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ABSTRACT 

 

The fast-growing energy generation from renewable sources such as solar, wind, and 

waves is calling for reliable energy storage technologies with high energy density, high 

power, and low cost, because the energy harvested from these renewable energy 

sources is intermittent. Currently, the leading technology in energy storage is the 

lithium-ion battery (LIB), While lithium possesses numerous electrochemical 

advantages that make it a critical component in modern energy storage technologies, 

its continued viability is increasingly challenged by the rapid depletion of accessible 

lithium reserves and its uneven geographical distribution, which pose significant 

constraints on sustainable and equitable resource utilization. The development of 

electric vehicles and plug-in hybrid electric vehicles has raised everybody’s 

expectations as well as requirements for the materials employed. That is why there is 

an urgency to find alternative technologies which would replace LIBs. In search of 

alternative technology, sodium-ion batteries are a promising solution for large-scale 

electrochemical energy storage, owing to their low cost, materials abundance, good 

reversibility, and decent energy density. For sodium-ion batteries to achieve 

comparable performance to current lithium-ion batteries, significant improvements are 

still required in cathode, anode, and electrolyte materials. In this study, first- principles 

method based on the density functional theory was used to investigate the structural, 

electronic, mechanical and thermodynamics properties of Na intercalated electrode 

material NaxMnO2 electrode materials doped with Titanium (Ti) and Zinc (Zn) using 

random substitution doping method. The investigation was based on the effect of Na 

atom de-intercalation on the 2 X 1 X 1 NaxMn0.5Ti0.5O2 and 2 X 1 X 1 NaxMn 0.5Zn 

0.5O2 supercells. The effects of dopants Ti and Zn on the NaXMnO2 stretch the lattice 
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parameters, resulting in volume expansion, this is because the atomic radii of the 

dopants are not the same as those of the host Mn. The electronic properties of the two 

doped systems show that the band gap is reduced by the effect of the dopants. The 

calculated elastic constants for the NaxMn0.5Ti0.5O2 and NaxMn0.5Zn0.5O2 bulk 

structures, as well as the NaxMn0.5Ti0.5O2 and NaxMn0.5Zn0.5O2 supercells, indicate 

mechanical stability for this compound as they meet the monoclinic structure 

mechanical stability criterion. In further investigation, the voltage window for the Ti-

doped system was found to be between 3.410 V and 4.132 V. We found the voltage 

window for the Zn-doped system to lie between 2.221 V and 4.337 V. The calculated 

formation energies are negative, indicating that the material is thermodynamically 

stable and potentially amenable to synthesis under standard conditions. This inherent 

stability, coupled with favorable electrochemical characteristics such as appropriate 

voltage profiles, sufficient capacity, and adequate ionic conductivity, positions the 

material as a promising candidate for cathode applications in sodium-ion batteries. 

Furthermore, the cluster expansion formalism was used to investigate the NaxMnTiO2 

and NaxMnZnO2 phase stabilities. The method determines stable multi-component 

crystal structures and ranks metastable structures by the enthalpy of formation while 

maintaining the predictive power and accuracy of first-principles density functional 

methods. The findings predict that all nickel-doped LMO structures on the ground state 

line are most likely stable. Relevant structures are NaMnO2, NaTiO2, NaTiMn2O2 and 

NaTi2MnO2 for NaxMnTiO2 CE-predicted structures and NaMnO2, NaZnO2, 

Na3Mn2ZnO6, Na6MnZn5O12, Na6Mn2Zn4O12, Na2MnZnO4 and Na5Mn4ZnO10 for 

NaxMnZnO2 CE-predicted structures.  They were selected based on how well they 

weighed the cross-validation score (CVs) of 1.7 meV for NaxMnTiO2 CE-predicted 

structures and 1.9 meV NaxMnZnO2 CE-predicted structures, which is a statistical way 



   
 

vi 
 

of describing how good the cluster expansion is at predicting the energy of each stable 

structure. Although the structures have different symmetries and space groups, they 

were further investigated by calculating the structural, electronic, mechanical, and 

thermodynamical properties. The results show that all CE-predicted structures have a 

wide diffusion compared to the parent structure (NaMnO2). The reduction of band gap 

was also observed which give evidence that the structures are becoming metals and 

have an improved conductivity. The results showed that all the predicted structures 

met the stability requirements for monoclinic structures and were stable in terms of 

thermodynamics. For Ti-doped systems, the ductility was only observed on NaTiMn2O2 

CE-predicted structure NaMnO2 doped with Zn found to be ductile which implies that 

these materials can bend without deformation, resulting in fewer cracks during battery 

operation. This study enhances the fundamental understanding of dopant-induced 

effects on NaMnO₂-based cathode materials, providing a prospective option to 

improve Na⁺ mobility, electrical conductivity, and structural stability. It presents a 

comprehensive analysis of the beneficial effects of Ti and Zn doping in the 

enhancement of sodium-ion battery performance. It provides the theoretical 

framework that underpins   the development of advanced, cost-effective, economical, 

and thermally stable cathode materials which are crucial  large-scale energy storage 

applications. 
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CHAPTER 1 

1. Introduction  

1.1. General Introduction  

Owing to the pressing issues of climate change, depletion of fossil deposits, coupled 

with adverse pollution caused by the massive consumption of fossil fuels, there is an 

urgent demand to shift to green and sustainable energy sources such as solar, wind, 

and tidal power. However, complete utilization of these renewable energy sources 

requires affordable and highly efficient stationary energy storage systems due to the 

inherently fluctuating nature of electricity generated by the sources. Rechargeable 

batteries are found to be the best candidate to store energy generated from the 

different renewable energy technologies since they can be used many times [1]. 

Since the first commercialization of lithium-ion batteries (LIBs) in 1991, the use of LIB 

has rapidly penetrated daily life for their use in portable electronic devices [2-5]. 

Compared to other types of rechargeable battery systems, LIBs exhibit superb 

performance in terms of energy density [5-8]. Small and light battery packages have 

enabled the worldwide use of portable electronics (e.g., laptops, cellular phones, MP3 

players, cameras, etc.) for the past decades. In recent years, driven by the increased 

desire for ‘green’ technologies, the use of LIBs has expanded from portable electronics 

to large scale applications such as in electric vehicles (EVs) and hybrid electric 

vehicles (HEVs) [5]. However, there is a concern that the amount of the lithium (Li) 

resources that are buried in the Earth’s crust would not be sufficient to satisfy the ever-

growing demands of LIBs [9]. While there is ample evidence that this is no cause for 

immediate concern, a very large market share of electric vehicles can put a strain on 

Li production capability [10]. According to a Japanese report published in 2010, about 
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7.9 million tons of metallic Li will be required when 50% of the oil-driven cars in the 

world are replaced by electric vehicles [9,11]. Sodium, the second smallest and -

lightest alkali metal element (just below lithium in the periodic table), is one of the most 

abundant elements in the ocean and Earth's crust, as shown in Figure 1.1. This means 

that Na supplies are almost infinite and most importantly are of low cost. More striking 

is the fact that sodium has similar chemical properties as lithium, since they are in the 

same group in the periodic table, the chemical potential difference of the alkali-ion (Li 

or Na) between two electrodes (anode and cathode) creates a voltage on the cell. 

During charging and discharging, the alkali ions shuttle back and forth between the 

two electrodes. This is the reason why rechargeable sodium-ion batteries (SIBs) have 

recently attracted a great deal of attention as a promising alternative to lithium-ion 

batteries for large-scale applications [12-14]. 

 

Figure 1. 1: Illustration of the elemental abundance in the Earth’s crust [13]. 
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However, even though sodium displays similar electrochemical nature to lithium, the 

larger ionic radius, mass and reduction potential of Na+ than Li+ is a crucial factor to 

the performance of SIB electrodes, see performance related properties listed in Table 

1.1. 
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Table 1. 1: Comparison between lithium and sodium alkali metals.  

Category  Lithium Ion Sodium Ion 

Relative atomic mass  6.94  22.99  

Ionic radius (Å)  0.76  1.02  

E (vs. Li/Li+)  0  0.3 V  

Abundance in the earth crust 

(mg/kg)  

20  23.6×103  

Cost of carbonates ($/ton)  5000  150  

Capacity (mAh/g), metal  3829  1165  

Coordination preference  Octahedral and tetrahedral  Octahedral and prismatic  

 

 

1.2. Sodium-Ion Battery 

Sodium-ion batteries are a type of rechargeable battery that uses sodium ions as 

charge carriers. Na-ion batteries are remarkably similar in design to Li-ion batteries. 

Consequently, many of the most studied electrode materials in Na-ion batteries were 

first utilised in their lithium counterparts. However, research has shown that what 

works for LIBs does not necessarily work for SIBs; many of the best electrode 

materials perform very well when paired with lithium, however, for example, graphite 

has proved disappointing when combined with sodium [15]. Favourable, the battery-

grade salts of sodium are much cheaper and abundant, in contrast to those of lithium. 

This makes them a cost-effective alternative especially for applications where weight 

and energy density are of minor importance, such as in grid energy storage for solar 

and wind renewable energy sources. The search for commercially viable Na-ion 



   
 

21 
 

batteries demands finding and optimizing new electrode materials and electrolytes, to 

get more economic, safer, and long-life batteries. One of the ways to get more 

economic systems would be searching for an aqueous electrolyte battery that would 

not need ultra-dry fabrication conditions and would not use higher-cost organic 

electrolytes, such as sodium fluorinated salts. Another indirect saving could be the use 

of cheaper materials in the assembly of the battery, for example, the current collectors. 

Figure 1.2 depicts the most important cathodic and anodic materials for sodium-ion 

batteries, indicating their specific capacity and operating voltage. Many materials have 

been proposed in the literature as possible cathodes for Na-ion batteries, whereas 

only some carbon-based anodes have been pointed out for this storage technology 

[15]. 

 

Figure 1. 2: Some of the electrode materials studied for application in sodium-ion 

batteries as reported in reference [15]. 

 

 



   
 

22 
 

1.3. Working Principle of Sodium-Ion Battery  

Figure 1.3 depicts the structural components of SIBs and charge storage mechanisms 

similar to those of LIBs, except that lithium ions are now replaced by sodium ions. A 

full sodium-ion battery is composed of four parts: anode (negative electrode), cathode 

(positive electrode), electrolyte, and separator. The typical working mechanism is that 

during the charging process, sodium ions are extracted from the cathode material 

(above 3.0 V vs Na+/Na) and inserted into the anode material (below 1.0 V vs Na+/Na). 

At the same time, the electrons move from cathode to anode through the external 

circuit and supply power to the device. During the discharge process, the reverse 

reactions take place. Thus, the electrons move from anode to cathode through the 

external circuit, while the sodium ions are inserted back into the cathode materials 

[16,17]. All the processes have remarkably high reversibility, so the sodium-ion battery 

is chargeable and can be cycled thousands of times.   

 

Figure 1. 3: Schematic illustration of the working mechanism of Na-ion batteries [16]. 
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The charging and discharging process occurs through the intercalation/de-

intercalation at the electrode, which is driven by the increase/reduction of the 

electrochemical potential of the alkali ion. During the charging process, the Na ions 

are de-intercalated from the cathode to the anode as presented in equations 1.1 to 

1.3, which is a layered NaMnO2 compound [18]: 

             Cathode: NaMnO2 →   Na1−xMnO2 + xNa
+ + xe−           (1.1) 

             Anode: C + xNa+ + xe− → NaxC                                   (1.2) 

            Overall: C +  NaMnO2  ↔   Na1−xMnO2 + NaxC                (1.3) 

During the discharging process, the reactions at both electrodes occur in the reverse 

direction. Na ions are de-intercalated from the anode and intercalated into the cathode 

material as shown in equations 1.4 to 1.6. 

               Cathode:  Na1−xMnO2 + xNa
+ + xe−  → NaMnO2            (1.4) 

               Anode: NaxC → C + xNa
+ + xe−                                   (1.5) 

               Overall:    Na1−xMnO2 + NaxC ↔ NaMnO2  +  C              (1.6) 

1.4. Electrode Materials for Sodium-Ion Batteries  

Electrode materials for SIBs include inorganic compounds such as metal oxides, 

phosphates, fluorides, sulphides, phosphides, alloys, Prussian blue analogs, 

carbonaceous materials, and organic compounds [19]. Many inorganic compounds 

contain toxic metals, causing further concerns over resources and environmental 

contamination. Also, the inorganic compounds undergo the insertion-type sodium 

storage mechanism. During the intercalation and de-intercalation of sodium ions (with 

a radius of 1.02 Å), large volume changes and irreversible phase transitions may 

occur, leading to low reversible capacity and poor cycling performance [20].  
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Redox-active organic materials are gaining increasing research interest due to several 

intrinsic advantages [21]. Firstly, organic materials contain no heavy metals, an 

increasingly important consideration for the development of green energy storage 

devices. Secondly, the cost can be reduced because organic materials can be 

produced from renewable natural resources. Thirdly, various polymer structures with 

different surface functionalities can be designed at the molecular level. Fourthly, 

organic materials exploit an alkali ion storage involving reactions of chemical bonds, 

making them less sensitive to the large sodium ions [21,22]. Finally, organic materials 

are inherently flexible, making realizing commercial flexible energy storage devices 

possible. Despite these advantages, there are still challenges, such as their propensity 

to dissolve in the liquid electrolyte, resulting in inadequate cycle stability and 

constraining their practical applicability. Furthermore, organic materials frequently 

demonstrate low conductivity and may encounter challenges in attaining high energy 

densities relative to inorganic cathode materials [22,23]. 

Metal oxides, particularly transition metal oxides, are considered one of the most 

promising cathode materials for sodium-ion batteries (SIBs) due to their high energy 

density, good structural stability, relatively low cost, and abundant availability, making 

them a superior choice compared to other cathode materials for large-scale energy 

storage applications [24,25]. In this study, inorganic metal oxide NaMnO2 are 

investigated using first principle density functional theory (DFT) and cluster expansion 

(CE) methods to determine the stability of doped NaMnO2 and related physical 

properties. The study shares insights on developing novel electrode materials that can 

be used in SIBs. 
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1.5. Purpose of the study 

1.5.1. Aim  

This study aimed to design and develop electrode materials with desired properties 

related to energy storage performance using both the DFT and CE methods. The 

desired characteristics include a high specific capacity, outstanding sodium ion 

diffusion, structural, thermal, and chemical stability, affordability, environmental 

sustainability, and good electronic conductivity. 

1.5.2. Research Problem 

Although SIBs present a promising alternative to LIBs, they typically exhibit lower 

electrochemical activity. This is primarily due to two intrinsic shortcomings associated 

with Na. First, Na has a lower ionization potential than Li, resulting in lower operating 

voltages and, consequently, lower energy densities in comparison to LIBs. Second, 

Na ions are larger and heavier than Li ions, which leads to slow diffusion within a solid 

electrode during the cycling of SIBs. This also causes greater volume expansion of 

the electrode and contributes to the reduced energy densities relative to LIBs.  

These intrinsic deficiencies necessitate the development of unique crystalline 

structures that feature an open framework or 3D structure with large insertion 

channels. Such designs are essential to facilitate the intercalation- intercalation 

process of the larger sodium ions. Despite significant advancements in the field, there 

remains a notable lack of cathode materials capable of integrating the essential 

characteristics needed for the practical implementation of SIB technology. These 

characteristics include high specific capacity, structural stability during operational 

cycling, fast Na+ diffusion kinetics, minimal volumetric expansion, environmental 

sustainability, cost-effectiveness, and compatibility with current electrolyte systems.  

The absence of materials that meet all these requirements poses a significant barrier 

to the widespread adoption of SIBs, especially for large stationary energy storage 

applications where durability, safety, efficiency, and cost-effectiveness are critical. In 

response to these challenges, this study employs advanced computational modelling 

techniques, including Density Functional Theory (DFT) and Cluster Expansion (CE), 

to design, investigate, and optimize doped NaMnO2. The focus is on identifying optimal 

dopants and their concentrations as well as understanding the impact of dopants on 
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essential characteristics such as Na+ mobility, material stability, electronics structure, 

and the overall charge and discharge rates. 

1.5.3. Research Motivation 

Sodium-ion batteries (SIBs) are emerging as a highly attractive alternative to lithium-

ion batteries (LIBs) for several compelling reasons. One of the most significant 

advantages is that sodium is not a limited resource; it is abundant both in the Earth's 

crust and in seawater, ensuring a more sustainable and readily available supply. 

Additionally, sodium-based battery components can potentially offer much faster 

charging times, provided that the appropriate crystal structure design is achieved. This 

faster charging capability could potentially enhance the efficiency and practicality of 

batteries in various applications. However, despite these advantages, sodium cannot 

be directly substituted for lithium in current battery materials. Sodium ions have a 

larger ionic radius, and slightly different chemical properties compared to lithium ions, 

which necessitates the development of entirely new materials specifically tailored for 

SIBs. This presents a significant challenge, as researchers must identify the optimal 

cathode materials from a vast array of possibilities. Traditionally, this process involves 

a trial-and-error approach, which is both costly and time-consuming. 

To address these challenges, this study employs advanced computational modelling 

techniques to develop novel cathode materials for sodium-ion batteries. By using 

computational methods, researchers can simulate and predict the performance of 

various materials, thereby streamlining the discovery process and reducing the 

reliance on expensive and lengthy experimental trials. This approach accelerates the 

identification of suitable materials and provides deeper insights into the fundamental 

properties that make them effective. 
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This research aimed to pave the way for more efficient and sustainable energy storage 

solutions. This study's outcomes have significant implications for the future of energy 

storage, potentially leading to the widespread adoption of sodium-ion batteries in 

numerous applications, from portable electronics to large-scale renewable energy 

storage systems. 

1.5.4.  Significance of the Research 

In today's world, the continuous use of mobile electronic devices such as mobile 

phones, cameras, and laptops has become an integral part of our daily lives. These 

devices rely heavily on batteries for power, making efficient and reliable battery 

technology crucial. As battery applications expand beyond personal electronics to 

include large-scale storage solutions such as in electric vehicles and stationary 

storage systems connected to renewable energy sources, the demand for robust and 

sustainable battery technology increases. For these large-scale applications, the focus 

shifts from high energy density to other critical factors such as cost-effectiveness, 

durability, and environmental impact. 

It becomes paramount to develop electrode materials that are not only efficient but 

also composed of Earth-abundant elements. This approach can significantly reduce 

production costs and mitigate the environmental footprint associated with battery 

manufacturing. The transition to these sustainable materials is essential for the 

broader adoption of renewable energy storage solutions. Consequently, research in 

this area is of utmost importance. Hence, the importance of this study is to explore 

and develop new materials for renewable energy storage, addressing the challenges 

of scalability and sustainability. By focusing on materials that are abundant and cost-

effective, more affordable and environmentally friendly battery technologies can come 

into being. Such advancements are crucial for supporting the growing infrastructure of 
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renewable energy systems and electric vehicles, ultimately contributing to a more 

sustainable future. Therefore, this research holds significant potential in transforming 

how we store and utilise energy on a large scale, paving the way for greener and more 

efficient energy materials and solutions.    

1.5.5. Objectives  

The objectives of this study were to: 

i. Determine the ground state properties of NaMnO2 by optimizing the structure  

ii. Dope NaMnO2 bulk system with Ti and Zn separately by varying the 

concentration of Mn with an equivalent concentration of the dopants (Ti and 

Zn), to give rise to Nax[TiyMnz]O2 and Nax[ZnyMnz]O2, respectively. 

iii. Calculate the electronic properties, namely, band structure, the total density of 

states, the partial density of states, and conductivity of Nax[TiyMnz]O2 and 

Nax[ZnyMnz]O2 . 

iv. Determine the intercalation voltage and Na mobility within doped systems. 

v. Estimate the open-circuit voltage of Nax[TiyMnz]O2 and Nax[ZnyMnz]O2 systems. 

vi. Predict new stable structures using cluster expansion approach, which uses 

DFT calculated structures and properties as input data for predicting new 

structures. 

vii. Calculate structures' structural, electronic, mechanical, and thermodynamic 

properties of the newly predicted stable structures. 
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CHAPTER 2 

2. Literature Review  

2.1. Cathode Materials 

Cathode electrode materials have been the object of comprehensive studies, as they 

play a significant role in the operation of Na-ion batteries; the materials determine 

battery’s energy capacity, voltage, cycle life, and safety [1]. They offer sources of Na+ 

for the Na-ion “shuttle” between the cathode and anode. Good cathode materials must 

meet the following requirements: stable structure for repeated Na-ion intercalation/de-

intercalation, high potential relative to Na/Na+ reference electrode, high capacity to 

contain Na+, high electronic conductivity, high sodium chemical diffusion coefficient, 

low cost, and safety. A broad variety of compounds are being researched as potential 

candidates for cathodic materials in Na-ion batteries [1]. The subsections below 

summarize related previous work on layered metal oxides and polyanion compound 

cathode materials. 

2.1.1.  Layered Metal Oxides Cathode Materials 

It is no wonder that sodium layered oxide compounds NaxMO2 (M=transition metal 

elements) have drawn significant attention as cathode materials for Na-ion batteries 

considering that their Li analogs have been comprehensively investigated for the past 

decades. The layered NaxMO2 materials can be categorized into two major groups, 

which are the P2 and O3 types. The first letter “P” or “O” refers to the nature of the site 

occupied by alkali-ion (prismatic or octahedral), and “2” or “3” refers to the number of 

transition metal layers in the repeat unit perpendicular to the layering [2]. The structural 

properties of NaxMO2 were first studied by Delmas et al. in the 1970’s [3]. Earlier, 

NaxCoO2 proved to show reversible phase transformations by electrochemical charge 

and discharge demonstrating the feasibility of NaxMO2 as a cathode material [3]. 

However, limited efforts continued on Na-ion batteries research during the past two 
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decades due to the tremendous success of Li-ion batteries. Several studies on P2 or 

O3 type NaxCrO2 [4], NaxMnO2 [5] and NaxFeO2 [6] have been conducted in the early 

1980’s to 1990’s, but the researchers were limited to the structural studies with up to 

3.5 V versus sodium upon the first cycle mostly due to the instability of the electrolyte.  

Recent studies on O3-NaxMO2 compounds started to reveal the fact that these 

materials can be utilised as a cathode electrode with excellent electrochemical 

properties in Na-ion cells. 

Di Lecce et al. investigated the degradation mechanism in a sodium cell of a layered 

Na0.48Al0.03Co0.18- Ni0.18Mn0.47O2 (NCAM) cathode with P3/P2 structure by revealing 

the changes in microstructure and composition upon cycling [7]. Their work aims to 

rationalise the gradual performance decay and the alteration of the electrochemical 

response in terms of polarization, voltage signature, and capacity loss. Spatial 

reconstructions of the electrode by X-ray computed tomography at the nanoscale 

supported by quantitative and qualitative analyses show fractures and deformations in 

the cycled layered metal-oxide particles and inorganic side compounds deposited on 

the material [7]. These irreversible morphological modifications reflect structural 

heterogeneities across the cathode particles due to forming various domains with 

different Na+ intercalation degrees. Besides, X-ray photoelectron spectroscopy data 

suggest that the latter inorganic species in the cycled electrode are mainly composed 

of NaF, Na2O, and Na2CO3 formed by parasitic electrolyte decomposition. The 

precipitation of these insulating compounds at the electrode/electrolyte interphase and 

the related structural stresses induced in the material leads to a decrease in cathode 

particle size and partial loss of electrochemical activity. The retention of the NCAM 

phase after cycling suggests that electrolyte upgrades may improve the performance 

of the cathode to achieve practical application for sustainable energy storage [7]. 
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Zhao et al. [8] have explored intercalation of ions in electrode materials to improve the 

rate capability in lithium batteries and supercapacitors due to the enhanced diffusion 

of Li + or electrolyte cations. Here, they described a synergistic effect between crystal 

structure and intercalated ion by experimental characterization and ab initio 

calculations, based on more than 20 nanomaterials: five typical cathode materials 

together with their alkali metal ion intercalation compounds A−M−O (A= Li, Na, K, Rb; 

M = V, Mo, Co, Mn, Fe−P). Their focus was on nanowires is motivated by general 

enhancements afforded by nanoscale structures that better sustain lattice distortions 

associated with charge/discharge cycles [8]. They showed that the intercalation of 

alkali metal ions in V−O and Mo-O yields substantial improvement in the Li-ion 

charge/discharge cycling and rate, compared to A−Co−O, A−Mn−O, and A−Fe−P−O. 

Diffraction and modelling studies reveal that pre-intercalation with K and Rb ions yields 

a more stable interlayer expansion, which prevents the destructive collapse of layers 

and allows Li ions to diffuse more freely. Their study demonstrates that appropriate 

alkali metal ion intercalation in admissible structure can overcome the limitation of 

cyclability as well as rate capability of cathode materials, besides, the intercalation 

strategy provides an effective method to enlarge the diffusion channel at the technical 

level, and more generally, it suggests that the optimised design of stable intercalation 

compounds could lead to substantial improvements for applications in energy storage 

[8]. 

Pandit et al. developed manganese oxide (α-MnO2) nanorods for SIB applications. 

The crystal structure, crucial for high-performance energy storage, is examined 

systematically for the metal oxide cathode [9]. The intercalation of sodium into the α-

MnO2 matrix was studied using the theoretical density functional theory (DFT) studies. 

The DFT studies predict Na ions’ facile diffusion kinetics through the MnO2 lattice with 
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an attractively low diffusion barrier (0.21 eV). When employed as a cathode material 

for SIBs, MnO2 showed a moderate capacity (109 mAh·g−1 at C/20 current rate) and 

superior life cyclability (58.6% after 800 cycles) in NaPF6/EC+DMC (5% FEC) 

electrolyte. It shows a much higher capacity of 181 mAh·g−1 (C/20 current rate) in 

NaClO4/PC (5% FEC) electrolyte, though it suffers fast capacity fading (11.5% after 

800 cycles). Our findings show that high crystallinity and hierarchical nanorod 

morphology of the MnO2 are responsible for better cycling performance in conjunction 

with fast and sustained charge-discharge behaviours [9]. 

