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Abstract

Infectious diseases have great impact on our life and socio-economic realm. They account for
43% of global burden and they still remain a leading cause of mortality and morbidity more
especially in the developing country. Most of them are linked to environmental health, as they
are influenced by pathogens that are capable of adapting and evolving in the environment. In
this study we develop two mathematical models (epidemiological and immuno-epidemiological
model) of Guinea worm disease for the study of the transmission dynamics of Guinea worm par-
asites known as Dracunculus medinsis within a human population. Guinea worm disease results
after drinking water that has been contaminated by infected copepods with mature Guinea worm
larvae. We study the mathematical properties of both models and show that all the models are
mathematically and epidemiologically well-posed. We determine the basic reproduction number
(Ro) of both models by using the next generation operator. The (Ro) was used to analyse the
Jocal and global stability of disease-free equilibrium as well as the local stability of endemic
equilibrium. We deduce that if Ro <1, then the disease-free equilibrium point of both models is
locally and globally asymptotically stable, however if R, > 1 the endemic equilibrium point of
both models is locally asymptotically stable. We then analyse the sensitivity of Ry of both mod-
els on the variation of their model parameters and finally we simulate the behaviour of both the
models numerically. In both cases, our results show that their reproduction number R, is more
sensitive to the changes of the death rate of copepods siz. Therefore reducing the population of

copepods in the physical water environment can eventually contribute in eradicating the disease.
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Chapter 1

Introduction

1.1 Background

Infectious diseases have a major impact on our life and socio-economic state, and still remain a
leading cause of high mortality and morbidity rates worldwide, more especially in the developing
countries (WHO, 2000). They account to 43% of global burden, with 24% of the global disease
burden and 23% of deaths attributed to environmental factors. An estimated 3.5 to 18 million
children’s deaths per year are caused by water-borne infectious diseases because many people
do not have access to clean water (Daniel, 2013). Most infectious diseases such as Cholera,
Guinea worm disease, Toxoplasma and Schistosomiasis are caused by free-living pathogens that
can adapt and evolve in the environment.

Generally, free-living pathogens emerge or re-emerge because of the environmental changes
(Eisenberg et al., 2007, Bani-Yaghoub et al., 2012, Hellriege, 2001). Change in the environ-
ment can occur due to human social-activity or ecological processes, which have an impact on
the occurrence or disappearance of pathogens in a certain region. Human social-activity can ei-
ther be urbanisation, construction of roads, building dams, deforestation or land usage and the
ecological processes which occur due to climate changes, loss of diversity or natural disasters.
For example, a road infrastructure development can lead to an increase in STD incidents because
of increases in sexual activity as workers usually stay away from their families. Rainfall can
cause some damage to sewerage systems, which can lead to an increase in the spread of water-

borne pathogens as well as breeding of vectors, while urbanisation can influence the spread of
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air-borne diseases because of overcrowding (Wilson, 2012). Guinea worm disease was chosen
in this study as a conceptual model system for infections with free-living pathogens in the envi-

ronment because of its life-cycle which includes the free-living parasitic stages that interact with

the water environment.

Guinea worm disease, also known as Dracunculiasis, is an environmental-driven infection which
spreads through contaminated water . It is caused by a macroparasite known as Dracunculus
medinsis which belongs to the group of roundworm (nematode). Guinea worm disease is ac-
quired when people drink water from stagnant sources contaminated with copepods (commonly
referred to as water flies) that contain the infective free-living Guinea worm larvae. After a year
of infection, the female Guinea worm creates a blister on the skin and slowly emerges from the
body, usually on the lower limbs or feet. This blister causes very painful burning feelings and
bursts within 24-72 hours. When the female worm comes out of the skin, it can be very painful
and disabling. The infection can last for weeks or even months and as a result prevent people
from work or taking care for their families or attending school. Guinea worm disease, usually
afflicts poor rural communities with limited or no access to clean water, where the only source
of drinking water are contaminated open wells or ponds. Guinea worm disease is considered a
tropical neglected disease and oldest disease that has been with humankind. The disease was first
seen by Europeans on the Guinea coast of west Africa in the 17th century. During the 19th and
20th century Guinea worm disease was more common in many of southern Asian countries, and
countries in North, West and East Africa (Visser, 2012). In 1950, an estimation of 50 million

cases of Guinea worm disease were reported worldwide (Smith? et al., 2012).

1.1.1 Life cycle of Guinea worm

The life-cycle of Guinea worm parasite involves three different environments which are: phys-
ical water environment, biological human host environment and biological copepods host envi-
ronment. Figure 1.1 illustrates the transmission cycle of Guinea worm disease. The transmission
begins when a human individual drinks contaminated water with copepods that are infected with
Guinea mature worm larvae (third-stage larvae). After ingesting, gastric juice in the human stom-
ach kills the infected copepods and mature worm larvae are released. The released mature worm
larvae penetrate the human stomach and intestinal wall and move to abdominal tissues where
they grow and mate. The male worms die soon after mating and the fertilized female worms

migrate towards the skin surface (usually on the lower limbs or feet).
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Life cycle of the guinea worm 1. Person drinks wel or pond water
1 containing water fleas (Cyclops)

that are infected with mature
7. In two weeks the larvae (third-stage) worm larvae.
:: «g&t::ammms - 2. Gastric juices in the
water flea to ]
third-stage larvae, which human stomach digest
can infect humans. the water fleas. Worm
] 1‘ larvae are released
and move 1o the
i abdominal tissues,
where they grow
6. Water flea 5 and mate.
consumes worm
larvae, which " 3 Fertilized female
Vi
regions, usually the
lower limbs. (Males
5. On contact ,
with water the dié s00n after mating)
il
immature (first-
larvae into the water source, - . 4. A year after infection
often a pond or shallow well the worm begins to emerge
A free-living larva survives only through the skin at the site
three days unless it finds a host. of a painful blister.

Figure 1.1: Life cycle of Guinea Worm, source (Britannica, 2011).

After a year of infection, the fertilized female worms make a blister on the infected individual’s
skin causing burning and itching, which sometimes leads infected individuals to immerse their
feet into water (which is the only source of drinking water) to seek relief from pain. At that
point female worms emerge and release thousands of worm eggs. The worm eggs then hatch a
number of guinea worms larvae (first-stage larvae) which are then consumed by copepods and
take approximately two weeks to develop and become infective mature larvae (third-stage larvae)
within the copepods. Then ingestion of the infected copepods by humans closes the life-cycle.

Therefore, it is so important to have a better understanding on the life-cycle of Guinea worm
parasite. This could help us in identifying all the weaker points along the life-cycle and see
where we can do the best in attacking this parasite. For many infectious diseases with free-living
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pathogens in the environment (such as Hookworm disease and Schistosomiasis. ),the assumption
is that the best approach for combating such diseases is to use either vaccination for prevention
or drug for treatment. But for Guinea worm disease that is not the case, since there is neither
vaccine nor drugs that have been developed so far. The only way to combat Guinea worm disease

is to disrupt its transmission cycle.

1.1.2 Symptoms and preventions

Infected people do not usually show symptoms until female worm forms a blister on the skin
approximately one year after they became infected. In few hours or infected people may develop
a fever, swelling, nausea, vomiting, and painful burning feeling in area in which fertilized female
worm forms a blister. Currently, there are no drugs to treat the disease and vaccine to prevent
infection and infected people do not develop immunity. Thus people can suffer the disease
throughout their lives.

Despite the absence of vaccination or medicine for treatment, several forms of preventions to
disrupt the transmission cycle of Guinea worm have been introduced in the countries that have

been or are affected by the disease. The main preventive interventions include:

e Provision of safe water.

e Educating people to always filter unsafe water before drinking.

Preventing people infected with emerging Guinea worm from entering water used for

drinking.

Treating water sources for vector borne diseases control by using larvicide temephos,

which is harmless to people drinking it in the concentrations used.

Guinea worm disease is now close to be the second disease after smallpox to be completely
eradicated and the first parasitic disease to be eradicated without the use of vaccination or medical
treatment. Since 1986, considerable efforts to eradicate Guinea worm disease have been made.
The Canter Center has led the international campaign for eradicating the disease since 1986,
working together with the ministries of health of the endemic countries, the U.S. Centers for
Disease Control and Prevention (CDC), the World Health Organisation(WHO) UNICEF, and
many others (Visser, 2012). Cases of Guinea worm have dropped from 3.5 millions per year
reported in 1986 to 1997 thousand reported in 2010 as shown in Fig. (1.2).
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1000
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Figure 1.2: Declining of number of reported cases of Guinea worm disease, source (Rechard
etal, 2011)

Currently, Guinea worm disease has remained endemic in four African countries (Chad, Ethiopia,
Mali, and South Sudan), with an estimation of 148 reported cases in 2013. South Sudan harbours
the majority of the world’s remaining cases where 76 percent of worldwide total cases in 2013

were reported, according to (CDC).

1.2 Problem statement

There is a gap in understanding how the within-host and between-host dynamics of infectious
diseases with free-living pathogens in the environment, including Guinea worm disease, can be
linked (Mideo et al., 2008). Mathematical models have advanced the understanding of the trans-
mission of many infectious diseases (including HIV, Malaria, Schistomiosis, and tuberculosis).

However, most mathematical researchers, model the progression of these infections separately.



Chapter 1 p

But linking the within-host and between-host progression of these infectious diseases mathemat-
ically, which sometimes called immuno-epidemiological model, will allow us to see what can
be done in the environment to eliminate the population of free-living pathogens; what can be
done to prevent people from being infected by such pathogens and what can be done to attack
pathogens inside an infected individual. With regards to Guinea worm disease, few mathematical
studies have been carried out and none of them considers the importance of the influence of the
intensity of Guinea worm within an infected individual on the transmission of the disease in the
population. In this study, we will fill this gap by establishing a general modelling framework that
will link the within-host disease progression with the between-host progression of Guinea worm

disease. The framework will represent an attempt to answer the following question:

e How possible can it be to eliminate or control the spread of Guinea worm disease in a

population with complex life-cycle of Dracunculus medinsis?

1.3 Aims and objectives

The purpose of this study is to develop a general mathematical modelling framework for immuno-
epidemiology of Guinea worm infection with the aim of tracing the complex life-cycle of Dra-
cunculus medinsis that usually occurs in the physical water environment, biological human host

environment and biological copepod (vector) environment. The objectives of the study are:

e To determine the impact of complex life-cycle factor of Dracunculiasis in eliminating or

controlling the spread of Guinea worm disease in the human population.

e To develop a specific immuno-epidemiological model for Guinea worm disease in order
to understand better how the within-host disease process of Guinea worm influences the

between-host disease process and vice verse.

1.4 Methodology

The study focuses on two compartment models that describe the transmission dynamics of
Guinea worm disease among both the humans and copepods population. The first model, which
is epidemiological model, presents the transmission dynamics of Guinea worm between hu-
mans and the physical water environment. The second model, which is immuno-epidemiological
model, is the extension of the first model whereby we incorporate the intensity of Guinea worm

infection within an infected human host.
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1.5 Outline of the thesis

e Chapter 1, provides overview of infectious disease, particularly the biological background

of Guinea worm, the transmission cycle and prevention of Guinea worm disease.

e Chapter 2 provides a background of mathematical modelling framework for linking the
immunological and epidemiological models. It is in this chapter where we review several

recent studies that attempt to link the immunological models and epidemiological models

e Chapter 3 discusses the epidemiological model that describe the transmission dynamics of

Guinea worm disease between humans and the environment.

e Chapter 4 provides the development of the immuno-epidemiological model that explic-
itly traces the life-cycle of Guinea worm that occurs in the physical environment, within-

human host level and between-human host level.

e Chapter 5 provides discussion, conclusion, and recommendations.



