.3.3)

and

R0V C =
NSγS(1− n)βV ΛV

µV (1− e)M0(1− d)(µV (1− e) + δV )µM(1−m)
. (4.3.4)

The quantity R0C measures the effectiveness of both man-made and natural control mechanisms

in eradicating the spread of schistosomiasis in both human and snail populations. It is composed

of the product of two distinct basic reproductive numbers, R0HC and R0V C . It is clear that R0HC

and R0V C are positive.

The quantity R0HC represents the number of secondary infected humans cases produced by a

typical newly infected snail host during the period of infection in a completely susceptible pop-

ulation. R0HC is inversely proportional to efficacy of improved sanitation, g; treatment, f and

HEC, a. An increase in either of these man-made control mechanisms will lead to a decline in

R0HC . For instance, if efficacy of HEC is increased, it will decrease human maximum exposure

to contaminated water bodies , βH . This will eventually lead to a decline in R0HC . It is also

directly proportional to the efficacy of climate change in reducing water levels associated with

cercariae and miracidia, although relying on climate change is neither practical nor ethical.

The quantity R0V C represents the number of secondary infected snails cases produced by a typ-

ical newly infected human host during the period of infection in a completely susceptible pop-

ulation. R0V C is inversely proportional to the efficacy of climate change in reducing cercariae

production by each snail, n and the efficacy of extreme weather changes in reducing snail pro-

duction capacity, c. An increase in either of these rates will eventually lead a decrease in R0V C .

This quantity is also directly proportional to the efficacy of snail elimination by mollucicide, e;

efficacy of climate change in reducing water levels associated with miracidia, d; and efficacy
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of extreme weather changes in reducing the rate at which miracidia die, m. We observe that

mollucicide can be more reliable in eliminating the snails in order to reduce R0V C , other than

depending on extreme weather changes and climate change.

4.3.3 Endemic equilibrium state

The endemic equilibrium of the model system (5.3.9) is given by

Ê = (ŜH , ÎH , ŜV , ÎV , ÊL, ÊW , M̂ , P̂W )

where



ŜH =
ΛH

µH + λ̂H
,

ÎH =
λ̂HΛH

(µH + δH)(µH + λ̂H)
,

ŜV =
ΛV (1− c)

µV (1− e) + λ̂V
,

ÎV =
λ̂V ΛV (1− c)

(µV (1− e) + λ̂V )(δV + µV (1− e))
,

ÊL =
Nhγh(1− f)(1− g)λ̂HΛH

(µL + αL)(µH + δH)
,

ÊW =
αLNhγh(1− f)(1− g)λ̂HΛH

(µL + αL)(λ̂H + µH)(αW + µW )(µH + δH)
,

M̂ =
NWαWαLNhγh(1− f)(1− g)λ̂HΛH

(µL + αL)(µH + λ̂H)(µH + δH)(µW + αW )µM(1−m)
,

P̂W =
NSγS(1− n)λ̂V ΛV (1− c)

(µV (1− e) + δV )(λ̂V + µV (1− e))µS(1− r)
.

(4.3.1)

The susceptible human population at the endemic equilibrium state is similar to SH , except that

the force of infection is associated with the efficacy of health education campaigns, cercariae

saturation constant rate , efficacy of climate change in controlling both natural death rate of
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cercariae and production of cercariae, efficacy of extreme weather changes in reducing snail

production and efficacy of mollucicides in killing snails. The number of susceptible human

population is given by

ŜH =
ΛH

µH + λ̂H
, (4.3.2)

with

λ̂H =
βH(1− a)P̂W

P0(1− b) + P̂W
. (4.3.3)

At the endemic equilibrium state, the infected humans endemic equilibrium is similar to I∗H

except that the rate of infection of susceptible associated with control mechanisms in ŜH . The

number of infected individuals is given by

ÎH =
λ̂HΛH

(µH + δH)(µH + λ̂H)
. (4.3.4)

At the endemic equilibrium state the susceptible snail population is similar to S∗V except that it

is associated with efficacy of mollucicides in killing snails, efficacy of extreme weather changes

in reducing snails production capacity, efficacy of improved sanitation and treatment in reducing

matured worms and schistosome eggs, respectively. It is also associated with efficacy of ex-

treme weather changes in controlling natural death rate of miracidia and saturation constant of

cercariae. The number of susceptible snail population is given by

ŜV =
ΛV (1− c)

µV (1− e) + λ̂V
, (4.3.5)

with

λ̂V =
βV M̂

M0(1− d) + M̂
. (4.3.6)

The infected snail population at the endemic equilibrium is associated with the control mecha-

nism that regulates the number susceptible snails. The number of infected snail population is

given by

ÎV =
λ̂V ΛV (1− c)

(µV (1− e) + λ̂V )(δV + µV (1− e))
. (4.3.7)

The schistosome eggs population on the physical land environment at the endemic equilibrium
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is the same as E∗L , except that it is associated with the efficacy of improved sanitation and treat-

ment in reducing matured worms and schistosome eggs, respectively. It is also associated with

the efficacy of health education campaigns in reducing human contact with contaminated water

bodies and efficacy of extreme weather changes in controlling saturation constant of cercariae.

The number of schistosome eggs population on the physical land environment is given by

ÊL =
Nhγh(1− f)(1− g)λ̂HΛH

(µL + αL)(µH + δH)
. (4.3.8)

The schistosome eggs population in the physical water environment at the endemic equilibrium is

similar to E∗W , except that it is associated with the control mechanisms that control schistosome

eggs on the land. The number of schisitosome eggs population in the physical water environment

is given by

ÊW =
αLNhγh(1− f)(1− g)λ̂HΛH

(µL + αL)(λ̂H + µH)(αW + µW )(µH + δH)
. (4.3.9)

The miracidia population, at the equilibrium state is similar to M∗ except that it is influenced

by the efficacy of extreme weather changes in controlling natural death rate of miracidia and

efficacy of improved sanitation and treatment in reducing matured worms and schistosome eggs,

respectively. The number of miracidia population is given by

M̂ =
NWαWαLNhγh(1− f)(1− g)λ̂HΛH

(µL + αL)(µH + λ̂H)(µH + δH)(µW + αW )µM(1−m)
. (4.3.10)

At the endemic equilibrium state the cercariae population is the same as P ∗W except that it is

associated with the control mechanisms of infected snails and efficacy of climate change on

reducing cercariae production by each snail and controlling the natural death rate of cercariae.

The number of cercariae population is given by

P̂W =
NSγS(1− n)λ̂V ΛV (1− c)

(µV (1− e) + δV )(λ̂V + µV (1− e))µS(1− r)
. (4.3.11)

4.3.4 Numerical simulations

In this subsection we present numerical simulation results of model system (4.2.13) and model

system (5.3.9) which are simulated using Python version V2.6 on the Linux operating system.

We used the odeint function in the Scipy.integrate package in Python. The parameter values

used for numerical simulations are obtained from [129] (Table 4.2) and the initial conditions
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are: SH(0) = 200000, IH(0) = 200, SV (0) = 40000, IV (0) = 10, EL(0) = 40, EW (0) =

40,M(0) = 20, PW (0) = 0. The simulations carried out in this section show the dynamics of the

change with time in days of miracidia, cercariae, infected humans, infected snails, susceptible

humans, susceptible snails, eggs on the land and eggs in the water environment.

Figure 4.2: Numerical simulations showing dynamics of infected humans (IH), infected snails

(IV ), miracidia (M) and cercariae in water (PW ) over time in days for different values of efficacy

of improved sanitation in reducing matured worms g : g = 0.1, g = 0.4, g = 0.6 and g = 0.9 .

Figure 4.2 shows that the more environmental contamination is reduced, which is due to efficacy

of good environmental sanitation practices associated with construction and use of toilets by

individuals in schistosomiasis endemic areas is increased, the less the infected snails, cercariae

in water, and miracidia but infected humans remain constant, which implies that reducing the

number of infected humans and infected snails cannot be achieved unless infected humans also

get treated simultaneously with killing of snails by molluccides.
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Figure 4.3: Numerical simulations showing dynamics of eggs on the land (EL), eggs in the

water (EW ), miracidia (M) and cercariae in water (PW ) over time in days for different values

of efficacy of improved sanitation in reducing matured worms g : g = 0.1, g = 0.4, g = 0.6

and g = 0.9.

MacDonald [123] suggested that very high sanitation levels, that is, reducing the number of eggs

reaching water has a negligible effect on mean worm load compared to the combined effects of

treating infected humans and keeping them out of infected water. This is due to the water that the

intermediate hosts (snails) live in is typically saturated with miracidia and almost all snails are

infected. Figure 4.3 that when the efficacy of good environmental sanitation practices associated

with construction and use of toilets by individuals in schistosomiasis endemic areas is increased,

miracidia, cercariae in the water, eggs on the land and eggs in the water decrease and reach steady

state at the same time, while cercariae in the water slowly decrease. This is a good indication

that by reducing environmental contamination, the spread of schistosomiasis can be eradicated.

This supports the results in [123].
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Figure 4.4: Numerical simulations showing dynamics of infected humans (IH), infected snails

(IV ), miracidia (M) and cercariae in water (PW ) over time in days for different values of efficacy

of HEC in reducing human contact with unsafe water bodies a : a = 0.9, a = 0.5, a = 0.3 and

a = 0.1.

Figure 4.4 shows that the more efficacy of HEC, the less the infected snails, infected humans,

cercariae in water and meracidia, which is true because if people are not getting into contact with

unsafe water bodies then they will not be infected, thus knowledge is crucial. HEC are effective

in reducing the spread of schistosomiasis in both humans and snails populations.
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Figure 4.5: Numerical simulations showing the dynamics of eggs on the land (EL), eggs in the

water (EW ), miracidia (M) and cercariae in water (PW ) over time in days for different values of

efficacy of HEC in reducing human contact with unsafe water bodies a : a = 0.9, a = 0.5, a =

0.3 and a = 0.1,

Figure 4.5 shows that a reduction in the number of miracidia, cercariae in water, eggs on the

land and eggs in the water as the efficacy of health education campaigns increases. This simply

implies that if humans are not exposed to unsafe water bodies then they cannot contaminate the

water which results to reproduction of eggs on the land and eggs in the water which leads to

reproduction of more meracidia and cercariae in the water.
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Figure 4.6: Numerical simulations of the dynamics of infected humans (IH), infected snails

(IV ), miracidia (M) and cercariae in water (PW ) over time in days for different values of efficacy

mollucicides in killing snails e : e = 0.1, e = 0.4, e = 0.6 and e = 0.9.

Figure 4.6 shows a decrease in the number of new infections in snail population and cercariae

population while infected humans population and miracidia populations remain constant.
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Figure 4.7: Numerical simulations showing dynamics of infected humans (IH), infected snails

(IV ), miracidia (M) and cercariae in water (PW ) over time in days for different values of efficacy

mollucicides in killing snails e : e = 0.1, e = 0.4, e = 0.6 and e = 0.9, (model system 5.3.9).

Figure 4.7 shows that vector-control can be effective provided it is coupled with other control

measures that can eliminate miracidia and reduce the number of infected humans with schisto-

somiasis.
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Figure 4.8: Numerical simulations showing dynamics of eggs on the land (EL), eggs in the

water (EW ), miracidia (M) and cercariae in water (PW ) over time in days for different values

of efficacy of treatment in reducing schistosome eggs f : f = 0.1, f = 0.4, f = 0.6 and

f = 0.9.

From Figure 4.8 we observe that miracidia, eggs on the land, eggs in the water reach stable steady

state at the same time whereas cercariae in the water persists. This implies that treating infected

individuals can only assist in reducing the number of miracidia, eggs on the land and eggs in the

water. Control measure that can eliminate cercariae in the water should be implemented at the

same time as treating infected individuals.
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Figure 4.9: Numerical simulations showing dynamics of infected humans (IH), infected snails

(IV ), miracidia (M) and cercariae in water (PW ) over time in days for different values of efficacy

of climate change in reducing cercariae production by each infected snail n : n = 0.1, n =

0.4, n = 0.6 and n = 0.9.

Figure 4.9 shows that increasing the efficacy of climate change in reduction of cercariae pro-

duction by each infected snail will only reduce the cercariae population in the water but the

infected snails, infected humans and miracidia populations remain constant. This implies that

when implementing control measures all the sensitive epidemiological parameters must be taken

into consideration.
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Figure 4.10: Numerical simulations showing dynamics of infected humans (IH), infected snails

(IV ), miracidia (M) and cercariae in water (PW ), over time in days for different values of

efficacy of extreme weather changes in reducing snail production capacity c : c = 0.1, c =

0.4, c = 0.6 and c = 0.9.

From Figure 4.10 we observe that increasing the efficacy of extreme weather changes leads to

a reducing in snail capacity. The reduction of snail production capacity by 90% can assist in

reducing the cercariae production therefore the disease can be eradicated.
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4.4 Summary

In this chapter, we first developed a mathematical model that monitors transmission dynamics

of schistosome parasites in three different environments, namely, physical land environment,

physical water environment and within-host environment for both human and snail populations.