Sudarshan et al. reported the thermodynamic properties of the monoclinic NaMnO2 

and their analysis was based on density functional theory [6]. The cluster expansion 

method was used to find the minimum formation energy configurations at different 

concentrations of Na removal. The material showed a strong Na vacancy ordering 

during the extraction of Na from the host structure. The cluster expansion method 

predicted several ground state configurations as a function of Na composition. The 

thermodynamic intercalation potential of the electrode was calculated using Monte 

Carlo simulation. The stability of the cathode material at higher temperatures was also 

analysed, and the results showed that the material was highly stable at higher 

temperatures, suggesting its suitability for use as a cathode material for Na ion 

batteries [6]. 

Zhang et al. used first-principles calculations to investigate the electrochemical 

performance of the monoclinic NaMnO ⁠2 for the sodium-ion batteries [10]. The study 

reported that NaMnO⁠2 possessed a voltage window of 3.54–2.52V and a theoretical 

reversible capacity of 136mAhg ⁠−1. The findings showed that the metallicity of the 

monoclinic NaMnO⁠2 gradually increases during Na extraction. Moreover, the 
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computed Na migration energy barrier in the monoclinic NaMnO ⁠2 was 0.18 eV, 

ensuring ideal conductivity and reversible capacity. Although the Jahn-Teller distortion 

effects limited the enhancement of the reversible capacity of the monoclinic NaMnO ⁠2, 

it was still regarded as a good  cathode material for the sodium-ion batteries [10]. 

Electrochemical characteristics of monoclinic α-NaMnO2 was further investigated as a 

positive electrode material for sodium-ion batteries by Ma et al. [11]. The study 

reported that about 0.85 Na could be de-intercalated from NaMnO2 and 0.8 Na could 

be intercalated back during potentio-statical intermittent charge and discharge. 

Galvanostatic cycling between 2.0 V and 3.8 V gave 185 mAh/g discharge capacity 

for the first cycle at C/10 rate and 132 mAh/g remains after 20 cycles. Charge and 

discharge curves were significantly different indicating more hysteresis than is typical 

for lithium intercalation compounds [11]. 

2.1.2. Polyanion Compounds as Cathode Materials 

In recent years, polyanion compounds have garnered significant attention as potential 

cathode materials for sodium-ion (Na-ion) batteries, due to their ability to 

accommodate Na-ions via their open channels. These materials are typically 

composed of tetrahedral polyanion units, (XO4)n−  where X = P or S, which are linked 

with transition metal polyhedra, MO6 (M = transition metal), to form stable structures. 

The strong covalent bonding within the (XO4)n−  groups results in high thermal stability, 

making polyanion-based cathodes attractive for large-scale energy applications. 

Additionally, the operation voltage of these materials can be tailored based on the local 

environment of the polyanions, making them versatile for various electrochemical 

systems [12]. 
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NASICON-type (sodium super-ionic conductor) compounds, known for their three-

dimensional (3D) structures and large Na-ion diffusion channels, have been widely 

studied for both their structural stability and fast ionic conduction properties. These 

materials have been primarily researched as solid electrolytes, but they have also 

shown promise as insertion materials for Na-ion batteries. Their general formula, 

AxMM′(XO4)3, consists of MO6 and XO4 polyhedra, which are corner shared to form a 

framework. Delmas et al. [3], (1987, 1988) demonstrated that NASICON-type 

NaTi2(PO4)3 could reversibly intercalate sodium ions. However, subsequent studies 

focused on Li-ion systems due to the relatively inferior performance of Na-ion cells [9]. 

It was not until Yamaki et al. [14], synthesized Na3V2(PO4)3 that interest in Na-ion 

batteries began to grow. This compound exhibited two distinct voltage plateaus at 1.6 

V and 3.4 V, which allowed it to function as both a cathode and an anode in symmetric 

cells. However, the cycling stability of such symmetric cells remained a challenge. 

Recent efforts have focused on improving the electrochemical performance of 

Na3V2(PO4)3 through carbon coating, leading to an enhanced cycling stability and rate 

capability [14]. 

Despite the success of LiFePO4 in lithium-ion batteries, its sodium analogue, 

NaFePO4, has not been extensively explored. The sodium version can be synthesized 

by removing Li-ions from LiFePO4 and subsequently inserting Na-ions into FePO4. Na-

ion extraction leads to the appearance of two voltage plateaus due to two successive 

first-order transitions, resulting in the formation of an intermediate Na0.7FePO4 phase. 

Interestingly, only a single plateau is observed during discharge, suggesting different 

reaction mechanisms during charge and discharge cycles [15]. Other variations of this 

system, such as NaFe0.5Mn0.5PO4, have been synthesized to investigate alternative 
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behaviours. While this compound exhibited a sloping voltage profile, the solid solution 

mechanism responsible for this behaviour remains unclear [12]. 

In the search for novel cathode materials, sodium vanadium fluorophosphates such 

as NaVPO4F, Na3V2(PO4)2F3, and Na1.5VOPO4F0.5 have shown promise due to the 

high potential of the V3+/V4+ redox couple [16]. Na3V2(PO4)2F3, first reported by Meins 

et al. [14], has demonstrated good cyclability, while Na1.5VOPO4F0.5 has shown 

reversible capacity during galvanostatic cycling. Another interesting compound, 

Na2FePO4F, contains two-dimensional iron phosphate sheets that host two Na+-ions 

and exhibit reversible two-plateau behaviour in electrochemical profiles [14]. 

Pyrophosphates are another family of Na-ion battery materials, and their open 

frameworks enable efficient Na-ion diffusion. Recently, a Fe-based pyrophosphate, 

Na2FeP2O7, was reported as a cathode material with a reversible capacity of 90 mAh 

g−1, exhibiting excellent thermal stability up to 500°C [12]. Moreover, sodium transition 

metal fluorosulphates, NaMSO4F, have been shown to exhibit high ionic conductivity 

and satisfactory performance in hybrid Li+-ion batteries. However, their reversibility in 

Na+-ion cells remains a challenge [17]. 

2.2. Anode Materials 

The negative electrode of a sodium-ion battery intercalates sodium-ions during charge 

and de-intercalates Na+ ions during discharge. There are three basic requirements for 

anode materials: (a) the potential of sodium insertion and extraction in the anode 

versus sodium must be as low as possible, (b) the amount of sodium that can be 

accommodated by the anode material should be as high as possible to achieve high 

specific capacity, and (c) the anode host must endure repeated sodium insertion and 

extraction without any structural damage to obtain long cycle life [18].  
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The search for appropriate anodes for Na-ion batteries is complex, and, although a 

vast variety of phases that can potentially be used as positive electrodes have been 

identified, very few materials have been reported to be useful as negative electrodes. 

Graphite, which is the most used anode material in Li-ion batteries, has a moderate Li 

storage capacity (350 mAhg-1) at approximately 0.1 V vs. Li+/Li. Recent studies 

indicate that Na cannot be inserted into the graphite layer [19]. This phenomenon 

might be related to thermodynamic stability issues. To date, very few anode materials 

have been reported as viable. The use of metallic sodium is not advisable because of 

dendrite formation, as for metallic lithium. Thus, identifying an anode with a proper Na 

storage voltage, large reversible capacity, and high structural stability is urgently 

needed for the development of Na-ion batteries [20]. 

Luo et al. [21] reported the recent development on anode materials for NIBs  the study 

focused mainly on the carbon-based and alloy-based anodes and highlighted progress 

made by various groups in this field. The review starts by firstly presenting what is 

known about the failure mechanism of graphite anode in NIBs, then go on to discuss 

studies on hard carbon anodes, alloy-type anodes, and organic anodes. Especially, 

the multiple functions of natural cellulose that is used as a low-cost carbon precursor 

for mass production and as a soft substrate for tin anodes were highlighted. The 

strategies of minimizing the surface area of carbon anodes for improving the first-cycle 

Coulombic efficiency are also outlined, where graphene oxide was employed as a 

dehydration agent and 2,2,6,6-tetramethylpiperidine-1-oxyl (TEMPO) was used to 

unzip wood fiber [21]. Furthermore, surface modification by atomic layer deposition 

technology was introduced, where it was discovered that a thin layer of Al2O3 can 

function to encapsulate Sn nanoparticles, leading to much-enhanced cycling 

performance.  
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The study also highlighted recent work about the phosphorene/graphene anode, 

which outperformed other anodes in terms of capacity. The aromatic organic anode 

was also studied as anode with extremely high initial sodiation capacity. Furthermore, 

electrochemical intercalation of Na+ ions into reduced graphene oxide was applied for 

fabricating transparent conductors, demonstrating the great feasibility of Na ion 

intercalation for optical applications [21]. The electrolyte and separator materials are 

beyond the scope of this work and have not been discussed. 

2.3. Electrode Material Optimization 

Developing high-performance cathode materials is crucial for enhancing battery 

performance. The focus is on designing and synthesizing materials with higher 

capacity, improved sodium-ion diffusion kinetics, and structural stability. Doping with 

other elements can enhance the performance of many cathode materials. However, 

the interpretation of doping effects can be complicated due to the interrelations 

between doping and microstructural morphology [19]. Nonetheless, one of the 

strategies to advance the physical properties of cathode materials is to dope with the 

metals. According to the previous literature [20], this approach has been widely applied 

to the standard Li-based cathode materials. W. Sukkabot [22] deployed doping 

strategy to enhance the electrochemical properties in NaMnO2 compound using 

density functional theory. In the study, Sukkabot used the substitution doping method, 

where Mn atom was substituted by several transition metals (namely, Cr, Fe and V) in 

monoclinic NaMnO2 compound. The results showed that transition metal dopants were 

responsible for the electronic conductivity and volume expansion [22].  

In another study, Zheng et al. [23] performed DFT calculations in GGA and GGA+U to 

study the effect of Co doping on NaMnO2 by mixing Co–Mn on Na orderings in P2 

NaxCo1−yMnyO2. From GGA energy calculations, six ground-state Na orderings were 
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identified in mixed-transition metals NaxCo2/3Mn1/3O2 and NaxCo1/3Mn2/3O2, whereas 

the single-transition metal NaxCoO2 had eight ground-state orderings as shown in 

Figure 2.1 below: 

 

Figure 2. 1: Stability diagram of P2 NaxCo1−yMnyO2 as described by the formation 

energy with respect to the fully sodiated and de-sodiated compounds based on DFT 

calculations [23]. 

These computational results suggest that transition metals mixing suppresses the Na-

vacancy ordering. As a result of fewer ground-state orderings, the calculated voltage 

profile of mixed- transition metals NaxCo2/3Mn1/3O2 shows fewer voltage steps than the 

single- transition metals NaxCoO2. In addition, the calculations by Velikokhatny et al. 

[24] revealed that the change of the Na-vacancy orderings in mixed-transition metals 

compounds was caused by the differences of Na1 site energy facing different transition 

metals. The ab initio molecular dynamics (AIMD) simulations of Na1/2Co1-yMnyO2 found 

a higher occupancy of Na1Co-Co site sharing faces with two CoO6 octahedra than that 

of Na1Mn–Mn site at Mn concentration y from 1/6 to 1/2 shown by Figure 2.2. 
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Therefore, Mn substitution increases the site energy of the Na1 site facing Mn. In 

addition to Na orderings and voltage profiles, transition metals mixing also impacts the 

Na+ diffusion. 

 

Figure 2. 2: Fraction of Na-ion site occupancy in P2 Na½Co1−yMnyO2 from AIMD 

simulations [24]. 

The structural stability of NaBxMn1−xO2, where x = 0.0 – 0.375 has been studied using 

density functional theory within the generalized gradient approximation (GGA). In 

addition, the structural stability of the oxides with 75% vacancy of Na ions for each 

concentration of B has been investigated. To validate the results of the ab initio study, 

a series of experimental investigations have been conducted for NaBxMn1−xO2 and 

LiBxMn1−xO2 synthesized via conventional solid-state and the chimie douce ion-

exchange reactions [22]. Results of the simulation show that the monoclinic phase of 

these oxides is thermodynamically stable for all the B concentrations studied. 

Moreover, substitution of a larger amount of boron results in a higher energy difference 

between the monoclinic phase and its nearest concurrent orthorhombic phase. Also, 



   
 

43 
 

de-intercalation of Na ions from the parent oxide has shown that the monoclinic phase 

is stable and the energy difference between the monoclinic and spinel crystal 

structures increases with increasing amounts of boron. A rationale for this 

electrochemical response of boron substituted sodium manganese oxide was offered. 

Electrochemical cycling results of the experimentally synthesized materials were also 

discussed considering these theoretical predictions [22]. Billaud et al. [25] studied the 

electrochemical properties of P2-Na0.67MnO2 with various ratios x of Mg dopants (0 ≤ 

x ≤ 0.2). Their current-voltage measurements showed that Mg-doped Na0.67MnO2 had 

smoother voltage profiles than the undoped one. Na0.67MnO2 with optimal amount of 

Mg contents showed a high-capacity retention during cycling. This improvement was 

due to the presence of Mg in the lattice that increases the oxidation state of Mn to 

close to 4+ [25]. Llave et al. [26] combined experiments and DFT-PBE+U calculations 

to investigate the effect of Li doping on the structural stability of P2-Na0.6MnO2. By 

XRD and current-voltage curves, the study found that Na0.6Li0.2Mn0.8O2 undergoes less 

phase transitions compared to Na0.6MnO2. The oxidation state of Mn4+ was found by 

XPS measurement for Na0.6Li0.2Mn0.8O2, showing the suppression of Jahn−Teller 

distortion [24]. Their DOS plots also confirmed the charge state of 4+ for Mn cations. 

Na0.6Li0.2Mn0.8O2, thus shows a reasonable reversible capacity during 

charging/discharging [26].  

Double dopants in NaMnO2 have also been explored for SIBs. For example, Yang et 

al. [27] studied the effect of Li and Fe co-doping on the cycling stability of Na0.66MnO2. 

They found that Na0.66MnO2 with Li and Fe dopants, P2→O2 phase transition for 

Na0.66MnO2 was eliminated. This was attributed to   the presence of Li in the transition 

metal sites, which stabilized the P2 structure [27].  
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Zhou et al. investigated the co-doping of β-NaMnO2 with Ti atoms, known for 

enhancing structural stability, and Cu atoms, which facilitate de-intercalation, using 

first-principles calculation and crystal orbital Hamilton population (COHP) analysis. β-

NaMn0.8Ti0.1Cu0.1O2 exhibits a notable increase in reversible specific capacity and 

remarkable rate properties [28]. Operating at a current density of 0.2C (1C = 219 

mA·g–1) and within a voltage range of 1.8–4.0 V, the modified material delivers an 

initial discharge capacity of 132 mAh·g–1. After charge/discharge testing at current 

densities of 0.2C, 0.5C, 1C, 3C, and 0.2C, the material still maintains a 110 mAh·g–1 

capacity. Their results show that doping with Ti atoms slows down the changes in the 

crystal structure, resulting in only minimal variation in the lattice constant c/a during 

the de-intercalation process. Mn and Cu engage in reversible redox reactions at 

voltages below 3.0 V and around 3.5 V, respectively. The extended plateau in the 

discharge curve below 3.0 V signifies that Mn significantly contributes to the overall 

battery capacity. Their study provides insights into modifying β-NaMnO2 as a cathode 

material, offering experimental evidence and theoretical guidance for enhancing 

battery performance in Na-ion batteries [28]. 

Bass et al. [29], employed Molecular Dynamic Simulation based on the density 

functional theory to investigate the effect of molybdenum dopants on the performance 

of the mechanical, structural, and electronic properties, as well as thermodynamic 

stability of O3-type NaNi0.25Fe0.25Mn0.5O2 layered oxide cathode material for sodium-

ion batteries. Their results show that molybdenum in NaNi0.25Fe0.25Mn0.5O2 material 

positively affected structural and mechanical stability, improved conductivity, and 

thermodynamic stability. The molybdenum-doped material at 10% 

(Na(Ni0.25Fe0.25Mn0.5)0.9Mo0.1O2) delivered superior performance than that with 5% and 

15% molybdenum (Na(Ni0.25Fe0.25Mn0.5)0.95Mo0.5 O2). Therefore, it can be concluded 
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that the Na(Ni0.25 Fe0.25 Mn0.5)0.9Mo0.1O2 material is an effective strategy for layered 

transition metal oxide cathode material for commercialized rechargeable sodium-ion 

batteries [29]. 

The present study employed first-principles density functional theory to examine the 

influence of transition metal dopants Ti and Zn in NaMnO2. The investigation focused 

on calculating electronic, structural, mechanical, and thermodynamic properties and 

assessing the impact of Na de-intercalation on the two doped systems, explicitly 

analyzing the de-intercalation voltage of these systems. The Universal Cluster 

Expansion (UNCLE) program was utilized to set up, construct, and automatically 

converge a cluster expansion for Ti and Zn in NaMnO2, thereby producing distinct 

structures within the random combinations of Ti and NaMnO2 and Zn and NaMnO2, 

respectively. The DFT-based calculations of electrical, structural, mechanical, and 

thermodynamic parameters were subsequently performed for the Cluster Expansion 

predicted stable structures.  
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CHAPTER 3 

3. Methodology  

3.1. Density Functional Theory  

Density functional theory (DFT) is a computational quantum mechanical method used 

in physics, chemistry, and materials science to examine the electronic structure 

(principally the ground state) of numerous systems, in particular atoms, molecules and 

the dense stages [1]. DFT calculations are based on solving Kohn–Sham equation, 

which is the Schrödinger equation of an invented system of non-interacting particles 

that produce an indistinguishable density from any given arrangement of connected 

particles [2, 3]. The Kohn–Sham equation is characterized by a nearby viable outside 

potential in which the non-cooperating particles move, commonly meant as Vs(r) or 

Veff(r), called the Kohn–Sham potential. As the particles in the Kohn–Sham equation 

are non-collaborating fermions, the Kohn–Sham wavefunction is a solitary slater 

determinant developed from an arrangement of orbitals that are the most minimal 

energy. The wave function equation is then given by [1]: 

(−
ℏ2

2𝑚
𝛻2 + 𝑣𝑒𝑓𝑓(𝑟))𝜙𝑖(𝑟) = 𝜀𝑖𝜙𝑖(𝑟)                                                                          (3.1) 

This eigenvalue equation is the typical representation of the Kohn–Sham equations. 

where, εi is the orbital energy of the corresponding Kohn–Sham orbital, φi, and the 

density for an N-particle system is given by [4]: 

𝜌(𝑟) = ∑ |𝜙𝑖(𝑟)|
2𝑁

𝑖                                                                                                     (3.2) 

In Kohn-Sham density functional theory, the aggregate energy of the system is 

described as a useful charge density given as: 

𝐸[𝜌] = 𝑇𝑠[𝜌] + ∫𝑑𝑟𝑉𝑒𝑥𝑡(𝑟)𝜌(𝑟) + 𝐸𝐻[𝜌] + 𝐸𝑥𝑐[𝜌]                                                (3.3) 

https://en.wikipedia.org/wiki/Eigenvalue,_eigenvector_and_eigenspace#Eigenvalue_equation
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where Ts is the Kohn–Sham kinetic energy  described as the Kohn–Sham orbitals and 

is given by: 

𝑇𝑠[𝜌] = ∑ ∫𝑑𝑟𝜙
𝑖
∗

𝑁
𝑖=1 (𝑟) (−

ℏ2

2𝑚
𝛻2)𝜙𝑖(𝑟)                                                                 (3.4) 

Vext is the outside potential following up on the cooperating system (at least, for an 

atomic system, the electron-cores), EH is the Hartree energy given as: 

𝐸𝐻 =
𝑒2

2
∫𝑑𝑟 ∫ 𝑑𝑟 ′ 𝜌(𝑟)𝜌(𝑟

′)

|𝑟−𝑟 ′|
                                                                                     (3.5) 

and Exc is the exchange-correlation energy. The Kohn–Sham equations are found by 

varying the total energy expression with respect to a set of orbitals to yield the Kohn–

Sham potential as [5]:  

𝑉𝑒𝑓𝑓(𝑟) = 𝑉𝑒𝑥𝑡(𝑟) + 𝑒
2 ∫

𝜌(𝑟 ′)

|𝑟−𝑟 ′|
𝑑𝑟 ′ +

𝛿𝐸𝑥𝑐[𝜌]

𝛿𝜌(𝑟)
                                                            (3.6) 

where the last term is depicted by: 

𝑣𝑥𝑐(𝑟) ≡
𝛿𝐸𝑥𝑐[𝜌]

𝛿𝜌(𝑟)
                                                                                              (3.7) 

is the exchange-correlation potential. These terms and the corresponding energy 

expression are the only unknowns in the Kohn–Sham approach to density functional 

theory. An approximation that does not vary the orbitals is Harris functional theory. 

The Kohn–Sham orbital energies εi generally have little physical meaning. The sum of 

the orbital energies is related to the total energy by: 

𝐸 = ∑ 𝜀𝑖 − 𝑉𝐻[𝜌]
𝑁
𝑖 + 𝐸𝑥𝑐[𝑝] − ∫

𝛿𝐸𝑥𝑐[𝜌]

𝛿𝜌(𝑟)
𝜌(𝑟)𝑑𝑟                                                              (3.8) 

https://en.wikipedia.org/wiki/Harris_functional
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Because the orbital energies are non-unique in the more general restricted open-shell 

case, this equation only holds true for specific choices of orbital energies. Since the 

orbital energies are non-one of a kind in the broader limited open-shell case, this 

condition remains constant for particular decisions of orbital energies [6, 7]. 

The modern DFT is founded on Hohenberg–Kohn theorems and the two theorems 

relate to any system consisting of electrons moving under the influence of an external 

potential. 

Theorem 1. The external potential (and hence the total energy) is a unique 

functional of the electron density. 

If two systems of electrons, one trapped in a potential 𝑉1(𝑟) and the other 

in 𝑉2(𝑟) have the same ground-state density 𝑛(𝑟), then 𝑉1(𝑟) − 𝑉2(𝑟) is 

necessarily a constant. 

Corollary: The ground state density uniquely determines the potential and thus 

all properties of the system, including the many-body wave function. In 

particular, the 𝐻 − 𝐾 functional, defined as 𝐹[𝑛]  =  𝑇[𝑛]  +  𝑈[𝑛], is a universal 

functional of the density (not depending explicitly on the external potential). 

Theorem 2. The functional that delivers the ground state energy of the system, 

gives the lowest energy if and only if the input density is the true ground state 

density. 

For any positive integer n and potential 𝑉(𝑟) ,a density functional F[n] exists 

such that: 

E(v,N)[n] = F[N] + ∫ v(r⃗)n(r⃗)d
3r                                                              (3.9) 
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The density functional obtains its minimal value at the ground-state density 

of N electrons in the potential(r⃗) . The minimal value of E(v, N) [n] is then the 

ground state energy of this system [8]. 

The major problem with DFT is that the exact functionals for exchange and correlation 

are not known except for the free electron gas. However, approximations exist that 

permit the calculation of certain physical quantities quite accurately [9].  

To get the exchange-correlation potential, there are two major approximations to solve 

this problem: the local-density approximation (LDA) and the generalized gradient 

approximation. In LDA approximation it is assumed that the exchange-correlation 

energy per electron is equal to the one in a homogeneous electron gas. In GGA 

approximation, the detailed deviation of the exchange-correlation potential curve is 

taken into consideration and used as the criterion to determine the exchange-

correlation energy [10,11]. However, in transition metal ions, the highly localized d 

electrons could cause the main error of calculation accuracy because of the lack of 

cancellation of electron self-interaction [11]. 

To avoid electron self-interaction errors that occur in standard LDA or GGA for strongly 

correlated electronic systems, DFT + U methods are often used for open-shell 

transition metal compounds, where U is an on-site Coulomb interaction parameter 

[12]. The U parameter is derived either by fitting experimental data (e.g. cell voltages, 

band gaps) or by self-consistent calculations. There is an increase in the use of hybrid 

functionals, which include a fraction of the Hartree–Fock exchange and can also 

correct for self-interaction present in the Hartree term. Although the amount of exact 

exchange required can also be system dependent introducing another empirical term 

[13].  
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Besides the electron-electron interaction, the electron-ion interactions are also difficult 

to deal with because of the huge number of core electrons of each ion. Since the core 

electrons are tightly bonded with the nuclei, many wave functions are needed for the 

Fourier transformation, which will raise the cost of computation. It is necessary to do 

the full electron calculation if dealing with the fine electronic structure of the materials. 

However, most of the time, the major physical properties of the materials are 

determined by the valence electrons [14]. Thus, the pseudopotential approximation is 

developed so that all the core-electrons are simplified as a core and the ion is divided 

into two parts - the “core” and the valence electrons. A local pseudopotential is set up 

that will be the same with the core electron potential beyond a critical distance, rc, from 

the nuclei. On one hand, the consistency between pseudopotential and full-electron 

potential beyond rc ensures the correction of the properties that determined only by 

the valence electrons. On the other hand, the complicated core-electrons are 

substituted by only one potential function therefore the computation cost is significantly 

reduced. Again, since the pseudopotential of each element is only determined by the 

atomic number of the element, it could also be determined in a self-consistent way.  

3.2. Approximations 

3.2.1. Local Density Approximations  

Local density approximation is a class of approximations to the exchange-correlation 

(XC) energy functional in density functional theory. It depends exclusively upon the 

estimation of the electronic density at every point in space. Numerous methodologies 

can yield local approximations to the XC energy. Overwhelmingly effective 

approximations nearby can be also defined as those that have been established from 

the homogeneous electron gas (HEG). In such a manner, LDA is, for the most part, 

synonymous with functionality considering the HEG estimate, which is then connected 

to practical frameworks.  
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For a spin-unpolarized framework, a local density approximation for the trade 

connection energy is expressed as [15,16]: 

𝐸𝑥𝑐
𝐿𝐷𝐴[𝜌] = ∫ 𝜌(𝑟)𝜀𝑥𝑐(𝜌)𝑑𝑟                                                                                        (3.10) 

where ρ is the electronic density, εxc is the exchange-correlation energy per molecule 

of a homogeneous electron gas of charge density. The exchange-correlation energy 

is decayed into exchange and correlation terms linearly and can be expressed as [17]: 

xc x cE E E= +                                                                                                         (3.11) 

so that different expressions for Ex and Ec are looked for. The exchange term goes up 

against a straightforward systematic frame for the HEG. Just restricting expressions 

for the relationship thickness are known precisely, prompting various distinctive 

approximations for Ec. 