Chapter 2

Modelling Framework for Linking
Immunological and Epidemiological
Models

2.1 Introduction

Mathematical models describe a real life phenomena using mathematical depictions such as
graphs, equations, diagrams and statistics. Mathematical models usually consist of relation-
ships and variables, where relationships can be regarded as operators such as algebraic operators,
functional and differential operators. In general, mathematical models can be fully described by
differential equations, dynamical systems, statistical models, or game theory models, and more-
over they can also be classified as linear or non-linear; dynamic or static; deductive, inductive
or floating; explicit or implicit; discrete or continuous; and deterministic or stochastic. Mathe-
matical models have been widely used as description of problems that occur in natural life (such
as in biology, physics, and environmental science), engineering (such as electrical engineering,
computer science, mechanical engineering, and artificial intelligence) and social sciences (such
as economics, psychology, sociology, and political science).

Traditionally, most mathematical models are represented by systems of differential equations. A



Chapter 2 9

typical system is of the form:

(
ry = f](l‘l,l'g, ..... ,.’En)
Ty = fg(l'l,.rg, ..... ,.’L‘n)
J. : (2.1.1)
3 .I‘n = fn(.’l,'l,l'z, ..... ,.l'n)

The above system of equations can be written more concisely in vector notation
x = f(x) 2.1.2)

where x and f are vectors of n-dimension, with components &; and f; respectively, and the func-
tion f is assumed to be smooth enough so that in each equilibrium point, say X, there passes a

unique solution of the system (2.1.1)

For infectious diseases, mathematical models have become a powerful tool for studying their
epidemic processes that involve the transmission of diseases at the population level and their im-
munological processes related to the interaction between pathogens and immune response cells
at an individual host level (Bhunu et al., 2009, Feng et al., 2012). Two dominant mathematical
models, which are epidemiological and immunological models, have been developed to address
the disease process of most infectious diseases such as HIV, TB, and helminth infections. The
epidemiological models relate to the study of between-host dynamics of an infectious disease
transmission whilst the immunological models relate to the study of within-host dynamics of an
infectious disease. Although there is an increase in the number of immunological models and
epidemiological models that have been developed to study the transmission dynamics of most
infectious diseases, most of them take a model of the within-host and between-host disease pro-
cesses separately (Feng et al., 2012). However, immunological and epidemiological models are
the building blocks for linking the within-host and between-host dynamics of infectious diseases.

The result of linking these two models are sometimes called immuno-epidemiological models.
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2.2 Development of Epidemiological models

Mathematical modelling in epidemiological studies are increasingly being applied to study the
dynamics of infectious diseases at population level, in order to guide policy markers when de-
signing programs for controlling or eliminating infectious diseases. Recently, several mathe-
matical models have been used to study the complex epidemics of most infectious diseases and
predict their endemic behaviour. Moreover, epidemiological models have been used to compare
and evaluate the effectiveness and affordability of intervention strategies that are used to control
or eliminate most infectious diseases. Epidemiological models have been predominantly for-
mulated based on the use of compartmental models (Blombj et al., 2013). The basic idea with
compartmental models is to describe a real world system as a number of compartments and to
derive mathematical equations based on the conservation law (Blombj et al., 2013).

Compartment with the states such as passive immune (M), susceptible (S), Exposed (E), Infected
(I), and recovery/removal (R) are often used in the epidemiological classes as shown in Table 1.1.
Recently, several epidemiological models have been developed, however, the choice on which
compartment to include in a model depends on the characteristics of the particular disease being

modelled and the purpose of the model (Hethcote, 2000). For example:

e SI-models, these are the simplest models in which the transmission of the disease occurs
between two states namely susceptibles (S) and infectious (I). Here, a modeller assumes
that the route of infection is through contact between susceptible individuals and infected
individuals. Therefore no other reserve such as environment is assumed and once the
susceptible individuals have been infected by the disease, they remain infectious for the

rest of their life. These types of models are mostly applicable in the study of disease like

HIV/AIDS.

e SIS-models, these models are similar to the SI-models, except that a modeller here assume
that infected individual has a chance to develop a temporally immunity to recover from
the disease and become susceptible again. These types of models are generally used in the

study of the dynamics of gonorrhoea.

e SEl-models, these models are the same as the SI-models, except that the modeller consider
the exposed or incubation period which is the time in which an infected individual cannot

transmit the disease before becoming infectious.

e SEIS-models, these models are similar to the SIS-models, except that an infected individ-

ual has a chance to develop a temporal immunity to recover from the disease and become

susceptible again.
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e SIR-models, these models are similar to the SI-models, except that an infected individ-
ual has a chance to develop a permanent immunity to recover from a disease or to being

removed from the population. The SIR-models have been often used by many modellers.

e SIRS-models, these models have the same character as that of SIR-models, except that
a modeller assumes that an individual who has developed a permanent immunity has a

chance to be reinfected again.

e SEIR-models, these models are similar to the SIR-models, except that the models include

latent or incubation period, that is an infected individual cannot transmit the disease before

becoming infectious.

¢ SEIRS-models, these models are the same as SEIR-models, except that an individual who

has developed a permanent immunity has a chance to be reinfected again.

e MSEIR-models, these models are the same as the SEIR, except that the models describe

those individuals who are passively immune..

e MSEIRS-models, these models are the same as the MSEIR, except that an individual who

has developed a permanent immunity has a chance to be reinfected again.

Table 1.1
Symbol | Name Explanation
M Passive immune Those who have acquired temporary immunity

to a particular disease without having ever

been infected.

S Susceptible These are individuals who are not yet infected,
but are susceptible to infection.
E Exposed Individuals who are infected but unable to infect others
I Infectious Infective individuals, who can infect others
R Recovered/Removed | individuals who have recovered from the disease or

removed from the population

Table 2.1: Description of fundamental compartments of epidemiological models

To date a variety of models have been developed and modified to study and analyse the dynamics
of many infectious diseases such as TB and Malaria (Porco and Blower, 1998, Chiyaka et al.,
2007) and reference therein). But most of them do not involve the role which the environment

plays in the transmission cycle of infections with free-living pathogens in the environment.
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2.2.1 Epidemiological models of Infectious Disease With Free-living Pathogen

in the Environment

In this section we provide a necessary background to the development of epidemiological mod-
els that take into account the compartment of free-living pathogens into the environment. Early
model that accounts for the compartment of free-living in the environment was developed by
(Anderson and May, 1981), to study the dynamics of insect diseases, where the host population
is composed of susceptible individuals and infected individuals. In their assumption both sus-
ceptible and infected individuals up-take free-living pathogen at the same rate. Later, several
researchers developed their models following that of Anderson and May (see (Briggs and God-
fray, 1995, Bowers and Begon, 1991) ). Boots (1999) proposes a model following the model of
Anderson and May (1981), but he assumes that infected individuals and susceptible individuals
take up free-living pathogen from the environment at different rates, and also infected individual
uptake free-living pathogen at a lower rate than susceptible individual. Merikanto et al. (2012)
also developed a model based on Anderson and May (1981), except that the susceptible popula-
tion grows logistically and further pathogen that live outside-host environment, they do replicate.
From their assumption, infected individuals do not produce offspring and both infected and sus-

ceptible individuals are not competing for resources.

Host

Disease

pre—c—
Pathogen |

Figure 2.1: Epidemiological triangle

In general, the standard procedure for developing models of infections with free-living pathogens
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in the environment is to consider an interaction triad of host, pathogens and environment (see
Fig. 2.1), with the environment (through water, food, air, soil, fomate, etc.) playing a signifi-
cant role in the transmission cycle of infectious free-living pathogens for infection of humans,
animals and plants. Inevitably, understanding the transmission dynamics of such infectious free-
living pathogens can eventually lead to better approaches to control or eliminate the transmission
risk of infectious diseases in the population. Fig. 2.2 demonstrates four different scenarios for
which infectious diseases with free-living pathogens in the environment can be transmitted in
the community. The first case (see Fig. 2.2(a)) shows the dynamics of infectious disease with
transmission cycle of pathogens that occur only between humans (definite host) and the environ-
ment (e.g water, soil, air and fomate) which plays an important role in the transmission cycle of
pathogen and no other host animals are involved. Here, infected individual excretes pathogens in
the environment which increases the abundance of pathogens in the the environment and even-
tually this increases the transmission risk of the infection in the population. The second case
(see Fig. 2.2(b) still shows the dynamics of infectious disease for which the environment (as in
the first case) still plays an important role on the transmission cycle of pathogen. But here, the

transmission chain of pathogens also involves other host animals that mediate the transmission.
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Figure 2.2: Transmission mechanism of infectious diseases with free-living pathogens in the

environment

The third case (see Fig. 2.2(c)) still shows the dynamics of infectious disease for which the envi-
ronment (as in the first case) still plays an important role on the transmission cycle of pathogen
(as in the second case), except that vectors mediate the transmission instead of host animals. The
last case (see Fig. 2.2(d)) includes some pathogens cause zoonotic disease. In this case, the hu-
mans are regarded as the dead end host for the transmission cycle of pathogens. To elucidate on
how the compartment of free-living pathogens in the environment (P) can be incorporated with
the classic epidemic models, we implicitly develop a general SIR-compartment model linked
to the contaminated environment compartment (P) such that the SIR-model extended to SIRP-
model.

The SIRP-model we present has three sub-population of host namely: susceptible S(t) (i.e in-
dividuals who are healthy and are at a risk of being infected), infected individuals 7(¢), and

recovered individuals R(t) (those individuals who would have recovered from the disease either
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by successful treatment or through self recovery), so that the total population of host is given by
N(t) = 5(t) + I(t) + R(t) (22.1.1)

and one population of free-living pathogens in the environment is denoted by Pg(t). The model

can be cescribed by the following system of differential equations:

% = F(S,1,R) - G(S, Pg) — uS,

dl

— = G5, Pe) = (¢ +p+v)I, (2.2.1.2)
dR

s SSRGS, B

dt i ol

T = H(I,Pg) - 6Ps — G(S, Py).

where susceptible individuals are recruited at constant rate modelled by a function F'(S, I, R)
and the recruited individuals are assumed to be susceptible. The disease is transmitted at a rate
modelled by a function G(S, Pr) when a susceptible individual comes into contact with free-
living pathogens in the environment. Infected individual hosts are assumed to recover from
the disease at a rate . We also assume that Infected individual host excretes pathogens into
the environment at a rate modelled by a function H (I, Pg), which also models how free-living
pathogen grows and replicate in the environment. Free-living pathogens in the environment are
assumed to decay at a rate ¢ and being up-taken by susceptible host from the environment at a
rate modzlled by G(S, Pg).
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F(S, 1, R)

e ey

Figure 2.3: A schematic representation of the SIR-model with compartment with free-living

pathogens in the environment

2.3 Mathematical models in the immunological study of infec-

tious disease

Immunological models have been used to study and analyse the dynamics of pathogens within
an individual host level. The models usually describe the interaction of pathogens and immune
response cells of an individual host during a period of infection (see (André and Gandon, 2006)).
Immunological models studies have advance our understanding on how infectious pathogens,
such as virus, parasites, bacteria, prions, or protozoa interact with immune response cells within
an individual host level. Immunological models are basically formulated using compartmental
approach. Much discussion of how immunological models are compartmentalised can be found
in the book of (Garira, 2013), however, we summarise the process of compartmentalizing for
clarity.