The compartmental model describes the dynamics of eight populations at any time t which are:

susceptible humans, SH(t), and infected humans; IH(t), in the behavioural human environment;

susceptible snails, SV (t); infected snails, IV (t) in the physical water environment; cercariae,

PW (t); miracidia, M(t); worm eggs on the physical land environment, EL(t); and worm eggs

on the physical water environment, EW (t). This model is developed with a view of identifying

the sensitive epidemiological parameters to be considered during control measures implementa-

tion. We investigated the mathematical properties of the model and established that the model is

mathematically and epidemiologically well-posed. The sensitivity analysis results suggest that

the reproductive number is more sensitive to snail mortality rate. Increasing snail mortality rate

by 10% lead to a decline in the reproductive number, R0, by 7%. The results suggest that more

efforts have to focus on killing infected snails. We also obsevered that increasing the natural

death rates and parasites saturations lead to a decline in R0, though increasing either of these

rates is neither practical nor ethical. In this case, natural control mechanisms can be the only

option although their occurrence cannot be predicted. Other sensitive parameters include all the

parameters associated with the disease transmission, recruitment rates, eggs on the land and in

the water environments and parasites within infected hosts. Increasing either of theses rates by

10% lead to an increase in the reproductive number by 5%. Since there is a direct relationship

between R0 and these rates, it implies that decreasing these rates by 10% will eventually lead to

a decrease in the R0 by 5%. In this case, man-made control mechanisms can be applicable in

reducing the transmission of schistosome parasites.

Lastly, we extended the basic model based on the most sensitive parameters. We also incor-

porated effectiveness of man-made and natural control mechanisms into the basic model. We

determined the reproductive number and equilibrium points. Man-made control mechanisms

include vector-control; treatment; improved sanitation associated with construction and toilets

usage; good hygiene practices and proving endemic communities with human waste disposal

systems; and conducting health education campaigns. The natural control mechanisms include

extreme weather changes and climate change. We numerically confirmed that if man-made con-

trol mechanisms are simultaneously implemented, in particular, vector-control; treating infected

individuals; conducting health education campaigns and improving sanitation; the disease can be

controled and reduced. The same implies when health education campaigns and improved sani-

tation associated with construction and toilets usage are implemented. It is advisable to focus on
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one category, especially the ones that are associated with the disease transmission, recruitment

rates, eggs on the land and in the water environments and parasites within infected hosts and snail

mortality when implementing control measures due to cost effectiveness. Implementing all the

above man-made control mechanisms can cost a lot of money, as such, we can extend our model

in order to include cost effectiveness and also base our study in a specific endemic area in order

to make it more realistic. In the preceeding chapter, we extend this model in other to explic-

itly incorporate the within-host transmission dynamics that will result in embedded multi-scale

model.
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Multi-scale Modelling of Environmentally
Transmitted Vector-Borne Diseases

5.1 Introduction

The disciplinary separation of immunology, epidemiology of infectious diseases and environ-

mental health have hampered progress on research of infectious diseases. Because of this disci-

plinary separation, traditional approaches to studying infectious diseases through mathematical

modeling are largely based on the idea that diseases consist of dynamic processes across tempo-

ral, spatial and biological scales and that specific models can be developed to study a particular

disease system at a particular scale. Two dominant disciplinary fields that address the modelling

of subsystems relevant to the study of infectious diseases include mathematical modelling of

between-host dynamics of infectious disease transmission (see [27]-[35] and references therein)

(mathematical models of infectious disease transmission) and mathematical modelling of with-

host dyanmics of infectious diseases (see [39]-[45] and references therein) (modelling pathogen-

immune interactions). At the larger scale of mathematical modelling of between-host modelling

of infectious diseases, models have been developed in the past to aid public health decision mak-

ers to make strategic decisions about control of infectious diseases (see for example [36]-[38]

and references therein). The standard approach in these models is to classify the host population

into compartments within which individuals behave homogeneously. These models have been

used to aid understanding of the disease transmission dynamics and increase our capabilities for
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control of infectious diseases with fewer resources. At the smaller scale (host-immune interac-

tions level) of the within-host dynamics of infectious diseases, mathematical models have been

developed to study the interaction of the pathogen and the immune system in order to elucidate

the mechanisms and outcomes of infection within a single host (see for example [46] and ref-

erences therein). These models are mainly based on ordinary differential equations describing

the evolution in time of the number of immune cells, pathogens and target cells. However, we

are still missing a general theory of how to link the within-host and between-host dynamics of

infectious diseases. This situation has opened up gaps in knowledge and missed opportunities

for understanding and predicting disease risks as well as designing interventions and preventive

health programs. The general framework will greatly aid interpretation of data, and provide in-

sight into a number of issues pertaining to infectious diseases such as persistence of infection,

virulence and infectivity. From a theoretical point of view, the most appropriate way to facilitate

the task of linking within-host and between-host dynamics of infectious diseases is to identify

in each sub-system variables or parameters that affect the dynamics of the other sub-system,

and then design a feedback of these variables or parameters across models in a consistent way.

Therefore, capturing how the dynamics at a given scale affect and are affected by those at the

other scale is the specific challenge at hand in the mathematical modelling of linked within-host

and between-host dynamics of infectious diseases. Recent efforts to link the within-host and

between-host dynamics of infectious diseases include [47]-[72]. In the context of deterministic

mathematical modelling, we have, to date witnessed the development of four different coupling

principles that organize and inform the research that lead to linked mathematical models of the

within-host and between-host dynamics of infectious diseases which are as follows.

1. Linked through nesting principles: Here the linking of the within-host and between-host

models is achieved through a nested modeling approach [53]-[62]. This is done in three

stages. The first step in this approach is to develop a within-host model. The second step

is to define an epidemiological model (between-host model). The third and final step is

to nest the within-host model within an epidemiological model by linking the dynamics

of the within-host model to the epidemiological model through either a structural variable

or parameter of the epidemiological model. In the case of linking a within-host dynamics

to an epidemiological model through a structural variable (of the epidemiological model),

the epidemiological model must be structured through time-since-infection [60]. The time

since-infection is then used as an independent variable in the immunological model, which

is valid only in the infected epidemiological model compartment. In the case of linking

within-host dynamics model to an epidemiological model through parameters, the param-

eters of the epidemiological model are expressed as functions of the dependent variables

of the immunological model (within-host model). For example, transmission rate may be
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assumed to be a function of the parasite load, or disease induced mortality may be assumed

to be a function of the parasite load and the immune system [59].

2. Linked through network modeling principles: This modeling framework is achieved

through developing a within-host model first and then modify this model by placing each

individual in the population within a simple randomly distributed network of N people

such that the pathogen load variable of a given individual is linked with the pathogen load

variable of adjacent individuals within the network [61]-[63]. This is achieved by making

an assumption that the rate at which a person’s incoming flow of free pathogen particles is

proportional to the pathogen load of their neighbours.

3. Linked through developing a within-host inspired between-host model: In this mod-

eling framework, the link is based on developing a physiologically structured epidemio-

logical model [65]-[71]. The physiological aspect normally considered here is cellular and

their genetic variations (immune response) and how they modulate infection and disease

progression. Very often, this task is accomplished through subdividing the entire popu-

lation of the hosts into various sub-classes corresponding to different levels of immune

protection: naive or completely susceptible, completely or partially immune, vaccinated,

immune compromised (e.g. due to HIV co-infection) or protected from infection due to

certain genetic factors. Modelling the dynamics of the distribution of humans with re-

gard to their immune status in this way is a critical step in understanding the relationship

between the dynamics of recurrent infections and the dynamic variability of the acquired

immunity to these diseases within a host population [70].

4 Linked through environmental contamination: This is the case for infections with free-

living pathogens growing in the environment [72]. In this case, the disease triad: host,

pathogen and a contaminated environment (such as water, air, food, soil, objects or contact

surfaces) must be present and interact appropriately for the infectious disease to occur. The

linking here of within-host and between-host dynamics is based on the idea that disease

process time-scales here can be separated into three distinct times scales. The first disease

process time scale is at the within-host (individual host) level. It is related to the repro-

ductive cycle of the pathogen within the host and its interaction with the host immune

system. This disease process typically occurs on a fast time-scale. The second disease

process time-scale is the one associated with infection between individuals, that is, the epi-

demiological time-scale (between-host time scale) that takes place according to contacts

of susceptible hosts and the free-living pathogen in the environment. This disease process

typically occurs at an intermediate time-scale. The third disease process time-scale is the

environmental time-scale. For infections with free-living pathogens in the environment,
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the environment is an important driver. For such infections, the pathogen may survive in

the environment for some time, and further, the abundance of the pathogen in the envi-

ronment is occasionally replenished by infectious hosts that excrete the pathogen into the

environment. This disease process typically occurs at a slow time-scale. This third disease

process time-scale is the key to providing a functional link for with-host and between-

host models of infectious diseases. We show in this work that the linking of within-host

model and between-host model which is structured by both pathogen load within an in-

fected host and the density/number of infected/infectious hosts. This linking approach of

within-host and between-host models has been previously proposed in [72] based on an

arbitrary functional form. Using human schistosomiasis as an example, we demonstrate

the approach here based on explicit consideration of the biology of the disease. The focus

in this chqpter is on clarifying the determination of the functional form of the linkage be-

tween the within-host and between-host disease dynamics and how this encapsulates the

underlying biology of the disease process.

The obvious distinction between models for other diseases and those infectious diseases with

free-living pathogens in the environment is that the latter usually have at least one extra equation

describing the dynamics of parasite in the environment. From a theoretical point of view, this

chapter is about the role this extra equation plays in linking the within-host and between-host

dynamics of infectious diseases with free living pathogens in the environment.

5.2 Transmission of Infectious Diseases That Are Environmen-

tally Trasmitted

For infectious diseases that are environmentally transmitted, the environmental influences (bi-

ological, geophysical, economic and social) on disease transmission chains are fundamental to

understanding these complex diseases. An estimated 24% of the global disease burden and 23%

of death can be attributed to environmental factors [73]-[79]. Infectious diseases with the largest

absolute burden attributable to modifiable environmental factors include diarrhea, lower respi-

ratory infections and malaria [73]-[76]. To reflect on the idea that the environment serves as a

reservoir of infectious free-living pathogens for infection of human, animals and plants [80]-[81],

we hypothesize four different groups of transmission cycles that result in infections with the en-

vironment acting as a reservoir of infectious free-living pathogens. Figure 5.1 is a conceptual

representation of the four different groups of transmission cycles for infections with free-living

pathogens in the environment. The first group (see Figure 5.1(a)) includes infectious diseases
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for which the environment (e.g. food, water, air, soil) play a significant role in the pathogen

transmission cycle. Here transmission occurs between humans and the environment directly. No

other host animal or vector are involved . The second group (see Figure 5.1(b)) still includes

infectious diseases for which the environment (as in the first group) still plays a significant role

in the pathogen’s transmission cycle. The difference with the first group is that although the

environment still remains an integral part of the transmission chain, an animal host mediates the

transmission. The third group (see Figure 5.1(c)) still includes infectious diseases for which the

environment (as in the second group) still plays a significant role in the transmission cycle. The

difference with the second group is that although the environment still remains an integral part

of the transmission chain, a vector (instead of an animal host) mediates the transmission. The

fourth group (see Figure 5.1(d)) includes some pathogens that cause zoonotic diseases. Here

humans are the dead end hosts and no person-to-person transmission is possible. The group in-

cludes non-vector-borne zoonotic diseases in which pathogens are transmitted indirectly through

the environment or directly from a host to the human.

Human schistosomiasis was chosen in this study as a conceptual framework for the mathemat-

ical modelling of linked within-host and between-host dynamics of infections with free-living

pathogens in the environment partly because of the simplicity of its transmission chain where the

human and snail hosts do not interact with each other directly except through the shared schis-

tosome parasites (see Figure 5.1(c)) in the physical water environment and also partly because

of the availability of preliminary work on single scale modeling approaches [45, 84] of human

schistosomiasis infection in an appropriate form for infections with free-living pathogens in the

environment.
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Figure 5.1: A conceptual diagram showing the four different groups of transmission cycles for

infections that are environmentally trasmitted.

Human schistosomiasis, mediated by the water-borne schistosome parasite is a global health con-

cern, being the third most devastating tropical disease in the world after malaria and intestinal

helminthiasis [86]-[92]. Most schistosomiasis infections occur in resource-limited settings with
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more than 200 million people being infected with schistosomiasis of which 85% live in Africa,

while globally an estimated 200 000 deaths are attributable to schistosomiasis annually [89, 92].