Local density approximations are imperative in the development of more complex 

approximations to the exchange-correlation energy, for example, generalized gradient 

approximations or hybrid functionals, as an attractive property of any exchange-

correlation functional, is that it duplicates the correct consequences of the HEG for 

non-differing densities. In that capacity, LDA's are frequently an express segment of 

such functionals [15]. 

The extension of density functionals to spin-polarized systems is straightforward for 

exchange, where the exact spin-scaling is known, but for correlation further 

approximations must be employed. A spin polarized system in DFT employs two spin-

densities, ρα and ρβ with 𝜌 =  𝜌𝛼 +  𝜌𝛽, and the form of the local-spin-density 

approximation (LSDA) is: 

Exc
LSDA[ρα , ρβ] = ∫dr  ρ(r) ∈xc (ρα , ρβ).                                                                                                 (3.12) 

https://en.wikipedia.org/wiki/Spin_polarization
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for the exchange energy, the exact results are known in terms of the spin unpolarized 

functional: 

Ex [ρα , ρβ] =  
1

2
 (Ex [2ρα] + Ex [2 ρβ])                                                                     (3.13) 

The spin-dependence of the correlation energy density is approached by introducing 

the relative spin-polarization: 

  ζ(r) =
ρα(r)− ρβ(r)

ρα(r)+ ρβ(r)
 .                                                                                                (3.14) 

𝜁 = 0 corresponds to the paramagnetic spin-unpolarized situation with equal α and 

β spin densities whereas  𝜁 = ±1 corresponds to the ferromagnetic situation where 

one spin density vanishes. The spin correlation energy density for a given value of the 

total density and relative polarization, 𝜀𝑐(𝜌, 𝜍), is constructed to interpolate the extreme 

values. Several forms have been developed in conjunction with LDA correlation 

functional [18]. 

The LDA assumes that the density is the same everywhere. Because of this, the LDA 

tends to underestimate the exchange energy and over-estimate the correlation 

energy. The errors due to the exchange and correlation parts tend to compensate 

each other to a certain degree. To correct this tendency, it is common to expand in 

terms of the gradient of the density to account for the non-homogeneity of the true 

electron density. This allows for corrections based on the changes in density away 

from the coordinate. These expansions are referred to as GGA and are discussed in 

the next subsection [19]. 
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3.2.2. Generalized Gradient Approximation     

As the LDA approximates the energy of the genuine density by the energy of a local 

constant density, it falls flat in circumstances where the thickness experiences quick 

changes, for example, in atoms. A change to this can be made by considering the 

slope of the electron density, the alleged GGA. The LDA exchange-correlation is an 

inhomogeneous system in non-local density as for electrons it encompasses, and this 

is alluded to as inclination amendment or generalized gradient approximation (GGA). 

The GGA exchange-correlation energy is given as [15,16]:    

   Ex
GGAc(n) = ∫dn(r)εxc

GGA[n(r), ∥ ∇n(r) ∥]                                                             (3.15) 

where xc    is the exchange-correlation energy and ( )n r  is the gradient term. The GGA 

has been broadly utilized and has turned out to be very fruitful in remedying a portion 

of the inadequacies of the LDA [17].  

3.3. Planewave Pseudopotential Method 

3.3.1. Planewave Basis 

Plane-wave basis sets are used in quantum-chemical simulations. Typically, the 

choice of the plane wave basis set is based on a cutoff energy. The plane waves in 

the simulation cell fit below the energy criterion and are then included in the calculation 

[18]. These basis sets are popular in calculations involving three-dimensional periodic 

boundary conditions.  

The main advantage of a plane-wave basis is that it is guaranteed to converge in a 

smooth, monotonic manner to the target wave function. In contrast, when localized 

basis sets are used, monotonic convergence to the basis set limit may be difficult due 

to problems with over-completeness. In a large basis set, functions on different atoms 

start to look alike, and many eigenvalues of the overlap matrix approach zero [19].  
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In addition, certain integrals and operations are much easier to program and carry out 

with plane-wave basis functions than with their localized counterparts. For example, 

the kinetic energy operator is diagonal in reciprocal space. Integrals over real-space 

operators can be efficiently carried out using fast Fourier transforms. The properties 

of the Fourier transform allow a vector representing the gradient of the total energy 

with respect to the plane-wave coefficients to be calculated with a computational effort 

that scales as NPW*ln (NPW) where NPW is the number of plane-waves. When this 

property is combined with separable pseudo potentials of the Kleinman-Bylander type 

and pre-conditioned conjugate gradient solution techniques, the dynamic simulation 

of periodic problems containing hundreds of atoms becomes possible [18,19].  

In practice, plane-wave basis sets are often used in combination with an 'effective core 

potential' or pseudopotential, so that the plane waves are only used to describe the 

valence charge density. This is because core electrons tend to be concentrated very 

close to the atomic nuclei, resulting in large wavefunction and density gradients near 

the nuclei which are not easily described by a plane-wave basis set unless a very high 

energy cut-off, and therefore small wavelength, is used. This combined method of a 

plane-wave basis set with a core pseudo potential is often abbreviated as a PSPW 

calculation [20].  

Furthermore, as all functions in the basis are mutually orthogonal and are not 

associated with any atom, plane-wave basis sets do not exhibit basis-set superposition 

error. However, the plane-wave basis set is dependent on the size of the simulation 

cell, complicating cell size optimization [19].  

Due to the assumption of periodic boundary conditions, plane-wave basis sets are less 

well suited to gas-phase calculations than localized basis sets. Large regions of 
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vacuum need to be added on all sides of the gas-phase molecule to avoid interactions 

with the molecule and its periodic copies. However, the plane waves use a similar 

accuracy to describe the vacuum region as the region where the molecule is, meaning 

that obtaining the truly noninteracting limit may be computationally costly [20]. 

3.3.2. Pseudopotential Method 

A pseudopotential or effective potential is used as an approximation for the simplified 

description of complex systems. Applications include atomic physics and neutron 

scattering. The pseudopotential approximation was first introduced by Hans 

Hellmann in 1934 [21].  

The pseudopotential is an attempt to replace the complicated effects of the motion of 

the core electrons of an atom and its nucleus with an effective potential, or 

pseudopotential, so that the Schrödinger equation contains a modified effective 

potential term instead of the Coulombic potential term for core electrons normally 

found in the Schrödinger equation. 

The pseudopotential is an effective potential constructed to replace the atomic all-

electron potential such that core states are eliminated and the valence electrons are 

described by pseudo-wavefunctions with significantly fewer nodes [22]. This allows 

the pseudo-wavefunctions to be described with far fewer Fourier modes, thus 

making plane-wave basis sets practical to use. In this approach usually only the 

chemically active valence electrons are dealt with explicitly, while the core electrons 

are being considered together with the nuclei as rigid non-polarizable ion cores. It is 

possible to self-consistently update the pseudopotential with the chemical 

environment that it is embedded in, having the effect of relaxing the frozen core 

approximation, although this is rarely done. In codes using local basis functions, like 

Gaussian, often effective core potentials are used that only freeze the core electrons. 

https://en.wikipedia.org/wiki/Atomic_physics
https://en.wikipedia.org/wiki/Neutron_scattering
https://en.wikipedia.org/wiki/Neutron_scattering
https://en.wikipedia.org/wiki/Hans_Hellmann
https://en.wikipedia.org/wiki/Hans_Hellmann
https://en.wikipedia.org/wiki/Core_electron
https://en.wikipedia.org/wiki/Electrons
https://en.wikipedia.org/wiki/Atom
https://en.wikipedia.org/wiki/Potential
https://en.wikipedia.org/wiki/Schr%C3%B6dinger_equation
https://en.wikipedia.org/wiki/Coulomb%27s_law
https://en.wikipedia.org/wiki/Fourier_series
https://en.wikipedia.org/wiki/Basis_set_(chemistry)#Plane-wave_basis_sets
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First-principles pseudopotentials are derived from an atomic reference state, requiring 

that the pseudo- and all-electron valence eigenstates have the same energies and 

amplitude (and thus density) outside a chosen core cut-off radius. 

Pseudopotentials with larger cut-off radii are said to be softer and more rapidly 

convergent, but at the same time, less transferable, which is less accurate in 

reproducing realistic features in different environments [23]. 

Early applications of pseudopotentials to atoms and solids based on attempts to fit 

atomic spectra achieved only limited success. Solid-state pseudopotentials achieved 

their present popularity largely because of Walter Harrison's successful fits with the 

nearly free electron Fermi surface of aluminum to the covalent energy gaps of silicon 

and germanium [24]. 

 

 

Figure 3. 1: Comparison of a wave function in the Coulomb potential of the nucleus 

(blue) to the one in the pseudopotential (red). The real and pseudo wave functions 

and potentials match above a certain cut-off radius rc. 
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3.3.3. Norm-Conserving Pseudopotential 

Norm-conserving and ultrasoft are the two most common forms of pseudopotential 

used in modern plane-wave electronic structure calculations. They allow a basis-set 

with a significantly lower cut-off (the frequency of the highest Fourier mode) to be used 

to describe the electron wave functions and so allow proper numerical convergence 

with reasonable computing resources. An alternative would be to augment the basis 

set around nuclei with atomic-like functions, as is done in linearized augmented 

planewave (LAPW). Norm-conserving pseudopotential was first proposed by 

Hamann, Schlüter, and Chiang (HSC) in 1979 [25]. The original HSC norm-conserving 

pseudopotential takes the following form: 

 V̂ps(r) = ∑ ∑ |Yim ⟩Vim(r)⟨Yim |mi                                                                             (3.16) 

 where  |𝑌𝑖𝑚 ⟩|projects a one-particle wave function, such as one Kohn-Sham orbital, 

to the angular momentum labeled by {𝑙, 𝑚}.𝑉𝑖𝑚(𝑟) is the pseudopotential that acts on 

the projected component. Different angular momentum states then feel different 

potentials; thus, the HSC norm-conserving pseudopotential is non-local, in contrast to 

local pseudopotential which acts on all one-particle wave-functions in the same way. 

Norm-conserving pseudopotentials are constructed to enforce two conditions. 

1. Inside the cut-off radius 𝑟𝑐 the norm of each pseudo-wave function be identical 

to its corresponding all-electron wave function [20]: 

    ∫ dr3∅R,i(r⃗)∅R,j(r⃗) =
r

rc
 ∫ dr3∅̃R,i(r⃗) ∅̃R,j(r⃗)
r

rc
                                            (3.17) 

 

where ∅𝑅,𝑖 and ∅̃𝑅,𝑖 are the all-electron and pseudo reference states for the 

pseudopotential on atom 𝑅. 

2. All-electron and pseudo wave functions are identical outside cut-off radius 𝑟𝑐. 

https://en.wikipedia.org/wiki/Basis_set_(chemistry)#Plane-wave_basis_sets
https://en.wikipedia.org/wiki/Quantum_chemistry_computer_programs
https://en.wikipedia.org/wiki/Muffin-tin_approximation
https://en.wikipedia.org/wiki/Normalizable_wave_function
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3.3.4. Ultrasoft Pseudopotentials 

Ultrasoft pseudopotentials relax the norm-conserving constraint to reduce the 

necessary basis-set size further at the expense of introducing a generalized 

eigenvalue problem with a non-zero difference in norms we can now define [20] : 

  qR,ij = ⟨∅R,i|∅R,j⟩ − ⟨∅̃R,i|∅̃R,j⟩                                                                                (3.18) 

And so, the normalized eigenstate of the pseudo-Hamiltonian now obeys the 

generalized equation: 

 Ĥ|Ψi⟩ = ϵiŜ|Ψ⟩                                                                                                      (3.19) 

Where the operator Ŝ is defined as: 

  Ŝ = 1 + ∑ |PR, i⟩QR, ij⟨PR, j|R,i,j                                                                                (3.20) 

where  PR, i are projectors that form a dual basis with the pseudo reference states 

inside the cut-off radius, and are zero outside: 

   ⟨PR, i|ϕ̃R,j⟩r<rc 
= δi,j                                                                                           (3.21) 

A related technique is the projector-augmented wave (PAW) method [11]. 

 

3.4. Brillouin Zone 

In mathematics and solid-state, the first Brillouin zone is a uniquely defined primitive 

cell in reciprocal space. In the same way, the Bravais lattice is divided up into Wigner–

Seitz cells in the real lattice, the reciprocal lattice is broken up into Brillouin zones. The 

boundaries of this cell are given by planes related to points on the reciprocal lattice. 

The importance of the Brillouin zone stems from the Bloch wave description of waves 

https://en.wikipedia.org/wiki/Dual_basis
https://en.wikipedia.org/wiki/Projector_augmented_wave_method
https://en.wikipedia.org/wiki/Mathematics
https://en.wikipedia.org/wiki/Solid_state_physics
https://en.wikipedia.org/wiki/Primitive_cell
https://en.wikipedia.org/wiki/Primitive_cell
https://en.wikipedia.org/wiki/Reciprocal_space
https://en.wikipedia.org/wiki/Bravais_lattice
https://en.wikipedia.org/wiki/Wigner%E2%80%93Seitz_cell
https://en.wikipedia.org/wiki/Wigner%E2%80%93Seitz_cell
https://en.wikipedia.org/wiki/Reciprocal_lattice
https://en.wikipedia.org/wiki/Reciprocal_lattice
https://en.wikipedia.org/wiki/Bloch_wave
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in a periodic medium, in which it is found that the solutions can be completely 

characterized by their behavior in a single Brillouin zone [18].  

The first Brillouin zone is the locus of points in reciprocal space that are closer to the 

origin of the reciprocal lattice than they are to any other reciprocal lattice points (see 

the derivation of the Wigner-Seitz cell). Another definition is as the set of points in k-

space that can be reached from the origin without crossing any Bragg plane. 

Equivalently, this is the Voronoi cell around the origin of the reciprocal lattice [19].  

3.5. k-Point Sampling 

For a periodic system, the k-points appearing in the wave function belong to the first 

Brillouin zone, by Bloch's theorem. In the case of samples with defects, which are 

aperiodic, the cell that contains the defects is periodically repeated, using periodic 

boundaries. The Bloch theorem can therefore be applied to this supercell, the 

dimension of the Brillouin zone being determined by the dimension of the supercell 

itself, i.e., the larger the supercell, the smaller the Brillouin zone should be [20].  

To calculate the energy band, or the charge density for example, the sum over these 

k-points must be done. Therefore, choosing a sufficiently dense mesh of summation 

is crucial for the convergence of the results. Monkhorst and Pack [20,21] proposed a 

scheme where the k- points are distributed homogeneously in the Brillouin zone 

according to: 

 k = x1b1 + x2b2 + x3b3                                 (3.22) 

 

where b1, b2 , b3 are the reciprocal lattice vectors, and   

https://en.wikipedia.org/wiki/Locus_(mathematics)
https://en.wikipedia.org/wiki/Wigner-Seitz_cell
https://en.wikipedia.org/wiki/Bragg_plane
https://en.wikipedia.org/wiki/Voronoi_cell
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     xi =
l

ni
                     l = 1,… , n1                                                                            (3.23) 

 

where ni are the folding parameters [14,15].  

The k-points are specified in the Cartesian input format as follows: 

 𝑘⃗⃗ =
2𝜋

𝑎
(𝑥1, 𝑥2, 𝑥3)                                         (3.24) 

The unit cell of a face-centered cubic lattice is defined by the subsequent basis 

vectors: 

 

𝐴 =

(

  
 

0
𝑎

2

𝑎

2
𝑎

2
0

𝑎

2
𝑎

2

𝑎

2
0)

  
 

 

     (15) 

The reciprocal lattice is defined as the matrix: 

 
2𝜋𝐵 = (

−1 −1 1
1 −1 1
1 1 −1

) 
     (2.26) 

Determining the appropriate number of k-points to utilize in PWP calculations is 

essential for achieving both rapid convergence and accurate total energy results. The 

maximum accuracy is attained through the k-points utilized by Hohenberg and Kohn, 

Kohn, and Sham [27]. This study employed the Monkhohorst-Pack method to identify 

an optimal set of special k-points for application [28] 

Usually, total energies of different structures are compared. Therefore, if the two 

structures have the same unit cell, the same set of k-points should be used. Since only 

the difference in the energies of the two structures is required, possible errors from a 

non-converged k-point sampling may cancel out. The computational effort could, 

therefore, be reduced by using a carefully chosen small k-point set.  
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An alternative method for choosing k-point mesh has been proposed by Chadi and 

Cohen [29], based on ‘shells’ analysis. This concept can be explained by considering 

the Bloch function for a specific band as [30]: 

  φk(r) =
1

√N
∑ exp(iK. Ri)φ(r − Ri)Rj                                                                         (3.27) 

The charge density for this specific state is therefore:  

 

 pk(r) =
1

N
∑ expRiRj

[iK. (Ri − Rj)]φ
∗(r − Rj)φ(r − Ri)                                           (3.28) 

 

which can be rewritten as: 

 

 pk(r) =
1

N
∑ |φ(r − Ri)|Ri + 

1

N
∑ ∑ exp[iK. Ri]φ

∗
RjRi

,
(r + Rj + Ri)φ(r − Ri)            (3.29) 

 

where the prime in the second sum is overall l, except the Ri = 0 term. Equation (3.29) 

should be compared to the total charge density, given by:  

 

   p(r) = ∑ pk(r)k = ∑ |φ(r − Ri)|Ri                                                                      (3.30)  

 

One can see that the first term in equation (3.18) is the average charge density for the 

band considered. It could therefore be a reliable approximation to the total charge 

density, providing a good choice of k-points that are chosen that minimize the second 

term in equation (3.18) [21,22].  
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3.6. Universal Cluster Expansion 

The cluster-expansion approach is a technique in quantum mechanics that 

systematically truncates the Bogoliubov–Born–Green–Kirkwood–Yvon (BBGKY) 

hierarchy problem.  The BBGKY hierarchy sometimes referred to as Bogoliubov 

hierarchy is a set of equations describing the dynamics of a system of many interacting 

particles that arise when quantum dynamics of interacting systems is solved. In 

statistical mechanics, the cluster expansion (also called the high temperature 

expansion or hopping expansion) is a power series expansion of the partition function 

of a statistical field theory around a model that is a union of non-interacting 0-

dimensional field theories. Cluster expansions originated in the work of Bogoliubov, N 

[31] and Gaspard, P [32], unlike the usual perturbation expansion, it converges in 

some non-trivial regions when the interaction is small. The cluster expansion is a 

power series expansion of the partition function of a statistical field theory around a 

model that is a union of non-interacting of 0-dimensional field theories. Modern DFT 

methods can calculate material properties with reasonable to high precision 

(depending on the quality of the approximations to the exchange and correlation 

effects). Standard DFT applications are, however, restricted to unit cells of a few 

hundred of atoms [33]. If one wants to model an alloy with varying atomic 

concentrations and crystal structures a huge number of very large supercells would 

be needed if one would try to solve the problem using an abrupt force. Therefore, the 

process would be deemed fatal. A successful strategy to overcome this limitation is 

offered by the cluster expansion [34, 35] when combined with Monte Carlo simulations. 

From an optimized cluster expansion, a set of effective cluster interactions can be 

extracted and used in large-scale Monte Carlo simulations to explore order-disorder 

phenomena and phase segregation processes as a function of temperature [35].  
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3.6.1. Effective Cluster Interaction 

On a basic lattice, various atoms, for example of type A and B, are distributed to define 

the structure, σ⃗⃗⃗  as a periodic configuration of A and B atoms. This configuration is 

described by the pseudo spin operator 𝜎𝑞 = ±1, which has the value +1 if atom A sits 

onsite 𝑞 or -1 if that atom is on site B [36]. 

 

Figure 3. 2: Schematic representation of a cluster expansion model [36]. 

Figure 3.2(a) illustrates the basic lattice structure, which serves as the foundation for 

the model, Figure 3.2(b) shows a specific configuration, where lattice sites are 

occupied by atoms of type A (blue) or B (red), with the occupation represented by 𝜎𝑞 

= ±1   for atoms A or B, respectively. Figure 3.2(c) depicts the interactions between 

clusters of atoms (highlighted in green) within the lattice, demonstrating the effective 

cluster interactions that contribute to the system's energy [36]. 

Energy  E(σ⃗⃗⃗), associated with structure σ⃗⃗⃗ can be described by an expansion of cluster 

interaction and their respective interaction energies, J using the expression [37]:  
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E(σ⃗⃗⃗)  = J0 + J1∑ σ⃗⃗⃗ + ∑ Jijσiσj +i>1i ∑ Jijkσiσji>1>k σk +⋯                                       (3.31) 

In equation (3.31), the first term 𝐽0, describes a constant, configuration-independent 

contribution. The second term is concentration-dependent and is a sum over all N sites 

of structure σ⃗⃗⃗ with onsite energy 𝐽𝑖 times the pseudo spin operator σi at each site i. 

Further terms describe the cluster interactions between multiple sites, for example, 

two-body interactions 𝐽𝑖𝑗 or three-body interaction 𝐽𝑖𝑗𝑘. They contain spin products 

𝜎𝑖𝜎𝑗 … overall 𝑓 ⃗⃗⃗ ⃗vertices of a cluster times its effective cluster interaction energy 

𝐽𝑖𝑗  summed up over all the possible ways that the cluster can be placed on the lattice 

of structure 𝜎⃗ [37,38]In other words, the energy 𝐸(𝜎⃗) of structure 𝜎⃗ is broken down 

into clusters with their associated effective interaction energies. The core issue 

of cluster expansion is identifying a universal set of interactions, 𝐽 best suited to 

describe a given model. To accomplish this, it is useful to reformulate the above 

equation into the more compact form given by: 

                E(σ⃗⃗⃗) = ∑ JCCεĊ
∏ (σ⃗⃗⃗)C                                                          (3.32)                                 

The cluster expansion equation sums up the product of cluster’, 𝐶‘s interaction energy,  

𝐽𝐶 with its correlation function: 

 ∏ (σ⃗⃗⃗)C = N−1∑ ∑ ∏ σννϵfkϵC
N
i=1                                                  (3.33) 

The expression represents the summation of all potential configurations in which a 

cluster 𝐶, consisting of 𝑓 vertices, can be positioned on the 𝑁 sites of the structure. 

The correlation function involves the summation of the spin product 𝜎1…𝜎𝑓 across all 

𝑓 vertices inside the cluster. In the current analysis, only clusters that exhibit distinct 

symmetry are considered. Additionally, clusters that are part of an expansion can be 

gathered using the vector 𝐶 = {𝐶1, … , 𝐶1} [38] 
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3.6.2. Inversion and Least Square Fitting 

To find the solution for the cluster expansion, that is to identify appropriate effective 

cluster interactions, a training set of structures is needed. Such a training set contains 

𝑚 structures {𝜎⃗1, … , 𝜎⃗𝑚} with the corresponding energies 𝐸⃗⃗ =  (𝐸1, … , 𝐸𝑚)
𝑇. Together 

with the cluster vector 𝐶 = (𝐶1, … , 𝐶1)
𝑇 , containing all n inequivalent clusters, and the 

corresponding effective cluster interactions 𝑗 = (𝐽, … , 𝐽𝑛)
𝑇 the 𝑚 × 𝑛 correlation matrix: 

∏ =  (

∏C1(σ⃗⃗⃗1) ⋯ ∏Cn(σ⃗⃗⃗1)

⋮ ⋱ ⋮
∏C1(σ⃗⃗⃗1) ⋯ ∏Cn(σ⃗⃗⃗m)

)                                                                           (3.34) 

defined using this correlation matrix, the cluster expansion problem can be formulated 

as: 

E̅ = ∏̅J⃗                                                                                                                   (3.35) 

Inversion is a simple method for defining the values of the effective cluster interactions 

J⃗. 

J⃗ = ∏̅−1E⃗⃗⃗                                                                                                               (3.36) 

However, this approach has serious drawbacks. The number of clusters, 𝑛 must equal 

the number of structures, 𝑚 in the training set. Therefore, such an approach comes 

without redundancy. If the energy of a new structure is evaluated, a new cluster has 

to be added to the cluster expansion. This makes an efficient ground-state search or 

a Monte Carlo simulation unfeasible. Another issue is that the values of the energies 

of the training set structures usually have an uncertainty attached to them, they are 

noisy. A perfect fit with inversion will also fit the effective cluster interactions to that 

noise and not to actual physics. A better approach to identify the effective cluster 
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interactions is to use a least-square fit on a larger training set with m structures in the 

set and 𝑚 > 𝑛: 

(E⃗⃗⃗ − ∏̅J⃗) T(E⃗⃗⃗ − ∏̅J⃗)  → min                                                                                    (3.37) 

3.6.3. Selecting Cluster Interactions Using the Genetic Algorithm  

Cluster selection is performed using the genetic algorithm on a single training 

{𝜎⃗1, … , 𝜎⃗𝑚} of structures with the corresponding energy values 𝐸⃗⃗ =  (𝐸1, … , 𝐸𝑚)
𝑇. The 

process is stochastic in nature meaning that an identical training set yields slightly 

different results if the genetic algorithm is repeated. However, if the cluster expansion 

has converged such fluctuations are negligible. As a fitness criterion the leave-one-

out cross-validation score (CVS) is used. It is evaluated by removing each structure 

once from the training set and using the remaining 𝑁 −  1 structures in a least-square 

fit to determine 𝐽. The thus obtained effective cluster interaction energies 𝐽 are used 

to predict the energy of the one structure removed from the training set which is then 

compared with its actual value. This is done for all N structures in the training set and 

evaluated as a standard deviation of the predicted energies from the actual energies 

[39, 40]. 



   
 

71 
 

 

Figure 3. 3: Cluster selection using the genetic algorithm [39]. 