The whole human body as a primary compartment can be compartmentalised based on cells and
different species of immune cells involved during the infection process in the area of infection
such as lungs, liver and blood. The cells that can be involved in infection process could be the tar-
get cells and different species of immune cells that can be involved could be either cell-mediated
immune cells or humoral immune cells. Several models have been developed to analyse the dy-
namic of host responses to infectious agents (pathogens). Gilchrist and Sasaki (2001) in their

study of modelling host-parasite co-evolution, formulated an immunological model consisting
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of two differential equations. Their model describes the interaction between pathogens and its
host immune response cells and also accounts to the replication of pathogens within-host and the
proliferation of human immune cells which is proportional to the pathogen load. They assume
that pathogens are killed by immune cell with a lotka-voltera-type predator-pray relationship.
André and Gandon (2006) modified the model of (Gilchrist and Sasaki, 2001) to explore the po-
tential impact of vaccination on evolution of parasite in the population level. In their model they
assume that the proliferation rate of immune cells is independent of pathogen load. Mohtashemi
and Levins (2001) extended both the models of (André and Gandon, 2006) and (Gilchrist and
Sasaki, 2001) by considering the spontaneous production of specific cells, as well as their decay
rate. Later, Kostova (2007) extended the model of Mohtashemi and Levins (2001) by including
two types of immune cells, which are effector T cells and memory T cells. The model of (Mo-
htashemi and Levins, 2001) was also modified by (Pugliese and Gandolfi, 2008) by accounting

some features of immune response after vaccination.
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2.3.1 Formulation of Immunilogical models

As

Ac he(T;, Py, C)

Figure 2.4: A schematic representation of the general immunological model

When constructing an immunological model to describe the interaction between immune cells
and disease, the importance of immune mechanisms and disease process must be identified.
The modern molecular techniques have produced much knowledge about the main aim/function
of immune system when it recognises any foreign objects in our bodies. Our immune system
ensures that such foreign object is destroyed. However, when pathogens invade our bodies they
attempt to establish themselves and survive within our bodies by avoiding being killed by our
immune cells. In pursuance of our ideas, we present a general immune response model of bodies
that have been invaded by pathogens. Moreover, if we consider an infection where cells like

target cells are involved, a general immunological model can consist of three variables:

(i) The density of target cells (T),

(ii) The density of infecting pathogens within our bodies (Py), and
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(iii) The density of the immune cells (C').

The density of target cells can be divided into: susceptible target cells (T’s), exposed target cells
(T’g), and productively infected target cells (7). Based on the above variables and the interaction
between target cells, pathogens that have invaded the host and kill immune cells represented in
Figure (2.4), the general immunological model framework will be described by the following

system of differential equations:

dTs

. As — hp(Ts, Py) — prTs,

dTg
dt

Il

hr(Ts, Pu) — (p + pr)Tg

dT
d—t’ = pTg — fr(T1,C) — prTy, 2.3.1.1)

dP,
d_tH = 9(Pg) + NparT; — f,(Py,C) — 0y Py,

dC
ot Ac + he(Py,Ts,C) — pcC

The first equation of the model system (2.3.1.1) describes the dynamics of susceptible target cells,
new target cells which are supplied from a source within the host at a rate Ag, which become
infected once they are in contact with infecting pathogen. The contact rate between infecting
pathogens and susceptible target cells is modelled by the function h7 (7, Py). Susceptible target
cells die naturally at a rate yp so that their average life span is —. The second equation of
the model system (2.3.1.1) describes the dynamics of exposed targ& cells, which gain average
density described by a term Ay (7, Py) and lose their density by means of progressing to the
class of infected cells at a rate p and also by means of natural death at a rate pur so that their
average life span is -—+1— The third equation of the model system (2.3.1.1) describes the
dynamics of infected target cells, and is generated following progression undergone by exposed
target cells (7z) ata rate p. These infected target cells are assumed to die naturally at a rate pp
and to be killed by immune immune cells at a rate modelled by the function f1(77, ('), so that

their average lifespan is

1
(ur + fr(T1,C))’

The fourth equatiorn of the model system (2.3.1.1) describes the dynamics of infecting pathogens
within infected host, which are supplied by free-living pathogens from environment up-taken
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by host at a rate modelled by g(Pg) and through released by the burst productively infected
target cells, represented by NparT; (see (Garira, 2013, Feng et al., 2013)). The up-taking of
free-living pathogens by host can be through consuming or inhaling or any path that free-living
pathogen used to invade host. Pathogens within host are assumed to be killed by immune cells.
The direct killing of the pathogens within the host by immune cells is modelled by fp(Py,C)
which estimates the rate of contacts between immune cells and the pathogens within host at a

site/place of infection and we assume that these pathogens die naturally at a rate /p so that their

average life span within host is

i
pup + fp(Pu,C)

The last equation of the model system (2.3.1.1) describes the dynamics of immune cells. New
immune cells are supplied from a source within host body, and also gain their density once
they have been stimulated in response to encountering the pathogens or productively infected

cells (see (Gilchrist and Sasaki, 2001)), a stimulated rate is modelled by h,(Py, T7,C), and dies

naturally at a rate yc, so that their average life span is —.
Hc

2.4 Attempts to combine the Epidemiological and Immuno-

logical models

The insight of infections diseases gained from immunological and epidemiological models has
stimulated some interest for coupling the two models, in order to acquire more knowledge and
understanding of the dynamics of these infectious diseases. To date, several mathematical models
for linking the within-host and between-host dynamics transmission of infectious diseases have
been developed by many authors ((Gilchrist and Sasaki, 2001, Vickers and Osgood, 2007) and

references therein). Traditionally, such models have been developed based on four different

coupling principles which are as follows:

(i) Linked through nesting principles: these are the principles in which the linkage between
the immunological and epidemiological models is achieved through a nested modelling
approach (see (Mideo et al., 2008, Feng et al., 2012, Dushoff, 1996, Esposito and Rossi,
2004, Coombs et al., 2007)) . This is done in three stages. The first step in this approach
is to develop an immunological model. The second step is to define an epidemiological
model. The third and final step is to nest the immunological model within an epidemiolog-
ical model by linking the dynamics of the within-host model to the epidemiological model
through either a structural variable or parameter of the epidemiological model (Marcheva,
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2011). In the case of linking a within-host dynamics to an epidemiological model through
structural variable (of the epidemiological model), the epidemiological model must be
structured through time-since-infection. The time-since-infection is then used as an inde-
pendent variable in the immunological model, which is valid only in the infected epidemi-
ological model compartment. In the case of linking within-host dynamics model to an
epidemiological model through parameters, the parameters of the epidemiological model
are expressed as functions of the dependent variables of the immunological model. For ex-
ample, transmission rate may be assumed to be a function of the parasite load, or disease
induced mortality may be assumed to be a function of the parasite load and the immune
system (Milner and Sega, 2009).

(i1) Linked through network modelling principles: Here the linkage of between-host and within-
host modelling framework is achieved through developing a within-host model first and
then modify this model by placing each individual in the population within a simple ran-
domly distributed network of N people such that the pathogen load variable of a given
individual is linked with the pathogen load variable of adjacent individuals within the net-
work (see (Vickers and Osgood, 2007, Tumwiine et al., 2007)). This is achieved by making
an assumption that the rate at which a person’s incoming flow of free pathogen particles is

proportional to the pathogen load of their neighbours.

(iii) Linked through developing a within-host inspired between-host model: In this modelling
framework, the link is based on developing a physiologically structured epidemiological
model. The physiological aspect normally considered here is cellular and their genetic vari-
ations (immune response) and how they modulate infection and disease progression. Very
often, this task is accomplished through subdividing the entire population of the hosts into
various sub-classes corresponding to different levels of immune protection-naive or com-
pletely susceptible, completely of partially, vaccinated, immune compromised (e.g. due
to HIV co-infection) or protected from infection due to certain genetic factors ((Kostova,
2007, Martcheva and Pilyugin, 2006, Lama and Planelles, 2007, Ghani et al., 2009). Mod-
elling the dynamics of the distribution of humans with regard to their immune status in this
way is a critical step in understanding the relationship between the dynamics of recurrent
infections and the dynamic variability of the acquired immunity to these diseases within a
host population (Martcheva and Pilyugin, 2006).

(iv) Linked through environmental contamination: This is the case for infections with free-
living pathogens growing in the environment (Garira et al., 2014). In this case, the disease
triad, host pathogen and a contaminated environment (such as water, air, food, soil, objects

or contact surfaces) must be present and interact appropriately for the infectious disease to
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occur (Feng et al., 2012). The linking here of within-host and between-host dynamics is
based on the idea that disease process time-scales here can be separated into three distinct
times scales. The first disease process time scale is at the within host (individual host)
level. It is related to the reproductive cycle pathogen with the host and its interaction with
the host immune system. This disease process typically occurs on a fast time-scale. The
second disease process time-scale is the one associated with infection between individuals,
that is, the epidemiological time-scale (between-host time scale) that takes place accord-
ing to contacts of susceptible hosts and the free-living pathogen in the environment. This
disease process typically occurs at an intermediate time-scale. The third disease process
time-scale is the environmental time-scale. For infections with free-living pathogens the
environment is an important driver. For such infections, the pathogen may survive in the
environment for some time, and further, the abundance of the pathogen in the environment
is occasionally replenished by infectious hosts that excrete the pathogen into the environ-
ment. This disease process typically at a slow time-scale. This third time-scale is the key to

providing a functional link for with-host and between-host models of infectious diseases.

In this study, sincz we are dealing with Guinea worm infection which is the environmental-
driven disease, we will focus only on the principles of linking the within-host and between-host

dynamics of infectious diseases through environmental contamination.

2.4.1 Development of Immuno-epidemiological models

In this section we provide a general immuno-epidemiological model framework that is used in
the formulation of the immuno-epidemiological models in this dissertation. This general frame-
work is a result of linking the general epidemiological model (2.2.1.2) and immunological model
(2.3.1.1). Generally, the linkage of immunological model and epidemiological model can be
useful in tracing explicitly the life cycle of pathogen in two different environments which are
the host biological environment (i.e within host-pathogen dynamics) and physical environment
(such as water, air, food, land, and objects). The immuno-epidemiological model for infections
with free-living in the environment can be formulated based on the idea that the disease process

of such infections comprises three different time scales, which are:

(1) Epidemiological time scale- the disease process associated with the spreading of disease
in the population level. The disease process occurs when a susceptible individual con-
tacts free-living pathogens in the environment. This disease process typically occurs at an

intermediate time-scale.
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(2) Within-host level time scale - this is where disease process takes place within-infected in-
dividual. This disease process is presented by infected compartment in figure 3.3 where the
time-scale is related to the reproductive cycle of pathogens within host and its interaction

with both the host immune cells and target cells.

(3) Environmental time scale- the disease process is associated with environment as an impor-
tant reservoir of infectious diseases. This disease process is presented by the compartment

of free-living pathogens in the environment (see Figure 2.4), where pathogens in the en-

vironment may survive, replicate and be replenished by infected hosts by excreting them

|

into the environment.

Figure 2.5: A schematic representation of the general immuno-epidemiological model with [ree-

living pathogens in the environment

Based on the diagram presented in Figure 2.5 and the time-scales that have been discussed above,

we formulated a general immuno-epidemiological model framework represented by following
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differential equations:

ds

= = F(S,1,R) - G(S,Ps) - uS,
dl

5 = G5, Pg) = (¢+u+v),
dP,

dT.

d_ts = AS = hT(TS,PH) 5% /J‘TT.S'v
dTg

dT’

E{ = gl — r{11,C) = pr1y,
dC

ki Ac + he(Pu,Ts,C) — pucC
dR

SEABE | I 5

BT Mrdry

%Z_E — H P~ 6P ~G{S8 Py
It can be noted from the model system (2.4.1.1), that the environmental-time scale has an impor-
tant role for providing a functional link g(Pg) and H (I, Pg) for linking the within-host dynamics
and between-host dynamics of infectious diseases with free-living pathogens in the environment.
The function g(Pg) provides the link of the disease process that takes place in the environment
to the disease process that occurs within-host. Also the function H (1, Pr) provide the link of the
disease process that takes place within-host to the disease process that occur in the environment.
Moreover, the function G(S, Pg) provides the intermediate disease process that occur between
individuals in the population. Specification of the variables and functions in (2.4.1.1) will re-
sult in a specific immuno-epidemiological model. The general immuno-epidemiological model

framework in (2.4.1.1) would help us in developing a specific immuno-epidemiological model

for Guinea worm disease in Chapter 4.
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2.5 Summary

In this chapter we learn the following:

e Mathematical models have been accepted as an important tools used in biology to study

the complex dynamics of infectious diseases. The study of the dynamics of the infectious
disease can be done by using either:
- Immunological model - which describes the disease process that occurs within-host
level.
- Epidemiological model - which describe the disease process that occur in the popu-
lation level.
e To date there is an emerging interest of linking immunological and epidemiological study.
The linkage of these two disciplinaries can be achieve through the following principles:
- Principles of linking through nesting immunological model into epidemiological model.
- Principles of linking through environmental contamination.
Principles of linking through network modelling.