The major forms of human schistosomiasis are caused by species of the water-borne flatworm or

blood flukes called schistosomes, but the three most commonly found are Schistosoma mansoni,

Schistosoma japonicum, and Schistosoma haematobium. Schistosoma haematobium affects the

urinary tract and kidneys, as well as the reproductive systems and is concentrated in Africa and

the Middle East. Schistosoma mansoni is the most widespread while Schistosoma japonica is

primarily found in Asia and these two cause chronic hepatic and intestinal fibrosis [89]. The

life cycle of the schistosome parasite is complex [86]-[92]. The complexity of the life cycle of

the schistosome parasite includes three factors: (a) multiple interacting hosts (human and snail

hosts), (b) multiple infective pathogenic species (miracidia and cercariae), and (c) structural com-

plexity of the environmental domains (biological, geographical, economic, and social) in which

transmission occurs. For more information about the complex life cycle of human schistosomi-

asis the published works [86]-[92] provide more details. Only a brief description is provided in

this section.The reproductive cycle of schistosomiasis starts with parasitic worm eggs released

into freshwater through faeces and urine. The schistosome eggs produced by the sexual stage

leave people via urine or faeces, reach freshwater, shed their shells and hatch a ciliated free-

swimming larva called a miracidium that seek out to infect certain species of snail that serve

as intermediate host [92]. A miracidium that locates an appropriate species and genotype snail,

penetrates and infects it, multiplies asexually through two larval stages into thousands of free-

living cercariae that escape the snail and live in water. The infected snails release cercariae 4-6

weeks after infection [89]. The cercariae swim until they encounter a skin of suitable warmth

and smell, and infect humans by direct penetration of the skin. Once the cercariae penetrate the

skin, they lose their tails and differentiate into larval forms called schistosomulae.

A schistosomulum spends several days in the skin before exiting via blood vessels traversing to

the lung, where it undergoes further developmental changes. It then migrates via the systematic

circulation to the liver where it settles, reaches sexual maturity and pairs. Only those worm pairs

that reach the portal system of the liver mature into adults [89]. Thereafter, worm pairs migrate by

the bloodstream to their definitive location; S. mansoni and S. japonicum to the small and large

intestines and S. haematobium to the bladder and rectal veins [89]. The worms lay thousands of

eggs that cause damage as they work through tissues. The eggs, which are highly antigenic and

can induce an intense granulomatous response, migrate through the bowel or bladder wall to be

shed via faeces or urine. The eggs, released into the water in urine or faeces, restart the cycle.
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5.3 Multi-scale Model of schistosomiasis

The model that we formulate traces explicitly the life-cycle of the schistosome parasite in three

different environments which are the physical water environment (which is also affected by the

physical climatological environment), the physical land environment, the human biological envi-

ronment (within-host parasite dynamics). The full model is based on monitoring the dynamics of

the twelve populations at any time t which are susceptible humans SH(t), and infected humans

IH(t) in the behavioural human environment, susceptible snails SV (t) and infected snails IV (t)

in the physical water environment, cercariae PW (t), miracidia M(t) and worm eggs EW (t), in

the physical water environment, cercariae PH(t), immature schistosome worms WI(t), mature

schistosome worms WP (t) and worm eggs EH(t) in the biological human environment (within

host parasite dynamics) and worm eggs EL(t), in the physical land environment. The model fol-

lows embedded multi-scale modelling approach, whereby within-host and between-host scales

instigate each other. A summary of model variables is given in table 5.1 here, while a summary

of parameter values is given in tables 5.2, 5.3 and 5.4 in section 5.5.
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Variable Variable Description Initial
Value

SH(t): The susceptible human population size in the behavioural human

environment

200,000

IH(t): The infected human population size in the behavioural human en-

vironment

2000

SV (t): The susceptible snail population size in the physical water envi-

ronment

40,000

IV (t): The infected snail population size in the physical water environ-

ment

3000

PH(t): The cercariae population size in the biological human environ-

ment

200

WI(t): The immature worm population size in the biological human en-

vironment

30

WP (t): The mature worm population size in the biological human envi-

ronment

0

EH(t): The worm eggs population size in the biological human environ-

ment

0

EL(t): The worm eggs population size in the physical land environment 40

EW (t): The worm eggs population size in the physical water environment 40

M(t): The miracidia population size in the physical water environment 20

PW (t): The cercariae population size in the physical water environment 50

Table 5.1: Summary of variables used in the model

We make the following assumptions for the model:

i. There is no vertical transmission of the disease.

ii. The transmission of the disease in the snail and human populations is only through contact

with infective free-living pathogens (miracidia, M(t) and cercariae PW (t) respectively) in

the physical water environment.

iii. There is no immigration of infectious humans.

iv. Seasonal and weather variations do not affect snail populations and contact patterns.

v. Infected snails do not reproduce due to castration by the miracidia.
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vi. There is no immune response in both snail and human populations.

vii. The human host is assumed to be healthy, has not been previously exposed to the disease

and has no immunity to infection.

viii. Infected snails and humans do not recover naturally from the infection/disease.

ix. Mature worms WP (t), migrate from the liver only as pairs and that those that fail to locate

a partner will, with time, die a natural death and therefore will not participate in producing

eggs, making their contribution to pathology irrelevant.

x. When a mature worm dies, its former partner does not re-mate, and the contribution of the

pair to pathology is lost, so we assume a pair death for mature worms for simplicity.

At any time t, new recruits enter the human and snail populations through birth at constant rates

ΛH and ΛV respectively. There is a constant natural death rate µH and µV in the human and snail

populations respectively. Infected human hosts have an additional mortality of δH . Similarly,

infected snails have an additional mortality δV . NH(t) is the total human population and is given

by

NH(t) = SH(t) + IH(t). (5.3.1)

Susceptible humans acquire schistosomiasis through infection by cercariae in the physical water

environment at rate λH(t) where

λH(t) =
βHPW (t)

P0 + εPW (t)
, (5.3.2)

with βH being the maximum rate of exposure; ε is the limitation of growth velocity of cercariae

with the increase of cases; P0 is the half saturation constant. From the functional response, we

notice that at low parasite densities, contacts are directly proportional to host densities.

NV (t) is the total snail population and is given by

NV (t) = SV (t) + IV (t). (5.3.3)

Similarly, susceptible snails acquire schistosomiasis through infection by miracidia in the physi-

cal water environment at rate λV (t) where

λV (t) =
βVM(t)

M0 + εM(t)
, (5.3.4)
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with βV being the maximum rate of exposure; ε is the limitation of growth velocity of miracidia

with the increase of cases; M0 is the half saturation constant. From the functional response, we

also notice that at low parasite densities, contacts are directly proportional to host densities.

Considering the average cercariae population within a single infected human host PH(t), we note

that this population is generated following uptake of cercariae through cercariae skin penetration

of the human host. In the general population, this uptake of cercariae through skin penetration

is actually the transmission of the cercariae pathogen from the physical water environment to

susceptible humans at a rate of λH(t)SH(t) resulting in IH(t) infected humans. Therefore, in

general, a single susceptible human host will uptake cercariae at an average rate of

λH(t)SH(t)

IH(t)
, (5.3.5)

where λH(t), SH(t) and IH(t) are as defined previously. In our modelling of the mean cer-

cariae population within a single infected human host PH(t), we further assume that the event

of cercariae uptake through skin penetration of a single human host in a population with SH(t)

susceptible humans, IH(t) infected humans and PW (t) cercariae load happens through a single

transition defined by

(SH(t), IH(t), PW (t)) −→ (SH(t)− 1, IH(t) + 1, PW (t)) = (Sh(t), Ih(t), PW (t)). (5.3.6)

Therefore, the average rate of uptake of cercariae by a single susceptible human host through

skin penetration is modelled by λh(t)Sh(t) resulting in one infected human host where

λh(t) =
βHPW (t)

(P0 + εPW (t))Ih(t)
, Sh(t) = SH(t)− 1, Ih(t) = IH(t) + 1. (5.3.7)

where βH , ε and P0 remain as in the previous definitions.

This implies that the mean cercariae population within a single infected human host PH(t), in-

creases at a variable mean rate given by

λH(t)Sh(t)

Ih(t)
= λh(t)Sh(t). (5.3.8)

Skin penetration by cercariae causes a local inflammatory response evidenced by a rash, called

swimmer’s itch, which is believed to involve immediate and delayed hypersensitivity reactions.

The mean cercariae population within a single infected human host PH(t), is assumed to decay

through natural death at a constant rate µC and to exit the skin to the lung via blood vessels at a

rate αC , where they undergo developmental changes to become immature worms.
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The mean population of immature wormsWI(t), within a single infected human host is generated

following developmental changes undergone by cercariae to become immature worms at a rate

αC . These immature worms are assumed to die naturally at a rate µI and migrate to the liver at a

rate αI .

The mean population of mature worms WP (t), within a single infected human host is generated

following developmental changes undergone by immature worms to become mature worms at

a rate
αI
2

. These developmental changes result in immature worms reaching sexual maturity,

pairing up and then migrating, through the blood stream to their definitive locations. The intro-

duction of the fraction
1

2
multiplying the parameter αI models the pairing of immature worms on

reaching sexual maturity. We assume that mature worms die naturally at a rate µP and migrate

to their definitive locations at a rate αP .

The mean population of schistoma eggs EH(t), within a single infected human host is generated

through each worm pair laying an average of NP eggs per day having migrated to its definitive

location at a rate αP . We model the rate at which these eggs die inside the human body by the

parameter µE and the rate at which they are excreted by the human host into the physical land

environment by αE .

The population of schistoma eggs EL(t), contaminating the physical land environment is gener-

ated following excretion of schistoma eggs by the human host in either urine or faeces into the

physical land environment. We note that each infected human host excretes these eggs at a rate

αEEH(t) and for a total of Ih(t) infected humans, the rate of contamination of the physical land

environment by schistoma eggs becomes Ih(t)αEEH(t). These schistoma eggs are assumed to

die naturally at a rate µL and to be washed away by running water into the physical water envi-

ronment at a rate αL.

The population of schistoma eggs EW (t), in the physical water environment is generated follow-

ing inflow of schistoma eggs in running water from the contaminated physical land environment

into the physical water environment at a rate αL. We assume that these eggs die naturally in

the physical water environment at a rate µW and hatch at a rate αW releasing miracidia into the

physical water environment.

The population of miracidia M(t), in the physical water environment is generated through each

egg hatching an average of NW miracidia with eggs hatching at an average rate of αW so that

the total miracidia population in the physical water environment is modelled by NWαWEW . We

assume that miracidia in the physical water environment die naturally at a rate µM .

The cercariae population PW (t), in the physical water environment, is generated through shed-

ding of cercariae by infected snails at an assumed rate of NSγS , where NS is the number of
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cercariae shed by each snail per day and γS is the rate at which infected snails become cer-

cariae shedding. These cercariae are further assumed to have an average life span of
1

µS
. Putting

together the above formulations and assumptions gives the following system of differential equa-

tions:



dSH
dt

= ΛH − λHSH − µHSH ,

dIH
dt

= λHSH − (µH + δH)IH ,

dSV
dt

= ΛV − λV SV − µV SV ,

dIV
dt

= λV SV − (µV + δV )IV ,

dPH
dt

= λhSh − (αC + µC)PH ,

dWI

dt
= αCPH − (αI + µI)WI ,

dWP

dt
=

αI
2
WI − (αP + µP )WP ,

dEH
dt

= NPαPWP − (αE + µE)EH ,

dEL
dt

= IhαEEH − (αL + µL)EL,

dEW
dt

= αLEL − (αW + µW )EW ,

dM

dt
= NWαWEW − µMM,

dPW
dt

= NSγSIV − µSPW .

(5.3.9)



Chapter 5 143

Figure 5.2: A conceptual diagram of the mathematical model of linked with-host and between-

host dynamics of human schistosomiasis.

The model flow diagram is depicted in Figure 5.2, and the associated parameters are given in

tables 5.2, 5.3 and 5.4 in 5.5.
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5.3.1 Feasible Region of the Equilibria of the Model

All parameters and state variables for model system (5.3.9) are assumed to be non-negative to be

consistent with human and animal populations. Further, it can be verified that for model system

(5.3.9), all solutions with non-negative initial conditions remain bounded and non-negative.

Letting NH = SH + IH and adding equations (1) and (2) in system (5.3.9) gives

dNH

dt
≤ ΛH − µHNH .

This implies that

lim
t→∞

sup(NH(t)) ≤ ΛH

µH
. (5.3.1)

Similarly, letting NV = SV + IV and adding equations (3) and (4) in system (5.3.9) gives

dNV

dt
≤ ΛV − µVNV . (5.3.2)

This implies that

lim
t→∞

sup(NV (t)) ≤ ΛV

µV
. (5.3.3)

Using equations (5.3.1) and (5.3.3) similar expressions can be derived for the remaining model

variables. Hence, all feasible solutions of system (5.3.9) are positive and eventually enter the

invariant attracting region

Ω = ((SH , IH , SV , IV , PH ,WI ,WP , EH , EL, EW ,M, PW ) : 0 ≤ SH + IH ≤M1,

0 ≤ SV + IV ≤M2, 0 ≤ PH ≤M3, 0 ≤ WI ≤M4,

0 ≤ WP ≤M5, 0 ≤ EH ≤M6, 0 ≤ EL ≤M7,

0 ≤ EW ≤M8, 0 ≤M ≤M9, 0 ≤ PW ≤M10), (5.3.4)

where
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

M1 =
ΛH

µH
,

M2 =
ΛV

µV
,

M3 =
1

αC + µC
.M11,

M4 =
αC

αI + µI
.

1

αC + µC
.M11,

M5 =
1

2
.

αI
αP + µP

.
αC

αI + µI
.

1

αC + µC
.M11,

M6 =
NPαP
αE + µE

.
1

2
.