3.6.4. Iterative Optimization of the Training Set  

The iterative procedure by which the structures for the training set are selected differs 

if the model has a miscibility gap or miscible constituents. To distinguish these two 

types of models, the heats of formation, ∆Hf(σ⃗⃗⃗) are evaluated for all structures in the 

training set. It is defined by 

 ∆Hf(σ⃗⃗⃗) =
EDFT(σ⃗⃗⃗)−∑ni(σ⃗⃗⃗)EDFT

i

∑ni(σ⃗⃗⃗)
                                                                                   (3.38) 

wherein 𝐸𝐷𝐹T(σ⃗⃗⃗) describes the DFT total energy of the structure σ⃗⃗⃗, 𝑛𝑖(σ⃗⃗⃗) is the number 

of atoms of atomic species 𝑖 contained in  σ⃗⃗⃗⃗⃗, and 𝐸𝐷𝐹𝑇
𝑖  denotes the DFT total energy of 

the pure phase of atomic species 𝑖. The sums go over all types of atoms contained in 

the structure σ⃗⃗⃗. Models with miscible constituents have structures with negative ∆𝐻𝑓, 

(thermodynamically stable, ordered structures), while models with a positive ∆𝐻𝑓, 

where none of the ordered structures is thermodynamically stable and phase 

separation occurs, have a miscibility gap [39]. MedeA Universal Cluster Expansion 
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(UNCLE) (MedeA UNCLE) initializes the iterative procedure by adding a user-defined 

number of independent and identically distributed structures (given by the parameter 

Number of structures to initialize the first iteration in the configuration panel) to the 

training set. As a default behavior, after the first iteration, the type of model is 

automatically identified and the procedure switches to the suitable miscibility mode 

[40]. 

3.6.5. Cluster Expansion Flowchart 

A flowchart of iterative procedure is shown in Figure 3.4. In principle, this procedure is 

different from the conventional procedure only in the way that the additional structures 

are selected. The probe structures are selected to decrease the variance of the CE 

energy [41]. The reduction in the cluster expansion (CE) error over a wide range of 

configurations is the prime objective of the use of probe structures. The structure that 

contributes the most to reducing is chosen first. Structures are then selected by order 

of merit. This procedure can, therefore, optimize the CE more efficiently than the 

conventional procedure, in which the ground and near-ground states are used for the 

validation [41,42]. Therefore, the ground-state search is omitted in the present 

procedure to show the validity of the present procedure. In a simple system, the 

ground-state search need not be omitted. The ground-state search can be combined 

with the present procedure. Confirming the ground-state behavior improves the 

reliability of the CE. 
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Figure 3. 4: Flowchart of the improved validation of trial CEs using probe structures 

[41]. 

In systems with a large unit cell the exhaustive ground-state search, in which the 

energies of all configurations are calculated, cannot be performed since the number 

of configurations increases exponentially with the system size [41, 43].  The procedure 

is divided into five stages:   

• Stage 1: Preparation of the initial set of input structures and calculate their DFT 

energies. 

• Stage 2: Construction of a trial CE by searching for an optimal set of clusters 

that minimizes the CV score. Here, we minimize the leave-one-out CV score by 
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using the genetic algorithm10 for the selection. The predictive power of the CE 

is improved by using the leave-many-out CV scheme. Even if the leave-many-

out CV score is used as the prediction score, the predictive power for structures 

far from the inputs is generally lower than that for structures near the inputs, 

since the leave-many-out CV score is calculated using the sample inputs. 

Therefore, the quality of the trial CE, which minimizes the leave-many-out CV 

score, should be validated using out-of-sample structures.  

• Stage 3: Searching for Nprobe probe structures that reduce the coefficient Ʌin 

eqaution 3.38 by the greatest amount.  

• Stage 4: Then, the DFT energies of the probe structures are calculated.  

• Stage 5: Validation of the trial CE using the probe structures. A candidate score 

used in the validation of the trial CE is simply the root-mean-square RMS 

difference between the DFT and CE energies of the probe structures RMS-PS. 

RMS-PS is expressed by:  

 

      (RMS − PS)2 =
1

Nprobe
∑ |ECE(i) − EDFT(i)|

2Nprobe
i

                                              (3.39) 

 

where 𝑁𝑝𝑟𝑜𝑏𝑒 denotes the number of probe structures. 𝐸𝐶𝐸(𝑖) and 𝐸𝐷𝐹𝑇(𝑖) denote the 

CE and DFT energies of probe structure 𝑖, respectively. If RMS-PS is much larger than 

the CV score, the trial CE fails. However, it is expected to be difficult to rigorously 

validate the trial CE using RMS-PS because it is more biased than the CV score. A 

more suitable score for verifying the convergence of the CE is the CV score for N +

Nprobe structures with clusters selected from N structures, i.e., CV(N + Nprobe). If 

CV(N + Nprobe)is larger than CVN evaluated in stage 2, the trial CE is considered to 
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fail. The probe structures are then added to the input set and a new iterative step 

starting from stage 2 is performed using N+N probe structures. The iterative steps are 

repeated until CV(N + Nprobe) converges. In this study, we use both RMS-PS and 

CV(N + Nprobe) to validate the trial CE [43,44]. 

3.6.6. Structure Selection in Complex Systems  

Generally, it is more difficult to construct an accurate CE when crystal structures are 

more complex. Therefore, the use of probe structures is more important in complex 

systems. There are three reasons why it is difficult to construct an accurate CE in a 

complex system:  

• There are many candidate clusters. Sampling important structures to increase 

the accuracy of the CE for all clusters is a difficult task. In simple systems, it is 

easy to sample independent structures over a wide range of the configuration 

space [43,45].  

•  Many clusters are required to express configurational thermodynamics. A CE 

with many clusters has a large uncertainty of the predicted energy easily. 

Therefore, the CE can only attain the required precision using a larger number 

of input structures. In simple systems, a smaller number of clusters are needed 

to describe the configurational thermodynamics [3,45]. 

• There are no proper guides for the selection of the number of input structures, 

𝑁, and the number of clusters, 𝑚. In simple systems, because many CE 

calculations can be found in the literature, appropriate values for 𝑁 and 𝑚 can 

be learned. In the absence of such references, 𝑁 and m should be determined 

by trial and error. For these reasons, our procedure involving the use of probe 

structures is much more useful in complex systems [46]. 

Since the set of optimal clusters and the set of necessary DFT structures are related, 

they can be selected simultaneously during an iterative procedure. Initially, a small 
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number of ordered structures are prepared as inputs. An optimal set of clusters that 

minimizes the cross-validation CV score is searched for from the pool of candidate 

clusters using general minimization algorithms [47]. Since the CV score is calculated 

using the sample inputs, the predictive power for structures far from the inputs is 

generally lower than that for structures near the inputs. Therefore, the quality of the 

trial CE should be validated using out-of-sample structures. In the conventional 

scheme, the predicted ground states and near ground states are used as additional 

structures for validation. The procedure is repeated until the predicted ground states 

and near-ground states converge. The CE error is reduced through the appropriate 

selection of clusters and the validation of the trial CE using out-of-sample structures. 

The conventional iterative procedure has been successfully used to search for the 

ground and near-ground-state structures. It has also been used to predict properties 

at finite temperatures. However, it must be noted that the CE error over the whole 

range of configurations is not necessarily fully reduced by the conventional procedure. 

In other words, the converged CE obtained by the conventional scheme is not 

necessarily the optimal CE, in which the CE error is fully reduced as shown in Figure 

3.5 [48].  
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Figure 3. 5: Schematic representation of CEs constructed from the conventional 

procedure [41]. 

Initial input DFT structures are shown by the open circles. Input DFT structures 

obtained from ground-state searches using trial CEs are shown by the closed circles. 

Structures far from the input structures have a large uncertainty of predicted energy. 

To reduce the CE error over the whole range of configurations, additional structures, 

as shown by the closed diamonds, are required for improved validation of the CE. 

Figure 3.5 schematically illustrates that a structure's energy near the input structures 

can be predicted with a small uncertainty. On the other hand, the energy of a structure 

far from the input structures cannot be predicted precisely owing to the larger 

uncertainty of the CE. When input structures with strong correlations are prepared, the 

predicted energy of a structure far from the input structures has a particularly large 

uncertainty. To calculate the configuration-dependent properties at finite 

temperatures, for example, the configurational free energy as a function of 
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temperature, the error of CE over the whole range of configurations, including all 

excited states, should be carefully examined [48,49].  

3.6.7. Miscible Constituents 

 If a model has miscible constituents, the structures with energies close to the ground 

states, that is, those structures with the lowest ∆𝐻𝑓 at a given concentration, are the 

most important ones, and the cluster expansion should be most accurate for those. To 

accomplish this, those structures predicted by the cluster expansion to be more 

favourable (with a lower ∆𝐻𝑓) and are not yet part of the training set are added to the 

training set. This is done iteratively until no new structures are predicted by cluster 

expansion to be more favourable than those created and included in the training set. 

At this point, the cluster expansion has converged, and the thermodynamically stable 

structures considered by the cluster expansion have been identified [50]. 

3.6.8. Miscibility Gap  

When a model is a phase separating, no stable ordered structures exist apart from the 

two pure phases and all structures are equally important to the cluster expansion. 

Therefore, the selection process of structures to be added to the training set must 

improve the quality of the cluster expansion for all structures considered, irrespective 

of their formation energies, ∆𝐻𝑓. The stochastic nature of the genetic algorithm is then 

used to determine how good (or bad) the energies of the structures predicted by the 

cluster expansion [50,51]. Then, the multiple cluster expansions are performed using 

an identical training set. The energy of all considered structures is then predicted by 

these multiple 𝐽’s, and a standard deviation of the predicted energies is evaluated. 

Structures with the highest standard deviation are those whose description by the 

cluster expansion is the worst [42]. Therefore, these are added iteratively to the 

training set. 
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Figure 3. 6: A Binary ground state diagram illustrating a miscibility gap [50]. 

3.7. Theoretical Background of Calculated Properties 

3.7.1. Electronic Properties 

The quantity of states at each energy level that can be inhabited is called the density 

of states (DOS). A zero density of states at an energy level indicates that no states are 

available for occupation. This mathematical notion facilitates integration related to 

electron energy, serving as an alternative to integration across the Brillouin zone. 

Furthermore, the Density of States (DOS) is frequently employed for rapid visual 

assessment of the electronic structure [50,52]. Attributes such as the valence band 

width, the energy gap in insulators, and the quantity and intensity of principal 

characteristics are important in qualitatively analyzing experimental spectroscopic 

data. The nearest band above the bandgap is called the conduction band, whereas 

the nearest band below the bandgap is known as the valence band. The Fermi level 
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resides inside one or more permitted bands in a metal or semimetal. In semimetals, 

the bands are typically designated as "conduction bands" or "valence bands," 

contingent upon whether charge transport is mostly electron-like or hole-like, 

analogous to semiconductors. In numerous metals, the bands exhibit neither electron-

like nor hole-like characteristics, sometimes called "valence bands" due to their 

composition of valence orbitals [53,54]. The band gaps in a metal's band structure are 

negligible for low-energy physics as they are too far from the Fermi level. DOS analysis 

can elucidate the alterations in electrical structure induced by external pressure, for 

instance. Given an energy level, a high density indicates that numerous states are 

available for occupation[54]. DOS provides essential insights on bonding in solids and 

categorizes materials as metallic, semiconductor, or insulator. Metals and semimetals 

possess delocalized electrons and lack a band gap between the valence and 

conduction bands. The differentiation between semiconductors and insulators is a 

matter of convention. Semiconductors are considered insulators with limited 

bandgaps. Insulators with a bandgap exceeding 3 eV are not classified as 

semiconductors and often do not demonstrate semiconductive properties under 

realistic settings. In a context involving a parabolic relationship, such as that applicable 

to free electrons or an electron within a solid exhibiting an isotropic parabolic band 

structure, the energy is expressed as ε =  
 ħ 

2𝑚
𝐾2  . The densities of the state in three 

dimensions are as follows: 

𝐷(ε) =
1

2𝜋2
(
2𝑚

ħ2
)

3

2𝜀
1
2⁄                                                                                                (3.40) 
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Despite DFT's tendency to consistently underestimate the bandgap in insulators and 

semiconductors by approximately 30-40%, it accurately reflects the shape of the 

density of states (DOS). Thus, more precise approaches rely on linear or quadratic 

interpolations of band energies between reference sites in the Brillouin zone. While 

widely regarded as popular and dependable, the tetrahedron interpolation method is 

regrettably incompatible with the Monkhorst-Pack grid of special points. This approach 

relies on linear interpolation within the parallelepipeds created by the Monkhorst-Pack 

point set, then employing histogram sampling of the resulting band energy set.  

3.7.2. Equilibrium Voltage and Voltage Profile  

The overall cell reaction, combining the anode and cathode reactions of a cathode 

material NaxA and Na metal anode during the intercalation, can be considered as: 

NaX2A + (x2 − x1)Na →  Nax1A                                                                              (3.41) 

where the cathode material is intercalated from Nax1A to Nax2A by inserting x2 − x1 Na 

from the Na metal anode. The average equilibrium voltage V referenced to Na/Na+ is 

calculated as the reaction Gibbs free energy ΔGr over the number of Na ions 

transferred 

  V = −
∆Gr

(x2−x1)F
= −

G(NaX2A)−G(NaX1A)−(x2−x1)GNa

(x2−x1)F
                                                   (3.42) 

where G refers to the Gibbs free energy of the corresponding phase and F is the 

Faraday constant. In most current first principles computation studies [55,56], ΔGr is 

approximated by the reaction internal energy (equation 3.21) calculated at 0 K, as the 

contributions from entropy and volume changes are small at low temperatures and 

often canceled out. Using internal energies from static first principles computation, the 

equilibrium voltage is calculated as: 
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    V = − 
E(NaX2A)−E(NaX1A)−(x2−x1)ENa

(x2−x1)F
                                                                       (3.43) 

where internal energies E of Nax2A, Nax1A and bulk Na are from first-principles 

calculations at 0 K. The electrode materials, for example, layered Na transition metal 

oxides NaxMO2 [57,58] and Na-based alloys, may exhibit stable phases at their 

intermediate Na concentrations. As a result, there may be multiple voltage plateaus 

during electrochemical cycling. The equilibrium voltage between each pair of adjacent 

intermediate stable phases can be calculated using equation (3.22), and the voltage 

profiles as a function of Na concentrations can be constructed from these voltages. 

Therefore, to construct the voltage profile, one needs to identify the intermediate stable 

phases of an electrode as a function of Na concentrations. 

3.7.3. Phase Stability and Na-ion Ordering  

First-principle computation has been widely used in identifying and predicting the 

intermediate stable phases as a function of Na concentration in parallel with direct 

experimental characterizations [59]. For example, multiple intermediate phases such 

as NaPb3, NaPb, Na5Pb2, and Na15Pb4, can form in Na–Pb alloying electrode [59]. The 

layered oxides NaxMnO2 as cathode materials for NIBs are known to exhibit several 

stable intermediate states with different Na-vacancy orderings at different Na 

concentrations x [56,60]. In these intercalation compounds only a fraction of Na sites 

is occupied, leading to many possible configurations of Na ions and vacancies. 

To identify these different Na orderings, computation studies are often performed, first 

to enumerate many different Na vacancy configurations and then to identify the 

structures with the lowest energy. Given many possible configurations, a common 

practice is to first rank the enumerated configurations by electrostatic energy obtained 

from pre-assumed atomic charges [60], as physically stable structures are unlikely to 
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have high electrostatic energy, and then to perform DFT calculations on a fraction 

(often ≈10–100) of those configurations with the lowest electrostatic energies. The 

structures with the lowest DFT energies for each composition are then identified. To 

compare the relative stability of these configurations, the formation energy of the given 

NaxMnO2 composition can be calculated as: 

            Ef = E(NaXMnO2) − xE(NaXMnO2) − (1 − x)E(MnO2)                              (3.44) 

referencing the intercalated NaMnO2 and de-intercalated MnO2 phases. The convex 

hull of the formation energies of all these structures is constructed as a function of Na 

concentrations x. The thermodynamically stable phases are identified from the energy 

convex hull. All stable phases identified are based on static first-principles calculations 

corresponding to 0 K ground states, and so are the calculated voltage profiles. 

3.7.4. Phase Stability and Voltage Profile at Finite Temperatures  

Monte Carlo (MC) modelling can evaluate structures and energies at finite 

temperatures by including the configurational entropy contribution [61]. In MC 

simulation, many energy evaluations often based on the cluster expansion approach 

are sampled for different configurations [61,62]. The cluster expansion method 

provides a lattice-based Hamiltonian fitted to DFT energies and is significantly more 

efficient in computation costs. Based on the cluster-expansion Hamiltonian, MC 

modelling can study Na orderings at finite temperatures and obtain finite-temperature 

phase diagrams. 

3.7.5. Elastic Properties   

The elastic properties of a solid are important to understanding its mechanical 

properties and thermodynamic behaviour. From the elastic constants, we can 

understand the bonding characteristic and describe the response when external forces 
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are applied to materials [22]. NaMnO2 is a monoclinic structure with five independent 

elastic constants, i.e., C11, C12, C13, C33, and C44. For the crystals that have different 

mechanical stability criteria, the monoclinic crystal mechanical stability criterion can 

be expressed as [23] 

   C11 >  0, C44  >  0, C11  −  C22  >  0,  

                                      (C11  + C12)C33  > C13
2 .                                                      (3.45) 

Monoclinic crystal has a Born mechanical stability criterion that can be expressed as: 

             C11 >  0, C22  >  0 , C33 >  0, C44  >  0 C55 >  0, C66  >  0  

           C11C22  >  C12
2  , C11C33  >  C13

2  , C22C33  >  C23
2  and   

           C11C22C33 + 2C12C13C23 C22  >  C11C23
2 − C22C13

2 − C33C12
2  > 0                     (3.46) 

 The Born mechanical stability criteria for orthorhombic systems are as follows:  

 

                                  (C11  +  C12) > 0, (C11  +  C33 + 2C13) > 0  

(2C11  +  C33 + 2C12 + 4C13) > 0, 

C11 >  0, C33 >  0, C44  >  0  

                                                        and  C44  >  0                                                   (3.47) 

 

These conditions also give a limit to the value of bulk moduli, which should be between 

C11 and C12. 

Elastic constants, bulk moduli (B) and shear moduli (G) of the hexagonal, monoclinic 

and orthorhombic crystals can be calculated by following Voigt–Reuss–Hill (VRH) 

approximation. The expressions of bulk moduli (BV, BR, B) and shear moduli (GV, GR, G) 

are [23]: 
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  BV =
2

9
(C11 + C12 + 2C13 + 

C33

2
)                                                                        (3.48) 

 BR =
1

(2S11+ S33)+2(S12+2S13)
                                                                                    (3.49) 

 GV =
1

15
(2C11 + C33 − C12 − 2C13) + 

1

5
(2C44 + C66)                                          (3.50) 

  GR =
15

4(2S11+ S33)−(S12+ S13)+(S44+S66)
                                                                       (3.51) 

where Sij is the elastic compliance constant. 

    B =
1

2
 (BV + BR), G =

1

2
(GV + GR)                                                                        (3.52) 

Meanwhile, Young’s moduli γ and averaged compressibility (β) can be calculated by 

using the following equation: 

  γ =
9BG

3B+G
 , β =

1

B
                                                                                                     (3.53) 

Bulk moduli describe the resistance to volume change and provides the response to 

hydrostatic pressure. Shear moduli evaluate the resistance to plastic deformation of 

polycrystalline materials. Young’s moduli usually provide a measurement of the 

stiffness of a material, i.e., the larger the value of the shear moduli, the stiffer the 

material [22,23]. 
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3.8. Thermodynamic Properties 

The Debye temperature (𝛉𝐃) from the average sound velocity (𝐯𝐦) using the equation 

[63]: 

                        θD =
h

kB
(
3

4π
)

1
3
vm                                                       (14) 

 

where ℎ and 𝑘𝐵are the Planck’s and Boltzmann’s constants, respectively, and is the 

atomic volume. The average sound velocity in polycrystalline systems 𝐯𝐦, is evaluated 

by the expression: 

                            vm = [
1

3
(
2

vt
3 +

1

vl
3)]

−
1
3

                                       (15) 

where  𝑣𝑡  and 𝑣𝑙 are the mean longitudinal and transverse sound velocities, which can 

be related by the shear and bulk moduli from Navier’s equations: 

                                   vt = (
3B + 4G

3ρ
)

1
2
                                                 (16) 

                                               vl = (
G

ρ
)

1
2
                                                    (17) 
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3.9. Computer Codes  

3.9.1. Vienna Ab initio Simulation Package  

The Vienna Ab initio Simulation Package (VASP) is a plane-wave code for ab initio 

density-functional calculations. It employs the projector-augmented wave method to 

accurately describe the electron-ion interaction, matching the precision of advanced 

all-electron codes. VASP uses fast iterative techniques for the diagonalization of the 

density functional theory Hamiltonian and optimized charge-mixing routines. These 

methods ensure a stable and accurate solution of the Kohn-Sham equations and 

favorable scaling of computational effort with system size [64,65]. 

VASP allows total-energy calculations, structural optimizations for systems with 

thousands of atoms, and ab initio molecular dynamics simulations for ensembles with 

a few hundred atoms extending over several tens of picoseconds. It has applications 

in various fields, including structure and phase stability, mechanical and dynamical 

properties, liquids, glasses and quasicrystals, magnetism and magnetic 

nanostructures, semiconductors and insulators, surfaces, interfaces, thin films, 

chemical reactions, and catalysis. Additionally, VASP supports different levels of 

exchange-correlation functionals and various post-DFT approaches, enabling the 

calculation of a wide range of material properties [64,65]. 

3.9.2. MedeA UNCLE 

The MedeA UNCLE package allows you to set up, construct, and automatically 

converge a cluster expansion for bulk or surface systems with partial disorder on some 

or all sublattices. Accurate ab initio calculations of a relatively small number of 

supercells form the basis on which the effective cluster interactions are determined. 

MedeA UNCLE can be applied to arbitrary lattice types and multi-component systems. 
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It automatically performs ground-state searches and applies genetic algorithms or 

compressive sensing to explore configuration space. The derived effective cluster 

interactions map the ab initio results onto a much simpler Hamiltonian, enabling large-

scale Monte Carlo simulations on systems with up to millions of atoms [66]. 

MedeA UNCLE consolidates recent advances in the methodology and incorporates 

new developments in the formalism itself. A core goal of the package is to reduce the 

need for user intervention, automating the method to minimize human error and 

judgment. The package extends the standard cluster expansion formalism to more 

complex cases, such as ternary compounds and surfaces, including adsorption and 

inequivalent sites [66,67]. 
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CHAPTER 4 

 4. Random Substitution of Ti and Zn into NaMnO2  

4.1 Introduction   

Doping of semiconducting material with a foreign element or impurity has been used 

to improve materials' performance, mainly by controlling the band gap size, volume 

expansion and compression, and improving the electrical conductivity of the material 

[1]. The most popular doping method in semiconductors involves substitutional doping; 

this method can be applied in two ways, that is, random and controlled substitution [2]. 

This chapter presented first-principle DFT calculations of Ti-doped NaMnO2 using the 

random substitution approach (i.e., doping in this context refers to substitution of 50% 

of Mn atoms by Ti or Zn atoms). Random substitution doping involves the replacement 

of a specific concentration from the parent structure and adds the same concentration 

of a dopant or an impurity element. Previously, Sukkabot employed substitutional 

doping to investigate the electronic properties of monoclinic NaMnO2 doped with Cr, 

Fe, and V atoms to improve electrochemical performance [3]. The results showed that 

the dopants induced the expansion of volumes. The current study further reported that 

the lowest conduction band and highest valence band are primarily from the d orbital 

of the Mn atom and transition-metal dopants responsible for the electronic conductivity. 

The Na(Mn, Fe)O2 system was found to be a semiconductor with a reduced band gap 

while Cr and V doping in Na(Mn, Cr)O2 and Na(Mn, V)O2 compounds were found to 

be half-metallic. This chapter discussed the random substitution doping of NaMnO2 

with titanium and zinc. Random substitution involves the replacement of host atoms in 

a crystalline material by foreign atoms at arbitrary positions. This technique is 

prevalent in semiconductors and solid-state materials to modify their electrical, optical, 
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and structural characteristics. Dopant atoms can introduce charge carriers, such as 

electrons or holes, or alter the material's band structure, thereby enhancing 

conductivity or other beneficial properties. If substitution occurs randomly, it may 

disrupt certain local electronic environments, which can subsequently affect the 

material's overall behaviour. The calculated results regarding the structural, electronic, 

mechanical, and thermodynamic properties of NaMnO2 doped with Ti and Zn are 

presented in this chapter. 

4.2 Computational Method 

All density functional theory calculations were performed using the Vienna ab initio 

simulation package [4]. The program was used for all the calculations based on DFT. 

A spin-polarised generalised gradient approximation was used to solve the Kohn–

Sham equations with the Perdew–Burke–Ernzerhof functional exchange-correlation 

functional with plane-wave pseudopotential. Geometry optimization was performed for 

the ground state energy of 2 X 1 X 1 NaMnO2. The plane wave cutoff energy of 520 

eV and the Monkhorst-Pack scheme were used, with 2 X 2 X 2 and 4 X 4 X 4 k-point 

meshes for bulk structure and supercell, respectively. The random substitution doping 

technique was used to introduce Ti and Zn atoms into the 2 X 1 X 1 NaMnO2 supercell, 

and subsequently, calculations were performed  to determine the structural, 

mechanical and electronic properties of the bulk structures of NaMn0.5Ti0.5O2, and 

NaMn0.5Zn0.5O2  as well as 2 X 1 X 1 NaMn0.5Ti0.5O2, NaMn0.5Ti0.5O2, NaxMn0.5Ti0.5O2, 

2 X 1 X 1 and NaxMn0.5Zn0.5O2 2 X 1 X 1 supercells (where x =  1, 0.75, 0.5, 0.25, 0). 

The de-intercalation process was done in four stages, where 27% of Na was removed 

from the 2 X 1 X 1 and NaxMn0.5Zn0.5O2 2 X 1 X 1 supercells  until the systems became 

fully de-intercalated 



   
 

100 
 

4.3.  Results and Discussion 

4.3.1 Structural Properties 

The calculated structural properties of NaMnO ⁠2 are listed in Table 1, and the calculated 

lattice parameters are consistent with the experimental values, within a 0.6% deviation 

from both experimental [5] and theoretical [6] results, indicating that the calculation 

methods are reasonable. Although the calculated cell volume deviation was 2.59% 

and 4.09% of the experimental and theoretical reported values, respectively, is still 

within an acceptable percentage error for DFT calculations [4].  

              

Figure 4. 1 Spin-polarized crystallographic relaxed structures of NaMn0.5Ti0.5O2, and 

NaMn0.5Zn0.5O2 
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From figure 4.1, the blue balls represent sodium (Na), green balls imply manganese 

(Mn), red balls indicate oxygen (O), sky blue balls denote titanium (Ti), and lime balls 

represent zinc (Zn). 