Principles of linking through developing a within-host inspired between-host model.
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Epidemiological model of Guinea worm

disease

3.1 Introduction

Guinea worm disease is one of the neglected tropical diseases that have posed a serious public
health problem in most African countries, more especial sub-saharan countries. As previously
discussed Guinea worm disease usually afflicts poor rural communities, where contaminated
ponds/wells are the only source of drinking water. This disease is caused by a macroparasite
called nematode Dracunculus medinsis which is a tissue parasite that produce eggs containing
larvae. A person becomes infected after drinking water contaminated with copepods (water fleas
serve as intermediates in the cause of infection) harbour Guinea worm larvae.

Guinea worm disease has received less mathematical research activities compared to other in-
fectious diseases ( include HIV, Malaria, Schistomiosis, and tuberculosis). To the best of our
knowledge, only four mathematical models have been used to study the epidemiology of Guinea
worm disease (Smith? et al., 2012, Kathryn, 2012, Adetunde, 2008, Adewole and Onifade, 2013).
Adetunde (2008) developed a time series model to study the epidemiology of Guinea worm dis-
ease in the Northern region of Ghana. He analysed the data from seven communities in Temale
district and observed that the number of Guinea worm infection cases reduced with time. From

his study he concluded that if the trend continued then there is a likelihood that the disease would
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be completely eradicated from the district. Smith? et al. (2012) in their published paper form

lated a deterministic model and analysed the sensitivity of R, on the variation of the three mo dl;
parameters using the latin hypercube sampling. The model parameters were human infection
rate, excretion rate of Guinea worm parasites into physical water source by each infected human
host, and the death rate of the parasite worm. Analysis shows that reducing excretion rate of
parasite worms into water source by infected human host is more effective to eradicate the dis-
ease completely than killing the worm parasites. Kathryn (2012), in her Msc thesis, formulated
a first mathematical model for the transmission of Guinea worm disease that takes i’nto Secount
the interaction between humans, vectors (water flies), and Guinea worm larvae. She evaluated
the effectiveness of killing Guinea worm larvae using larvicide, filtering water before drinkin

and reducing excretion rate of Guinea worm eggs into the water source by infected individual ii
the eradication of Guinea worm disease. Her results show that the combination of filtering water
and reducing the excretion rate of eggs into the water source is more effective in eradicating the
disease than using larvicide to reduce the population of Guinea worm larvae in the physical water
environment. Adewole and Onifade (2013) on their puplished paper developed a mathematical
model followed (Kathryn, 2012) to represent the spread of Guinea worm disease among three
different population groups (human population, copepods population, and Guinea worm popula-
tion) and analyse the effectiveness between killing Guinea worm larvae and avoiding excreting
Guinea worm into the water source by infected human individuals in the eradication of the dis-

ease. Similarly, their results also show that reducing excretion rate of eggs into the water s
ource

by infected people is more effective than killing Guinea worm larvae.

3.2 Epidemiological model of Guinea worm disease

In this section we develop a mathematical model that represents transmission process of Gui
_ y g inea
worm disease in a human population. The model monitors the transmission of this disease

which involves three different populations: Human host population, copepods host populati
) on,

and free-living Guinea worm population.
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(Me + O¢) e

Figure 3.1: A schematic representation of the epidemiological model of the Guinea worm disease

3.2.1 Human population

Human population Nj(t) is divided into two groups, which can change over a period of time.
First group is of susceptible individuals Sy (#) (these are individuals who are healthy and are sus-
ceptible to the disease) and second group is of infected individuals / m(t) ( these are individuals
who are infected by the disease). Therefore

Nu(t) = Su(t) + Iu(t). (3.2.1.1)

At any time ¢, new recruits enter the human population through birth at a constant rate A and
human population losses individuals due to natural death at a constant rate pp. In that way an

. R
average lifespan of each individual in the human population is —.
HH
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Susceptible individuals acquire disease through drinking contaminated water with average in-
fected copepods population at a rate A (), where

__Bulg(t)
{1 el ey

with 3 being the contact rate with contaminated water containing average infected copepods; ¢
is the limitation of growth velocity of infected copepods with the increase of cases; P is the half

saturation constant of copepods.

Infected individuals recover at a constant rate oy, while infected human individuals die from

disease at a rate 0y, so that an average lifespan of infected individual in the human population is

determined by

il
(pr + 0m + am)

3.2.2 Copepods population

Similar to human population, copepods population is divided into susceptible and infected groups

which can change over a period of time. That is
Ng(t) = Sp(t) + I(t). G23n

However, we assume that in the copepods population, there is no recovery from infection. At
any time ¢, new recruits enter the copepods population in physical water environment through
birth at a constant rate Az and copepods population losses its members due to natural death at a
constant rate jz, so that an average lifespan of each copepods in the population is i There is
an additional disease induced death rate 0p assumed in infected copepods populaticfﬁEso that the
average lifespan of each infected copepods is
1
(ke +0p)

Susceptible copepods become infected by consuming larvae Ly (¢) in the water environment at
arate A\p(t), where

_ _Pelw(t)
)\E(t) o Lo e ELw(t)
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with 3z being the maximum rate of exposure; € is the limitation of growth velocity of infected

larvae with the increase of cases; L is the half saturation constant.

3.2.3 Guinea worms population

Guinea worms population is divided according to its developmental stages (life-cycle). Start-
ing with a population of guinea worm eggs Eyy () in the physical water environment, which is
generated when an adult female worm (in the biological human host environment) produces an
average number of eggs at a rate of Ny, where Ny is the number of Guinea worm eggs shed
by each infected human host per day and 7y is the rate at which infected human host become
shedding, this happens when infected human individual immerses his or her part of the body into
water seeking a relief from a burning pain which occurs usually on the foot. We assume that
these eggs decay naturally in the physical water environment at a rate yy and hatch at a rate oy
releasing worm larvae into the physical water environment. The population of larvae Ly (t) in
the physical water environment is generated through each egg hatching an average number Ny,
of larvae at a rate ayy so that the total population of larvae in the physical water environment is
modelled by Ny aw L. We assume that larvae decay naturally in the physical water environ-

ment at a rate /..
Based on the assumptions that we have made above and the diagram presented in Figure 3.1, we

derive the following system of ordinary differential equations;

dsS
—d_tli = Ay — A\gSy — puSy + agly,
dl
'dTH = AuSy — (g + 6u + ag)ly,
dFE
\ . (3.2.3.1)
W = NwowEw = prLw,
dt
ds
—d—b: = Ag — AeSe — pESE,
t
dl
1 "th = AgSg — (g + 05)IE.

The model state variables are summarized in Table 3.1.
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[ State Description
; Initial
Variables e
Su(t) The susceptible human population size in the behavioural human environment | 2500
Iy(t) The infected human population size in the behavioural human environment 0
Sg(t) The susceptible copepods population size in the physical water environment 100 000
Ig(t) The infected copepods population size in the physical water environment 0
Ew(t) The worm eggs population size in the physical water environment 0
Lw(t) The worm larvae population size in the physical water environment 500 000

Table 3.1: Description of the state variables of the model system (3.2.3.1)

3.3 Basic Properties

We study the mathematical properties of the model system (3.2.3.1) in this section.

3.3.1 Positivity of Solution

We now consider positivity of the model system (3.2.3.1). We assume that all state variables and
parameters for the model (3.2.3.1) are non-negative for all ¢ > 0, so that they should not violate
basic aspect of the biological reality. In this section we therefore show that all the solutions of

the model system (3.2.3.1) with positive initial conditions will remain non-negative for all ¢ >0

Consider the first equation of the system (3.2.3.1)

d_gtﬂ e (3.3.1.1)
which is true when
d_jtﬂ Sl Lt (3.3.1.2)
so that
dSy
—= > —(\g(t) +pn)dt (3.3.1.3)

Su
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By letting
t=sup{t >0: Sy > 0,1y >0,Ew >0,Lw > 0,55 > 0,1 > 0} € [0, 7]

Integrate inequality (3.3.1.3), we thus have

In(Sy) > —(th+/0£/\H(t)dt) +C. (3.3.1.4)
Hence
t
Su(t) > Su(0).exp {— (ut+/0 /\H(t)dt)} -2 4 (3:3:1:5)
Now consider the second equation of the system (3.2.3.1)
% = AuSuy — (ag + 0y + py)ly (3.3.1.6)
We thus have
d_;tﬁ > —(ag+6u + py)ly (@:3.1-7)
So that
In(t) > In(0).exp{—(an + 0y + pu)t} > 0. (3.3.1.8)

Similarly, it can be shown that solutions of Ey > 0, Ly, > 0, Sg > 0,and Ix > 0 for all ¢ >i()

3.3.2 Feasible Region

Letting Ny denote the total number of humans population. Add the first and second equation of
the model system (3.2.3.1), we obtain

dNy

7 = AH_HHNH_(SH]H (3321)

So that

e X A~ paNg (3.3.2.2)
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This implies that

; An
tgrglo(sup(NH(t)) = s (8:3.2:3)

Similarly, letting N denotes the total number of copepods population that is, Ny = Sp + I
’ = E
and adding third and fourth equations of the system (3.2.3.1) we obtain

dNg
e = Ag— pugNg — 0glg
33.24
< Ag — ppNg. ( )
This implies that
i (e () i
100 i ¥ gl 3325

Using Eqns. (3.3.2.4) and (3.3.2.5) similar expression can be derived for the remaining model

variables. We let

D = {(Su,Iu, Sk, Ie, Ew,Lw)|
0<Sy+1Ig<Z, 0<Sg+Ig < 2, (3.3.2.6)
0<Ew<Z;3 0<Lw<Z.}

be an invariant region of the model system (3.2.3.1), where

A
( Zl & _IJ.
WH
A
p g
4 HE i i
L R P B | 3594
Uw + 0w pg ( )
1
Z4 = NI’YI_ME
\ pr pw + 0w pg

This implies that D is a positively invariant and attracting region, since all solutions that will start
in D will remain in D for all t > 0. Hence, model system (3.2.3.1) is mathematically and epi-
demiologically well-posed (Hethcote, 2000). Therefore, it is sufficient to consider the dynamics

of the flow generated by model system in D.
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3.4 Determination of disease-free equilibrium (DFE) of model
system (3.2.3.1) and its stability

3.4.1 Disease-free equilibrium state

To obtain the disease-free equilibrium point of the model system (3.2.3.1), we set the left-hand
side of the equations equal to zero and further we assume that / H=1Ig=Ey = Ly = 0, this
means that the humans population together with copepods population are free from the disease.
Thus we let

Eo - (S(})[7 1217 Sg‘,‘v I?-}WE&M Lel/)

A A
i (_H’ ,—E,O,O,O.) (3.4.1.1)
HH HE

denote the disease-free equilibrium of the system (3.2.3.1).

3.4.2 Reproduction number of the model system of Guinea worm disease

In the study of infectious disease whether is epidemiological or immunological study, the basic
reproduction number R, is an important threshold parameter used to determine whether a par-
ticular disease will persist in a given population or not. The basic reproduction is defined as the
average number of secondary infections generated when a single infected individual is introduced
into a wholly susceptible population (Driessche and Watmough, 2002). If Ry is less than a unit
then the disease will not persist and there exists a disease-free equilibrium point (DFE) which
is locally asymptotically stable, which means that a single infected individual will produce an
average of less than one new infected individual over a course of his or her infectious period.
But if R, is greater than a unit the disease will persist because a single infected individual will
produce an average of at least one new infected individual and the DFE would be unstable so that

there exists a stable endemic equilibrium point (EPP).

To determine the reproduction number of the system (3.2.3.1), we use the next generation op-

erator approach (Castillo-Chavez et al., 2002) . Thus the system (3.2.3. 1) can be written in this
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form
dX
(= = sxv2),
dY
J "= 9(X,Y, 2), (34.2.1)
t
dZ
g h(X,Y,Z).
Where

® X = (Su, Sg) represents all compartments of individuals who are not infected.

e Y = (Iy, Ew) represents all compartments of infected individuals who are not capable of

infecting others.