αI
αP + µP

.
αC

αI + µI
.

1

αC + µC
.M11,

M7 =
αE

αL + µL
.
NPαP
αE + µE

.
1

2
.

αI
αP + µP

.
αC

αI + µI
.

1

αC + µC
.M11,

M8 =
αL

αW + µW
.

αE
αL + µL

.
NPαP
αE + µE

.
1

2
.

αI
αP + µP

.
αC

αI + µI
.

1

αC + µC
.M11,

M9 =
NWαW
µM

.
αL

αW + µW
.

αE
αL + µL

.
NPαP
αE + µE

.
1

2
.

αI
αP + µP

.
αC

αI + µI
.

1

αC + µC
.M11,

M10 =
NSγS
µS

.
ΛV

µV

M11 =
βHγSΛV (ΛH − µH)

(P0µSµV + εNSγSΛV )(ΛH + µH)
, for ΛH > µH .

(5.3.5)

Thus, whenever ΛH > µH , Ω is positively invariant and attracting and it is sufficient to consider

solutions of model system (5.3.9) in Ω. Existence, uniqueness and continuation results for system

(5.3.9) hold in this region and all solutions starting in Ω remain there for all t ≥ 0. Hence, model

system (5.3.9) is mathematically and epidemiologically well-posed and it is sufficient to consider

the dynamics of the flow generated by model system (5.3.9) in Ω. We shall assume in all that

follows (unless stated otherwise) that ΛH > µH .
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5.3.2 Determination of DFE and its Stability

The equilibrium states of the model are obtained by setting the right-hand side of system (5.3.9)

to zero. The system admits two equilibrium states which are the disease-free equilibrium and the

endemic state. At the disease-free equilibrium, there is no cercariae, miracidia, worms and eggs

and hence no infection in the human and snail populations. Thus, the model system (5.3.9) has a

disease-free equilibrium given by

E0 =
(
S0
H , I

0
H , S

0
V , I

0
V , P

0
H ,W

0
I ,W

0
P , E

0
H , E

0
L, E

0
W ,M

0, P 0
W

)
,

=

(
ΛH

µH
, 0,

ΛV

µV
, 0, 0, 0, 0, 0, 0, 0, 0, 0

)
. (5.3.1)

The key parameter in many epidemic models which identifies the most important factors in the

disease transmission cycle is the basic reproductive number, R0, which we calculate in the next

section.

5.3.3 Reproductive Number

The reproductive numberR0, defined as the average number of secondary infections produced by

a single infectious host, introduced into a totally susceptible population [95]-[100] is one of the

most important tools in the analysis of disease outbreak. For most disease outbreaks, if R0 < 1,

then the outbreak will disappear with time, whereas if R0 > 1, then the outbreak will persist at

endemic levels. In the context of human schistosomiasis infection, the quantity R0 defines the

expected number human/snail schistosomiasis infections generated by a single human/snail dur-

ing the entire period of infectiousness of the human/snail introduced in a completely susceptible

human/snail population. Therefore, in this case R0 quantifies transmission of schistosomiasis

from human to human or snail to snail. This is because of the fact that starting from a single

infected human, schistosomiasis has to go through a snail before it can infect another human.

Similarly, starting from a single infected snail, schistosomiasis has to go through a human being

before it can infect another snail. We use the next generation operator approach to calculate the
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basic reproduction number [100]. Model system (5.3.9) can be written in the form

dX

dt
= f(X, Y, Z),

dY

dt
= g(X, Y, Z),

dZ

dt
= h(X, Y, Z),

(5.3.1)

where



X = (SH , SV ),

Y = (IH , IV , PH ,WI ,WP , EH , EL, EW ),

Z = (M,PW ).

(5.3.2)

Components of X denote the number of susceptibles, while components of Y represent the

number of infected individuals that do not transmit the disease. Components of Z represent the

number of individuals capable of transmitting the disease. Following [100] we define g̃(X∗, Z)

by

g̃(X∗, Z) = (g̃1(X∗, Z), g̃2(X∗, Z), g̃3(X∗, Z), g̃4(X∗, Z), g̃5(X∗, Z), g̃6(X∗, Z), g̃7(X∗, Z), g̃8(X∗, Z)),

(5.3.3)

with
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

g̃1(X∗, Z) =
βHΛHPW

µH(µH + δH)(P0 + εPW )
,

g̃2(X∗, Z) =
βV ΛVM

µV (µV + δV )(M0 + εM)
,

g̃3(X∗, Z) =
1

αC + µC
.FH ,

g̃4(X∗, Z) =
1

αI + µI
.

αC
αC + µC

.FH ,

g̃5(X∗, Z) = (
1

2
.

1

αP + µP
.

αI
αI + µI

.
αC

αC + µC
.FH ,

g̃6(X∗, Z) =
1

2
,

1

αE + µE
.
NPαP
αP + µP

.
αI

αI + µI
.

αC
αC + µC

.FH ,

g̃7(X∗, Z) =
1

2
.

1

αL + µL
.

αE
αE + µE

.
NPαP
αP + µP

.
αI

αI + µI
.

αC
αC + µC

.FW ,

g̃8(X∗, Z) =
1

2
.

1

αW + µW
.

αL
αL + µL

.
αE

αE + µE
.
NPαP
αP + µP

.
αI

αI + µI
.

αC
αC + µC

.FW ,

(5.3.4)

where 
FH =

βH(ΛH − µH)(µH + δH)PW
µH(µH + δH)(P0 + εPW ) + βHΛHPW

,

FW =
βH(ΛH − µH)PW
µH(P0 + εPW )

.

(5.3.5)

LetA = DZh(X∗, g̃(X∗, 0), 0) and further assume thatA can be written in the formA = M−D,

where M ≥ 0 and D > 0, a diagonal matrix. Then A becomes

A =

 −µM CH
P0

CV
M0

−µS

 , (5.3.6)

where
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CH =
1

2
.
NWαW
αW + µW

.
αL

αL + µL
.

αE
αE + µE

.
NPαP
αP + µP

.
αI

αI + µI
.

αC
αC + µC

.
βH(ΛH − µH)

µH
and

(5.3.7)

CV =
βVNSγSΛV

µV (µV + δV )
. (5.3.8)

Since A = M −D, we deduce matrices M and D to be

M =

 0
CH
P0

CV
M0

0

 , D =

[
µM 0

0 µS

]
. (5.3.9)

The basic reproductive number is the spectral radius (dominant eigenvalue) of the matrixMD−1,

that is,

R0 = ρ(MD−1). (5.3.10)

In this case,

R0 =

√
CH
P0µS

.
CV

M0µM
=
√
R0HR0HS =

√
R0WHR0SHR0HS (5.3.11)

In equation 5.3.11, the quantity R0HS is interpreted as follows. Consider a single newly infected

human host entering a disease-free population of snails at equilibrium. This individual is still

present and infectious and the expected number of snails infected by this human is approximately

R0HS =
βVNSγSΛV

M0µMµV (µV + δV )
. (5.3.12)

Therefore, the human to snail transmission coefficient R0HS is composed of between-host dis-

ease parameters only. Similarly, in equation 5.3.11, the quantity R0H is interpreted as follows.

Consider a single newly infected snail host entering a disease-free population of humans at equi-

librium. This snail is still present and infectious and the expected number of humans infected by

this snail is approximately

R0H =
NWαW
αW + µW

.
αL

αL + µL
.
1

2
.

αE
αE + µE

.
NPαP
αP + µP

.
αI

αI + µI
.

αC
αC + µC

.
βH(ΛH − µH)

P0µHµS
,

= R0WHR0SH . (5.3.13)
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From equation (5.3.13) we deduce that the snail to human transmission coefficientR0H is a prod-

uct of two other transmission coefficients which are the between-host (snail to human) transmis-

sion coefficient R0SH and the within-host (within-human) R0WH which are given by

R0SH =
NWαW
αW + µW

.
αL

αL + µL
.
βH(ΛH − µH)

P0µHµS
, (5.3.14)

and

R0WH =
1

2
.

αE
αE + µE

.
NPαP
αP + µP

.
αI

αI + µI
,

αC
αC + µC

, (5.3.15)

respectively.

Therefore, the basic reproductive number R0, given by

R0 =
√
R0WHR0SHR0HS. (5.3.16)

is composed of both within-host and between-host disease parameters, and R0HS , R0SH and

R0WH are given by equations (5.3.12), (5.3.14) and (5.3.15) respectively.

From the expression for R0 in equation (5.3.16) we make the following deductions.

a. The between-host transmission parameters (snail to human and human to snail) such as

supply of new susceptible snails NSγS and humans ΛH , contact rate between hosts (snails

and humans) and infected waters βV and βH , the rate at which schistosome eggs in wa-

ter hatch to become miracidia NWαW , the rate at which infected snails contaminate the

physical water environment with cercariae γS all contribute to the transmission of human

schistosomiasis. Therefore, control measures such as killing of snails by use of mollusci-

cides and reducing contact between the human and snail hosts and infected waters through

educating the public may help to reduce human schistosomiasis transmission.

b. The within-host transmission parameters (within the human host) such as the rates at which

(a) cercariae within the human host become immature worms αC , (b) immature worms

become mature worms
αI
2

, (c) mature worms lay eggs NPαP and the rates at which the

cercariae within the human host and the worms die all contribute to the transmission of

human schistosomiasis. Therefore immune mechanisms that kill cercariae and worms and

destroy eggs within the human host and also treatment intended to kill mature worms may

help to reduce human schistosomiasis transmission.

Therefore, we conclude that both epidemiological (between-host) and immunological (within-

host) factors affect the transmission of human schistosomiasis.
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5.3.4 Local Stability of DFE

From Theorem 4.2 of van den Driesche and Watmough [97], if the basic reproduction numberR0

is less than one, then the disease free equilibrium is locally asymptotically stable and the disease

cannot invade the population. This is summarized in the following theorem.

Theorem 5.1. The disease free equilibrium point E0, of model system (5.3.9) is locally asymp-

totically stable whenever R0 < 1 and unstable otherwise.

Proof. The proof is not needed since local stability of the disease free equilibrium is a conse-

quence of Theorem 4.2 in van den Driessche and Watmough [97].

5.3.5 Global Stability of DFE

Theorem 2 in [97] establishes that the disease free equilibrium is locally asymptotically stable

whenever R0 < 1 and unstable when R0 > 1. In this section, we list two conditions that if met,

also guarantee the global asymptotic stability of the disease free state. We write system (5.3.9)

in the form:


dX

dt
= F (X,Z),

dZ

dt
= G(X,Z), G(X, 0) = 0,

(5.3.1)

where X = (SH , SV ) comprises of the uninfected components and

Z = (IH , IV , PH ,WI ,WP , EH , EL, EW ,M, PW )

comprises of infected and infectious components.

E0 = (X∗, 0) =

(
ΛH

µH
, 0,

ΛV

µV
, 0, 0, 0, 0, 0, 0, 0, 0, 0

)
denotes the disease free equilibrium of the system. To guarantee global asymptotic stability, the

conditions (H1) and (H2) below must be met [100].

H1. For
dX

dt
= F (X, 0), X∗ is globally asymptotically stable (g.a.s),

H2. G(X,Z) = AZ − Ĝ(X,Z), Ĝ(X,Z) ≥ 0 for (X,Z) ∈ R+
12 where A = DZG(X∗, 0) is

an M-matrix and R+
12 is the region where the model makes biological sense.
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In our case,

F (X, 0) =

[
ΛH − µHSH
ΛV − µV SV

]
, (5.3.2)

and

A =



a1 0 0 0 0 0 0 0 0
βHΛH

P0µH

0 a2 0 0 0 0 0 0
βV ΛV

M0µV
0

0 0 a3 0 0 0 0 0 0
βH(ΛH − µH)

P0µH
0 0 αC a4 0 0 0 0 0 0

0 0 0
αI
2

a5 0 0 0 0 0

0 0 0 0 NPαP a6 0 0 0 0

0 0 0 0 0 αE a7 0 0 0

0 0 0 0 0 0 αL a8 0 0

0 0 0 0 0 0 0 NWαW −µM 0

0 NSγS 0 0 0 0 0 0 0 −µS



.

(5.3.3)

where, 

a1 = − (µH + δH),

a2 = − (µV + δV ),

a3 = − (αC + µC),

a4 = − (αI + µI ,

a5 = − (αP + µP ),

a6 = − (αE + µE),

a7 = − (αL + µL),

a8 = − (αW + µW ).

(5.3.4)
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Ĝ(X,Z) =



(
ΛH

P0µH
− SH
P0 + εPW

)
βHPW(

ΛV

M0µV
− SV
M0 + εM

)
βVM

0

0

0

0

0

0

0

0



. (5.3.5)

Since S0
H

(
=

ΛH

µH

)
1

P0

≥ SH
P0 + εPW

and S0
V

(
=

ΛV

µV

)
1

M0

≥ SV
M0 + εM

, it is clear that Ĝ(X,Z) ≥

0 for all (X,Z) ∈ R+
12 . It is also clear that matrix A is an M-matrix since the off diagonal ele-

ments of A are non-negative.We state a theorem which summarizes the above result.