Table 4. 1: Calculated structural parameters of NaMnO ⁠2 compared with literature 

results. 

 Experimental 

[5] 

Literature 

[6] 

This work Deviation 

(%) 

 

    Experimental Literature 

a (Å) 5.63 5.71 5.131 0.499 0.579 

b (Å) 2.86 2.88 2.854 0.006 0.026 

c (Å) 5.77 5.74 5.672 0.098 0.068 

Volume (Å3) - - 87.08 83.086 - - 3.994 

 

Table 4.1 indicates a contraction in the volume for this work, exhibiting a deviation of 

3,994%. This phenomenon arises because GGA-PBE tends to overestimate the lattice 

parameter in most instances. Such overestimation also affects the binding energy, 

resulting in marginally larger equilibrium atomic separations relative to experimental 

values. DFT calculations employing GGA functionals typically yield larger lattice 

constants than those observed experimentally.  
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Table 4. 2: Lattice parameters of the NaMnO2, NaMn0.5Ti0.5O2 and 2𝑋 1𝑋 1  

NaxMn0.5Ti0.5O2 supercells during Na extraction after relaxation (𝑥 =

1, 0.75, 0.5, 0.25, 0). 

 a (Å) b (Å) c (Å) Volume(Å3) 

BULK     

NaMnO2 5.131 2.854 5.672 83.086  

NaMn0.5Ti0.5O2 5.488 3.046 6.446 90.152 

SUPERCELL     

Na1Mn0.5Ti0.5O2 10.981 3.048 6.443 180.376 

Na0.75Mn0.5Ti0.5O2 10.806 2.988 6.325 180.127 

Na0.5Mn0.5Ti0.5O2 10.871 2.922 6.358 175.257 

Na0.25Mn0.5Ti0.5O2 10.131 3.007 6.603 167.988  

Mn0.5Ti0.5O2 10.159 2.944 6.110 152.914 

 

The lattice parameters and volumes were clearly altered by the dopants because of 

the difference in atomic radius between the Mn host and the doping element, Ti. The 

lattice parameters of the Ti-doped system are higher than those of the pure system, 

resulting in the expansion of the volume in the presence of the dopants. Stretching of 

the lattice parameters and volume expansion were again observed when the supercell 

was computed.  
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Table 4. 3: Lattice parameters of NaMnO2, NaMn0.5Zn0.5O2 and 2𝑋 1𝑋 1  

NaxMn0.5Zn0.5O2 supercell during Na extraction after relaxation (𝑥 =

 1, 0.75, 0.5, 0.25, 0). 

 
a (Å) b (Å) c (Å) Volume (Å3) 

BULK     

NaMnO2 5.131 2.854 5.672 83.086  

NaxMn0.5Zn0.5O2 5.404 3.055 6.421 88.839 

SUPERCELL     

Na1Mn0.5Zn0.5O2 10.798 3.055 6.421 177.581 

Na0.75Mn0.5Zn0.5O2 10.702 3.004 6.517 178.542 

Na0.5Mn0.5Zn0.5O2 10.647 2.966 6.322 178.666 

Na0.25Mn0.5Zn0.5O2 10.965 2.916 6.634 181.515  

Mn0.5Zn0.5O2 11.542 2.871 6.145 172.563 

 

The change in lattice parameters and volume is observed after, Mn a certain 

concentration of Mn was replaced by the same concentration of Zn and during Na 

extraction, as was observed in the Ti-doped system, with the significant stretch in the 

lattice parameter observed on the lattice constant, a. In contrast, lattice constants b 

and c are slightly stretched, and in the case of Na0.5Mn0.5Zn0.5O2 and Mn0.5Zn0.5O2, the 

lattice constant, c is compressed. 

Dopants can make the volume larger, as a result widening the Na-ion diffusion channel 

and improving the electronic conductivity as reported previously [3,5]. Both Ti- and Zn-

doped systems show the stretching in lattice parameters and volume expansion of 

90.152 Å3 and 88.839 Å3, respectively, before de-intercalation. The Ti-doped system's 

lattice parameters slightly contract upon Na extraction. This small contraction in the 

volume results in the fully de-intercalated system having the most smaller diffusion 
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channel while the fully intercalated has the biggest. In the case of a Zn-doped system, 

the volume expands during each de-intercalation stage and only drops when the 

system is fully de-intercalated. Hence, the diffusion channel widens at each de-

intercalated stage and decreases when the system is fully de-intercalated. 

4.3.2  Electronic Properties 

4.3.2.1 Density of States for NaMnO2, Ti or Zn Doped NaMnO2 Bulk and   

NaMnO2 2 x 1 x 1 Supercell 

The density of states (DOS) calculations was computed using the spin-polarized PBE-

GGA functional. The spin-up states are displayed on the positive scale, whereas the 

lower spin states are seen on the negative scale of the DOS plot. Subsequently, the 

total contributions of all atoms in the structure are indicated by the total density of 

states (TDOS), whereas the partial density of states (PDOS) indicates the contribution 

of individual atoms. The Fermi level (EF) is set to zero for all plots. The concept of 

Fermi level and energy band gaps is necessary to understand the stability of the 

system, where the shift of the EF concerning the band gap plays an essential role in 

stability and changes in coordination within the system. 
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Figure 4.2: Spin-polarized DOS near the Fermi level of bulk NaMnO2 material. 

Figure 4.2 shows the spin-polarized density of monoclinic NaMnO2; it is evident that 

the spin-up and spin-down states are fully occupied, characterising the 

semiconducting behaviour of the system. The findings are consistent with those 

reported in the literature [6]. The figure shows that O-2p orbitals mainly contribute to 

the valence band, interacting with Mn-3d states, while Na-3s have minimal impact. 

The total density of states (TDOS) suggests a clear band gap. The PDOS of NaMnO2 

is primarily dominated by Mn-3d orbitals, which contribute significantly near the Fermi 

level. 
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Figure 4. 2: Spin-polarized PDOS of the (a) NaMn0.5Ti0.5O2 bulk structure and (b) 

2𝑥 1𝑥 1  NaMn0.5Ti0.5O2 supercell. 

 

Figure 4. 3: Spin-polarized PDOS of the (a) NaMn0.5Zn0.5O2 bulk structure and (b) 

2𝑥 1𝑥 1  NaMn0.5Zn0.5O2 supercell. 

Figure 4.3 illustrates the spin-polarized total density of states (TDOS) and the partial 

density of states (PDOS) for both the bulk structure and the 2x 1 x 1 supercell of 

NaMn0.5Ti0.5O2. The observed asymmetry in the spin-polarized density of states 

confirms the existence of magnetism in the doped systems. Doping of NaMnO₂ with 

Ti creates localised dopant states at the Fermi level, primarily associated with the 3d 
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orbital of Ti, as demonstrated by the PDOS analysis. This phenomenon arises from 

the hybridization of the 3d orbitals of the dopant Ti and Mn atoms with the 2p orbitals 

of oxygen, referred to as p-d exchange hybridization. Hybridization significantly 

influences the electronic and magnetic properties of the material. The conduction band 

minimum (CBM) and valence band maximum (VBM) are primarily influenced by Mn 

and Ti atoms, which enhance electronic conductivity in the doped structure.  

The electronic density of states for NaMn0.5Zn0.5O2, derived from spin-polarized DFT 

calculations is presented in Figure 4.4. Similar to Ti-doped systems, the Zn-doped bulk 

NaMn0.5Zn0.5O2 and the 2 X 1 X 1 NaMn0.5Zn0.5O2 supercell exhibit semiconducting 

characteristics. The band gap is reduced in the doped bulk structure relative to the 

undoped system, presumably due to the creation of localised states by the Zn dopant 

adjacent to the valence band. The 2 X 1 X 1 supercell exhibits a larger band gap than 

the doped bulk structure, likely due to additional structural distortions and enhanced 

atomic interactions arising from the supercell formation. The Zn dopant has a more 

pronounced effect on the valence band states than on the conduction band, modifying 

the electronic structure while maintaining the material's semiconducting 

characteristics. 

4.3.2.2 Energy Band Gap 

Table 4.4 depicts the effect of Ti doping on NaMnO2 system behaviour during de-

intercalation. The behaviour changes from semiconductor to half-metallic when doped 

with Ti, before de-intercalation. The system returns to a semiconductor state upon the 

extraction of 25% and 50% Na concentration. Then the system changes to a metallic 

behaviour after removing 75% concentration of Na, while a fully de-intercalated system 

returns to depicting semiconducting characteristics. 
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Table 4. 4: Calculated energy band gap of NaMnO2, NaMn0.5Ti0.5O2 and 

2 × 1 × 1 NaxMn0.5Ti0.5O2 supercell during Na extraction after relaxation (𝑥 =

 1, 0.75, 0.5, 0.25, 0). 

 Energy Band 

Gap (eV) 

Material Type  

BULK   

NaMnO2 1.024 Semiconductor 

NaMn0.5Ti0.5O2 0.928 Half-metallic 

SUPERCELL   

Na1Mn0.5Ti0.5O2 2.988 Half-metallic 

Na0.75Mn0.5Ti0.5O2 0.165 Semiconductor 

Na0.5Mn0.5Ti0.5O2 0.415 Semiconductor 

Na0.25Mn0.5Ti0.5O2 0.000 Metallic 

Mn0.5Ti0.5O2 1.137 Semiconductor 
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Table 4. 5: Calculated energy band gap of NaMnO2, NaMn0.5Zn0.5O2 and 

2 × 1 × 1 NaxMn0.5Zn0.5O2 supercell during Na extraction after relaxation (𝑥 =

 1, 0.75, 0.5, 0.25, 0). 

 Energy Band 

Gap (eV) 

Material Type  

BULK   

NaMnO2 1.024 Semiconductor 

NaMn0.5Zn0.5O2 0.633 Semiconductor 

SUPERCELL   

Na1Mn0.5Zn0.5O2 2.063 Semiconductor 

Na0.75Mn0.5Zn0.5O2 1.712 Half-metallic 

Na0.5Mn0.5Zn0.5O2 0.059 Semiconductor  

Na0.25Mn0.5Zn0.5O2 0.003 Half-metallic 

Mn0.5Zn0.5O2 0.118 Semiconductor  

 

Table 4.5 shows the calculated energy band gap and behaviour of NaMnO2, bulk 

NaxMn0.5Zn0.5O2 and 2 × 1 × 1 NaxMn0.5Zn0.5O2  supercell as well as de-intercalated 

systems. The introduction of Zn into NaMnO2 reduces the band gap, while the creation 

of a supercell leads to an increase, all while maintaining semiconducting behaviour 

after de-intercalation. Na0.75Mn0.5Zn0.5O2 and Na0.25Mn0.5Zn0.5O2 exhibit half-metallic 

behaviour with a diminished band gap. In contrast, the other de-intercalation phases, 

Na0.5Mn0.5Zn0.5O2 and Mn0.5Zn0.5O2, retain semiconductor properties but possess 

smaller band gaps relative to the fully de-intercalated state. Both Ti and Zn reduce the 

band gap as the system transitions from semiconductor to half-metallic and metallic 

states throughout various de-intercalation stages.  
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4.3.2.3 Density of States for De-Intercalated Systems 

The system behaviour is characterised by the states appearing on the spin-up and 

spin-down states as firstly discussed in subsection 4.3.2. Figure 4.4 below illustrates 

the calculated total and partial densities of states for NaxMn0.5Zn0.5O2, a   2 x 1 x 1 

supercell of NaxMn0.5Zn0.5O2, and associated various de-intercalated systems. For all 

the systems, as per usual the Fermi level is positioned at the edge of the uppermost 

valence band, indicating their electronic states. 

 

 

Figure 4. 4: Spin-polarized PDOS of 2 × 1 × 1 NaxMn0.5Ti0.5O2 supercell (a) 𝑥 = 0.75, 

(b) 𝑥 =  0.5, (c) 𝑥 =  0.25, (d) 𝑥 =  0. 
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During extraction, the O-2p, Mn-3d, and Ti-3d states slightly cross the Fermi level, as 

illustrated in Figure 4.5. The up-spin and down-spin states in Figure 4.5(a) and 4.5(b)  

are fully occupied, characterising the semiconducting behaviour, with band gaps of 

0.165 eV and 0.416 eV for Na0.75Mn0.5Ti0.5O2 and Na0,5Mn0.5Ti0.5O2, respectively, while 

the PDOS depicted in Figure 4.5(c) shows the spin-up states that are partially 

occupied and thus becomes metallic , whereas the spin-down states are completely 

filled and present the semiconducting behaviour, resulting in the compound 

Na0,25Mn0.5Ti0.5O2 depicting the half-metallic behaviour. Lastly, a fully de-intercalated 

Mn0.5Ti0.5O2 compound returns back to showing semiconducting characteristics. 

The partial density of state calculations reveal that the intrinsic NaMnZnO2 system 

maintains its semiconducting nature even when a dopant is introduced. However, this 

semiconducting behaviour is altered during the de-intercalation process. Specifically, 

in the first de-intercalation step, where 25% of the sodium (Na) atoms are removed, 

the system's behaviour transitions from semiconducting to half-metallic behaviour. 

This significant change highlights the sensitivity of the electronic properties to the 

sodium content in the material. 
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Figure 4. 5: Spin-polarized PDOS of 2 × 1 × 1 NaxMn0.5Zn0.5O2 supercell (a) 𝑥 = 0.75, 

(b) 𝑥 =  0.5, (c) 𝑥 =  0.25, (d) 𝑥 =  0. 

Figure 4.6 also illustrates the impact of progressive sodium de-intercalation on the 

electronic properties of NaMnZnO2-based systems. In the 2nd, 3rd, and 4th de-

intercalation steps, corresponding to the removal of 50%, 75%, and 100% of Na, the 

spin-up PDOS becomes filled. This indicates that these systems retain their 

semiconducting nature despite significant changes in Na concentration. For the 

Na0.25MnZnO2 and MnZnO2 systems, the states originating from the O-2p, Mn-3d, and 

Zn-3d orbitals intersect the Fermi level. This intersection suggests a mixing of these 

states at the Fermi level, contributing to the overall semiconducting behaviour. In the 

Na0.50MnZnO2 system, only the O-2p and Zn-3d states cross the Fermi level, indicating 

a slight shift in electronic structure but still maintaining semiconductor characteristics. 
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The Na0.75MnZnO2 system presents a unique scenario where the spin-up states are 

partially occupied, leading to a metallic behaviour. Conversely, the spin-down states 

remain fully occupied and semiconducting. This disparity between spin states results 

in half-metallic behaviour, where the material exhibits metallic properties for one spin 

channel and semiconducting properties for the opposite spin channel. 

  4.3.3. Voltages/Redox Potential and Formation Energy 

The energy change of the individual Na atom at each de-intercalation stage of the 

NaMnO2.  The energy change is calculated using the analytical expression: 

 

ΔE =   E [Nax−yMnO2] +  yE (Na)–  E [NaxMnO2]                                                       (4.1)  

 

where ΔE is the energy change of the process that, y(Na) atoms are extracted between 

the NaMnO2 layers, E [Nax−yMnO2], E (Na) and E (NaxMnO2) are the energy of 

[Nax−y],  Na metal and NaxMnO2. Accordingly, the cathode voltage could be calculated 

by [7]: 

              U =  
ΔE

ye
                                                                                                                          (4.2)  

where 𝑈 is the cathode voltage, 𝑒 is the absolute value of the electron charge and 𝑦 is 

the number of the extracted Na atom [7]. To understand the formation of solid solutions 

of Na removal NaxMnO2, the formation energy per unit of formula was calculated using 

the expression: 

FE =  E[NaxMnO2] −  x × E[NaMnO2  − (1 −  x)E[MnO2]                                           (4.3) 

where E[Nax(Mn, Ti)O2] is the energy of the partially deintercalated material and 

E[Na(Mn, Ti)O2 and E[(Mn, Ti)O2] are the energies in its original condition and totally 

deintercalated structures, respectively.  
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Table 4. 6: Cathode voltage/redox potential and formation energy for NaxMn0.5Ti0.5O2  

(x = 1, 0.75, 0.5, 0.25). 

 Voltage (V) Formation 

Energy(eV)  

Na1Mn0.5Ti0.5O2 --------- -1648.73 

Na0.75Mn0.5Ti0.5O2 4.132 -3208.95 

Na0.5Mn0.5Ti0.5O2 3.896 -1527.70 

UnitsNa0.25Mn0.5Ti0.5O2 3.727 -2849.06 

Mn0.5Ti0.5O2 3.410 -1305.28 

 

For the Na1Mn0.5Ti0.5O2, Na0.75Mn0.5Ti0.5O2, Na0.5Mn0.5Ti0.5O2, Na0.25Mn0.5Ti0.5O2 and 

Mn0.5Ti0.5O2 systems, the predicted formation energies are found to be -1648.73 eV, -

3208.95 eV, -1527.70 eV, -2849.06 eV and -1305.28 eV, respectively, as shown in 

Table 4.6. The formation energy of the intercalation systems was found to be negative 

for all materials. This negative value indicates that these materials are predicted to 

form a stable solid solution, signifying that the intercalation process is 

thermodynamically favourable. Consequently, these materials are likely to exhibit good 

chemical stability and homogeneity, making them promising candidates for 

applications in energy storage and conversion technologies. 
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Table 4. 7: Cathode voltage/redox potential and formation energy for NaxMn0.5Zn0.5O2 

(x = 1, 0.75, 0.5, 0.25). 

 Voltage (V) Formation Energy (eV)  

Na1Mn0.5Zn0.5O2 --------- -1127.284 

Na0.75Mn0.5 Zn 0.5O2 2.221 -2074.865 

Na0.5Mn0.5 Zn 0.5O2 3.548 -1778.782 

Na0.25Mn0.5 Zn0.5O2 4.040 -1459.448 

Mn0.5Zn0.5O2 4.337 -1108.467 

 

Table 4.7 provides the formation energy values for the 2 X 1 X 1 NaxMnZnO2 de-

intercalated systems. On analysing the data, we observed that the formation energy 

is negative for all de-intercalated phases, which strongly suggests that these materials 

can form stable solid solutions. This negative formation energy is a clear indication 

that the intercalation and subsequent de-intercalation processes are 

thermodynamically favourable, ensuring the structural and chemical stability of these 

materials. 

Among the various compositions studied, Na0.75Mn0.5Zn0.5O2 exhibited the most 

negative formation energy, highlighting it as the most thermodynamically stable 

compound within the series. This exceptional stability is crucial for practical 

applications, as it implies enhanced durability and performance of the material when 

used as a cathode in sodium-ion batteries. 
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Figure 4. 6: Deintercalation potentials (V) for NaxMn0.5Ti0.5O2  (x = 1, 0.75, 0.5, 0.25) 

 

Figure 4. 7: Deintercalation potentials (V) for NaxMn0.5Zn0.5O2 (x = 1, 0.75, 0.5, 0.25). 
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The de-intercalation potentials for NaxMn0.5Ti0.5O2 are presented in Table 4.6 and 

illustrated in Figure 4.7, with values spanning from 3.410 V to 4.132 V. This range 

indicates a high voltage window, suggesting that the material possesses significant 

potential as a cathode for sodium-ion batteries. The high-voltage range significantly 

enhances energy-density and efficiency, essential characteristics for advanced energy 

storage technologies. The results correspond with the research of Dima et al [7], 

highlighting the necessity of high-voltage cathode materials to achieve elevated 

energy densities in rechargeable batteries [7]. The stability of the voltage range 

highlights the material’s potential for long-term cycling stability, an essential 

consideration for practical applications. The de-intercalation potentials for 

NaxMn0.5Zn0.5O2, as indicated in Table 4.7 and Figure 4.8, range from 2.221 V to 4.337 

V. This broad voltage range indicates that NaxMn0.5Zn0.5O2 serves as a versatile 

cathode material. The lower end of the range at 2.221 V, signifies enhanced energy 

efficiency in the de-intercalation process, leading to reduced energy loss. Meanwhile, 

the upper  end at 4.337 V indicates the potential for high energy-density. These dual 

benefits render the material highly appropriate for various SIB applications.  

These findings align with earlier research conducted by Yabuuchi et al. [8]., who 

reported experimental de-intercalation voltages ranging from approximately 2.0 V to 

4.3 V, depending on the specific material composition and structure. For instance, the 

layered oxides P2-type Na2/3[Fe₁/₂ Mn₁/₂]O₂ exhibited average operating voltages 

around 3.0 V, while Na₀.₇₀MnO₂ demonstrated a higher voltage of 4.0 V. Similarly,  

Zhang et al [9] reported that NaCoO₂ has an average deintercalation voltage of about 

3.0 V, which aligns well with the voltage profiles obtained in this study and corroborates 

the experimental observations by Yabuuchi et al. Both NaxMn0.5Ti0.5O2 and 

NaxMn0.5Zn0.5O2 exhibits properties that render them suitable as cathode materials for 
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sodium-ion batteries. Their voltage ranges correspond well to the specifications for 

high energy-density and efficiency.  

4.3.4.  Mechanical Properties 

NaMnO2 crystalizes into a monoclinic phase, therefore, there are nine independent 

elastic constants, i.e., C11, C12, C13, C22, C23,C33,C44,C55 and C66. For the monoclinic 

crystal, the mechanical stability criterion can be expressed by analytical expression 

presented in equation 3.46 in chapter 3. 

Table 4. 8: Elastic constants (Cij) for NaMn0.5Ti0.5O2 and 2 × 1 × 1 NaxMn0.5Ti0.5O2    

(𝑥 =  1, 0.75, 0.5, 0.25, 0). 

 C11 C12 C13 C22 C23 C33 C44 C55 C66 

BULK          

NaMnO2 119.15 50.44 45.01 321.88 39.72 163.13 61.44 52.21 59.97 

NaxMn0.5Ti0.5O2 191.96 80.93 53.20 266.44 59.00 190.85 50.31 40.98 62.95 

SUPERCELL          

Na1Mn0.5Ti0.5O2 195.40 68.44 50.36 243.84 44.15 183.62 46.16 43.78 62.91 

Na0.75Mn0.5Ti0.5O2 160.42 68.25 24.22 301.40 31.43 142.13 33.22 22.70 59.45 

Na0.50Mn0.5Ti0.5O2 147.21 59.17 31.01 320.03 18.26 84.84 17.84 18.34 77.74 

Na0.25Mn0.5Ti0.5O2 266.99 67.48 21.26 260.63 15.66 54.62 10.73 15.41 76.09 

Mn0.5Ti0.5O2 279.77 51.50 6.34 309.47 4.20 11.92 14.58 23.45 115.63 
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Table 4. 9: Elastic constants (Cij) for NaMn0.5Zn0.5O2 and 2 × 1 × 1 NaxMn0.5Zn0.5O2  

(𝑥 =  1, 0.75, 0.5, 0.25, 0). 

 C11 C12 C13 C22 C23 C33 C44 C55 C66 

BULK          

NaMnO2 119.15 50.44 45.01 321.88 39.72 163.13 61.44 52.21 59.97 

NaxMn0.5Zn0.5O2 184.63 55.87 40.04 231.62 13.74 144.82 43.90 32.35 45.60 

SUPERCELL          

Na1Mn0.5Zn0.5O2 185.92 54.70 38.96 235.46 18.84 158.05 43.79 31.44 46.14 

Na0.75Mn0.5Zn0.5O2 129.94 50.91 21.07 235.97 22.35 117.06 26.07 25.27 45.34 

Na0.5Mn0.5Zn0.5O2 122.74 53.75 23.10 235.80 11.28 89.40 12.72 16.39 51.14 

Na0.25Mn0.5Zn0.5O2 58.75 45.40 8.26 239.53 3.93 31.82 7.26 12.64 64.65 

Mn0.5Zn0.5O2 11.04 28.69 1.22 269.44 4.57 14.72 2.88 9.89 80.12 

 

The results in Tables 4.8 and 4.9 show that the mechanical stability criterion for the 

monoclinic crystal has been satisfied by all the systems. Hence, the crystal  structures 

investigated in this study  are  mechanically stable during and after Na extraction, this 

holds true in all the crystal structures including the fully deintercalated structure. The 

findings suggest that both NaxMn0.5Ti0.5O2 and NaxMn0.5Zn0.5O2 (x =

 1, 0.75, 0.5, 0.25, 0) can be fully deintercalated and still maintain their mechanical 

stability. 

The bulk, shear, and Young’s moduli of the NaxMn0.5Ti0.5O2 (x = 1, 0.75, 0.5, 0.25) 

structures are relatively large as shown in Table 4.10, which implies hardness, 

excellent resistance to volume change, deformation, and stiffness, respectively. In 

addition, the Pugh ductility and brittleness criterion was investigated. The bulk-to-

shear modulus, (B/G) ratio for polycrystalline phases can be calculated, knowing that 

the shear modulus represents the resistance to plastic deformation, and the bulk 



   
 

120 
 

modulus represents the resistance to fracture [10,11]. Brittleness is associated with a 

low B/G value, while ductility is associated with a high B/G value. The value of 1.75 is 

the critical number that distinguishes ductility from brittleness. Because B/G is greater 

than 1.75, the structures of the Na1Mn0.5Ti0.5O2, Na0.75Mn0.5Ti0.5O2, Na0.50Mn0.5Ti0.5O2 

and Na0.25Mn0.5Ti0.5O2 are ductile, which implies that these materials can bend without 

deformation, resulting in fewer cracks to no cracks during battery operation. At the 

same time, Mn0.5Ti0.5O2 give the brittle behaviour as its B/G  values is 1.072 which is 

less than 1.75, the ductility and brittleness behaviour has also been complemented by 

the calculated Poisson ratio as shown in Table 4.10, wherein the Na1Mn0.5Ti0.5O2, 

Na0.75Mn0.5Ti0.5O2, Na0.50Mn0.5Ti0.5O2 and Na0.25Mn0.5Ti0.5O2 systems have  Poisons 

ratio greater than 0.25 showing ductile behaviour and in agreement with the Pugh’s 

ratio. The Poisson ratio value of 0.144 for a fully de-intercalated Mn0.5Ti0.5O2 suggests 

that the material is brittle unlike the others. 