® Z = (Ig, Lw) represents all compartments of infected individuals who are capable of

infecting others.

Let

Ay Ag
Us-= _70a_3070a0 B 2V4%
0 (#H s ) (3.4.22)

denote the disease free-equilibrium state and further assume

§(X*,2) = (1(X", 2), §2(X*, 2)) (3.4.2.3)
with
2 Bulylp
b sl 3 : Ve
2 ) pa(pn + 0n + ag)(Py + elp) el
§(X*,2) = NrviBuhnlp (3.4.2.5)

/_,LH(/LH + o + 5H)(,U«W 7 aw)(Po + EIE)
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A matrix

O BeAE

A = Dzh(X*,§(X*,0),0)

Sl Lopg
5 (3.4.2.6)
K —HL
where
i NryiNwaw BulAy
(aw + pw) prr(par + am + 64) Py (3.4.2.7)
can be presented in the form A = M — D, where
BeAE
Lopg
p B (3.4.2.8)
G 10
and
(ke +dg) 0
- (3.4.2.9)
0 ML
The basic reproductive number is the spectral radius (dominant eigenvalue) of the matrix 7 —
M D™, that is,
Fo = p(T) (3.4.2.10)

In our case, the basic reproduction number of the model (3.2.3.1) is expressed by the following
quantity,

" Ny Nwoaw Bulu BeAr
. (aw + pw ), pa (

This can be re-written as

Ry =/ RoncRon (3.4.2.12)
where the quantity Ropc of the above is explained as follows, consider a single infected human

entering a disease-free population of copepods at equilibrium. The expected number of copepods
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become infected by this human is approximately

BeAe Ny Nwayw
pr(aw + pw)pe(pe + 0g) Ly’

Ronc = (3.4.2.13)
Similarly, the quantity Ry is also interpreted as follow, consider a single infected copepod en-
tering into a human population which is free from the disease. Therefore, the expected number

of humans who become infected by drinking contaminated water with this copepod is approxi-

mately

& Bulp
Roy = o T (3.4.2.14)

Based on the two expressions Ryc and Ry, we make some deductions. The epidemiological
(between-host) transmission parameters (humans to copepods, and copepods to humans) such
as the rate at which humans are in contact with water containing infected copepods /3;; and the
rate at which copepods consume Guinea worm larvae 3z, the supply rate of new susceptible
humans A and copepods A, the rate at which infected humans contaminate the physical water
environment N;y; with the number of eggs released by female worm when infected humans are
in contact with water and the rate at which eggs in physical water environment hatch to produce

number of worm larvae Ny oy contribute to the transmission of guinea worm disease.

3.4.3 Local stability of DFE

To determine the local stability of DFE of the model system (3.2.3.1), we linearise equations of
the system (3.2.3.1) in order to obtain a Jacobian matrix. Then we evaluate the Jacobian matrix
of the model system (3.2.3.1) at the disease - free equilibrium (DFE),

Ap  Ag

i = waes ) i 0. 0. 0;). 3.4.3.1
5 (,UH HE ) ( )
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The Jacobian matrix of the model system (3.2.3.1) evaluated at the DFE is given by

Popuy
Popg
0 N]’)/I 17 0 0 0
J(Eo) = (3.43.2)
0 0 Nw oy = 0 0
/BEAE
$ 8 = z 0
Popg o
A
0 0 0 ﬂE E 0 —mg
Popg

where

mo = (um +0g + ax)
m1 = (uw + aw)

84 5
mo = (pg+ 0g) ( s

We test for stability of DFE by calculating the eigenvalues ()\,) of the above Jacobian matrix.

The characteristic equations for the eigenvalues is given by

(—pr = A)(=pe = N[N + 01 0% + 202 + Ga) + ¢4] = 0 (3.4.3.4)

Where

¢1 = pr +mo+my+my
¢2 = (moma + (mo + ma)(ma + pur) + maopr)

¢35 = (momi(ma + pr) + mapr(mo + my))
NwoawNiyiBuAuBeAr
PopgLopg

(3.4.3.5)

by = momamaopy, — = momymaopr (1 — R})

It is clear from equation (3.4.3.4), that there are two negative eigenvalues (-5 and -15). Now in

order to determine the stability of DFE, we use the Routh-Hurwitz Criteria to determine the sign
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of the remaining eigenvalues of the polynomial
P(A) = X+ @10% + 92X + gad + ¢ = 0 (3.4.3.6)
According to Routh-Hurwitz Criteria, given a polynomial
PA) =X +a X" + .. +an1r+a, (3.4.3.7)

with a real constant coefficients a; where i = 1,2, ..., n is considered. The n Hurwitz matrices
can be defined using the coefficients a; of the polynomial P(\) such that if all the determinants

of all Hurwitz matrices are positive then all of the roots of the polynomial P()\) are negative or

have negative real parts.

In our case, we define the following matrices whose elements are the coefficients (¢g) of the

characteristic polynomial P()) in Eq. (3.4.3.6):

i ol gn
Hl e ( ¢1 )» H2 = ( ¢3 ¢2 ) (3438)

¢1 1 0 ¢l 1 0 0
B [ RN )it L ) (3.43.9)
0 61 4 ey it
(e S0 0y
Evaluating the determinant of H;, we obtain
det(Hy) = | & |
= ¢ (3.4.3.10)

= mo+mi+me+ pug >0,

the determinant of H, we get

:
$1 1
det(Hy) =
s b3 0o
P12 — P3 (3.4.3.11)

= (mo +my+ma+ pr)(momy + (Mo + my)(ma + pur) + mopg)—
(moma(ma + pr) + mapr(me +my)) > 0,
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the determinant of H3, we obtain

( ot 19
det(H3) = | ¢3 ¢2 &
0 ¢4 ¢3
= 10203 — ¢%¢4 = ¢§
= (ur +mo + my + mg)(memy + (mg + my)(mg + pr)+
mapr,)(moma(me + pr) + mapr(me + my))—

(. + o + -+ ma)* (mormmamspur (1~ R3))

(3.4.3.12)

—(momy(ma + pr) + mopr(mo + my))* > 0

\

and the determinant of H,, we obtain

( . Al i s

#3 $2 H1 1

0 ¢1 ¢3 ¢

O 0 Ty

= Gu(Pr1¢ags — $164 — ¢3)

= (momymamapur(1 — RY))|
(ur + mo + ma + ma)(momy + (mg + my)(mg + pg )+
mapr) (moma(ma + pr) + mapr(mo + my))—
(uz + mo + ma + ma)* (momymamsapr (1 — R3))
—(moma(mg + pr) + mapr(me + my))?] > 0

det(H4) o

(3.4.3.13)

\

From equation (3.4.3.5) it can be noticed that all the coefficients ¢, ¢2, ¢3, and ¢, of the poly-
nomial P()\) are greater than zero whenever Ry < 1. And also all the determinants of matrices
H,, H,, Hs and H, are positive if and only if Ry < 1. Hence, all the roots of the polynomial

P()) are either negative or have negative real parts. The results are summarised by the following
theorem.

Theorem 3.1. The Disease-free equilibrium point of the model system (3.2.3.1) is locally asymp-
totically stable if Ry < 1.
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3.4.4 Global stability of DFE

To determine the global stability of DFE of the system (3.2.3.1), we use a next generation oper-
ator (Castillo-Chavez et al., 2002). Thus the system (3.2.3.1) can be re-written in the form

aXx

E o F(X,Z),

3.44.
av. v ey
dt g2 ( ) )

where
e X = (Sy, Sg) represents all uninfected components, and
e 7 = (Iy,Ig, Ew, Lw) represents all compartments of infected and infectious compo-

nents.

Let

U :(X*7O)= ,0,-,0,0,0
; il e ) (3.4.4.2)

denote the disease-free equilibrium (DFE) of the system. For X* to be globally asymptotically
stable, the following conditions (H1) and (H2) must be satisfied.

Hl. for %)t—( = F(X, 0) is globally asymptotically stable (g.a.s),
H2. G(X,Z)=AZ - G(X,Z),G((X,Z) > 0for (X, Z) € R, where A = D,G(X*,0)is an

M-matrix and ]RZr is the region where the model makes biological sense.

In our case

(3.4.4.3)

Ag = KESH
Ag — upSg :
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matrix A is given by

.
—(MH+(5H+O£H) 0 0 Pl :
Popy
Ny ~(bw+ow) O 0
A=
0 Nwaw ke 0 (3.4.4.4)
Talitw) (ke + 0R)
and
i An Su N
(,UHPO Po+GIE) Bulp
A 0
GlX. Z)—
(X, 2) 0 (3.4.4.5)
AE SE
l (#ELO Ly +eLW> Belw J
; Ag SH Ag B 2
> d £ it 1
Sl7nce pugPo — Po+ elp g upLo — Lo+ eLw’ 1t is clear that G(X, Z) 2 0 for all (X,2) e
R1.

It is also clear that A is a M-matrix, since the off diagonal elements of A are non-negative. We

state a theorem which summarizes the above result.

Theorem 3.2. The fixed point
: A A
Up = (X*,0) = (—2,0,0,—=,0,0,0)
HH UE
is globally asymptotically stable equilibrium of model system (3.2.3.1) if Ry < 1 and then as-
sumptions (H1) and (H 2) are satisfied.
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3.5 Determination of endemic equilibrium point (EEP) of the

model system (3.2.3.1) and its stability

3.5.1 Endemic equilibrium state

Similarly to disease-free equilibrium point, the endemic equilibrium point is obtained by setti
' . in
the left-hand side of the equations of the system (3.2.3.1) equal to zero. But Ey, Iy, I, E -
: . H,1H, ) ’
and Ly, are non-zero, which means that the population of humans and copepods are inva<Eied ;;V
.

guinea worm disease. We let
Ey = (Sq BhiIh, Sp, I, By, Liy) (3.5.1.1)

denote the endemic equilibrium point of the system of equations (3.4.1.1). The endemic value of
) 3
susceptible humans is given by

o Ag + agly

o] MG F0 e - &
o (X un) (3.5.1.2)

From (3.5.1.2) we note that the susceptible humans population at endemic equilibrium is equal

to the average time of stay in susceptible class, the rate at which new susceptible individuals a
. . . re
entering the susceptible class through birth, and the rate at which infected individuals recove
r

from the diseases. Individuals leave the susceptible class either through infection or death. Th
sakhe

endemic value of infected humans is given by

A Sk i Ay (A + agly)

(3.5.1.3)

" (og +0u +pa) (N +pm)(an + 05 + py)’

We note from (3.5.1.3) that infected human individuals at the endemic equilibrium point is i
n

equal to the average time of stay in the infected class, the rate at which susceptible individual
S

become infected and the density of susceptible individuals. The endemic value of Guinea wo
rm

eggs population in the physical water environment is given by

B = NIy s NiyidgagAy
(aw + pw)  (aw +pw)((Ay + pu)(an + 0u + pu) — Nyoan)'

(3.5.1.4)

We deduce from (3.5.1.4) that the eggs population at equilibrium point is equal to the rate at
which infected human population excretes number of eggs each time when contact the physical
ca

water environment and the average time of stay in the eggs class. The endemic value of Gui
inea
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worm larva population in the physical water environment is given by

2 NwawEy Nwaw Ny NpagAg

L (aw + pw) (AN + pa)(am + 0m + pu) — Nyom)ug

Ly (3:5.0:5)
we note from (3.5.1.5) that the larva population at equilibrium point is equal to the rate at which
Guinea worm eggs hatch, number of larva generated by each egg and the average time of stay in
the larva class. The value of susceptible copepods population at equilibrium point is given by
S* e AE

B5 Ak g} (3.5.1.6)
From (3.5.1.6) we note that susceptible copepods population at endemic equilibrium is equal
to the average time of stay in susceptible copepods class and the rate at which new susceptible

copepods individuals are entering to the susceptible copepods class through birth. The endemic

value of infected copepods population is given by

E™ (0g +pe) (Neo+ue)0r+pus) (3.5.1.7)

We note from (3.5.1.7) that infected copepods population at the endemic equilibrium point is
equal to the average time of stay in the infected copepods class, the rate at which susceptible

copepods become infected and the density of susceptible copepods.