Theorem 5.2. The fixed point E0 =

(
ΛH

µH
, 0,

ΛV

µV
, 0, 0, 0, 0, 0, 0, 0, 0, 0

)
is a globally asymptot-

ically stable (g.a.s) equilibrium of system (5.3.9) if R0 < 1 and the assumptions (H1) and (H2)

are satisfied.

5.3.6 The Endemic Equilibrium State and its Stability

At the endemic equilibrium both humans and snails are infected by cercariae and miracidia re-

spectively and the endemic equilibrium is given by

E∗ = (S∗H , I
∗
H , S

∗
V , I

∗
V , P

∗
H ,W

∗
I ,W

∗
P , E

∗
H , E

∗
L, E

∗
W ,M

∗, P ∗W ). (5.3.1)

We give expressions for the endemic equilibrium and their interpretations in the following sub-

sections and also prove its existence.

5.3.7 The Endemic Equilibrium

The endemic value of susceptible humans is given by

S∗H =
ΛH

µH + λ∗H
. (5.3.1)
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We deduce from equation (5.3.1) that the equilibrium state associated with susceptible humans

is proportional to the average time of stay in the susceptible compartment and the rate of supply

of new susceptibles through birth. Individuals exit this compartment either through death or

infection. The endemic value of infected humans is given by

I∗H =
λ∗HS

∗
H

µH + δH
=

ΛHλ
∗
H

(µH + δH) (µH + λ∗H)
. (5.3.2)

We note from equation (5.3.2) that the infected population at the endemic equilibrium is directly

proportional to three quantities: the average time of stay in the infected compartment, the rate of

infection of susceptibles and the number/density of susceptible hosts. The quantity of infected

snails at endemic equilibrium is given by

S∗V =
ΛV

µV + λ∗V
. (5.3.3)

Equation (5.3.3) implies that at equilibrium, the susceptible snail population equals the product

of the average time of stay in this compartment and the rate of supply of new susceptibles through

birth. At endemic equilibrium, the population of infected snails is given by

I∗V =
λ∗V S

∗
V

µV + δV
=

ΛV λ
∗
V

(µV + δV ) (µV + λ∗V )
. (5.3.4)

Therefore, infected snail population’s endemic equilibrium is a product of three quantities: the

average life span of infected snails, the rate of infection of snails and the number/density of

susceptible snails.

By setting

Z∗H = ΛH − (µH + λ∗H) > 0,

the endemic equilibria for P ∗H , W ∗
I , W ∗

P , E∗H , E∗L, E∗W and M∗ can be expressed in terms of this

quantity as follows. The average population of cercariae within a single infected human host at

endemic equilibrium is given by

P ∗H =
λ∗hS

∗
h

αC + µC
=

1

αC + µC
.

(µH + δH)λ∗HZ
∗
H

ΛHλ∗H + (µH + δH)(µH + λ∗H)
. (5.3.5)

The endemic equilibrium of the average cercariae population inside a single human host is di-

rectly proportional to the life span of cercariae within a single infected human host and the rate of

infection of a single susceptible to become an infected human host. Thus immune pressures that
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destroy cercariae within an infected human host reduce cercariae endemic equilibrium. This ex-

pression implies a link between within-host cercariae dynamics and human population dynamics.

The population of immature worms within a single infected human host at endemic equilibrium

is given by

W ∗
I =

αCP
∗
H

αI + µI
=

1

αI + µI
.

αC
αC + µC

.
(µH + δH)λ∗HZ

∗
H

ΛHλ∗H + (µH + δH)(µH + λ∗H)
. (5.3.6)

Therefore, the population of immature worms at endemic equilibrium increases with an increase

in the average life-span of immature worms and the rate at which cercariae become mature

worms. Therefore, treatment and immune responses focused on killing cercariae and immature

worms reduce the endemic equilibrium associated with immature worms within a human host.

The population of mature worms within a single infected human host at endemic equilibrium is

given by

W ∗
P =

1

2
.
αIW

∗
I

αP + µP
,

=
1

2
.

1

αP + µP
.

αI
αI + µI

.
αC

αC + µC
.

(µH + δH)λ∗HZ
∗
H

ΛHλ∗H + (µH + δH)(µH + λ∗H)
. (5.3.7)

We conclude from equation (5.3.7) that the rate at which paired immature worms become mature

worms and the life-span of mature worms determine the level of endemic equilibrium associated

with mature worms within a human host. There immune responses and treatment aimed at killing

mature worms reduce the endemic equilibrium. The average schistosome egg population within

a single infected human host at endemic equilibrium is given by

E∗H =
NPαPW

∗
P

αE + µE
,

=
1

2
.

1

αE + µE
.
NPαP
αP + µP

.
αI

αI + µI
.

αC
αC + µC

.
(µH + δH)λ∗HZ

∗
H

ΛHλ∗H + (µH + δH)(µH + λ∗H)
.(5.3.8)

Equation (5.3.8) implies that at equilibrium the average schistosome egg population within an

infected human host is directly proportional to the average egg life span and worm fecundity.

Thus, immune responses which reduce worm fecundity and those that destroy eggs within an

infected human host reduce the endemic equilibrium associated with worm eggs. The population

of schistosome eggs on the physical land environment at the endemic equilibrium is given by
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E∗L =
αEE

∗
H(I∗H + 1)

αL + µL
,

=
1

2
.

1

αL + µL
.

αE
αE + µE

.
NPαP
αP + µP

.
αI

αI + µI
.

αC
αC + µC

.
λ∗HZ

∗
H

(µH + λ∗H)
. (5.3.9)

We deduce from equation (5.3.9) that the life span of eggs, the rate which each infected human

host excrete schistosome eggs and the total number of humans infected by schistosomiasis all

influence the endemic equilibrium associated with schistosome eggs in the physical land envi-

ronment. Therefore, atopy aspects [64] reduce the endemic equilibrium of schistosome eggs in

the physical land environment. The endemic equilibrium of schistosome eggs in the physical

water environment at is given by

E∗W =
αLE

∗
L

αW + µW
,

=
1

2
.

1

αW + µW
.

αL
αL + µL

.
αE

αE + µE
.
NPαP
αP + µP

.
αI

αI + µI
.

αC
αC + µC

.
λ∗HZ

∗
H

(µH + λ∗H)
.(5.3.10)

Equation (5.3.10) indicates that the endemic schistosome egg population in the physical water

environment is influenced by the average life span of the eggs and the rate at which the eggs

are transported into physical water environment by flowing water. Therefore, rainfall conditions

which wash away the schistosome eggs into the physical water environment affect the trans-

mission of human schistosomiasis. The endemic equilibrium value associated asociated with

miracidia in the physical water environment is given by

M∗ =
NWαWE

∗
W

µM
,

=
1

2
.
NWαW
µM

.
αL

αL + µL
.

αE
αE + µE

.
NPαP
αP + µP

.
αI

αI + µI
.

αC
αC + µC

.
λ∗HZ

∗
H

(µH + λ∗H)
.(5.3.11)

We note from equation (5.3.11) that the life span of miracidia and worm fecundity all directly

influence the endemic levels of miracidia in the physical water environment. The circariae pop-

ulation in the physical water environment at endemic equilibrium is given by

P ∗W =
NSγSI

∗
V

µS
=

ΛVNSγSλ
∗
V

µS (µV + δV ) (µV + λ∗V )
. (5.3.12)

From equation (5.3.12), we conclude that the life span of cerccariae in the physical water envi-

ronment and the rate at which infected snails shed cercariae in the physical water environment
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reduce the endemic equilibrium. Thus, interventions intended to kill snails, particularly infected

snails reduce schistosomiasis transmission.

5.3.8 The Existence of the Endemic Equilibrium State

In this section we present some results concerning the existence of an endemic equilibrium or

constant solution for model system (5.3.9). To do this we shall make use of a threshold parame-

ter, which we have already denoted by R0.

Theorem 5.3. The model (5.3.9) formulated in terms of proportions has at least one endemic

equilibrium solution given by

E∗ = (S∗H , I
∗
H , S

∗
V , I

∗
V , P

∗
H ,W

∗
I ,W

∗
P , E

∗
H , E

∗
L, E

∗
W ,M

∗, P ∗W )

with S∗H , I
∗
H , S

∗
V , I

∗
V , P

∗
H ,W

∗
I ,W

∗
P , E

∗
H , E

∗
L, E

∗
W ,M

∗, P ∗W all non-negative, whose existence and

properties are determined by the threshold parameter R0 where

R0 =

√
NSγSβV ΛV

µV µMM0(µV + δV )
.

αC
αC + µC

.
αI

αI + µI
.
NPαP
αP + µP

.
αE

αE + µE
.

αL
αL + µL

.
NWαW
αW + µW

.
βH(ΛH − µH)

2P0µHµS
.

(5.3.1)

Proof. Let E∗ = S∗H , I
∗
H , S

∗
V , I

∗
V , P

∗
H ,W

∗
I ,W

∗
P , E

∗
H , E

∗
L, E

∗
W ,M

∗, P ∗W be a constant solution of

the model system (5.3.9) . We can easily express S∗H , I
∗
H , S

∗
V , P

∗
H ,W

∗
I ,W

∗
P , E

∗
H , E

∗
L, E

∗
W ,M

∗, P ∗W

in terms of I∗V in the form
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

S∗H(I∗V ) =
ΛH (P0µS + εNSγSI

∗
V )

µH (P0µS + εNSγSI∗V ) + βHNSγSI∗V
,

I∗H(I∗V ) =
1

µH + δH
.

βHΛHNSγSI
∗
V

µH (P0µS + εNSγSI∗V ) + βHNSγSI∗V
,

S∗V (I∗V ) =
ΛV (M0 + εQVZ

∗
V )

µV (M0 + εQVZ∗V ) + βVQVZ∗V
,

P ∗H(I∗V ) =
1

αC + µC
.
Z∗V

I∗H + 1
,

W ∗
I (I∗V ) =

1

αI + µI
.

αC
αC + µC

.
Z∗V

I∗H + 1
,

W ∗
P (I∗V ) =

1

2
.

1

αP + µP
.

αI
αI + µI

.
αC

αC + µC
.
Z∗V

I∗H + 1
,

E∗H(I∗V ) =
1

2
.

1

αE + µE
.
NPαP
αP + µP

.
αI

αI + µI
.

αC
αC + µC

.
Z∗V

I∗H + 1
,

E∗L(I∗V ) =
1

2
.

1

αL + µL
.

αE
αE + µE

.
NPαP
αP + µP

.
αI

αI + µI
.

αC
αC + µC

.Z∗V ,

E∗W (I∗V ) =
1

2
.

1

αW + µW
.

αL
αL + µL

.
αE

αE + µE
.
NPαP
αP + µP

.
αI

αI + µI
.

αC
αC + µC

.Z∗V ,

M∗(I∗V ) =
1

2
.

1

µM
.
NWαW
αW + µW

.
αL

αL + µL
.

αE
αE + µE

.
NPαP
αP + µP

.
αI

αI + µI
.

αC
αC + µC

.Z∗V ,

P ∗W (I∗V ) =
NSγSI

∗
V

µS

λ∗H(I∗V ) =
βHNSγSI

∗
V

P0µS + εNSγSI∗V
,

λ∗V (I∗V ) =
βVQVZ

∗
V

M0 + εQVZ∗V
,

(5.3.2)

where
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Z∗V =
βHNSγSI

∗
V

P0µS + εNSγSI∗V
.
(ΛH − µH)(P0µS + εNSγSI

∗
V )− βHNSγSI

∗
V

µH(P0µS + εNSγSI∗V ) + βHNSγSI∗V
and

QV =
1

2
.

1

µM
.
NWαW
αW + µW

.
αL

αL + µL
.

αE
αE + µE

.
NPαP
αP + µP

.
αI

αI + µI
.

αC
αC + µC

.

Substituting the expressions in (5.3.2) in the equation for IV which is given by

dIV
dt

= λV SV − (µV + δV )IV ,

at the endemic equilibrium we get:

I∗V
[
AI∗V

2 +BI∗V + C
]

= 0, (5.3.3)

where

A = (NSγS)2(βV + εµV )(µV + δV )QV

[
β2
V + εβH(ΛH − µH)

]
+ ε(NSγS)2(βV + εµH)(βV + εµV )(µV + δV ), (5.3.4)

B = (1−R2
0)P 2

0 µ
2
S + βH(ΛH − µH)NSγS(βV + εµV )(µV + δV )QV P0µS

+ P0µS(µV + δV )M0µVNSγS(βV + εµH) + β3
V (NSγS)2ΛVQV , (5.3.5)

and

C = (1−R2
0)P 2

0 µ
2
S(µV + δV )M0µVNSγSεµH . (5.3.6)

Equation (5.3.3) can be written in the form

A.I∗V
[
I∗V

2 + EV I
∗
V + FV

]
= 0, (5.3.7)

where EV =
B

A
and FV =

C

A
. Note that A > 0 for all values of R0 and C < 0 for R0 > 1 while

B can be positive or negative for R0 > 1.