Table 4. 10: Bulk, shear and Young’s moduli, Poisson’s and Pugh’s ratio for 

NaMn0.5Ti0.5O2 and 2 × 1 × 1 NaxMn0.5Ti0.5O2 (𝑥 =  1, 0.75, 0.5, 0.25, 0). 

 BH GH EH Poisson’s 

Ratio 

Pugh’s 

Ratio 

BULK      

NaMnO2 85.92 59.48 144.97 0.219 1.445 

Na Mn0.5Ti0.5O2 112.71 58.52 149.64 0.2787 1.9260 

SUPERCELL      

Na1 Mn0.5Ti0.5O2 104.25 58.82 148.50 0.2626 1.7725 

Na0.75Mn0.5Ti0.5O2 73.81 41.15 103.92 0.2649 1.7937 

Na0.50Mn0.5Ti0.5O2 88.19 48.49 122.87 0.2677 1.8188 

Na0.25Mn0.5Ti0.5O2 66.98 37.62 94.96 0.2634 1.7798 

Mn0.5Ti0.5O2 46.11 43.00 97.04 0.1443 1.0723 
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Table 4. 11: Bulk, shear and Young’s moduli, Poisson’s and Pugh’s ratio for 

NaMn0.5Zn0.5O2 and 2 × 1 × 1 NaxMn0.5Zn0.5O2    (𝑥 =  1, 0.75, 0.5, 0.25, 0). 

 BH GH EH Poisson’s 

Ratio 

Pugh’s 

Ratio 

BULK      

NaMnO2 85.92 59.48 144.97 0.219 1.445 

NaxMn0.5Zn0.5O2 86.71 72.17 79.44 0.243 1.614 

SUPERCELL      

Na1Mn0.5Zn0.5O2 89.39 50.60 127.06 0.256 1.718 

Na0.75Mn0.5Zn0.5O2 70.12 40.82 102.53 0.256 1.718 

Na0.5Mn0.5Zn0.5O2 63.40 31.69 81.20 0.286 2.000 

Na0.25Mn0.5Zn0.5O2 36.74 23.81 58.58 0.234 1.543 

Mn0.5Zn0.5O2 23.36 18.65 43.49 0.185 0.125 

 

Table 4.11 shows the bulk, shear, and Young’s moduli of NaxMn0.5Zn0.5O2 of 

monoclinic crystal structure. Where B, G, and E are the bulk, shear, and Young’s 

moduli, respectively, while H signifies Hill bound. It can be seen from the findings that 

the calculated bulk-to-shear modulus (B/G) ratio for the investigated systems 

NaxMn0.5Zn0.5O2 (x =  1, 0.75, 0.5, 0.25, 0) gives evident that the investigated material 

behaves differently at different de-intercalation stages. For the second stage de-

intercalated system, where 50% of Na was removed, the B/G ratio of 2.00 was 

obtained. On the other hand, the crystal structures of the Na1Mn0.5Zn0.5O2, 

Na0.75Mn0.5Zn0.5O2, Na0.25Mn0.5Zn0.5O2, and Mn0.5Zn0.5O2 structures are predicted to 

have B/G ratio of less than 1.75suggesting that these systems are ductile, can bend 

without deformation, and can experience fewer cracks to no cracks during battery 

operation.  
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Anisotropy refers to the directional dependence of a property, meaning that the 

properties of the crystal may vary with direction. In monoclinic crystals, there are three 

crystallographic axes, namely, two equivalent short axes (A1 and A2) in the plane of 

the hexagon and a longer axis (A3) perpendicular to the plane. For monoclinic crystal 

systems, anisotropy arises from shear as well as from the anisotropy of the linear bulk 

modulus. The shear anisotropy factors are given by the expression [12,13]: 

            A1 =
4C44

C11+C33−2C13
                                                                                                             (4.4) 

            A2 =
4C55

C22+C33−2C23
                                                                                                           (4.5) 

          A3 =
4C66

C11+C22−2C12
                                                                                                            (4.6)  

By introducing a comprehensive concept, Chung and Buessem pioneered a more 

encompassing approach to quantifying elastic anisotropy. Their approach involves 

measuring the percentage anisotropy in compressibility and shear properties [14]. This 

innovative approach expands the scope of understanding and characterising elastic 

anisotropy, providing a more thorough and nuanced perspective on the material's 

response to various stress conditions. By considering both compressibility and shear, 

the approach of Chung and Buessem's allows for a more holistic assessment of how 

materials deform and respond to external forces in different directions, the 

compressibility and shear. According to Chung and Buessem approach the two 

parameters (anisotropy in compressibility and shear moduli) are defined using the 

relations [14,15]:  

                        AB =
BV−BR

BV+BR
                                                                                                             (4.7) 

                          AG =
GV−GR

GV+GR
                                                                                                         (4.8) 
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where AG is Shear asymmetry index, GV is Shear Modulus in vertical direction and Gr 

is Shear modulus in the radial direction. 

 

Table 4. 12: Anisotropy in shear elastic factor (Ai, with 𝑖 = 1,2,3) and anisotropy in 

compressibility and shear moduli (AB and AG in %) for de-intercalated NaMn0.5Ti0.5O2. 

 A1 A2 A3 AB AG 

BULK      

NaMnO2 1.278 0.514 0.705 0.131 0.110  

NaMn0.5Ti0.5O2 0.728 0.483 0.849 0.020 0.046 

SUPERCELL      

Na1Mn0.5Ti0.5O2 0.662 0.516 0.832 0.011 0.041 

Na0.75Mn0.5Ti0.5O2 0.523 0.239 0.731 0.073 0.145 

Na0.50Mn0.5Ti0.5O2 0.420 0.199 0.891 0.157 0.272 

Na0.25Mn0.5Ti0.5O2 0.153 0.217 0.775 0.319 0.390 

Mn0.5Ti0.5O2 0.291 0.299 0.957 0.747 0.550 

 

A1, A2, and A3 give the degree of anisotropy in the bonding between atoms in different 

planes, which the following three shear anisotropy factors can also describe. A1 is the 

shear anisotropy factor defined by the anisotropy for the {100} shear planes 

between〈 011 〉 and 〈010〉 directions,  A2  is associated with the {010} shear planes 

between 〈101〉 and 〈001〉 directions, while A3 factor represents shear anisotropy in the 

{001} shear planes between 〈110〉 and 〈010 〉 directions. For an isotropic crystal, all Ai 

(i = 1,2,3) have unit values. If it is not equal to 1, then the crystals have anisotropy. 

Deviation of Ai from the unit quantifies the degree of elastic anisotropy. 
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A3 is the highest and close to 1, followed by A1, while A2 is the smallest. This means 

that elastic anisotropic for {001} shear planes between 〈110〉 and 〈010〉 directions are 

larger than {100} shear planes between〈 011 〉 and 〈010〉 directions and {010} shear 

planes between 〈101〉 and 〈001〉 directions, except for one system Na0.25Mn0.5Ti0.5O2 

where A2 is found to be larger than A1. 

There is no deviation of Ai (i = 1,2 and 3) from the unit in all calculated systems, as we 

did not get any value greater than 1. According to Hill [16], the difference between BV 

and BR may be proportional to the degree of elastic anisotropy of the crystal, for 

compressibility and shear moduli BR = BV is related to isotropic elastic constants. Still, 

a value of 100% is associated with the maximum amount of anisotropy that may be 

achieved [17,18]. The values of AB and AG for all the de-intercalated systems are listed 

in Table 4.12 When compressibility and shear are considered, these two factors are 

assigned to zero for the isotropic crystal. The higher the value of these factors, the 

greater the anisotropy of the crystal. It is apparent from Table 4.12 that anisotropy 

factors AB and AG increase during de-intercalation, suggesting an improvement in 

isotropy and a reduction in microcracks and dislocation in the charge and discharge 

process.  

The effect of Na de-intercalation on anisotropy factors is essential to determine the 

susceptibility of cracks during battery operation [19] and reduce micro-cracks and 

dislocations. The derivation of the anisotropic factor from unity measures elastic 

anisotropy [20]. For fully intercalated system, A1(0.662), A2(0.516), and A3 (0.832), 

diverge from unity by 33,8%, 48.4%, and 16.8%, respectively, suggesting isotropy 

characteristics at every de-intercalation step. Both A1 and A2 are decreasing while for 

stages 2 and 4 (at 50% and 100%) of de-interacted process, A3 increase and 

convergence to unity. This decrease during de-intercalation suggests mechanical 
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stability and less chance of performance failure during battery operation. At the same 

time, the increase in the values of A3 for 50% and 100% makes the deformation at the 

de-intercalation stages likely.    

Table 4. 13: Anisotropy in the shear elastic factor Ai (with 𝑖 = 1,2,3) and the anisotropy 

in compressibility and shear moduli (AB and AG in %) for de-intercalated 

NaMn0.5Zn0.5O2. 

 A1 A2 A3 AB AG  

BULK       

NaMnO2 1.278 0.514 0.705 0.131 0.110  

NaMn0.5Zn0.5O2 0.658 0.353 0.592 0.028 0.950  

SUPERCELL       

Na1Mn0.5Zn0.5O2 0.509 0.334 0.687 0.092 0.107  

Na0.75Mn0.5Zn0.5O2 0.307 0.217 0.815 0.064 0.109  

Na0.5Mn0.5Zn0.5O2 0.392 0.192 1.246 0.094 0.263  

Na0.25Mn0.5Zn0.5O2 0.494 0.144 1.436 0.347 0.473  

Mn0.5Zn0.5O2 0.704 0.371 0.599 0.732 0.929  

 

Table 4.13 shows anisotropy in the shear elastic factor (Ai with i = 1,2,3) and 

anisotropy in compressibility and shear moduli (AB and AG) for de-intercalated 

NaMn0.5Zn0.5O2. A3 was found to be the highest and close to 1, followed by A1 while 

A2 is the smallest. This means that elastic anisotropic for {001} shear planes between 

〈110〉 and 〈010〉 directions are larger than {100} shear planes between 〈011 〉 and 〈010〉 

directions and {010} shear planes between 〈101〉 and 〈001〉 directions. The divergence 

is then observed in the case of NaxMn0.5Zn0.5O2 with the fully intercalated system 

showing A1(0.509), giving the divergence of 49.1 % from unity. When 75% Na de-

intercalation the anisotropy shows A1(0.494) with a divergency percentage of 50.6%. 
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This indicates a minimal convergence to unity. However, for 50% and 25% sodium de-

intercalated, A3 gives the anisotropy of 1.246 and 1.436, respectively, which exceeds 

the unity by 24.6% and 43.6%, respectively. This indicates that NaxMn0.5Ti0.5O2  

becomes structurally unstable with decreasing sodium concentration, although it 

provides higher energy density. 

NaxMn0.5Ti0.5O2  shows a reduction in divergence from unity in all anisotropy metrics, 

indicating enhanced structural stability during cycling. NaxMn0.5Ti0.5O2  exhibits 

increased anisotropy with reduced sodium content, potentially compromising stability 

while enhancing energy density. The findings are consistent with the existing literature, 

including the studies by Yabuuchi et al. [8], highlighting the importance of 

compositional tuning in the enhancement of  cathode materials for SIBs. De-

intercalations of Na tend to raise AB and AG values, suggesting an improvement in 

isotropy and a reduction in microcracks and dislocations during charging and 

discharging process. In all stages of de-intercalation, the proportion of shear modulus 

anisotropy AG is lower than the percentage of bulk modulus anisotropy AB for 

NaxMn0.5Ti0.5O2  . For  NaxMn0.5Zn0.5O2, the trend cannot be defined as the values of  

AB are larger than  AG in some fully intercalated and fully de-intercalated, while AG 

becomes larger than AB in the 25%, 50% and 75% de-intercalated.  
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4.3.5.  Thermodynamic Properties 

Table 4.14: shows the calculated volumetric density, sound velocities, and Debye 

temperature as a function of Na removal for 2 × 1 × 1 NaMn0.5Ti0.5O2.(𝑥 =

 1, 0.75, 0.5, 0.25, 0). The calculated debye temperature 𝜃𝐷 for Na1Mn0.5Ti0.5O2. was 

found to be 572.7 K.  

 

Table 4. 14: Calculated volumetric density, sound velocities, and Debye temperature 

for NaMn0.5Ti0.5O2. 

 

Na de-intercalation results in a monotonic drop in all sound velocities as well as the 

𝜃𝐷 for all the systems. Considering that the Debye temperature (𝜃𝐷) in a solid may be 

used to define its covalent strength, the drop in 𝜃𝐷 as a result of sodium (Na) de-

 𝛒 𝐯𝐭 𝐯𝐥 𝐯𝐦 𝛉𝐃 

BULK      

NaMnO2    4037     3849     6416    4258    563.8 

NaMn0.5Ti0.5O2 3919 3868 6983 4309 571.8 

SUPERCELL      

Na1Mn0.5Ti0.5O2 3918 3879 6837 4313 572.7 

Na0.75Mn0.5Ti0.5O2 3711 3604 6398 4009 522.3 

Na0.50Mn0.5Ti0.5O2 3597 3371 5961 3749 481.8 

Na0.25Mn0.5Ti0.5O2 3525 3273 5774 3639 461,1 

Mn0.5Ti0.5O2 3623 3453 5356 3790 482.4 
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intercalation indicates that the covalent strength of NaMnTiO2 decreases with each 

de-intercalation step. Although the thermal conductivity of a material generally 

increases with rising 𝜃𝐷,our results showed only a modest drop in 𝜃𝐷.  This suggests 

that the thermal conductivity of NaMnTiO2 was maintained after Na de-intercalation. 

Notably, during the fourth step of Na deintercalation, there was an increase in 

volumetric density, sound velocities, and Debye temperature, with the latter calculated 

to be 482.4 K. These observations imply that despite the deintercalation process, the 

material retains significant thermal and mechanical properties, underscoring its 

robustness in potential applications. 

The sound velocities of monoclinic crystals in the principal direction have been 

calculated and listed in Table 4.14, 𝑣𝑙  and 𝑣𝑡  are longitudinal and transverse sound 

velocities, ρ is the density. 
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Table 4. 15: Calculated volumetric density, sound velocities, and Debye temperature 

for NaMn0.5Zn0.5O2. 

 

It is apparent that the system with a small density of ρ and large elastic constants has 

large value of directional vl and vt. Also, it can be found that the longitudinal waves of 

all systems are fastest along the [0 0 1] direction. Anisotropy in the sound velocities 

suggests the anisotropy of these crystals. 

Table 4.15 shows that Na1Mn0.5Zn0.5O2 exhibits the highest density of 4307 amongst 

all other systems, indicating stability and high energy density. At the same time, the 

lowest density is found to be 3547 for Mn0.5Zn0.5O2. Also, Na1Mn0.5Zn0.5O2 has the 

highest sound velocities, with vt = 3379 m/s, vl = 5903 m/s, and vm = 3754 m/s , 

suggesting that the material is stiffer. In contrast, Mn0.5Zn0.5O2 has the lowest sound 

 𝛒 𝐯𝐭 𝐯𝐥 𝐯𝐦 𝛉𝐃 

BULK      

NaMnO2 4037 3849 6416 4258 563.8 

NaxMn0.5Zn0.5O2 4305 3359 5766 3726 499.4 

SUPERCELL      

Na1Mn0.5Zn0.5O2 4307 3379 5903 3754 505.8 

Na0.75Mn0.5Zn0.5O2 4070 3067 5357 3407 453.9 

Na0.5Mn0.5Zn0.5O2 3853 2822 5152 3146 405.2 

Na0.25Mn0.5Zn0.5O2 3583 2489 4221 2758 349.1 

Mn0.5Zn0.5O2 3547 1497 2408 1650 268.4 
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velocity values indicating mechanical resilience or lower stiffness. The trend continues 

with the Debye temperature, which is found to have an immense value for 

Na1Mn0.5Zn0.5O2 (505,8) and lowest for Mn0.5Zn0.5O2 (268.4) with larger values 

indicating that the system has superior thermal stability. The compound 

Na1Mn0.5Zn0.5O2 was found to be the most stable during charge/discharge stage, 

providing a good balance of high density, mechanical stiffness, and thermal stability. 

The other de-intercalation stages are still viable in battery applications since the 

charge and discharge continue during battery operation. 

 

Figure 4. 8: Temperature versus specific heat at constant volume (Cv) for 2 × 1 × 1 

NaMn0.5Ti 0.5O2 (𝑥 =  1, 0.75, 0.5, 0.25, 0). 
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Figure 4. 9: Temperature versus specific heat at constant volume (Cv) for 2 × 1 × 1 

NaMn0.5Zn0.5O2 (𝑥 =  1, 0.75, 0.5, 0.25, 0). 

Thermodynamic parameters such as specific heat (Cv) at constant volume and entropy 

were calculated at a pressure of 0 GPa and temperatures ranging from 0 to 1500 K to 

investigate the thermodynamic properties of de-intercalated materials. Figures 4.9 and 

4.10 illustrate the influence of temperature on Cv for NaxMn0.5Ti0.5O2, while in 

NaxMn0.5Zn0.5O2. At low temperatures, the rate of increase in specific heat is rapid for 

all de-intercalation phases, irrespective of the de-intercalation stage. As the 

differences in phonon modes contribute to the thermal properties of the material, 

reflecting changes in lattice dynamics influenced by sodium content. At high 

temperatures, the specific heat values of all de-intercalation stages approach the 

classical asymptotic limit, known as the Dulong-Petit law [21,22]. 
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At higher temperatures, CV for NaxMn0.5Ti0.5O2 and NaxMn0.5Zn0.5O2 and their de-

intercalated systems reach saturation point, constant specific heat at high 

temperatures due to the complete excitation of vibrational modes in the lattice as per 

the classical asymptotic limit. The 25% de-intercalated system exhibits the highest Cv 

of all doped systems, followed by the 75% de-intercalated system, then fully de-

intercalated for both NaxMn0.5Ti0.5O2 and NaxMn0.5Zn0.5O2. Higher specific heat in de-

intercalated states implies better heat absorption and dissipation capabilities, which 

improves thermal stability during battery operation. 

 

 

Figure 4. 10: Entropy versus Temperature for 2 × 1 × 1 NaxMn0.5Ti0.5O2 (𝑥 =
 1, 0.75, 0.5, 0.25, 0). 
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Figure 4. 11: Entropy versus Temperature for 2 × 1 × 1  NaxMn0.5Zn0.5O2(𝑥 =

 1, 0.75, 0.5, 0.25, 0). 

The plots of entropy as a function of temperature for NaxMn0.5Ti0.5O2 and  

NaxMn0.5Zn0.5O2 are shown in Figures 4.11 and 4.12, respectively. For all de-

intercalated stages, entropy, which is a measure of disorder, has risen with 

temperature, suggesting stronger lattice vibrations and configurational entropy at 

higher temperatures. The 25% and 75% de-intercalated systems exhibit the highest 

entropy values across all temperature ranges for all systems under investigation, 

indicating that they experience the most substantial structural and vibrational changes 

when heated. This implies that materials may release significant heat during cycling, 

which may affect battery safety and performance. The alternative system is preferred 

for applications that need a high temperature operation or prolonged cycling stability 
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because it exhibits modest increments in entropy, representing more structural rigidity 

and less sensitivity to temperature-induced disorder. 

 

Figure 4. 12: Free energy versus temperature for 2 × 1 × 1 NaxMn0.5Ti0.5O2 (𝑥 =

 1, 0.75, 0.5, 0.25, 0). 
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Figure 4. 13: Free energy versus Temperature for 2 × 1 × 1 NaxMn0.5Zn0.5O2(𝑥 =

 1, 0.75, 0.5, 0.25, 0). 

The Helmholtz free energy is a crucial factor in assessing the stability of a structure. A 

structure with a lower Helmholtz free energy is deemed stable. At low temperatures, 

the fluctuation of free energy in relation to temperature and the variation of heat 
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of free energy is substantial across all intercalation phases, but it increasingly 
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favorability of de-sodiated states at high temperatures indicates that these materials 

may remain stable during elevated-temperature battery operation, thereby minimizing 

the danger of structural damage. Moreover, the incremental decrease in free energy 

with temperature facilitates seamless phase transitions during cycling. De-intercalated 

systems of NaxMn0.5Ti0.5O2 and NaxMn0.5Zn0.5O2. at 25% and 75% may provide an 

equilibrium between energy density and thermal stability. 

 

4.4.  SUMMARY    

A first-principle density functional theory approach was successfully applied to 

investigate the effect of transition metal dopants on the structural, electronic, and 

mechanical properties of NaMnO2 doped with Ti and Zn. The properties investigation 

was focused on NaxMn0.5Ti0.5O2 and NaxMn0.5Zn0.5O2. bulk’s structures, and the 2 X 1 

X 1 NaxMn0.5Ti0.5O2 supercells as a cathode material also the and the effect of Na-ion 

de-intercalation on the 2 X 1 X 1 NaxMn0.5Ti0.5O2 and 2 X 1 X 1 NaxMn0.5Zn0.5O2 

supercells. The dopants alter the lattice parameters and volumes as a result of the 

difference in atomic radius between the Mn host and the doping elements, Ti and Zn. 

The expansion of the volumes induced by the dopant is observed, which widens the 

Na-ion diffusion channel and thus improves the electronic conductivity. Our results 

show that the spin-up and spin-down states in NaxMn0.5Ti0.5O2 and NaxMn0.5Zn0.5O2 

bulks structure and 2 X 1 X 1 NaxMn0.5Ti0.5O2 and 2 X 1 X 1 NaxMn0.5Zn0.5O2 supercells 

are not symmetric, showing magnetism. In the case of de-intercalation, it is 

demonstrated that the compounds become more metallic as the number of Na atoms 

extracted increases; hence, the compound charge carrier density increases, and as a 

result, the electronic conductivity improves. The calculated elastic constants 
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suggested mechanical stability for this compound, since all de-intercalated systems' 

stability criteria were satisfied. All de-intercalated systems were ductile except the fully 

de-intercalated system MnO2, which was brittle according to the Pugh criterion of 

ductility and brittleness. The voltage window of 3.410 V and 4.132 V was obtained for 

the Ti doped system, while the Zn voltage windows of 2.221 and 4.337 V were 

obtained. This calculated voltage is consistent  with the voltage window of 3.54–2.52 

V reported previously in literature. The calculated formation energy values were 

negative, symbolising the prediction of a solid possessed by the material. The 

thermodynamics properties of the doped system investigated in this study show that 

these materials (2 X 1 X 1 NaxMn0.5Ti0.5O2 and 2 X 1 X 1 NaxMn0.5Zn0.5O2 ) remain 

stable during elevated temperature battery operation, thus minimising the risk of 

structural damage. 
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CHAPTER 5 

5. Predicted Ti Doped NaMnO2 Structures Using Cluster Expansion Approach 

5.1 Introduction 

The cluster expansion (CE) method represents a coarse graining of the material 

properties of multicomponent crystals based on the possible configurations of species 

over the sites of an underlying disordered crystal structure. A combination of the CE 

method and Monte Carlo (MC) analysis have become a standard computational tool 

for calculating the thermodynamic properties of crystalline materials with site disorder 

[1–4]. By representing the formation energy in terms of atomic configurations, 

thermodynamic properties can be calculated by sampling finite-temperature states in 

MC simulations [3–6]. The CE method was initially proposed for the study of metallic 

alloys [7], subsequently extended to multi-sublattice systems [3,8] and eventually 

introduced into the study of oxides and ionic materials [9]. The method has seen 

continuous and increasing use in the study of the configuration-dependent properties 

of crystalline materials. Furthermore, the methodology has also been actively and 

successfully used in the study of ionic materials. Theoretically, the CE method can 

represent functions over a configuration space of arbitrary dimension. Several 

complexities arise when CE models are fitted to materials with high-dimensional 

configuration spaces. The most significant complexity comprises the increasing gap 

between the polynomial growth in the number of expansion basis functions within fixed 

radial cutoffs and the number and supercell size of training structures needed for 

successful training. It is worth noting that first-principles calculations used for training 

cluster expansions become more involved as the complexity in the physical 

interactions among components increases [10,11]. This study used the cluster 
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expansion method to predict the stable structure of NaMnO2 doped with Ti with 

different concentrations in the Mn atom and the transition metal dopant Ti. The 

predicted stable structures were then simulated employing first-principle DFT to 

elucidate their structural, electronic, mechanical, and thermodynamic properties. 

5.2 Computational Method 

All density functional theory calculations were performed using VASP code of MedeA 

as introduced in chapter 3 and the Universal Cluster Expansion (UNCLE) module was 

used for structural prediction. Theoretical background of cluster expansion approach 

is presented in detail in chapter 3. Combining these two methods enables high quality 

structure prediction while maintaining the predictive power and accuracy of the first-

principle density functional theory method. The predicted structures were optimized 

with VASP  code employing the projector augmented wave pseudopotential  based on 

DFT. The exchange-correlation functional in the generalized gradient approximation 

was used to solve the Kohn–Sham equations with the Perdew Burke Ernzerhof 

approximation. Geometry optimization for the ground state energy of the predicted 

structures was performed using different convergence parameters since the predicted 

structures are different and found to converge at different cutoff energy and k-point 

mesh. Tolerance for the self-consistence field   of  1 × 10−6 eV was applied in all 

calculations and the maximum displacement of 0.015Å. Spin-polarized (i.e., spin-up 

and spin-down) calculations were performed to find electronic properties using the 

tetrahedron method with Blӧch corrections smearing, while mechanical properties of 

the predicted structures were calculated using a strain of 0.005.    

5.3  Structure Prediction 

The cluster expansion method determines stable multi-component crystal structures. 

It ranks metastable structures by the enthalpy of formation while maintaining the 
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predictive power and accuracy of first-principles density functional methods. The 

technique determines stable multi-component crystal structures and ranks metastable 

structures by the enthalpy of formation. This fitting scheme ran for a maximum number 

of iterations, adding five structures in each iteration, and starting from an initial training 

set of five structures. Iterations continue until the energies of all structures are 

predicted by the cluster expansion, which is higher than the energy calculated for the 

structure of the ground state line at each sampled concentration. Iterations continued 

until 95% of the standard deviation of the structures was within 5 meV of the cross-

validation score (CVS). Therefore, the CVS indicates how well the energies of the 

structures of the stable phases in the training set compare with each other. However, 

systematic errors will not be displayed. 