3.5.2 Existence and uniqueness of the endemic equilibrium state

Theorem 3.3. Assuming (g + an + an)(Bu + €pr) > an By, the model system (3.2.3.1) has

at least one endemic equilibrium point (EEP) given by

E1 = (S;-Ia Il*ia SEJ’ IE‘? Elth L;V)

OIS, S I B Ly 5 0

Proof. Suppose that the threshold R determines the existence and properties of Sy;, I};, Sy, I, Ef, Ly
To verify that F), is an equilibrium point of the model system (3.2.3.1), we set the left-hand side

of all equations of system (3.2.3.1) equal to zero and let Iy, Eyy, and Lj;, be expressed in terms
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of I}, in the form

/\* (AH +aHI;‘,) (1,0[*
Iy(Ig) = " = E 3.5.2.1
(1) (Al +pm)(om + 0 + pr) — ay + ayl}, ( )
Nivily Niyraoly,
Ey(Ig) = = 3.5.2.2
/i) (aw +pw)  (aw + puw)(a; + axl},) ( )
Nwaw Ey, NWOWNI’YIGOIE
Ly(Ig) = = 3.5.2.3
w(75) 07 ur(ow + pw)(ay + aply) ( )
where
( e, = Pulp
" Po g EIE
J Oy (= Hal\y (3.5.2.4)
ar = py(pa + 0 + ay)Py
{ ay = (pu + 6u + an)(une + Bu) — ayfy
Now substituting
It e )*EAE
T (g +us)0e + pp)
b )
into equation (3.5.2.3), where \}, = %—, we obtain
W
L Vs ~ P =0 (3.5.2.5)
where
F = aipp(ag + pp)Lo(R2 - 1) (3.5.2.6)
and
V =a\(pe + 0p)(Be + eug) + azBelgp (3.5.2.7)

From equation (3.5.2.5) we get either Lj;, = 0, which corresponds to the Guinea worm disease-

W ‘) ) ( ot b )

for the Guinea worm endemic equilibrium point. Also from equation (3.5.2.5) we can easily
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deduce that only one positive endemic equilibrium exists for R5 > 1. It is clear that R, > 1
} 4 '

Hence there exists one unique endemic equilibrium for model system (3.2.3.1) whenever R, > 1
23 iy

3.5.3 Local Stability of the Endemic Equilibrium

To determine local stability of the endemic steady state of the model system (3.2.3.1), we use
the Center Manifold Theory (Castillo-Chavez and Song, 2004) described in (Garira et al., 2014).
The Center Manifold Theory has been used to determine the local stability of a non-hyperbolic
equilibrium point. For convenience of interpretation of the stability we state the theorem.

Theorem 3.4. Consider the following general system of ordinary differential equations with

parameter ¢:

dx
b . R™ .2
—f@¢), f:R"—R, f:CR’xR) (3.5.3.1)
where 0 is an equilibrium point of the system (5.4.3.1), (i.e., f(0,¢) =0, YV @), and assum
) ) ’ e
that
~, FPAU D)X O Ve i gy
(1) A=D,f(0,0) = ( 5 v is a linearisation of the system around the equilibrium point

0 with ¢ evaluated at 0;

(2) Zero is a simple eigenvalue of A and other eigenvalues of A have negative real part;

(3) Matrix A has a left eigenvector denoted by u and a right eigenvector denoted by v, corre-

sponding to the zero eigenvalue.

Let fy. be the k" component of f and

e D fr
a = kZ Ukvzvjaxiax.((),()), (353.2)
=1 J
b= zn: ukviﬁ((),()). (3.53.3
Bl 3x13¢ B, T 8 )

The local dynamics of the system around the equilibrium point 0 is totally governed by the signs
of a and b.

(i) a > 0, b >0, when ¢ < 0 with | ¢ | < 1, 0is locally asymptotically stable, and there exists

a positive unstable equilibrium; when 0 < ¢ < 1, 0 is unstable and there exists a negative

and locally asymptotically stable equilibrium.
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(ii) a <0, b <0, when ¢ <Owith| ¢ | < 1, 0 is unstable; when 0 < ¢ < 1, 0 is locally

asymptotically stable, and there exists a positive unstable equilibrium point

(iii) a > 0, b < 0, when ¢ < O with | ¢ | < 1, 0 is unstable and there exists a locally asymp-

totically stable negative equilibrium; when 0 < ¢ < 1, 0 is stable and a positive unstable
equilibrium appear.

(iv) a < 0, b > 0, when ¢ changes from negative to positive, 0 changes its stability from stable
to unstable. Correspondingly a negative unstable equilibrium becomes positive and locally

asymptotically stable.

In our case, we use the above theorem by making the following change of variables. Let Sj; — z1,
Iy = 9, Ew = 23, Ew = %4, Sg = Z5, Ip = x6. Further, we let ¢ = 5*, where [3* is considered
as the bifurcation parameter. Letting * = By and 3 = kf3y, regardless of whether k € (0,1) or
k > 1. If we consider R, = 1, and solve for 3*, we obtain

£ \/LO(“E + 0u)ip(w + Sw)pr (s + O + an) Poju

ENryiNwowAgAg - (3.5.3.4)

We also use the vector notation X = (z1, Z2, 3, T4, T5, T) so that the model system (3.2.3. .
be written in the form

dx g

Pl (3.53.5)

where

i (f17f27f3’f47f57f6) (3536)
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so that:
( -i'l i AH_ IB Ty
PO + €EXg
o B*xex1
Py + exg

&3 = Nrizz — (pw + aw)xs,

4 = Nwawxs — prry,

kﬂ*fEsM
B/ e
’ kB*xszy
54 == s,
! z Lo+ ex (ke + dp)zs

— (um + 05 + ag)z,,

— HHT Flp ATy,

(3.5.3.7)

The Jacobian matrix associated with the system of equations (3.5.3.7) evaluated at the disease

free equilibrium (E)p) is given by

—MUH OH
0 bo
e Ny
J (Eo) =
0 0
0 0
0 0

by

Nwaw

—HL

_kB*Ag
Lopr

kB*Ap
Lopp

—HE

by

(3.5.3.8)
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where
bo = — (uw + 0y + ay)
by = —(uw +oaw) (3.5.3.9)
by = — (ug+90g)

The Jacobian matrix of the model system (3.5.3.7) has left eigenvector u = (w1, ug, us, uy, Us, Ug),

where
( _ BAx ( ap )
= 3 -1 ;
Popy \ (pm + 0m + o)
Uy = £ g
. pr(pm + 0m + am) Py’
2 B*AaNiyr
J 7 un(p + 0u + am)Polaw + pw)’
(3.5.3.10)
e B*Au Ny Nw o
Y7 ua(pa + 0u + an)Po(aw + pw )y’
] 5*2AHN1’YINWQW]€AE
2 pr (pa + 0m + aw) Polaw + pw ) Loy’
L g = i\

and the right eigenvector given by v = (v1, V2,3, V4, V5, Vg), Where



Chapter 3
50

( v = O,
Vg = 1,
i | ﬂ*zAHNWaWAEk
J b Fui iz + 65) o + ooty
3 B2 Ay Ak (1.5.3.11)
Vg =

prPopr Lo(ap + 6p)ue’

’U5:O,

B*An

e
® = Poun(uz + op)

\
Evaluating the non-zero second order derivative of F with respect to each variable, in order t
’ 0

determine the sign of a, we obtain

( f  2eB*Ay
3x§ ki P02,UH .
- _ 2¢f*An

: Oz Piug ’
34.3.3.

32f5 £ 2ekB* Ay ( 3.12)
Bxﬁ L(Q)#E E
o PR L AL

y Orj Liup
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The non-zero partial derivative with respect to variables and 3, used to determine the si gn of b,

is given by
( 82f1 ol AH
960" paPy’
82f2 ik AH
Oz60p3* ua Py’
.
(23.3.13
0 - ks )
Oz40p* peLo’
Fh ks
\ 0x408* al /UELO.

Substituting expression (3.4.3.10) and (3.4.3.11) into (3.4.3.2) and (3.4.3,3) respectively, we get

*3 A3 *
e (256 AH(2#H+5H)> . i <2e:k25HSAHA2E> B2

Pyugy(ue +0p)? WeL3ugPopy, ) 0
(3:3:3:14
it < 2e*AgAp(pw + aw) ) B )
NwowNpyPopuLops )~ ¢
and
* A 2 2 6 *2 2A2
T (ﬂ ;\17;( K+ H))Ro +< 3[3 Auk’ AL Nway R+
Py (ue + 0r) HptaPopr (pw + aw)L3 ) 0
(3.5.3.15)

( (NWaW)AHAE> R
~————~—— | Rouc
NiyrweLoPopsr

Clearly, we observe that a < 0 and b > 0 whenever R2 > 1. Thus, the Guinea worm endemic
steady state is locally asymptotically stable close to Ry = 1. We therefore state the following

theorem to summarise the results we obtain

Theorem 3.5. The Guinea worm endemic steady state is locally asymptotically stable when

Ha il

3.6 Sensitivity analysis

In this section we carry out sensitivity analysis to evaluate the relative change in basic reproduc-

tion number (R,) when each of the parameters of the model changes. We used sensitivity index
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to analyse the sensitivity of Ry on the model parameters variations. Sensitivity indices allow us
to measure the relative change in the basic reproduction number when the parameter changes.
We used the normalized forward sensitivity index of the R, to each of the model parameters. The
normalised forward sensitivity index of a variable to a parameter is defined as ” the ratio of the

relative change in the variable to the relative change in the parameter”(Chitnis et al 2008)

3.6.1 Sensitivity of R, of the model system (3.2.3.1)

In our case, if we let Ry (3.3.3.11) be a differentiable function on the parameter v, then the

normalized forward sensitivity index of Ry at u is defined as

OR u
TRO = —0 X —
2 Ou = Ry (3.6.1.1)
where the quotient — is introduced to normalise the coefficient by removing the effect of units

0
(Njagarah and Nyabadza, 2013). For example, the sensitivity index of R, with respect to the
human infection rate 3y is given by

ORy _ Bu
TRO B | Smpe— _— =
b, (3.6.1.2)
It can be easily noted that the sensitivity index of 1, with respect 3 does not depend on any

of the parameter values. The indices of worm larvae death rate and copepods death rate are

respectively given by,

TR — _1(2/1’H+5H+04H) Ty
s 2 (pg +0g +ay) K A (B:641.3)

_1(2us +08)

O G (3.6.1.4)

e
Using Egs. (3.5.1.2)-(3.5.1.4) similar expressions can be derived for the remaining parameters.
Therefore, the resulting sensitivity indices of R, to the different model parameters are shown
below in Table 3.2. We see from Egs. (3.5.1.2)-(3.5.1.4) that the index of parameter By is
positive and indexes of both parameters fiz, and pp are negative. The sign of the index value
indicates whether, the parameter increases the reproduction number or reduces the reproduction

number. Therefore, increasing human infection rate Sy reduces R, and also increasing yuz, or pup

reduces Ro.
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Parameter | Description Sensitivity index
Ay Human birth rate +0.5

Br Human infection rate +0.5

I Human natural death rate -0.50042
ag Human recovery -0.4998

Ou Infected death rate -0.0000067
Ag Copepods birth rate +0.5

BE Copepods infection rate +0.5

WUE Natural decay rate -1.007

0r Decay rate of copepods -0.0006

Py Copepods saturated constant -0.5

VI excretion rate +0.5

Ny eggs are released +0.5

W Natural decay rate of -0.487

ow Hatching rate +0.487

Nw Number of Guinea worm larvae hatched | +0.5

WL Natural decay rate of Guinea worm larvae | -0.5

Ly Larvae saturation constant -0.5

Table 3.2: Sensivity Indices of Ro (3.3.3.11) to parameter for the model system (3.2.3.1), evalu-
ated at the parameter values presented in Table (3.3)-(3.4).