Equation (5.3.7) gives I∗V = 0, which corresponds to the disease-free equilibrium point and
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I∗V =
1

2

[
−EV ±

√
E2
V − 4FV

]
> 0, (5.3.8)

for the endemic equilibrium. Since FV < 0 for R0 > 1, we can easily deduce from expression

(5.3.8) that only one positive endemic equilibrium exists for R0 > 1. Consequently, there exists

one unique endemic equilibrium for model system (5.3.9) whenever R0 > 1.

Apart from the fact that the endemic equilibrium values represented by expressions (5.3.2) as

well as expressions (5.3.1)-(5.3.12) synthesize important elements of human schistosomiasis

transmission processes, we note that the between-host endemic expressions for

S∗H , I
∗
H , S

∗
V , I

∗
V , E

∗
L, E

∗
W ,M

∗, P ∗W (5.3.9)

are determined by both within-host disease parameters and between-host disease parameters and

in turn, the within-host endemic expressions for

P ∗H ,W
∗
I ,W

∗
P , E

∗
H (5.3.10)

are also determined by both the within-host disease parameters and between-host disease pa-

rameters. This confirms the reciprocal influence of within-host and between-host transmission

dynamics of human schistosomiasis.

5.3.9 Local Stability of the Endemic Equilibrium

Theorem 5.3 has established the existence of a unique endemic equilibrium for model system

(5.3.9) without providing any information about its stability. We make use of a bifurcation ap-

proach to address this concern [97]-[102]. Center Manifold Theory has been used to determine

the local stability of a non-hyperbolic equilibrium (linearization matrix has at least one eigen-

value with zero real part) [97]-[102]. We now employ the Center Manifold Theory [101] to

establish the local asymptotic stability of the endemic equilibrium of model system (5.3.9).

In order to apply the Center Manifold Theory, we make the following simplifications and change

of variables. Let SH = x1, IH = x2, SV = X3, IV = x4, PH = x5, WI = x6, WP = x7,

EH = x8,EL = x9,EW = x10,M = x11 and PW = x12 so thatNH = x1+x2 andNV = x3+x4.

Further, by using the vector notation x = (x1, x2, x3, x4, x5, x6, x7, x8, x9, x10, x11, x12)T , model

system (5.3.9) can be written in the form
dx

dt
= F (x) with

F (x) = (f1, f2, f3, f4, f5, f6, f7, f8, f9, f10, f11, f12),
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such that



dx1

dt
= ΛH − λHx1 − µHx1,

dx2

dt
= λHx1 − (µH + δH)x2,

dx3

dt
= ΛV − λV x3 − µV x3,

dx4

dt
= λV x3 − (µV + δV )x4,

dx5

dt
= λhSh − (αC + µC)x5,

dx6

dt
= αCx5 − (αI + µI)x6,

dx7

dt
=

αI
2
x6 − (αP + µP )x7,

dx8

dt
= NPαPx7 − (αE + µE)x8,

dx9

dt
= IhαEx8 − (αL + µL)x9,

dx10

dt
= αLx9 − (αW + µW )x10,

dx11

dt
= NWαWx10 − µMx11,

dx12

dt
= NSγSx3 − µSx12,

(5.3.1)

where,

λH(t) =
βHx12(t)

P0 + εx12(t)
, λV (t) =

βV x11(t)

M0 + εx11(t)
. (5.3.2)

The method involves evaluating the Jacobian matrix of the system (5.3.1) at the disease-free

equilibrium E0 denoted by J(E0). The Jacobian matrix associated with equation system (5.3.1)
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at E0 is given by

J(E0) =



−µH 0 0 0 0 0 0 0 0 0 0 −βHΛH

P0µH

0 b1 0 0 0 0 0 0 0 0 0
βHΛH

P0µH

0 0 −µV 0 0 0 0 0 0 0 −βV ΛV

M0µV
0

0 0 0 b2 0 0 0 0 0 0
βV ΛV

M0µV
0

0 0 0 0 b3 0 0 0 0 0 0
βH(ΛH − µH)

P0µH
0 0 0 0 αC b4 0 0 0 0 0 0

0 0 0 0 0
αI
2

b5 0 0 0 0 0

0 0 0 0 0 0 NPαP b6 0 0 0 0

0 0 0 0 0 0 0 αE b7 0 0 0

0 0 0 0 0 0 0 0 αL b8 0 0

0 0 0 0 0 0 0 0 0 NWαW −µM 0

0 0 0 NSγS 0 0 0 0 0 0 0 −µS



,

(5.3.3)

where,



b1 = − (µH + δH),

b2 = − (µV + δV , )

b3 = − (αC + µC),

b4 = − (αI + µI),

b5 = − (αP + µP ),

b6 = − (αE + µE),

b7 = − (αL + µL),

b8 = − (αW + µW ).

(5.3.4)

From expression (5.3.16) the reproductive number of system (5.3.1) is

R0 =

√
NSγSβV ΛV

µV µMM0(µV + δV )
.

αC
αC + µC

.
αI

αI + µI
.
NPαP
αP + µP

.
αE

αE + µE
.

αL
αL + µL

.
NWαW
αW + µW

.
βH(ΛH − µH)

2P0µHµS
.

(5.3.5)
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Now let us consider βV = kβH , regardless of whether k ∈ (0, 1) or k ≥ 1 and let βH = β∗.

Taking β∗ as the bifurcation parameter and if we consider R0 = 1, and solve for β∗, we obtain

β∗ =

√
µV µMM0(µV + δV )

kNSγSΛV

.
αC + µC
αC

.
αI + µI
αI

.
αP + µP
NPαP

.
αE + µE
αE

.
αL + µL
αL

.
αW + µW
NWαW

.
2P0µHµS

(ΛH − µH)
.

(5.3.6)

Note that the linearized system of the transformed equations (5.3.1) with bifurcation point β∗ has

a simple zero eigenvalue. Hence, the Center Manifold Theory [101] can be used to analyze the

dynamics of (5.3.1) near βH = β∗.

In particular, Theorem 4.1 in Castillo-Chavez and Song [230], reproduced below as Theorem 5.4

for convenience, will be used to show the local asymptotic stability of the endemic equilibrium

point of (5.3.1) (which is the same as the endemic equilibrium point of the original system (5.3.9),

for βH = β∗ ).

Theorem 5.4. Consider the following general system of ordinary differential equations with

parameter φ:

dx

dt
= f(x, φ), f : Rn × R −→ R, f : C2(R2 × R), (5.3.7)

where 0 is an equilibrium of the system, that is f(0, φ) = 0 for all φ, and assume that

A1. A = Dxf(0, 0) = ((∂fi/∂xj)(0, 0)) is linearization of system (5.3.1) around the equilib-

rium 0 with φ evaluated at 0. Zero is a simple eigenvalue of A, and other eigenvalues of A

have negative real parts,

A2. matrix A has a right eigenvector u and a left eigenvector v corresponding to the zero

eigenvalue.

Let fk be the kth component of f and


a =

n∑
k,i,j=1

vkvivj
∂2fk
∂xi∂xj

(0, 0),

b =
12∑

k,i=1

vkvivj
∂2fk
∂xi∂φ

(0, 0).

The local dynamics of (5.3.1) around 0 are totally governed by a and b.
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i. a > 0, b > 0. When φ < 0 with |φ| � 1, 0 is locally asymptotically stable, and there exists

a positive unstable equilibrium; when 0 < φ� 1, 0 is unstable and there exists a negative

and locally asymptotically stable equilibrium.

ii. a < 0, b < 0. When φ < 0 with |φ| � 1, 0 is unstable; when 0 < φ � 1, 0 is locally

asymptotically stable, and there exists a positive unstable equilibrium;

iii. a > 0, b < 0. When φ < 0 with |φ| � 1, 0 is unstable, and there exists a locally

asymptotically stable negative equilibrium; when 0 < φ � 1, 0 is stable and a positive

unstable equilibrium appears;

iv. a < 0, b > 0. When φ changes from negative to positive, 0 changes its stability from

stable to unstable. Correspondingly a negative unstable equilibrium becomes positive and

locally asymptotically stable

In order to apply the above theorem, the following computations are necessary (it should be noted

that we are using β∗ as the bifurcation parameter, in place of φ in Theorem 5.4).

Eigenvectors of Jβ∗: For the case when R0 = 1, it can be shown that the Jacobian of (5.3.1) at

βH = β∗ (denoted by Jβ∗ ) has a right eigenvector associated with the zero eigenvalue given by

u = [u1, u2, u3, u4, u5, u6, u7, u8, u9, u10, u11, u12]T , where
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

u1 = − β∗

P0µH
.
ΛH

µH
,

u2 =
β∗

P0µH
.

ΛH

µH + δH
,

u3 = − µS(µV + δV )

NSγSµV
,

u4 =
µS
NSγS

,

u5 =
1

αC + µC
.
β∗(ΛH − µH)

P0µH
,

u6 =
1

αI + µI
.

αC
αC + µC

.
β∗(ΛH − µH)

P0µH
,

u7 =
1

2
.

1

αP + µP
.

αI
αI + µI

.
αC

αC + µC
.
β∗(ΛH − µH)

P0µH
,

u8 =
1

2
.

1

αE + µE
.

αP
αP + µP

.
αI

αI + µI
.

αC
αC + µC

.
β∗(ΛH − µH)

P0µH
,

u9 =
1

2
.

1

αL + µL
.
NPαP
αE + µE

.
αP

αP + µP
.

αI
αI + µI

.
αC

αC + µC
.
β∗(ΛH − µH)

P0µH
,

u10 =
1

2
.

1

αW + µW
.

αL
αL + µL

.
NPαP
αE + µE

.
αP

αP + µP
.

αI
αI + µI

.
αC

αC + µC
.
β∗(ΛH − µH)

P0µH
,

u11 =
1

2
.
NWαW
αW + µW

.
αL

αL + µL
.
NPαP
αE + µE

.
αP

αP + µP
.

αI
αI + µI

.
αC

αC + µC
.
β∗(ΛH − µH)

P0µHµM
=
R0HµS
µM

,

u12 = 1.

(5.3.8)

Further, the left eigenvector of J(E0) associated with the zero eigenvalue at βH = β∗ is given by

v = [v1, v2, v3, v4, v5, v6, v7, v8, v9, v10, v11, v12]T , where
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

v1 = 0,

v2 = 0,

v3 = 0,

v4 =
M0µV µM
βVNSγS

,

v5 =
1

2
.

αC
αC + µC

.
αI

αI + µI
.
NPαP
αP + µP

.
αE

αE + µE
.

αL
αL + µL

.
NWαW
αW + µW

,

v6 =
1

2
.

αI
αI + µI

.
NPαP
αP + µP

.
αE

αE + µE
.

αL
αL + µL

.
NWαW
αW + µW

,

v7 =
NPαP
αP + µP

.
αE

αE + µE
.

αL
αL + µL

.
NWαW
αW + µW

,

v8 =
αE

αE + µE
.

αL
αL + µL

.
NWαW
αW + µW

,

v9 =
αL

αL + µL
.
NWαW
αW + µW

,

v10 =
NWαW
αW + µW

,

v11 = 1,

v12 =
M0µV µM(µV + δV )

kβ∗ΛVNSγS
=

1

R0HS

.

(5.3.9)

Computation of bifurcation parameters a and b:
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The sign of a is associated with the following non-vanishing partial derivatives of F:

∂2f4

∂x3∂x11

=
∂2f4

∂x11∂x3

=
βV
M0

,

∂2f4

∂x2
11

= − 2εβV
M2

0
∂2f5

∂x1∂x12

=
∂2f5

∂x12∂x1

=
βH
P0

,

∂2f5

∂x2
12

= − 2βHε(ΛH − µH)

P 2
0 µH

.

∂2f5

∂x2∂x12

=
∂2f5

∂x12∂x2

= −βHε(ΛH − µH)

P0µH
,

∂2f9

∂x2∂x8

=
∂2f9

∂x8∂x2

= αE.

(5.3.10)

Substituting equatin (5.3.10) into equation (5.3.8), we get

a = −2R0Hµ
2
S

M0µM

[
kβ∗ΛV + εR2

0µ
2
V

R0HSΛV µV

]
− 2R0Hµ

2
S

P0

[
β∗ΛH

µH(ΛH − µH)
+ ε

]
,

= −2R0Hµ
2
S

[
kβ∗ΛV + εR0µ

2
V

M0µV µMΛVR0HS

+
β∗ΛH + εµH(ΛH − µH)

P0µHµS(ΛH − µH)

]
< 0. (5.3.11)

For the sign of b, it is associated with the following non-vanishing partial derivatives of F ,


∂2f4

∂β∗∂x11

=
kΛV

M0µV
,

∂2f5

∂β∗∂x12

=
ΛH − µH
P0µH

.

(5.3.12)

It follows from the above expression that

b =
2R0H

β∗
> 0. (5.3.13)

Thus, a < 0 and b > 0. Using Theorem 5.4, item (iv), we have established the following result

which only holds for R0 > 1 but close to 1:
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Theorem 5.5. The unique endemic equilibrium guaranteed by Theorem 5.4 is locally asymptot-

ically stable for R0 > 1 near 1.