Lastly, the properties of all structures identified on the binary diagram are 

characterized by calculating heats of formation, elastic properties to determine 

mechanical properties, electronic stability from their density of states, and 

thermodynamic properties of the generated structures of stable phases. Figure 5 

shows an isotropic volume optimization binary ground state diagram with a non-

magnetic structure. This is an alternative to full structural optimization, instead only the 

volume of the structure is optimized isotropically at distinct stages. Then, to counter 

the anomalous DFT total energy values, we increased the accuracy of the VASP 

flowchart by increasing the planewave basis cut-off from 300 to 400 eV. In the GGA 

stage, the k-spacing was decreased from 0.5 to 0.35 in the second minimisation stage. 

The isotropic volume optimization calculations yielded miscible constituents, as shown 

in Figure 5. The plot indicates  that the generated phases close to the ground state 

with the lowest formation energy at a given concentration should be stable. The 

highlighted red line corresponds to density functional theory ground state systems, 
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and the DFT ground state line structures are thermodynamically stable. The binary 

diagram produced 34 new structures of stable phases, of which only four are stable. 

All the stable structures obtained from the binary diagram in Figure 5.1 have the same 

different space group, different lattice parameters and different energy of formation. 

The isotropically optimized structures have a cross-validation score of 1.7 meV, 

indicating a good cluster expansion because it has CVS less than 5 meV per active 

position. Figure 5.1 shows a fully optimized binary ground state diagram of 

Na(Mn,Ti)O2. 

 

 

Figure 5. 1:  An isotropic volume optimized binary ground state diagram of 

Na(Mn,Ti)O2 with a cross-validation score of 1.7 meV. 

From the predicted stable structures shown in Figure 5.1, the undoped system 

NaMnO2 is randomly mixed to produce the  stable phases, which are also predicted 

as stable structures on the DFT ground state line. In an anisotropic volume-optimized 
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binary ground-state diagram, presents several theoretical and computational methods 

applied to forecast characteristics and stability of materials. Based on a statistical 

model educated on first-principles data, CE prediction also known as Cluster 

Expansion prediction which represents the projected formation energies. DFT input, 

then, is the first structures and formation energies derived from Density Functional 

Theory (DFT) calculations. Direct from DFT, DFT Ground-State Line shows the most 

stable structures at given compositions. Training CE guarantees correct material 

behaviour by specifying the dataset used to create the cluster expansion model. The 

other stable predicted structures are NaTiMn2O2, NaTi2MnO2, and NaTiO2 and their 

calculated properties are discussed in the next sections. from the predicted structures, 

blue balls denote sodium (Na), the green balls signify manganese (Mn), the red balls 

indicate oxygen (O), and the sky-blue balls represent Titanium (Ti).  

5.4 Structural Properties 

The evaluation of lattice parameters and volume change upon the addition of Ti dopant 

has been conducted to identify the cathode material with optimal electrochemical 

characteristics. The calculated structural properties are presented in Table 5.1. 

Table 5. 1: Structural properties for Na(Mn,Ti)O2 CE predicted stable structures. 

  NaTiO2 NaTi2MnO2 NaTiMn2O2 NaMnO2 

 a (Å) 4.998 5.108 5.083 5.122 

 b (Å) 2.998 5.755 5.698 2.925 

 c (Å) 5.803 5.108 5.082 5.619 

 Volume (Å3) 86.907 150.158 121.783 79.869 

Space group C2/m P-1 C2/m C2/m 
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The dopants alter the lattice parameters and volumes because of the difference in the 

atomic radius between the Mn host and the Ti dopant. The results show that the lattice 

constants a and b for the NaTiMn2O2 and NaTi2MnO2 systems stretch, while the lattice 

constant c contracts. When Mn is fully replaced with Ti (NaTiO2), all lattice parameters 

are slightly stretched compared to those of the NaMnO2 parent structure. It is evident 

that that the lattice constant c stretches more and has a bigger value than the predicted 

parent structure NaMnO2. Stretching in lattice parameters due to the effect of the Ti 

dopant, results in volume expansion. This volumetric expansion by dopants can widen 

the Na-ion diffusion channel and thus improve electronic conductivity [12]. We 

compared the calculated lattice parameters obtained from the predicted structures and 

the parent structure NaMnO2, and we observed an increase in the lattice parameters 

and volume of the system with Ti-dopant. The combination of Mn and Ti predicted 

stable structures with larger volume compared to parent structures, implying that the 

doped systems have larger diffusion channels. A complete removal of Mn results in a 

small volume but not smaller than the one for parent structure NaMnO2, there is no 

literature reporting the completely substitution of Mn by Ti, The increase in volume and 

lattice parameters upon the addition of Ti concentration to NaMnO2 aligns with prior 

research by Sukkatbot[13], which documented the effects of transition-metal doping 

on NaMnO2, indicating a rise in lattice parameter values and volume. The predicted 

structures show different space groups, NaTi2MnO2 is P-1 triclinic space group which 

is known for generating distortions that may compromise performance, while others 

are C2/m. The frequency of C2/m implies a monoclinic structure that allows effective 

Na⁺ ion mobility and preserves structural integrity [14]. The constant frequency of 

C2/m emphasizes its importance in maintaining favourable electrochemical properties. 
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5.5 Electronic Properties 

The density of states describes the number of different states at a particular energy 

level that electrons can occupy. It allows one to determine the general distribution of 

states as a function of energy and stability of the material and also allows one to 

evaluate the nature of the material. A high density of states at a specific energy level 

means that many states are available for occupation. A zero DOS means that no states 

can be occupied at that energy level. In semiconductors and insulators, the gap is 

present, which happens to be larger for insulators. In metals, the occupied and 

unoccupied orbitals overlap; therefore, no gap between the bands is observed.  

The spin-polarized total density of states and partial density of states in the CE 

predicted structures NaMnO2, NaTiO2, NaTiMn2O2, and NaTi2MnO2 are plotted in 

Figure 5.2. The spin-up states are represented on the positive axis, whilst the lower 

spin states are depicted on the negative axis of the DOS plot. The upper plots indicate 

the total densities of states, and the lower plots show partial densities of Ti doped 

NaMnO2. The TDOS indicates the total contributions of all atoms in the structure, while 

the PDOS indicates contribution by individual atoms. 

The band gap of the NaMnO2 compound is reduced by the Ti dopants, except on the 

NaTiMn2O2 system, as shown in Table 5.2. The systems become more metallic as the 

concentration of Ti-dopant increases. This gives evidence that the electronic 

conductivity can be improved by transition-metal doping in NaMnO2.  
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Table 5. 2: Calculated energy band gap for Na(Mn,Ti)O2 CE predicted stable 

structures. 

 Energy Band 

Gap (eV) 

Material Type  

NaTiO2 0.000 metallic 

NaTi2MnO2 0.583 Half-Metallic 

NaTiMn2O2 1.414 Semiconductor 

NaMnO2 1.069 Semiconductor 

 

Ti dopants introduce a band gap of NaMnO₂ that affects While displaying a larger band 

gap (1.414 eV) than the parent compound (1.069 eV), NaMnO₂ itself is a magnetic 

semiconductor and Ti-doped NaMnO₂ (NaTiMn₂) retains this magnetic 

semiconducting characteristic. But as the Ti concentration rises, the band gap closes 

as shown in NaTi₂MnO₂ (0.583 eV), which changes into a half-metallic ferromagnet. 

This quality points to possible uses improving charge storage and cycling stability. 

Conversely, NaTiO₂ shows metallic behaviour with a zero band gap, so offering 

outstanding electronic conductivity and quick charge transfer. This suggests that a 

useful approach for adjusting the electrical characteristics and raising conductivity in 

these materials is doping with Ti. 
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Figure 5. 2: Spin-polarized DOS for Na(Mn,Ti)O2 CE predicted stable structures. 

 

Figure 5.2 shows that the spin-polarized density of states is not symmetric for all the 

systems, indicating the magnetism characteristics. The introduction of Ti into NaMnO2 

forms new states at the Fermi level. Figure 5.2 shows that the d orbital of the transition 

metals contributes to these states near the Fermi level. The up-spin and down-spin 

states in NaMnO2 and NaTiMn2O2 are fully occupied, which results in the compounds 

keeping their semiconducting characteristics, while for NaTi2MnO2 the spin-up states 

are partially occupied and thus depicting metallic behaviour. In contrast, the spin-down 

states are filled and present the semiconducting behaviour, which results in the 

compound being half-metallic and metallic for NaTi2MnO2 and NaTiO2, respectively. 

The predicted structures indicate that metallicity rises as Ti concentration increases. 

The integration of Ti leads to the development of new states near and at the Fermi 
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level for all the structures with a given concentration of Ti, where O-p and Ti-d states 

overlap with the Fermi level. In contrast, Mn-d states closely approach the Fermi level. 

Ti dopant significantly contributes more towards the formation of states in the 

conduction band for both spin-up and spin-down electrons. Mn-d states appear more 

on the conduction band and less on the valence band for NaTiMn2O2 and 

NaTi2MnO2structures. Oxygen contributes to both the valence and conduction bands.  

5.6 Mechanical Properties 

Calculating elasticity is essential to understand solids' mechanical stability and elastic 

properties. The calculations were performed at 0K temperature since temperature-

related differences in the 𝐶𝑖𝑗 are likely to be at a minimum. The compound NaMnO2 

crystalizes into a monoclinic structure with nine independent elastic constants, C11, 

C12, C13, C22, C23, C33, C44 and C55 used to determine the mechanical stability. The 

criteria for mechanical stability for a monoclinic system defined in chapter 3. 

Table 5. 3: Elastic constant (Cij) for Na(Mn,Ti)O2 CE-predicted stable structures. 

 C11 C12 C13 C22 C23 C33 C44 C55 

NaTiO2 288.63 74.51 59.54 282.09 62.58 234.05 82.93 81.96 

NaTi2MnO2 199.52 46.06 65.95 196.67 70.35 241.74 77.63 78.60 

NaTiMn2O2 274.94 78.00 81.73 220.65 85.54 257.06 69.98 74.86 

NaMnO2 102.98 49.27 34.31 322.00 36.66 146.50 54.05 50.05 

 

The calculated elastic constants presented in Table 5.3 shows that all the stability 

conditions for a monoclinic system have been satisfied, suggesting that all the 

predicted structures are mechanically stable. The bulk and Young’s moduli determine 

the hardness and stiffness of the material, respectively, while shear determines the 

resistance to deformation under shear stress. The bulk modulus also measures the 
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resistance to volume change under pressure. The calculated C11,C22,and C33 values 

are much larger than C44 and C55 for NaTiMn2O2, NaTi2MnO2, and NaTiO2, implying 

that the predicted Ti doped structures have strong directional resistance to linear 

compressions against uniaxial pressures but limited resistance to shear deformations. 

Unfortunately, no experimental data or other theoretical conclusions available for these 

predicted structures to compare. We hope that these findings will be useful in future 

experiments.  

Table 5. 4: Bulk, shear, and Young’s modulus, and Poisson’s ratio for Na(Mn,Ti)O2 

CE-predicted stable structures 

 BH GH EH Poisson’s 

Ratio 

Pugh’s 

Ratio 

NaTiO2 131.245 90.545 49.077 1.450 0.221 

NaTi2MnO2 109.48 73.745 40.293 1.485 0.213 

NaTiMn2O2 143.600 80.980 45.444 1.773 0.225 

NaMnO2 79.675 56.675 30.542 1.406 0.262 

 

Shear modulus evaluates the resistance to plastic deformation of polycrystalline 

materials. Young’s modulus usually provide a measurement of stiffness for a material, 

that is, the higher the value of the shear moduli, the stiffer the material. The bulk, shear, 

and Young’s moduli of Na(Mn,Ti)O2 structures are relatively large, as shown in Table 

5.4 implying hardness, great resistance to volume change, deformation, and stiffness, 

respectively. In addition, the Pugh ductility and brittleness criterion is investigated. The 

bulk-to-shear modulus (B/G) ratio for polycrystalline phases is calculated with the 

knowledge that the shear modulus represents the resistance to plastic deformation 

and the bulk modulus represents the resistance to fracture. Brittleness is related to a 
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low B/G value, whereas ductility is related to a high B/G value. The value 1.75 is the 

critical number that distinguishes ductility from brittleness. The results show that 

NaTiMn2O2 is ductile with a Pugh’s ratio of 1.773, which is bigger than the critical value, 

suggesting that NaTiMn2O2 can bend without deformation, resulting in fewer cracks 

during battery operation. The other three system, NaTiO2, NaTi2MnO2, and NaMnO2 

are both predicted to be brittle. The Poisson's ratios of all the predicted structures 

show brittle behaviour, with NaTiO2 exhibiting 2.9%, NaTi2MnO2 showing 3.7%, and 

NaTiMn2O2 exhibiting 2,5% less than the critical poison ratio value of 0.25, while the 

parent structure NaMnO2 shows the Poisson ratio of 0.262, which is greater than 0.25 

and hence ductile. 

Table 5. 5: Anisotropy in the shear elastic factor (Ai with 𝑖 = 1,2,3) and anisotropy in 

compressibility and shear moduli (AB and AG) for Na(Mn,Ti)O2 CE-predicted stable 

structures. 

 A1 A2 A3 AB AG 

NaTiO2 0.517 0.839 0.969 0.007 0,038 

NaTi2MnO2 0.630 1.056 0.982 0.018 0.038 

NaTiMn2O2 0.402 0.977 1.105 0.006 0.048 

NaMnO2 0.680 0.484 0.732 0.132 0.109 

 

Table 5.5  shows the anisotropy in the shear elastic factor for NaTiO2, NaTi2MnO2, 

NaTiMn2O2, and NaMnO2 CE predicted structures. Anisotropy A3 is the highest and 

close to 1, followed by A2 while A1 is the smallest. This means that elastic anisotropic 

for {001} shear planes between 〈110〉 and 〈010〉 directions are larger than {100} shear 

planes between〈 011 〉and 〈010〉 directions and {010} shear planes between 〈101〉 and 

〈001〉 directions, except for one system NaTi2MnO2 where A2 is larger than A3. For all 
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Ti doped NaMnO2 systems, A1 is predicted to be the smallest, which implies that this 

system has preferred direction for deformation, which could affect the stability during 

battery operation. 

The assessment of elastic anisotropy was conducted by examining the deviation of 

anisotropic factors from unity. It is determined that NaTiO2 deviates from unity by 

48.3% (A1), 16.1% (A2), and 3.1% (A3). NaTi2MnO2 shows divergence with A1 at 37.0% 

and A3 at 1.8%, while A2 (5.6%) exceeds unity, with A2=1.056, indicating an 

enhancement in structural, mechanical, or physical anisotropy. The anisotropy of 

NaTiMn2O2 approaches unity, with A1 at 59.8% and A2 at 2.3%, while A3 surpasses 

unity by approximately 10.5%, yielding a value of A3 = 1.105. The parent structure 

NaMnO2 exhibits deviations from unity with A1 (32%), A2 (51.6%), and A3 (26.8%). All 

predicted structures demonstrate slight divergences from unity, indicating minor 

directional variations in ion transport, electronic conductivity, or mechanical stability. 

This behaviour facilitates efficient charge and discharge performance while preserving 

structural stability. 
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5.7 Thermodynamic Properties 

The sound velocities of monoclinic crystals in the principal direction are listed in Table 

5.6.  

Table 5. 6: Calculated, volumetric density sound velocities and Debye temperature for 

Na(Mn,Ti)O2 CE predicted stable structures. 

 

The density of the materials varies between 3962 and 4604 kg/m³. A more compact 

and stable crystal structure is often linked to increased densities, enhancing a 

material's ability to maintain structural integrity throughout cycling. Among the 

predicted structures, NaMnO₂ exhibited the highest density, suggesting its potential 

for enhanced structural robustness.  

The longitudinal (𝑣𝑙) and transverse (𝑣𝑡) sound velocities, which indicate the speed at 

which sound waves propagate through the material, are determined, and presented in 

Table 6.6. Higher velocity values suggest increased stiffness and mechanical strength 

of the material. The maximum longitudinal velocity of 7711 m/s observed in the case 

of NaTiO₂ material indicates a robust lattice structure demonstrating enhanced 

mechanical deformation resistance during battery operation. In contrast, NaTi2MnO₂ 

shows the lowest transverse velocity at 4188 m/s and a longitudinal velocity of 7031 

 𝛒(kg/𝑚3 ) 𝐯𝐭(𝑚/𝑠) 𝐯𝐥(𝑚/𝑠) 𝐯𝐦(𝑚/𝑠) 𝛉𝐃 (𝐾) 

NaTiO2 3962 4569 7711 5060 681.9 

NaTi2MnO2 4216 4188 7031 4637 632.6 

NaTiMn2O2 4400 4290 7561 4770 655.9 

NaMnO2 4604 4340 6970 4783 662.4 
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m/s, suggesting a less rigid structure that may affect its mechanical stability under 

operational stress, potentially resulting in quicker degradation relative to other 

predicted structures. The mean sound velocity (𝑣𝑚) offers an average assessment of 

the acoustic characteristics of the material, indicating its stiffness. The values range 

from 4637 m/s to 5060 m/s, with NaTiO₂ exhibiting the highest mean sound velocity of 

5060 m/s. This suggests enhanced mechanical stability and contributes to its durability 

as a cathode material.  

The Debye temperature (𝜃𝐷) relates to the vibrational characteristics of the crystal 

lattice. Elevated 𝜃𝐷 values indicate a more rigid lattice, which suggests enhanced 

thermal stability and a reduced tendency for thermal expansion, both of which are 

crucial elements for battery performance across different temperatures. NaTiO₂ 

exhibits a Debye temperature of 681.9 K, suggesting its potential for enhanced 

performance at higher temperatures while preserving structural integrity and 

electrochemical functionality across a broader temperature spectrum. In contrast, 

NaTi2MnO₂ exhibits the lowest Debye temperature at 632.6 K, rendering it more 

vulnerable to thermal degradation and possibly constraining its efficacy in high-

temperature applications. In summary, NaTiO₂ demonstrates the most favourable 

mechanical and thermal characteristics among the materials evaluated, whereas 

NaMnO₂ also shows significant potential owing to its elevated density and sound 

velocities. Meanwhile, NaTi2MnO₂ may necessitate further examination concerning its 

long-term stability in operational environments.  
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Figure 5. 3: Specific heat vs. temperature for Na(Mn,Ti)O2 CE predicted stable 

structures. 

The thermodynamic properties, namely, specific heat, entropy, and free energy as a 

function of temperature for CE predicted   Na(Mn,Ti)O2  structures, are plotted in 

Figures 5.3, 5.4, and 5.5, respectively. The findings suggest that these thermodynamic 

properties are highly dependent on temperature.  

Regardless of the Ti concentration, Figure 5.3 clearly shows that  the specific heat 

(𝐶𝑣) rises sharply at low temperatures for all systems. Because there is less thermal 

energy available at lower temperatures where even tiny amounts of heat input can 

considerably enhance the internal energy of the material, this quick increase in 𝐶𝑣 

aligns with the Debye heat capacity model, which predicts that phonon contributions 

will cause 𝐶𝑣 to depend strongly on temperature ranges. The𝐶𝑣 values for every Ti 

concentration progressively become closer to the traditional asymptotic limit as the 

temperature rises, matching the Dulong-Petit rule. In contrast, the free energy 
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stabilises, and the system approaches a more constant and predictable state as the 

temperature increases. This is especially important for applications involving high 

temperatures since those applications depend on materials maintaining their structural 

and thermodynamic stability.  

 

Figure 5. 4: Entropy vs. temperature for Na(MnTi)O2 CE predicted stable structures. 

Figure 5.4 shows computed entropy values and demonstrate a notable temperature 

sensitivity. Entropy shows how a system moves from a more ordered state to a less 

ordered state as temperature rises. The results show that at low temperatures of up 

to 120 K, the entropy increases gradually. This is consistent with how entropy is 

supposed to behave; thus, material's disorder increases as the temperature is 

increased. The predicted structures NaTi2MnO2 and NaTiMn2O2 exhibit a quick 

increase with rising temperature, whereas NaMnO2 and NaTiO2 have a more gradual 
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increase. This increase signifies heightened disorder at elevated temperatures. The 

presence of Ti demonstrates increased entropy, indicating enhanced configurational 

and vibrational contributions, which lead to improved ionic diffusion.  

 

Figure 5. 5: Free energy vs. temperature of Na(Mn,Ti)O2 CE predicted stable 

structures. 

Figure 5.5 illustrates the Helmholtz free energy for the predicted new structures, 

NaTiO2, NaTi2MnO2, NaTiMn2O2, and NaMnO2, indicating a rapid drop in free energy 

with increasing temperature. This indicates that the investigated systems are 

thermodynamically stable phases at high temperatures; hence, there is evidence of 

reduced structural breakdown during battery operation since the material free energy 

is not rising with temperature increase. 
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5.8  Summary 

First-principle density functional theory and cluster expansion approaches were 

combined to investigate the ground state search and phase stability of Ti doped 

NaMnO2. Employing both methods maintains the predictive power and accuracy of the 

first-principles DFT while searching for new configurations. The predicted structures 

have a cross-validation score of 1.7 meV. The results showed that the lattice 

parameters expand when Ti atom is introduced to the system, causing the volume to 

expand, which results in the widening of the Na ion diffusion channels. The calculated 

energy band gap reduces as the concentration of Ti increases, suggesting improved 

conductivity of the material. The results of elastic constants and mechanical properties 

show that all the predicted structures satisfy the stability criteria and are 

thermodynamically stable, according to the Pugh criterion of ductility and brittleness. 

The findings showed that NaTiMn2O2 is ductile and able to bend without deformation, 

implying that it can be used in battery applications and not crack during operation, 

while the other structures NaTi2MnO2, NaTiMn2O2 and NaMnO2 are predicted to be 

brittle. The calculated sound velocities in this study suggests that mechanical stability 

improvement and contributes to structural durability as a cathode material, The 

thermodynamic properties revealed that the 𝜃𝐷 decreases as the concentration of Mn 

is reduced, with NaMnO2 having the highest value and NaTiO2 with the lowest value, 

While the free energy demonstrates that the material is thermodynamical stable, the 

entropy rise with temperature increase suggests significant ion mobility and reversible 

electrochemical reaction which gives clear indication of ion diffusion during charge and 

discharge.  

 



   
 

160 
 

REFERENCES 

1. A. Walle and G. Ceder, Automating first-principles phase diagram calculations, 

Phase Equilibria and Diffusion.23, 348 (2002).  

2. Ruban, A. V., & Abrikosov, I. A. (2008). Configurational thermodynamics of 

alloys from first principles: Effective cluster interactions. Reports on Progress 

in Physics, 71(4), 046501. 

3. Van De Walle, A. (2009). Multicomponent Mult sublattice alloys, non-

configurational entropy and other additions to the Alloy Theoretic Automated 

Toolkit. Calphad, 33(2), 266-278. 

4. Widom, M. (2018). Modeling the structure and thermodynamics of high-entropy 

alloys. Journal of Materials Research, 33(19), 2881-2898. 

5. Van der Ven, A., Thomas, J. C., Puchala, B., & Natarajan, A. R. (2018). First-

principles statistical mechanics of multicomponent crystals. Annual Review of 

Materials Research, 48(1), 27-55. 

6. Van der Ven, A., Thomas, J. C., Xu, Q., & Bhattacharya, J. (2010). Linking the 

electronic structure of solids to their thermodynamic and kinetic 

properties. Mathematics and computers in simulation, 80(7), 1393-1410. 

7. Sanchez, J. M., Ducastelle, F., & Gratias, D. (1984). Generalized cluster 

description of multicomponent systems. Physica A: Statistical Mechanics and 

its Applications, 128(1-2), 334-350. 

8. Sanchez, J. M. "Cluster expansions and the configurational energy of 

alloys." Physical Review B 48, no. 18 (1993): 14013. 

9. Ceder, G., Garbulsky, G. D., & Tepesch, P. D. (1995). Convergent real-space 

cluster expansion for configurational disorder in ionic systems. Physical Review 

B, 51(17), 11257. 



   
 

161 
 

10. Barroso-Luque, L., Zhong, P., Yang, J. H., Xie, F., Chen, T., Ouyang, B., & 

Ceder, G. (2022). Cluster expansions of multicomponent ionic materials: 

Formalism and methodology. Physical Review B, 106(14), 144202. 

11. Yang, J. H., Chen, T., Barroso-Luque, L., Jadidi, Z., & Ceder, G. (2022). 

Approaches for handling high-dimensional cluster expansions of ionic 

systems. npj Computational Materials, 8(1), 133. 

12. Huang, L., Cheng, J., Li, X., & Wang, B. (2015). Electrode nanomaterials for 

room temperature sodium-ion batteries: a review. Journal of Nanoscience and 

Nanotechnology, 15(9), 6295-6307. 

13. Sukkabot, W. (2020). First-principles calculations of the monoclinic transition-

metal doped NaMnO2 cathode material. Philosophical Magazine, 100(7), 917-

926. 

14. Aslfattahi, N., Samylingam, L., Kiai, M. S., Kadirgama, K., Kulish, V., Schmirler, 

M., & Said, Z. (2023). State-of-the-art review on electrolytes for sodium-ion 

batteries: Potential recent progress and technical challenges. Journal of Energy 

Storage, 72, 108781. 

 

 

 

 



   
 

162 
 

CHAPTER 6 

6. Predicted Zn Doped NaMnO2 Structures Using Cluster Expansion Approach 

6.1 Introduction  

This chapter presented similar study that is presented in chapter 5. In this chapter, 

NaMnO2 is doped with Zn using cluster expansion approach to predict the most stable 

phases at various concentrations of Mn and Zn atoms. The structural, electronic, 

mechanical, and thermodynamic properties of the predicted stable structures are then 

investigated using density functional theory to evaluate their potential as sodium-ion 

battery materials. 

6.2 Computational Method 

Computational details that were followed are presented in chapter 5, section 5.2. The 

flowchart utilised in UNCLE code facilitated cluster expansion calculations through a 

genetic algorithm methodology. The flow chart commences by optimising the 

structures of the training set concerning atomic positions, cell volume, and cell shape 

utilising VASP 5.4 with a GGA exchange-correlation functional.  