Based on the results shown above in Table 3.2, we observe that the reproduction number Ry is
sensitive to the changes of parameters S, An, Be, Ap, ar, N1, aw, Nw, up, pw, pr, oy,
P,, L, and more sensitive to the change of parameter sz Since Tf‘g = —1.007, increasing
by 10% decreases the reproduction number by 10.07%. Therefore, increasing the death rate of
copepods by using chemical larvicids such as ABATE, will eventually reduce the transmission
of Guinea worm disease. Similarly at Tg; = 0.5 and Tf,‘; = 0.5, reducing human infection rate
[y or number of eggs excreted in the physical water N; by 10% reduces R, by 5%. Therefore
educating people about the disease (that is teaching people not to immerse their infected feet into
the drinking water when the fertilised female worm is emerging or emerges out from their feet

or to always filter contaminated water before drinking the water) will reduce the transmission of

the disease.
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3.7 Numerical Results

The behaviour of the experimental system model (3.2.3.1) was simulated numerically using a
Python program version V 2.6 on the linux operation system ( Ubuntu 14.04). The program uses
a package odeint function in the scipy.integrate for solving a system of differentiated equations.

The behaviour of the system model (3.2.3.1) was simulated in order to illustrate the analytical
results we obtained in this study. We used the estimated parameter values presented in Table

(3.3)-(3.4) for numerical analysis. The parameter values used, some are from published literature

and some were estimated as values of some parameters, are generally not reported in literature.

The initial conditions used for simulation are given by S (0) = 2500, I;(0) =0, Sg(0) = 100000,
IE(O) = 0, Ew(O) = O, Lw(O) = 50000.

Parameter | Description Initial Units Source
values

Ay Human birth rate 0.1013 people | Smith? et al. (2012)

day ™!
Bu Human infection rate 0.1055 copepod | Estimated

day™!
e Human natural death rate | 2.548 x 10™° | day™" | Adewole and Onifade (2013)
oy Human recovery rate 0.03 day™! Estimated
Ou Infected death rate 4x1077 day™' | Estimated

due to infection

Table 3.3: Human host parameter values used in simulation
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TParameter Description Initial Units Source
value
Ag Copepods birth rate 075 copepod Batiehatad
day™*
Be Copepods infection rate 0.7 larvae Estimated
day™!
i Natural decay rate 0.005 day™! Adewole and Onifade (2013
of copepods )
0g Disease induced 9 x 107% | day™! Eatiteaiad
death rate of copepods
Py Copepods 200000 | day™* Adewole and Onifade (2013)
saturation constant
074 excretion rate 0.00007 | day™! Bathinatod
Ny Number of Guinea worm | 1000 eggs Bitisated
eggs released people! day ™!
Ly Natural decay rate of 0.333 day™! Adewole and Onifade (2013
Guinea worm eggs )
aw Hatching rate 0.009 day_l Hitirtiatod
Nw Number of Guinea worm | 300 larvae Estimated
larvae hatched egg 'day!
UL Natural decay rate of 0.0333 | day™* Adewole and Onifade (2013)
Guinea worm larvae
Lo Larvae saturation constant [ 5000000 day™! Adewole and Onifade (2013)
€ Limitation growth rate 0.0991 | day™! T

Table 3.4: Free-living pathogens and their associated environmental parameter values used in

simulation
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Figure 3.2: Human population trajectory over a period of time. Initial value conditions: S 1(0)
= 2500, I7(0) = 0, Sp(0) = 100000, I(0) = 0, Ew (0) = 0, Lw (0) = 50000.

Figure 3.2; illustrates the evolution in time of human population in the presence of Guinea worm

disease for Ry = 1.256. We observe that in the first few days, the number of susceptible human

individuals decrea
the peak of about 406 humans. After approximately 500 days the number of sus-

ses rapidly when the number of infected human individuals increases rapidly

and reaches
ceptible is begins to increase. On other hand the number infected ones begins to decrease. Then
finally the disease is wiped out. These numerical results agree with the results we obtained from

theorem 4.5, which show that if Ry, > 1 then Guinea worm disease persists in both human and

copepods population.
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Figure 3.3: Graphs of numerical solutions of infected human hosts for different values of (a)
death rate of copepods pz, (b) infection rate of human hosts 3, (c) recovery rate of human host
oy, and (d) excreation rate of eggs Np~yr into the physical water environment source by single

infected human host.

Figures in Fig. (3.3) shows graphs of numerical solutions illustrating evolution in time, of in-
fected human individuals for different values of (a) death rate of copepods population in the
physical water environment /g [iE = 0.5, pg = 0.05, pg = 0.005; (b) rate at which human host
become infected Bu: Bu = 0.001055, Br =0.01055, By = 0.1055, By = 0.5, By = 0.9; (c) recov-
ery rate of infected human host gt @ = 0.03, ayy = 0.6, ar = 0.99; and (d) excretion rate of
eggs into the physical water by single infected human host N;v;: Nyvy; =0.7, Nyy; =0.07, N VI
= 0.007. These results are in line with the results obtained for sensitivity analysis of the basic

reproduction number which show that reducing population of copepods, infection rate of human,
rate at which infected human contaminate water source by excreting egg worms into water, and
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increasing the recovery rate of human reduce the transmission risk of Guinea worm disease at

the human population level.
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Fioure 3.4: Graphs of numerical solutions of infected human hosts for different values of (a)

igure 3.4:

deiay rate of eggs uw, (b) decay rate of larvae pr, (c) rate at which eggs hatch number of
lavarvae oy, (d) and number of larvae hatched Ny per single egg.

Figures in Fig. (3.4) show graphs of numerical solutions illustrating evolution in time, of infected
human individuals for different values of (a) decay rate of eggs population in the physical water
environment pw: pw = 0.005, pw = 0.5, pw = 0.99; (b) decay rate of larvae POPUIation in the
physical water environment > iz, = 0.9,u1, = 0.5, pr, = 0.005; (c) rate at which eggs hatch
number of larvae in the physical water environment aw: aw = 0.9, aw = 0.09, oy = 0.009; (d)

ber of larvae hatched per single egg in the physical water environment Ny,: Ny, =
ng ]t/l’l i I:u3n(1)0 Ny = 30000. These results are also in line with the results obtained for sensitivity

, Nw = VU,

lysis of the basic reproduction number which shows that reducing population of egg worms
analysis
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and larvae worms, rate at which eggs hatch, and the number of larvae hatched per egg reduces

the transmission of Guinea worm disease at the human population level.

14000 Effect of reducjng copepods pop ion in the vpnyslcnl water 25000 gm of infectlon' among humang
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Figure 3.5: Illustrates numerical solutions of infected copepods for different values of (a) the

death rate of copepods fp; (b) the infection rate of human host Sy; (c) the recovery rate of

human host a; and (d) excreation rate of eggs N7y in the physical water by single infected
human host.

Figures in Fig (3.5) show the evolution in time, of infected copepods for different values of (a)
the death rate of copepods in the physical water environment pe: pe = 0.5, ug = 0.05, up =
0.005; (b) the rate at which human host become infected 3y: 35 = 0.001055, Bu = 0.01055,
Br = 0.1055, By = 0.5, By = 0.9; (c) the recovery rate of infected human host ay: ay = 0.03,
ag = 0.6, ay = 0.99; and (d) excretion rate of eggs in the physical water by single infected
human host N;v;: Ny, = 0.7, Nryr = 0.07, Nyy; = 0.007. The results show that reducing
life span of copepods, infection rate of human, rate at which infected human contaminate water

source by excreting egg worms into water, and increasing the recovery rate of human reduce



Chapter 3

60

the transmission risk of Guinea worm disease within a humans community. In this case, as

transmission rate of the disease at copepods population level reduces, then, the transmission risk

of disease in the humans community reduces.
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Figure 3.6: Illustrates numerical solutions of the infected copepods for different values of (a)

eggs decay rate uy; (b) larvae decay rate jiz; () eggs hatching rate ayy; (d) and number of
larvae hatched Nyy .

Figures in Fig (3.6) show the evolution in time, of infected copepods for different values of (a)

the decay rate of eggs in the physical water environment py: uy = 0.005, pw = 0.5, pw =
0.9; (b) the decay rate of larvae in the physical water environment pr: pr =099,ur = 0.5, up
= 0.0333; (c) the rate at which eggs hatch number of larvae in the physical water environment
aw: ay = 0.9, ay = 0.09, ay = 0.009; (d) and the number of larvae hatched per single egg
in the physical water environment Ny : Ny = 30, Ny = 300, Ny = 30000. We noticed from
the results that reducing population of egg worms and larvae worms, rate at which eggs hatch,



Chapter 3 61

and the number of larvae hatched per egg reduce the transmission of Guinea worm disease at the
copepods population level. Therefore, as transmission rate of the disease at copepods population

level reduces, then, the transmission risk of disease in the humans community reduces.

3.8 Summary

In this chapter, we have presented a mathematical modelling framework for the transmission dy-
namics of Guinea worm disease in three different environment which are biological human host,
biological cyclop copepods host, and physical water. The model is shown to be globally and lo-
cally asymptotically stable at the Guinea worm disease free equilibrium state whenever the basic
reproduction number is less than a unity and locally asymptotically stable at the Guinea worm
endemic equilibrium state whenever the basic reproduction number is greater than a unity. We
then analyse the sensitivity of the basic reproduction number to the variation of model parame-
ters. We carried out sensitivity analysis in order to determine the most important parameters of
the model system (3.2.3.1) that are responsible for increasing or decreasing Ry. The sensitivity
results show that Ry is sensitive to a model parameters such as infection rate of human host BH,
excretion rate of number of eggs N;v; in the physical water environment by a single infected
human host, production rate of larvae per egg worm vy, fecundity of larvae Ny, generated by
eggs, death rate of egg worms ,uy, larva worms 1y, in the physical water, recovery rate of human

@y, and more sensitive to parzmeter . Therefore, if such parameters are targeted then it will

help in the eradication of the disease.

Based on the numerical simulation results, we observe from Figure 3.3 (a), Figures 3.4 (a) -
(b), Figure 3.5 (a) and Figures 3.6 (a) - (b) that the death of copepods population, death of larvae
population, and death of eggs population in the physical water environment affect the transmis-
sion of the Guinea worm disease in both population of humans and copepods. Increasing the
destruction of copepods, eggs and larvae reduces the transmission of disease at both population
level of humans and copepods. Therefore, water treatment using larvicide that enhances the
killing of copepods, eggs, larvae in the physical water environment reduces the transmission risk
of the Guinea worm disease. Figures 3.4 (c) - (d) and Figures 3.6 (c) - (d) show that the increase
of the rate at which each eggs hatch and the rate of fecundity of Larvae leads to the increase in
the transmission risk of Guinea worm disease in both level of human population and copepods
population. Therefore, any water treatment mechanism intended to reduce the €gg worms popu-
lation and the larvae fecundity reduces the transmission risk of the disease.

We observe further from Figures 3.3 (b), 3.3 (d), 3.5 (b), and 3.5 (d) that infection rate of human

host after drinking contaminated water and rate at which infected human host contaminates water
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source by excreting eggs into water contribute in the transmission of the Guinea worm disease
in both population of humans and copepods. Therefore, reducing infection rate of human and
excretion rate of eggs by humans reduces the transmission risk of the disease. This can be done
by educating people to always filter water before drinking and to avoid infecting water source
We also notice from Figures 3.3 (c) and 3.5 (c) that the rate at which infected humans recover'
from the disease affects the transmission of the disease in both humans population and copepods
population. Increasing recovery rate of humans reduces the transmission risk of the disease.

Therefore interventions intended to treat infected human individuals reduce the transmission risk
nris

of the disease in the human population level.