5.4 The Effect of Environment on Schistosomiasis transmis-

sion dynamics

The model system (5.3.9) presented in this work does not explicitly incorporate environmental

factors such as the effect of climatological environment. But with minor modifications, the model

can incorporate climate change. First consider the two forces of infection which appear in model

system (5.3.9) which are

λH(t) =
βHPW (t)

P0 + εPW (t)
, (5.4.1)

and

λV (t) =
βVM(t)

M0 + εM(t)
. (5.4.2)

Then consider the water level in which cercariae, miracidia and snails live and where infections

of both humans and snails take place. Assume that the water volume can be described by the

following ordinary differential equation:

dW

dt
= P + S −DW. (5.4.3)

where P is precipitation, S is water flow rate upstream into the site of infection and D is drainage

rate of water downstream from the site of infection per volume of water W . Using the volume of

water, W , we can modify the two previous forces of infection to become:

λH(t) =
βHPW (t)

KHW + εPW (t)
, (5.4.4)

and

λV (t) =
βVM(t)

KVW + εM(t)
. (5.4.5)

where KA and KV are constants that re-scale water volume so that transmission of infection

from the water to humans and snails occurs at 50% of the maximum rate of KHW and KVW

respectively. In the absence of seasonal variations in water flow or precipitation, the equilibrium

water level becomes:
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W ∗ =
P + S

D
. (5.4.6)

Thus, in the absence of seasonal variations in water flow and precipitation, the two forces of

infection become:

λH(t) =
βHPW (t)

KHW ∗ + εPW (t)
. (5.4.7)

λV (t) =
βVM(t)

KVW ∗ + εM(t)
. (5.4.8)

and if we define

KHW
∗ = P0, KVW

∗ = M0, (5.4.9)

then, we are back to original model equations (5.3.9), and all the results we have obtained so

far and in particular equilibrium solutions and the reproductive number remain the same except

that P0 and M0 are now given a new interpretation in those results of re-scaled water volume in

which infection of both humans and snails occur. With this new interpretation of P0 and M0 and

the results obtained from the analysis of the model, we make the following deductions:

a. The forces of infection λH and λV , are inversely proportional to P0 and M0 respectively.

Therefore, the force of infection experienced by humans and snails is higher when water

levels are low, than when they are high.

b. The reproductive number R0, is inversely proportional to P0 and M0. Therefore, schisto-

somiasis outbreaks in regions close to rivers, streams and ponds are in constant tension be-

tween temperatures, which tend to stimulate growth of the free-living infective pathogens

in the physical water environment (cercariae and miracidia), and increased water volumes,

which tend to buffer infections.

5.5 Numerical Simulations

In this section, we present numerical simulations of model system (5.3.9) in order to illustrate

some of the analytical results obtained in this chapter.
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5.5.1 Methods

The numerical simulations were done using a set of within-host and between-host parameters

in tables 5.2, 5.3 and 5.4 and initial values given in table 5.1 . The values of the model param-

eters are either from published literature or from estimations as values of some parameters are

generally not reported in literature. For those parameters which are not reported in literature,

their values were only indirectly approximated from inferences reported in the published litera-

ture. The model system (5.3.9) is simulated using Python version V2.6 on the Linux operating

systems. We used the odeint function in the scipy.integrate package in python.

Para-
meter

Meaning Initial
Value

Range
explored

Units Source/

Rational
ΛH Supply of susceptible hu-

mans

800 800-1600 humans

day−1

Assumed

ΛV Supply of susceptible

snails

2500 2500-5000 snails

day−1

Assumed

µH Natural death rate of hu-

mans

0.0000384 0.0000384-

0.14

day−1 [93]

µV Natural death rate of snails 0.0014 0.000569-0.9 day−1 [85]

δH Disease induced death rate

of humans

0.0013699 0.0039-0.039 day−1 [90]

δV Disease induced death rate

of snails

0.002 0.002-0.05 day−1 [82]

βH Maximum exposure rate of

Humans

0.028 0.028-0.122 day−1 [82]

βV Maximum exposure rate of

Snails

0.000127 0.000127-

0.0012

day−1 [82]

Table 5.2: Between-host parameter values for model system (3.9).
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Para-
meter

Description Initial
Value

Range
explored

Units Source/

Rational

αC Migration rate of cercariae

from skin to lung

0.33 0.33-0.997 day−1 Assumed

µC Natural death rate of cer-

cariae

0.003 0.003-0.004 day−1 Assumed

αI Migration rate of imma-

ture worms from skin to

lungs

0.0004 0.0004-0.4 day−1 Assumed

µI Natural death rate of im-

mature worms

0.000685 0.0005-0.5 day−1 [91]

αP Migration rate of mature

worms from skin to lungs

0.0004 0.0004-0.4 day−1 Assumed

µP Natural death rate of ma-

ture worms

0.000183 0.000183−
0.0003

day−1 [88]

NP Numbers of eggs produced 300 300 - 2000 worm−1

day−1

[84]

αE Excretion rate of eggs into

environment

0.0004 0.0004-0.4 day−1 Assumed

µE Natural death rate of eggs

worms

0.0025 0.000685-

0.005

day−1 [92]

Table 5.3: Within-host parameter values for model system (3.9).
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Para-
meter

Description Value Range
explored

Units Source/

Rational
µL Death rate of eggs on land 0.2 0.142857−0.5 day−1 [45]

αW Rate at which eggs hatch in

water

0.05 0.05-0.0625 day−1 [83]

µW Death rate of eggs in water 0.11 0.11-0.833 day−1 [83]

NW Number of miracidia pro-

duced from each worm egg

110 110-500 day−1 [83]

µM Death rate of miracidia 2.2 2-2.66 day−1 [83]

γS Rate at which infected

snails become cercariae

shedding

0.02 0.0119− 0.04 day−1 [82]

µS Rate at which cercariae die 0.4 0.33 - 0.5 day−1 [91], [82]

NS Number of cercariae pro-

duced

4128 2476-8400 snail−1

day−1

[82]

M0 Saturation constant of

miracidia

108 104 − 1010 − Assumed

P0 Saturation constant of cer-

cariae

1010 104 − 1010 − Assumed

ε Limitation of growth ve-

locity of cercariae with the

increase of cases

1 − − [87]

Table 5.4: Environmentally transmitted pathogens and their associated environmental parameter

values for model system (3.9).

5.5.2 Results

In the following, we present the results of the simulations for model system (5.3.9 in graphical

form.
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Figure 5.3: Simulations of model system (5.3.9) showing the evolution with time of (a) top left:

infected humans, (b) top right: infected snails, (c) bottom left: miracidia in the physical water

environment, and (d) bottom right: cercariae in the physical water environment for different

values of rate of excretion of worm eggs by an infected human, αE : αE = 0.005, αE = 0.0039

and αE = 0.3.

Figure 5.3 illustrates the solution profiles of the population of (a) Top left: Infected humans (IH),

(b) Top right: Infected snails (IV ) (c) bottom left: Miracidia (M ) in the physical water environ-

ment, and (d): bottom right: cercariae (PW ) in the physical water environment for different values

of excretion rate of worm eggs into physical land environment αE: αE = 0.005, αE = 0.0039

and αE = 0.3. The results demonstrate a correlation between within-host disease processes and

between-host disease transmission. In particular, the results show that higher rates of worm eggs

excretion results in increased populations of infective parasites (miracidia and circariae) in the

physical water environment and a noticeable increase in infected snails. Therefore, improvement

in individual sanitation (which reduce environmental contamination with worm eggs) are good
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for the community because they reduce the risk of human schistosomiasis transmission to the

general public.
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Figure 5.4: Simulations of model system (5.3.9) showing the evolution with time of (a) top left:

infected humans, (b) top right: infected snails, (c) bottom left: miracidia in the physical water

environment, and (d) bottom right: cercariae in the physical water environment for different

values of natural death rate of worm eggs, µE : µE = 0.000685, µE = 0.0025 and µE = 0.005.

Figure 5.4 illustrates the solution profiles of the population of (a) Top left: Infected humans (IH),

(b) Top right: Infected snails (IV ) (c) bottom left: Miracidia (M ) in the physical water envi-

ronment and (d): bottom right: cercariae (PW ) in the physical water environment for different

values of natural death of worm eggs µE: µE = 0.000685, µE = 0.0025 and µE = 0.005. The

numerical results show that the within-host process of death of worm eggs affect transmission of

the disease in the population. Increased death of worm eggs reduces transmission of the disease

at population level. Therefore, immune mechanisms which enhance the killing of worm eggs

within an infected individual reduce transmission risk of the disease within a community.
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Figure 5.5: Graphs of numerical solutions showing propagation of (a) top left: infected humans,

(b) top right: infected snails, (c) bottom left: miracidia in the physical water environment, and

(d) bottom right: cercariae in the physical water environment for different values of natural death

rate of immature worms, µI : µI = 0.000685, µI = 0.0005 and µI = 0.5.

Figure 5.5 shows graphs of numerical solutions showing propagation of (a) Top left: Infected

humans (IH), (b) Top right: Infected snails (IV ) (c) bottom left: Miracidia in the physical water

environment, and (M ) in the physical water environment and (d): bottom right: cercariae (PW )

in the physical water environment for different values of natural death of immature worms µI :

µI = 0.000685, µI = 0.0005 and µI = 0.5. The results in Figure 5.5 show that an increase in

the death rate of immature worms within an infected individual reduces the transmission risk of

human schistosomiasis at population level. Therefore immune mechanisms which kill immature

worm within an infected individual have an epidemiological influence on human schistosomiasis

transmission.
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Figure 5.6: Graphs of numerical solutions showing propagation of (a) top left: infected humans

IH , (b) top right: infected snail hosts IV , (c) bottom left: miracidia in the physical water en-

vironment, and (d) bottom right: cercariae in physical water environment for different values

of the rate of mature worm fecundity within an infected human, NP : NP = 300, NP = 600,

NP = 1200 and NP = 2000.

Figure 5.6 shows graphs of the numerical solutions of (a) Top left: Infected humans (IH), (b) Top

right: Infected snails (IV ) (c) bottom left: Miracidia in the physical water environment, and (d):

bottom right: cercariae (PW ) in the physical water environment for different values of mature

worm fecundity Np, within a single infected human host: NP = 300, NP = 600, NP = 1200

and NP = 2000. We observe from Figure 5.6 that an increase in production worm eggs per day

by each worm pair of mature worms increases the transmission risk of human schistosomiasis.

Therefore, immune mechanisms which reduce worm fecundity within an infected individual

reduce the transmission risk of human schistomiasis in the community.
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Figure 5.7: Graphs of numerical solutions showing propagation of (a) top left: immature worms

within an infected human (WI ), (b) top right: mature worms within an infected human (WP ), (c)

bottom left: worm eggs within an infected human (EH ), and (d) bottom right: cercariae within

an infected human (PH ), for different values of the infection rate of humans by cercariae, βH :

βH = 0.028, βH = 0.075 and βH = 0.122 .

Figure 5.7 shows graphs of numerical solutions showing propagation of (a) top left: immature

worms within an infected human (WI), (b) top right: mature worms within an infected human

(WP ), (c) bottom left: worm eggs within an infected human (EH), and (d) bottom right: cer-

cariae within an infected human (PH), for different values of the infection rate of humans by

cercariae, βH : βH = 0.028, βH = 0.075 and βH = 0.122 . The results show qualitatively

the influence of between-host disease process on within-host schistosomiasis infection intensity.

In this case, as transmission rate of between-host increases, the within-host infection intensity

of schistosomiasis also increases. The numerical results demonstrate that the transmission of

disease at the population level influence the dynamics within an infected individual. Therefore,
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human behavioural changes which reduce contact with infected water bodies reduces the infec-

tion intensity at individual level. Equally, good sanitation practices by the community which

reduce contamination of water bodies reduce the intensity of infection at individual level.

Figure 5.8: Graphs of numerical solutions showing propagation of (a) top left: immature worms

within an infected human (WI ), (b) top right: mature worms within an infected human (WP ), (c)

bottom left: worm eggs within an infected human (EH ), and (d) bottom right: cercariae within

an infected human (PH ), for different values of the infection rate of snails by miracidia, βV :

βV = 0.000127, βV = 0.000664 and βV = 0.0012 .

Figure 5.8 illustrates graphs of numerical solutions showing propagation of (a) top left: immature

worms within an infected human (WI), (b) top right: mature worms within an infected human

(WP ), (c) bottom left: worm eggs within an infected human (EH), and (d) bottom right: cercariae

within an infected human (PH), for different values of the infection rate of snails by miracidia,

βV : βV = 0.000127, βV = 0.000664 and βV = 0.0012 .
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The numerical results in 5.8 illustrate that an increase in the rate of infection of snails by

miracidia increases the infection intensity at individual level for humans. This demonstrates

the influence of between-host disease transmission parameters on within-host infection intensity.

Therefore, public health interventions intended to reduce transmission risk of human schisto-

somiasis to snails also reduce the disease intensity with an infected individual. The numerical

results in Figure 5.8 show direct relationship between population level transmission of the disease

and the within-host infection intensity.