6.3 Structure Prediction  

Details on structure prediction are the same as those of Ti doped NaMnO2 as 

presented in section 5.3 in chapter 5. Figure 6.1 depicts a binary ground state diagram 

for isotropic volume optimization with a non-magnetic construction. The isotropic 

volume optimization computation indicates that the components are miscible, as 

illustrated in Figure 6.1 This indicates that the phases formed around the ground states 

with minimal concentration should be stable. The emphasized red line represents 

density functional theory ground state systems, and the DFT ground state line 

structures exhibit thermodynamic stability. 
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Figure 6. 1: An isotropic volume optimized binary ground state diagram of 

Na(Mn,Zn)O2 with a cross-validation score of 1.9 meV 

The binary diagram generated 65 new stable phase structures, of which only seven 

are stable, from the predicted structures, blue balls denote sodium (Na), the green 

balls signify manganese (Mn), the red balls indicate oxygen (O), and the lime balls 

represent zinc (Zn). The stable structures derived from the binary diagram in Figure 

6.1 exhibit different space groups, varying lattice parameters, Wyckoff locations, and 

disparate formation energies. The isotropically optimized structures exhibit a cross-

validation score of 1.9 meV, signifying an effective cluster expansion, as their CVs is 

below 5 meV per active position. 

6.4 Structural Properties 

The calculated structural properties are shown in Table 6.1, along with their associated 

structures as predicted by cluster expansion. The predicted structures undergo 

geometry optimization, to determine their equilibrium state and relaxed internal lattice 

parameters. 
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Table 6. 1:  Lattice parameters of Na(Mn,Zn)O2 CE-predicted stable structures 

 
a (Å) b (Å) c (Å) Volume (Å3) Space 

group 

NaZnO2 4.979 3.240 5.593 90.226 C2/m 

Na3Mn2ZnO6 5.222 5.685 5.222 129.091 P-1 

Na6MnZn5O12 5.603 6.105 8.286 264.891 C2/m 

Na6Mn2Zn4O12 6.393 6.146 8.107 260.295 C2/c 

Na2MnZnO4 2.993 5.646 5.368 85.581 C2/m 

Na5Mn4ZnO10 5.567 7.847 5.756 218.788 P-1 

NaMnO2 5.878 2.257 5.587 76.234 C2/m 

 

The calculated lattice parameters obtained from a conventional structure and doped 

structures using a GGA-PBE approximation were previously reported by Su et al[1]. 

The study indicates that doping NaMnO2 modifies the lattice parameters; specifically, 

the parameters a and c rise with the addition of dopants, whereas parameter b 

experiences a slight decrease, resulting in an overall increase in volume [1]. Our work 

reveals an augmentation in the lattice parameters and volume with an increase in Zn 

content. The modification of the lattice parameters in the presence of Zn is distinctly 

observable in Table 7.1 and aligns with the trends in the existing literature [1]. This 

alteration is due to the different atomic radius between the Mn host and the transition 

metal dopant Zn. Overall, the volume expansion is evident in the presence of Zn. 

Hence, the diffusion channels of the Zn containing predicted structure are widened 

compared to undoped structure, thus, improving the material's conductivity [2]. 

Different space groups specify atomic symmetry and impact ion transport, 
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conductivity, and phase stability. Commonly seen monoclinic space group C2/m with 

mirror plane symmetry supports stable Na⁺ intercalation. With least symmetry, P-1 is 

a triclinic space group that can cause structural distortions influencing performance. 

Another monoclinic space group, C2/c, has glide plane symmetry, therefore 

influencing ion mobility and phase transitions. The predominance of C2/m implies it is 

fundamental for structural stability and electrochemical activity. 

6.5 Electronic Properties 

A basic understanding of the electronic structure of the cathode material is of utmost 

importance in developing advanced cathode materials since it underlines the 

electrochemical behaviour of the battery. The electronic density of states along high-

symmetry lines in the Brillouin zone for both spin-up and spin-down configurations 

were calculated to determine the electronic properties of CE predicted stable 

structures. The top of the valence band is taken as the zero of energy in band structure 

plots, while the Fermi energy is used as the zero of the energy scale in the density of 

states plots. The band gap value and the location of the Fermi level provides the details 

on the behaviour of the predicted structures. 
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Table 6. 2: Energy gap of Na(Mn,Zn)O2 CE predicted stable structures 

 Energy Band Gap 

(eV) 

Material Type 

NaZnO2 0.001 Metallic 

Na3Mn2ZnO6 1.239 Half-metallic 

Na6MnZn5O12 0.000 Metallic 

Na6Mn2Zn4O12 1.779 Half-metallic 

Na2MnZnO4 0.546 Semiconductor  

Na5Mn4ZnO10 1.088 Half-metallic 

NaMnO2 1.069 Semiconductor  

 

The spin-polarized partial densities of states of NaMnO2 doped with Zn Cluster 

expansion predicted stable structures are shown in Figure 6.2.  
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Figure 6. 2: Spin-polarized DOS for Na(Mn,Zn)O2 CE predicted stable structures. 

For Zn doped NaMnO2 predicted structures, the electronic partial density of states 

plots is shown in Figure 6.2, and the behaviour of each predicted structure is tabulated 

in Table 6.2. It is revealed in the table that the predicted structures are of several types. 

There are half-metallic systems with a smaller energy band gap, metallic systems with 

a reduced energy band gap as Zn is introduced into NaMnO2 and semiconducting 
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doped systems (Na2MnZnO4). The parent structure NaMnO2 kept its semiconducting 

behaviour as observed in the previous two chapters. This points out that the electronic 

conductivity can be improved by transition metal doping. From the PDOS graph, it is 

shown that the partial density of states underlines that the states near the Fermi level 

are contributed from the d orbital of the transition metals, with the Mn-3d, Zn-3d, and 

O-2p orbitals as the major contributors for both the valence and conduction bands, 

Also, there is DOS hybridization between Mn-3d and O-2p on the valence band and 

hybridization between Zn-3d and O-2p on the conduction band for Na3Mn2ZnO6, 

Na6MnZn5O12, Na6Mn2Zn4O12, Na2MnZnO4 and Na5Mn4ZnO10 CE predicted 

structures. Moreover, there is a superior contribution from Mn-3d, Zn-3d, and O-2p 

states in the total density of states.  The conduction band minima and  valence band 

maxima are mostly contributed by Mn-3d and Zn-3d atoms and transition-metal 

dopants, which are responsible for electronic conductivity. The spin-up and spin-down 

states in NaMnO2 and Na2MnZnO4 are fully occupied, characterising the 

semiconducting characteristics. In Na6MnZn5O12 and NaZnO2, the spin-up states are 

partially occupied and thus metallic behaviour. This behaviour possesses the free 

electrons that contribute to the high electrical conductivity of the predicted structures. 

In contrast, the spin-down states for Na3Mn2ZnO6, Na6Mn2Zn4O12, and Na5Mn4ZnO10 

are filled and present the semiconducting behaviour. These compounds characterise 

the half-metallic performance and function as a conductor for electrons of the one spin 

direction and insulator-semiconductor for the other spin direction.  

6.6 Mechanical Properties 

As mentioned previously, NaMnO2 exhibits a monoclinic structure and has nine 

independent elastic constants, i.e., C11, C12, C13,C22 ,C23,C33,C44,C55 and C66. The 

elastic properties of a solid are important to understand its mechanical properties. The 
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mechanical stability criterion  expressed by equation 3.23 for the monoclinic crystal 

must be fulfilled to a system considered mechanically stable. 

Table 6. 3: Elastic constants (Cij) for Na(Mn,Zn)O2 CE-predicted stable structures 

 C11 C12 C13 C22 C23 C33 C44 C55 C66 

NaZnO2 101.28 56.43 51.82 172.56 57.63 159.31 55.26 47.04 51.04 

Na3Mn2ZnO6 206.65 88.35 52.53 249.22 52.20 194.56 47.40 56.58 44.20 

Na6MnZn5O12 155.44 72.39 45.84 199.50 45.67 164.15 41.81 50.38 49.62 

Na6Mn2Zn4O12 204.72 88.54 52.79 249 53.56 196.75 49.61 56.12 47.91 

Na2MnZnO4 210.94 69.75 58.31 247.49 45.08 197.01 61.85 40.36 69.81 

Na5Mn4ZnO10 159.59 73.43 50.50 286.00 54.11 185.76 46.94 53.49 63.21 

NaMnO2 119.15 50.44 45.01 321.88 39.72 163.13 61.44 52.21 59.97 

 

Table 6.4. illustrates that elastic constants are all positive and satisfy the conditions of 

mechanical stability. Thus, the predicted structures are mechanically stable. These 

conditions also give a limit to the value of bulk moduli, which should be between C11 

and C12.  
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Table 6. 4: Bulk, shear and Young’s moduli, Poisson’s and Pugh’s ratio for 

Na(Mn,Zn)O2 CE-predicted stable structures. 

 BH GH EH Poisson’s 

Ratio 

Pugh’s 

Ratio 

NaZnO2 77.30 45.97 115.07 0.252 1.681 

Na3Mn2ZnO6 113.81 57.54 147.72 0.284 1.978 

Na6MnZn5O12 93.10 51.04 129.46 0.268 1.824 

Na6Mn2Zn4O12 114.18 59.17 151.36 0.279 1.930 

Na2MnZnO4 108.15 63.42 159.15 0.255 1.705 

Na5Mn4ZnO10 105.15 60.50 152.28 0.259 1.738 

NaMnO2 85.92 59.48 144.97 0.219 1.445 

 

The hardness of a material correlates with its bulk and shear moduli; thus, hard solids 

can be identified by examining materials with high bulk and shear moduli, as 

evidenced by the table indicating that BH > GH. The Pugh ductility and brittleness 

criterion was also assessed. The value 1.75 is the critical number that distinguishes 

ductility from brittleness. Because BH/GH is greater than 1.75, the predicted structures, 

Na3Mn2ZnO6, Na6MnZn5O12, Na6Mn2Zn4O12, Na2MnZnO4, and Na5Mn4ZnO10 

structures are ductile, which implies that these materials can bend without 

deformation, resulting in fewer cracks during battery operation. This behaviour is again 

supported by looking at the value of Poisson’s ratio which can distinguish the 

brittleness and ductility of the material. The dividing line between the brittle material 

and the ductile material is 0.25. When Poisson’s ratio is less than 0.25, the material is 

brittle, while they are ductile if Poisson’s ratio is greater than 0.25. The Poisson ratio 

of NaZnO2, Na3Mn2ZnO6, Na6MnZn5O12, Na6Mn2Zn4O12, Na2MnZnO4, and 

Na5Mn4ZnO10 is greater than 0.25, suggesting that all these predicted structures are 
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ductile except NaMnO2. Poisson’s and Pugh’s ratio give the consistent behaviour for 

the predicted structures. 

Elastic anisotropy of crystals has an important implication in engineering and science 

because it is strongly related to the possibility of microcracks in the material. The 

difference between the two elastic constants, C11 and C33, illustrates the conditions of 

elastic anisotropy of the crystal and can be determined by equations 4.6.4 and 4.6.5. 

Table 6. 5: Anisotropy in the shear elastic factor (Ai with 𝑖 = 1,2,3) and anisotropy in 

compressibility and shear moduli (AB and AG) for Na(Mn,Zn)O2 CE-predicted stable 

structures. 

 A1 A2 A3 AB AG  

NaZnO2 1.408 0.869 1.268 0.099 0.051  

Na3Mn2ZnO6 0.640 0.666 .0.633 0.012 0.045  

Na6MnZn5O12 0.751 0.740 0.876 0.011 0.020  

Na6Mn2Zn4O12 0.671 0.664 0.693 0.080 0.045  

Na2MnZnO4 0.849 0.456 0.870 0.029 0.050  

Na5Mn4ZnO10 0.768 0.589 0.846 0.043 0.041  

NaMnO2 1.278 0.514 0.705 0.131 0.110  

 

The values of A1, A2, and A3 for the Zn doped NaMnO2 predicted structures are 

uniform, indicating isotropic characteristics. The systems Na3Mn2ZnO6, Na6MnZn5O12, 

Na6Mn2Zn4O12, Na2MnZnO4, and Na5Mn4ZnO10 exhibit minor departures from unity, 

while A1 and A3 for NaZnO2 and A1 for NaMnO2 had the most significant deviation from 

unity. The projected structures for NaMnO2 doped with Zn exhibit a decline in AB and 

AG values with increasing Zn concentration, indicating a drop in isotropy that may lead 

to micro-cracks and dislocations during the charge/discharge cycle. The proportion of 



   
 

172 
 

shear modulus anisotropy, AG exceeds the percentage of bulk modulus anisotropy AB 

for the compounds Na3Mn2ZnO6, Na6MnZn5O12, Na6Mn2Zn4O12, Na2MnZnO4, and 

Na5Mn4ZnO10. The system NaZnO2 has an anisotropy factor exceeding unity, with A1 

and A3 surpassing unity by 40.8% and 26.8%, respectively, indicating enhanced 

directional bonding and increased stiffness. An identical pattern is observed in 

NaMnO2, with the anisotropy factor A1 exceeding unity by 27.8%. The alternative 

anticipated structure exhibits anisotropic components that slightly deviate from the 

unit, implying uniform mechanical properties in all directions. This is essential for long-

term cycling stability and positively influences sodium diffusion channels, battery 

stability, and performance during daily use.  
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6.7 Thermodynamic Properties 

The calculated volumetric density, sound velocities, and Debye temperature of the CE-

predicted structure are listed in Table 6.6.  

Table 6. 6: Calculated volumetric density longitudinal  sound velocities  and Debye 

temperature 𝛳𝐷for Na(Mn,Zn)O2 CE-predicted stable structures. 

 

The structures of Zn doped NaMnO2 exhibit calculated density ranging from 4037 to 

4469 kg/m³, as detailed in Table 6.6. These elevated values suggest these materials 

are stable and can maintain their form during battery operation. The velocity of sound 

waves traveling through the material was measured and is presented in Table 6.6 as 

the longitudinal (vl) and transverse (vt) sound velocities. The table indicates that Zn 

doped NaMnO2 predicted structures exhibit elevated velocities, suggesting increased 

stiffness and mechanical stability. The longitudinal velocity values further demonstrate 

that these predicted structures possess greater strength and enhanced resistance to 

 𝛒(kg/𝑚3 ) 𝐯𝐭(𝑚/𝑠) 𝐯𝐥(𝑚/𝑠) 𝐯𝐦(𝑚/𝑠) 𝛉𝐃 (𝐾) 

NaZnO2 4352 3250 5644 3609 476.3 

Na3Mn2ZnO6 4371 3628 6602 4044 545.2 

Na6MnZn5O12 4462 3381 6007 3762 503.1 

Na6Mn2Zn4O12 4376 3677 6642 4096 552.5 

Na2MnZnO4 4469 3764 6561 4181 565.3 

NaMn4ZnO10 4251 3773 6613 4193 562.3 

NaMnO2 4037 3849 6416 4258 563.8 
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mechanical deformation during battery operation, as evidenced by the higher 

longitudinal velocity values.  

 

Given that the Debye temperature in a solid can indicate its covalent strength, the 

values derived for the lattice imply a more rigid structure, suggesting enhanced 

thermal stability and a reduced probability of thermal expansion both crucial elements 

for battery performance across different temperatures. The maximum Debye 

temperature recorded was 565.3kg/𝑚3  for Na2MnZnO4, indicating that Na2MnZnO4 

has the potential to excel at elevated temperatures by preserving its structural integrity 

and electrochemical performance across a broader temperature spectrum. The 

minimum value of 476.3kg/𝑚3  was recorded for NaZnO2, suggests a higher 

susceptibility to thermal degradation, which could restrict its effectiveness in high-

temperature settings. 

To assess the thermal behaviour of various materials within this temperature range, it 

is essential to examine their thermodynamic properties, including specific heat at 

constant temperature (Cv). Calculations of free energy and entropy at 0 GPa pressure 

across a temperature range of 0 to 1500 K were conducted. The thermodynamic 

properties of electrode materials in a sodium-ion battery are the primary focus of our 

investigation [8]. This study examines thermodynamic quantities, including Helmholtz 

free energy, entropy, and specific heat capacity, as they relate to temperature. 

Thermodynamic properties results obtained for Zn doped NaMnO2 predicted 

structures are illustrated in Figures 6.2, to 6.4. 
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Figure 6. 3: Specific heat vs. temperature for CE-predicted   Na(Mn,Zn)O2  structure. 

           

Figure 6.3 depicts the specific heat at constant volume demonstrating a considerable 

correlation between temperature and Cv. At low temperatures, the rate of growth in Cv 

is swift for all predicted structures. At elevated temperatures, the Cv values of all 

structures converge towards the traditional asymptotic limit. The specific heat capacity 

rises with increasing temperature and reaches a saturation point as the temperature 

continues to escalate.  
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Figure 6. 4: Entropy vs. temperature for CE predicted  Na(Mn,Zn)O2  structure. 

 

At a temperature of 375 K, Figure 6.4 illustrates the entropy of the newly predicted 

structures of Zn doped NaMnO2. The predicted structures exhibit a swift increase in 

entropy values with rising temperature, indicating the material's thermal stability, and 

enhancing its ionic diffusion pathways.  
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Figure 6. 5: Free energy vs. Temperature for CE-predicted   Na(Mn,Zn)O2  structure. 

 

The Helmholtz free energy of the predicted structure was examined, revealing that the 

free energy diminishes as temperature rises. The Helmholtz free energy is a crucial 

measure for evaluating the stability of a structure. A structure with a reduced Helmholtz 

free energy is considered stable [9,10]. Figure 6.5 demonstrates that the computed 

Helmholtz free energy for Zn doped NaMnO2 has a greater negative trend at 

temperatures over 250 K, while NaMnO2 and NaZnO2 exhibit fewer negative values 

compared to other structures. Consequently, Figure 6.5 demonstrates that all Zn 

doped NaMnO2 predicted structures exhibit thermodynamic stability, with 

Na3Mn2ZnO6, Na6MnZn5O12, Na6Mn2Zn4O12, Na2MnZnO4, and Na5Mn4ZnO10 

displaying greater stability as their thermodynamic free energy properties become 

increasingly unfavourable with rising temperatures, in contrast to NaMnO2 and 

NaZnO2. 
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6.8 Summary 

The cluster expansion approach has been successfully used to predict the stable 

structures of Zn doped NaMnO2. The results demonstrate a cross-validation score of 

less than 5 meV. Expansion in the lattice parameters when adding Zn concentration 

to NaMnO2 causes the volumetric expansion, which results in a wider diffusion 

channel. The calculated energy band gap values of Zn containing predicted structures 

are lower than that of the parent structure (NaMnO2), implying enhanced conductivity 

of the materials. The mechanical properties results show that all the predicted 

structures satisfied the Born stability criteria for monoclinic structure and are 

mechanically stable. According to the Pugh criterion of ductility and brittleness, the 

predicted structures, Na3Mn2ZnO6, Na6MnZn5O12, Na6Mn2Zn4O12, Na2MnZnO4 and 

Na5Mn4ZnO10 structures are ductile, which implies that these materials can bend 

without deformation, resulting in fewer cracks during battery operation. The Poisson 

ratio analysis of Na3Mn2ZnO6, Na6MnZn5O12, Na6Mn2Zn4O12, Na2MnZnO4 and 

Na5Mn4ZnO10 shows values greater than 0.25, implying that the predicted structures 

are ductile. The Poisson and Pugh ratios demonstrate consistent characteristics for 

the predicted structures. Thermodynamic properties showed that NaZnO2, 

Na3Mn2ZnO6, Na6MnZn5O12, Na6Mn2Zn4O12, Na2MnZnO4, and Na5Mn4ZnO10 have 

lower Debye temperature than that of the parent structure. However, Na2MnZnO4 

compound has the highest Debye temperature, suggesting highest thermal 

conductivity followed by the parent structure. 
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CHAPTER 7 

CONCLUSION 

First principle calculations based on density function theory used to carry out the 

structural, electronic, mechanical and Thermodynamics  properties   of NaxMn0.5Ti0.5O2 

and NaxMn0.5Zn0.5O2 bulk structures, and  2 X 1 X 1 NaxMn0.5Ti0.5O2 and 2 X 1 X 1 

NaxMn0.5Zn0.5O2 supercells as cathode materials for sodium-ion batteries, the structural 

doping by Ti and Zn  were done using random substitution doping technique. We also used 

the first-principle simulations to investigate the consequences of Na+ on the 2 X 1 X 1 

NaxMn0.5Ti0.5O2 and 2 X 1 X 1 NaxMn0.5Zn0.5O2 supercells. The dopants (Ti and Zn) 

change the lattice parameters and volumes for the doped systems because their 

atomic radii are different from the host Mn (The atomic radii of Mn, Ti, and Zn are not 

all the same). All the doped systems exhibit dopant-induced volume expansion, which 

widens the Na+ diffusion channel wider and enhances the materials' conductivity. The 

introduction of impurities leads to structural changes that affect Na+ mobility. Wider 

diffusion channels decrease the activation energy barrier for Na⁺ transport, allowing 

for quicker ion migration through the host lattice. This improved Na⁺ mobility enhances 

the rate capability of the cathode material and enables more efficient charge/discharge 

dynamics. The spin-polarized total and partial density of states (TDOS and PDOS) 

reveal a clear asymmetry between spin-up and spin-down channels, confirming half-

metallic behavior and intrinsic magnetism in Ti-doped NaMnO₂ systems. The PDOS 

analysis attributes this magnetism to the hybridization of Ti and Mn 3d orbitals with O 

2p states, which introduces localized electronic states at the Fermi level. These 

electronic and magnetic modifications, driven by p–d exchange interactions, enhance 

the material's conductivity and make it a promising candidate for multifunctional 

sodium-ion battery applications. This observation also applies to the NaxMn0.5Zn0.5O2 

bulk structure and 2 X 1 X 1 NaxMn0.5Zn0.5O2 supercell. In this study, we investigated 

various properties of the materials, including the voltage window which reflects their 

dynamic response during the charge and discharge processes. For the Ti-doped 

system, we found that the voltage window ranges from 3.410 V to 4.132 V. In contrast, 

the voltage window for the Zn-doped system ranges from 2.221 V to 4.337 V. These 

ranges represent the operating voltages during sodium extraction and insertion, 

highlighting the electrochemical behavior under cycling conditions. Notably, the 
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voltage profile reported by Zhang et al. for a related system spans from 3.54 V to 2.52 

V, which is comparable to our findings. Additionally, the negative formation energy 

values calculated for these doped systems suggest thermodynamic stability, further 

strengthening their potential as candidate cathode materials.The calculated elastic 

constants for the NaxMn0.5Ti0.5O2 and NaxMn0.5Zn0.5O2 bulk structures, as well as the 

2 X 1 X 1 NaxMn0.5Ti0.5O2 and 2 X 1 X 1 NaxMn0.5Zn0.5O2 supercells, indicate 

mechanical stability for this compound. However, the fully de-intercalated system 

(MnO2) indicate that it is not stable and cannot be fully de-intercalated, this is show 

but  Pugh less than 1.75 and poisson ration below 0.25. negative, symbolizsng the 

prediction of a solid possessed by the material. The material investigated found to be 

thermodymical stable, with thermodynamics properties of 2 X 1 X 1 NaxMn0.5Ti0.5O2 

and 2 X 1 X 1 NaxMn0.5 Zn0.5O2 remain stable during elevated temperature battery 

operation, thus minimising the risk of structural damage. hence the search for a proper 

concentration of Ti and Zn to be added to the NaMnO2 was looked at using the cluster 

expansion approach. The UNCLE code implemented the cluster expansion formalism 

to investigate Na(Mn,Ti)O2 and Na(Mn,Zn)O2. We used this method to find stable 

multi-component crystal structures and rank metastable structures based on the 

enthalpy of formation. It works just as well and accurately as first-principles density 

functional methods. The ground state phase diagram generated various structures 

with different concentrations and symmetries. The isotropically volume-optimized and 

fully optimized structures produced the cross-validation score of 1.7 meV and 1.9 meV 

for Na(Mn,Ti)O2 and Na(Mn,Zn)O2, respectively, which is an indication of a favourable 

cluster expansion since it is less than 5 meV per active position. We figured out the 

structural, electronic, mechanical and Thermodynamics properties of all the structures, 

we found on the isotropically optimized volume and fully optimized binary diagram to 

show how stable they are. In the presence of a dopant, the lattice parameters stretch, 

causing the volume to expand and widening the Na-diffusion channel of all the CE-

predicted structures. The band gap gets smaller as the amount of Ti increases, as 

shown by the electronic properties analysis. Similarly, for Zn-based predicted 

structures, the band gap was smaller than that of the parent structure, which means 

that the doped material is more of the conductor. We investigated the mechanical 

properties by measuring the elastic constants. The results showed that all the 

predicted structures met the stability requirements for monoclinic structures. Pugh and 

poisson criteria of ductility and brittleness shows that the CE-Predicted structures for 
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Ti-doped systems, indicate that NaTiMn2O2 is ductile and able to bend without 

deformation, implying that it can be used in battery applications and cannot crack 

during operation while the other structures NaTi2MnO2, NaTiMn2O6 and NaMnO2 are 

both brittle, for Zn-doped systems Na3Mn2ZnO6, Na6MnZn5O12, Na6Mn2Zn4O12, 

Na2MnZnO4 and Na5Mn4ZnO10 structures found to be ductile, which implies that these 

materials can bend without deformation, resulting in fewer cracks during battery 

operation, while the Poisson ratio analysis of Na3Mn2ZnO6, Na6MnZn5O12, 

Na6Mn2Zn4O12, Na2MnZnO4 and Na5Mn4ZnO10 shows values greater than 0.26 which 

shows that these predicted structures are ductile. The Poisson and Pugh ratios 

demonstrate the same behaviour for the predicted structures. The thermodynamic 

analysis of the investigated materials shows a strong dependence on temperature, so 

influencing important parameters including specific heat, entropy, and free energy. At 

low temperatures, the particular specific heat (Cv) at higher temperatures it 

corresponds with the Dulong-Petit rule. Especially in the systems that were doped with 

Ti, entropy increases with temperature indicate greater disorder and enhanced ionic 

transport. The observed decrease in Helmholtz free energy with rising temperature 

confirms the thermodynamic stability of the expected structures, therefore making 

them suitable for high temperature uses. 

  

 

 

 