Figure 5.9: Graphs of numerical solutions showing propagation of (a) top left: immature worms

within an infected human (WI ), (b) top right: mature worms within an infected human (WP ), (c)

bottom left: worm eggs within an infected human (EH ), and (d) bottom right: cercariae within

an infected human (PH ), for different values of natural death rate of snails, µV : µV = 0.000596,

µV = 0.0014, µV = 0.8 and µV = 0.9 .

Figure 5.9 illustrates graphs of numerical solutions showing propagation of (a) top left: im-

mature worms within an infected human (WI), (b) top right: mature worms within an infected
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human (WP ), (c) bottom left: worm eggs within an infected human (EH), and (d) bottom right:

cercariae within an infected human (PH), for different values of natural death rate of snails, µV :

µV = 0.000596, µV = 0.0014 and µV = 0.9. The numerical results in Figure 5.9 show direct

relationship between public health interventions intended to reduce snail population and infec-

tion intensity within an infected individual. This is in agreement with analytical results which

show influence of between-host disease parameters on within-host disease processes. Here the

numerical results show that the death of snails µV , reduce the intensity of the disease with an

infected individual. Therefore, public health interventions intended to kill snails have beneficial

effect on an individual through reduced infection intensity.

Figure 5.10: Graphs of numerical solutions showing propagation of (a) top left: immature worms

within an infected human (WI ), (b) top right: mature worms within an infected human (WP ), (c)

bottom left: worm eggs within an infected human (EH ), and (d) bottom right: cercariae within

an infected human (PH ), within a single infected human, for different values of recruitment rate

of new susceptible humans, ΛH : ΛH = 800, ΛH = 1000 and ΛH = 1600.
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Figure 5.10 shows graphs of numerical solutions showing propagation of (a) top left: immature

worms within an infected human (WI), (b) top right: mature worms within an infected human

(WP ), (c) bottom left: worm eggs within an infected human (EH), and (d) bottom right: cer-

cariae within an infected human (PH), within a single infected human, for different values of

recruitment rate of new susceptible humans, ΛH : ΛH = 800, ΛH = 1000 and ΛH = 1600.

We note from Figure 5.10 that the supply of new human susceptibles increases the intensity of

infection of an infected individual. This again confirms the influence of between-host disease

parameters on within-host disease processes. But overall, the numerical results presented in

this section show bi-directional influence of within-host and between-host disease parameters on

human schistosomiasis transmission.

5.6 Summary

In this chapter, we developed a mathematical modelling framework for linking the within-host

and between-host dynamics of infections that are environmentally trasmitted. The resulting

linked models are sometimes called immuno-epidemiological models. However, there is still

no generalized framework for linking the within-host and between-host dynamics of infectious

diseases. Furthermore, for environmentally trasmitted pathogens in the environment, there is

an additional stumbling block in that there is a gap in knowledge on how environmental factors

(through water, air, soil, food, formites, etc.) alter many aspects of such infections including

susceptibility to infective dose, persistence of infection, pathogen shedding and severity of the

disease. In this work, we link the two subsystems (within-host and between-host models) by

identifying the within-host and between-host variables and parameters associated with the envi-

ronmental dynamics of the pathogen and then design a feedback of the variables and parameters

across the within-host and between-host models using human schistosomiasis as a case study.

We studied the mathematical properties of the linked model and show that the model is epidemi-

ologically well-posed. Using results from the analysis of the endemic equilibrium expression,

the disease reproductive number R0, and numerical simulations of the full model, we adequately

account for the reciprocal influence of the linked within-host and between-host models. In par-

ticular, we illustrate that for human schistosomiasis, the outcome of infection at the individual

level determines if, when and how much the individual host will further transmit the infectious

agent into the environment, eventually affecting the spread of the infection in the host population.

We expect the conceptual modelling framework developed here to be applicable to many infec-

tious diseases that are environmentally trasmitted beyond the specific disease system of human

schistosomiasis considered here.
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Conclusions and Future Research
Directions

6.1 Conclusions

In this study, we developed multi-scale models based on two representative vector-borne dis-

eases, namely; schistosomiasis which represents all environmentally transmitted vector-borne

diseases and malaria which represents all directly transmitted vector-borne diseases. We estab-

lished new mathematical modelling frameworks that we used to illustrate their applications in

control of vector-borne diseases. Traditionally, vector-borne diseases have been modelled at a

single scale level, that is, at the population level also known as between-host level. These models

fail to account for a broader spectrum of vector-borne diseases systems replication and trans-

mission dynamics (between-host and within-host levels) concurrently. As such, we followed

multi-scale modelling approach that enabled us to concurrently account for between-host and

within-host vector-borne disease dynamics. We started by developing single scale sub-models

for the two representative vector-borne diseases and later integrated them into a single multi-scale

models. The obtained multi-scale models are coupled and embedded types.

To be more specific, in Chapter 2 we developed a multi-scale model based on integrating four
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sub-models which are: (i) a sub-model for the mosquito-to-human transmission of malaria para-

site; (ii) a sub-model for the human-to-mosquito transmission of malaria parasite; (iii) a within-

mosquito malaria parasite population dynamics sub-model and (iv) a within-human malaria par-

asite population dynamics sub-model. Thus, we established an uni-directionally coupled multi-

scale model where the within-human and within-mosquito sub-models are uni-directionally cou-

pled to the human-to-mosquito and mosquito-to-human sub-models, respectively. This was

achieved based on the assumption that the transmission parameters of malaria in the mosquito-

to-human sub-model is a function of vector population, changing in time, t and sporozoite pop-

ulation, changing in time, s making it possible for us to talk in terms of community level of

infectiousness. Thus, by assuming that individual mosquitoes and humans are small homoge-

neous and unevenly distributed habitats for malaria parasites in the community we developed

a multi-scale model which describes the mechanics of malaria transmission in a community in

terms of the complete parasite life cycle. The result is a simple multi-scale model which de-

scribes the mechanics of malaria transmission in terms of the major components of the complete

malaria parasite life-cycle. This multi-scale modelling approach may be found useful in guiding

malaria or any other directly transmitted vector-borne diseases control and elimination.

In Chapter 3, we used the multi-scale model developed in Chapter 2 to compare the effective-

ness of malaria treatment and preventive interventions in terms of three different viewpoints: (i)

the interventions targeted at the human host using community gametocyte as the indicator of in-

tervention effectiveness; (ii) the interventions targeted at the mosquito vector using community

sporozoite as the indicator of intervention effectiveness; and (iii) the impact of interventions on

overall disease dynamics using disease reproductive number as the indicator of intervention ef-

fectiveness. The results showed that of the two components of ACT (killing of merozoites effect,

and killing of gametocytes effect), treatments that kill gametocytes at individual level have a

higher comparative effectiveness than those that kill merozoites at population/community level.

The results also showed that among the three components of LLTNs which are targeted at the

mosquito vector ( killing of mosquitoes effect; repelling of mosquitoes effect and protection of

host from mosquito bites effect), repellency effect of LLTNs and protective effect of LLTNs have

a higher comparative effectiveness than the killing of mosquito effect. This result also provided a

proof-of-principle about the public health benefits of treatment as prevention (TasP) as an impor-

tant preventive intervention for malaria. In general, the use of TasP as a preventive intervention

measure for any infectious disease is based on the fact that the transmission of an infectious dis-

ease system can be prevented by treating infected individuals so that they become less likely to

transmit the infection to others. Since the treatment of malaria operates at within-host scale while

other malaria interventions such as long-lasting insecticide treated nets operate at between-host

scale, mathematical models that link the within-host scale and the between-host scale can be
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useful in evaluating the comparative effectiveness of malaria transmission preventive measures

are done at different scale domains of the infectious disease system. Although the focus was on

one of the most important vector-borne disease malaria, the framework is robust enough to be

applied to many other vector-borne diseases that have a direct transmission mode.

In Chapter 4, we developed a sub-model that monitors the transmission dynamics of schistosome

parasites in three different environments, namely, physical water environment, physical land en-

vironment and within infected snail and human hosts. Snail and schistosome parasite populations

as well as human population are modelled mechanistically whereas parasite in human and snail

biological environments are modelled phenomenologically. The model incorporated man-made

and natural control measures. Man-made control mechanisms include vector-control; treatment;

improved sanitation associated with construction and toilets usage; good hygienic practices and

providing endemic communities with human waste disposal systems and conducting health ed-

ucation campaigns whereas natural control mechanisms include extreme weather changes. The

sensitivity analysis results indicated that the reproductive number is most sensitive to snail mor-

tality rate. Increasing snail mortality rate by 10% lead to a decline in the reproductive number,

R0 by 7%, implying that more effort has to focus on killing infected snails. It is also noted that

increasing the natural death rates and parasites saturations, lead to a decline in R0, though in-

creasing either of these rates is neither practical nor ethical. Such natural control mechanisms can

be the option in this case though their occurrence cannot be predicted. Other sensitive parameters

include all that are associated with the disease transmission, recruitment rates, eggs on the land

and in the water environments and parasites within infected hosts. Increasing either of theses

rates by 10% leads to an increase in the R0 by 5%. Since there is a direct relationship between

R0 and these rates, it implies that also decreasing either of the rates by 10% will eventually lead to

a decrease in the R0 by 5%. In this case, man-made control mechanisms can be applied in reduc-

ing the transmission of schistosome parasites. These results were confirmed numerically and that

if man-made control mechanisms are simultaneously implemented, in particular, vector-control,

treating infected individuals, conducting health education campaigns and improving sanitation.

The same implies when health education campaigns and improved sanitation associated with

construction and toilets usage are implemented. The sub-model can be useful in evaluating the

comparative effectiveness of schistosomiasis interventions at the between-host/population level

only.

Finally, in Chapter 5 we extended the sub-model in Chapter 4 without schistosomiasis inter-

ventions by linking the within-host and between-host sub-models after identifying the within-

host and between-host variables and parameters associated with the environmental dynamics of
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the pathogen and then designing a feedback of the variables and parameters across the within-

host and between-host models. The resulting linked models are sometimes called immuno-

epidemiological models. However, there is still no generalized framework for linking the within-

host and between-host dynamics of infectious diseases. Furthermore, for infections that are envi-

ronmentally trasmitted, there is an additional stumbling block in that there is a gap in knowledge

on how environmental factors (through water, air, soil, food, formites, etc.) alter many aspects of

such infections including susceptibility to infective dose, persistence of infection, pathogen shed-

ding and severity of the disease. We linked the two subsystems (within-host and between-host

models) by identifying the within-host and between-host variables and parameters associated

with the environmental dynamics of the pathogen and then designed a feedback of the variables

and parameters across the within-host and between-host sub-models using human schistosomi-

asis as a representative for environmentally transmitted vector-borne diseases. We studied the

mathematical properties of the multi-scale model and showed that the model is epidemiologi-

cally well-posed. Using results from the analysis of the endemic equilibrium state, the disease

reproductive number R0, and numerical simulations of the full model, we adequately accounted

for the reciprocal influence of the linked within-host and between-host models. In particular,

we illustrated that for human schistosomiasis, the outcome of infection at the individual level

determines if, when and how much the individual host will further transmit the infectious agent

into the environment, eventually affecting the spread of the infection in the host population. We

expect the conceptual modelling framework to be applicable to many infectious diseases that are

environmentally trasmitted beyond the specific disease system of human schistosomiasis consid-

ered here.

The major innovations of this study are as follows: (i) The establishment of an infectious dis-

ease modelling science base for directly transmitted vector-borne diseases which is compara-

ble to an existing modelling science base for environmentally transmitted vector-borne diseases

where pathogen load in the environment is explicitly incorporated into the multi-scale model;

(ii) the establishment of comparative effectiveness of malaria treatment and preventive interven-

tions technique in terms of a number of viewpoints and (iii) The adoption of a linked modelling

framework of the within-host and between-host dynamics of infectious diseases while the build-

ing blocks are specific to human schistosomiasis, the framework approach is general and is in

principle reproducible with other infectious diseases that are environmentally transmitted.
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6.2 Future Research Directions

Since the work in this study is a basis for future work, there are a variety of vector-borne disease

systems aspects that are not considered. As such, future research directions can take into account

the following aspects:

• The multi-scale model for environmentally transmitted vector-borne diseases can be ex-

tended by explicitly incorporating pathogen load in the physical land and within-human

concurrently. The model can further be extended by incorporating interventions that target

both the within-host and between-host disease dynamics. This will results into immuno-

epidemiological multi-scale model.

• The main risk of vector-borne diseases include climate variations, certain human activities

as well as movements of animals, people and goods. This is because human life depends

on the earth’s climate system. That is, the interactions of the oceans, atmosphere, terrestrial

and marine bioshperes, chrospheres and land surface determine the earth’s surface climate

change [12]. Therefore the two multi-scale models developed in this study can be extended

by incorporating climate change aspects though their occurrence is unpredictable.

• The two multi-scale models can be extended by incorporating pathogens life cycles. This

will assist in identifying whether to implement the interventions either during the disease

replication phase or during the disease transmission phase.

• It is also imperative to take cost effectiveness into consideration when designing and im-

plementing vector-borne diseases interventions. The two models may be extended by in-

corporating cost effectiveness focusing on a specific endemic area.

• It is also possible that there can be a series of hosts being infected by one pathogen or the

other way round. This is another aspect that can be incorporated in our multi-scale models.
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