The model designed in this Chapter did not take into consideration the disease process in withi
. . . . . . . . ln
infected individuals according to their infectious status. We acknowledge that the within-h
j ; -host
disease process can have an impact on the between host disease process and versa visa. The
s re-

fore, linking the within-host infection with the between-host infection would give us a bett
er

understanding for the complex life cycle of Guinea worm parasites.
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Immuno-epidemiological model of Guinea

worm disease

—

4.1 Introduction

Guinea worm disease as an environmentally-driven disease, comprises of three distinct time
scales: (a) the epidemiological time-scale that is associated with the infection between individu-
als in the population level, (b) the immunological time-scale that is related to the developmental
stages of Guinea worm parasite within the infected human individual, (c) the environmental
time-scale that is related to the abundance and survival of the Guinea worm first-stage larvae in
the physical water environment. For infectious disease with free-living in the environment, the
third time-scale is the key to providing a functional linkage between their immunological and
epidemiological dynamic processes. In this chapter we extend the model described in Chapter 3,
by incorporating the intensity of Guinea wom disease within infected human individual. That is

linking the within-human host and between-human host processes of Guinea worm disease.

4.2 The Mathematical Model

In this section we present the first immuno-epidemiological model of Guinea worm disease for

linking the immunological and epidemiological dynamics process of Guinea worm disease. The
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model explicitly traces the life-cycle of Dracunculus medinensis in three different environments

presented in Figure 2, which are the physical water environment, biological human environment

and biological copepod environment.
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Figure 4.1: A conceptual diagram of the mathematical model of linked between-host and within-
host dynamics of Guinea worm disease.

The model is based on monitoring the dynamics of nine populations at any time t, which are
susceptible humans Sy (), and infected humans Iy (¢) in the behaviour human environment;
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infected copepods /-, mature Guinea worms W (t), fertilised female Guinea worms Wg(t)
in the biological human environment (within-host parasite dynamics); and Guinea worm eggs
Ew(t), Guinea worm larvae Ly (t), susceptible copepods Sk (t), infected copepods 75(t) in the
physical water environment. We make the following assumptions for the model:

e There is no vertical transmission of the disease.

e The transmission of the disease in the human population is only through drinking contami-
nated water with infected copepod 7 which harbour infective free-living pathogens Ly (t)

in the physical water environment.
® Humans do not develop permanent immunity
e Copepods do not recover
¢ Both total populations of human and copepods are constant.
® There is no immune response in the human population.
e There is no immigration by infectious humans

There is no other animal host for Guinea worm
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From the model diagram presented in Figure 4.1 and the assumptions that we have made above

we have the following system of ordinary differential equations;

ds
( _f = Ap — AuSu — puSu + ayly,
dl
_dt_H = AgSy — (pu + 05 + ay)ly,
dlc
— = MSh—ucGyl
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Equations 1 and 2 of the model system (4.2.1) describe the evolution in time of susceptible and
infected human host respectively. At any time t, new susceptible humans are recruited at a con-
stant rate Az and we assume that the recruited humans are all susceptible. Susceptible individual
leaves the susceptible class either through infection Ay Sy, by drinking contaminated water with
infected copepods to join infected group or through natural death rate 1. Infected group is gen-
erated through infection when susceptible humans acquire the disease at a rate Ay Sy;. Infected
human leaves the infected group either through recovery rate oy to join the susceptible group
or through natural death rate fip, Of additional death rate Jy due to the infection. Equation 3
of model system (4.2.1) represents the evolution in time of infected copepods within infected
human host. The number of infected copepods (/¢) inside a human host is generated follow-
ing uptake of an average number of infected copepods (/) in the physical water environment
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through drinking contaminated water. In the human population, the uptake of infected cope-
pods (/g), which harbour Guinea worm larvae, leads to the transmission of Guinea worm larvae
from physical water environment to susceptible humans who later become infected humans. We
model the average rate at which a single susceptible host uptakes the average number of infected

copepods in the physical water environment through drinking contaminated water and becoming
infected host by the following expression:

Aa(Sy —1)

(IH + 1) (422)

Andh =
where Ay, Sy, and Iy are as defined in chapter 3. We derive the above expression (4.2 2)

following the single transition define in (Garira et al., 2014). But in our case, we define such

single transition by

(Su(t), In(t), Ip(t)) = (Su(t) — 1, In(t) + 1, In(t)) 4.2.3)

Therefore, the average infected copepods I (t) within a single infected human host increases at
a mean rate \, S, and decreases through ingestion by human gastric acid at a rate G ;1.
Equations 4-6 of the model system (4.2.1) represent changes in time of the average population
of mature worms Wy (t), fertilized female worms Wr(t), and the amount of gastric acid G J(t)
within a single infected human host respectively. The average mature worms population Wi (t)
is generated following the digestion of infected copepod in the human stomach by gastric acid
and then mature worms are released. We assume that mature worm either die naturally at a rate
yupr or migrate from the human stomach to the abdominal tissues at a rate a,;, where they grow
and mate. The average fertilized female worms W (t) within infected human host is generated
following the developmental changes undergone by mature worms to become fertilized female
worms. These developmental changes result in mature worms reaching sexual maturity; male
worms die soon after mating. We assume that the fertilized female worms either die naturally
at a rate yp Or emerge out through infected human individual’s skin (usually the lower limbs) to
release Guinea worm eggs into a water source at a rate ap when an infected human is in contact
with water. The average amount of gastric acid in human stomach is generated following the
proliferated rate a; ¢, which is proportional to the density of infected copepods within infected
human host. We assume that the amount of gastric acid is increased by the spontaneous produc-
tion of gastric acid at a lower rate G and dehydrated at a rate y.

Equation 7 of model system (4.2.1) describes the evolution in time of the Guinea worm eggs
Ew(t) in the physical water environment. We note that the population of Guinea worm eggs
increases when each infected human host excretes eggs at a rate apWp. Therefore, the rate at

which each infected human contaminates the physical water environment by excreting Guinea



Chapter 4 63

worm eggs is modelled by apWrl,. The last three equations of the model system (4.2.1) de-
scribe the evolution with time of Guinea worm larvae Ly (t), susceptible copepods Sg(t), and
infected copepods I (t) respectively. The average population of Guinea worm larvae is gener-
ated through each egg hatching an average of worm larvae Ny, with eggs hatching at an average
rate of ayy. Therefore, the total Guinea worm larvae in the physical water environment is de-
termined by Ny aw Ey. We assume that worm larvae in the physical water environment die
naturally at a constant rate yp. Similarly to human population, at any time t, new susceptible
copepods are recruited at a constant Ap. Susceptible copepods leave the susceptible group to in-
fected copepods group through infection at a constant rate Ap Sk when they consume first-stage
larvae in the physical water environment. We assume that the population of copepods die natu-
rally at a constant rate /g and further, we also assume that infected copepods have an additional

mortality rate 0z due to the infection. The model state variables are summarised in Table 4.1.

State Description Thitial
Variables o
Su(t) The susceptible human population size in the behavioural human environment | 2500
Iy(t) The infected human population size in the behavioural human environment 10

I (t) The infected copepods population size in the biological human environment 0

W (t) The mature worm population size in the biological human environment 0
Wg(t) The female worm population size in the biological human environment 0
G,(t) Amount of Gastric acid in the human stomach 15
Sk(t) The susceptible copepods population size in the physical water environment 10°
Ip(t) The infected copepods population size in the physical water environment 0
Ew(t) The worm eggs population size in the physical water environment 0
Lw(t) The worm larvae population size in the physical water environment 5000

Table 4.1: Description of the state variables of the model system (4.2.1)

4.3 Invariant region of the model system (4.2.1)

The model system (4.2.1) can be analysed in a region {2 C Rio of biological interest. Now
assuming that all parameters and state variables for model system (4.2.1) are positive for all
+ > 0 and further suppose that Gy is bounded above by =2 It can be shown that all solutions

P e o M .
for model system (4.2.1) with positive initial conditions remain bounded.
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Letting Ny = Sy + I and adding equation 1 and 2 of the model system (4.2.1) we obtain

dNg _ dSu  dly
dt dt dt

£ ) Moo g — B (4.3.1)
< Ay —pnNyg
This implies that
lim sup(Vu(8) < 22
t—00 = um (4.3.2)

Similarly, letting Ng = Sg + Ip and adding equation 9 and 10 of the model system (4.2.1) we

obtain
dNu _ dSp , dls
VTR dt
o P e (4.3.3)
< Ag—puNg
This implies that
lim sup(Ng(t)) < E

Now considering the third equation of model system (4.2.1), given by

dl,
—EC— = MSh— ucGilc
( falg(fa—1) \ .. (4.3.5)
(Po+€lg)(Ig + 1) Hetrilc.
Therefore.
e ( Puhe(An — pn) _ #oGo,
This implies that
Bulp(Ax — pw) L
li TE@)) i< J
ti)rgsup( c(t)) ((P0#E+€AE)(AH+,UH)> <(,UCG0) (4.3.7)

Using Eqns. (4.3.2), (4.3.4), and (4.3.7) similar expression can be derived for the remaining
model variables. Hence, all feasible solutions of the model system (4.2.1) are positive and enter
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a region defined by

Q = {(SHaIHylcawMaWFyGJaEW7LWaSE71E) = RLO:
0<Su+In <5, 0<Sp+1g<S, 0<Ic <S35 0<Wy<S, (438)
0<Wp<Ss5 0<G;<S, 0<Ey<SGS,, 0<Lw < Ss.}

which is positively invariant and attracting for all ¢ > 0, where

o e Gaamihe
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#JSQ>
S. =
’ ((.U'CGO
S4=( Neac )Sg
ay + iy
N,
o3z ()
2 \ar+ ur ay + fim
J (4.3.9)
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()
2 aw +pw ) \ar+prp) \ay + py HH

2 Bulc(Any — pg)
" <(P0Hc + eAc)(An + #11))

ke
BB (M) S,
\ HH

Therefore it is sufficient to consider solutions of model system (4.2.1) in €2, since all solutions
starting in (2 remain there for all ¢ > (. Hencs, the model system (4.2.1) is mathematically and



Ch
apter 4 71

epidemiologically well-posed and it is therefore sufficient to consider the dynamics of the flow

generated by model system (4.2.1) in 2 whenever Ag > pg.

4.4 Determination of Disease-Free Equilibrium point and its

Stability

4.4.1 Disease-Free Equilibrium state

To obtain the disease-free equilibrium point of the system (4.2.1), we set the left-hand side of
the equations equal to zero and further we assume that Iy = Io = Wy = Wy = Ey = Ly, =

I = 0, this means that all the populations are free from the disease. Thus we let

Ey, = (i%, Iy, I¢, W&,GW}’, 0 R N
= (_ﬁ'a 0; 07 07 Oa '_0, 01 07 E, 0)
HH HJ KE

(4.4.1.1)

denote the disease-free equilibrium of the model system (4.2.1).

4.4.2 The basic reproduction number of the model system (4.2.1)

The basic reproduction number of the system (4.2.1) is calculated by using next generation op-

erator described in (Castillo-Chavez et al., 2002). Thus the system (4.2.1) can also be written in

the form
(& = fx.v,2)
J id)?/ L A 4.42.1)
~2_f Bty

Where

o X = (Su,SE, G ;) represents all compartments of individuals who are not infected.

o Y = (In,Io, W, Wr, Ew) represents all compartments of infected individuals who are

not capable of infecting.
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o Z = (Z,7Z3) = (Ig, Lw) represents all compartments of infected individuals who are

capable of infecting.

We also let the disease free-equilibrium of the model (4.2.1) to be denoted by the following

expression

e G
UO':(_E’ Oa Oa O, Oa —O’ 0’ 0? ﬁ’ O)
HH

HJ HE

In this case

g(X*,Z) :(gl(X*’Z)a .‘72(X*7Z)? gB(X*7Z)7 §4(X*,Z), gs(X*,Z)'),

with
( BulAule
51(X*, Z) = ,
91( 4 ) HH(,U»H‘*”(SH‘FQH)(PO"FEIE)
" Bu(Au — pr)ps(pa + 05 + an)lp
X" 2) = ,
g2( ) pueGoMiy
J (X, Z) = NeoacoBu(Ax — pu)(pu + 0 + ap)lg
ih (unr + anr) e My !
Z i ayNeacBu(Ar — pu)(pn +0u + an)lp
g4(X 7Z) it 2 )
(pr + ar) (i + anr)po My
250 NiarpayNeacBu(An — pu)le
g5(X 7Z) =5 + »
L 2(pw + aw)(pur ar)(um + an)pepn(Po + elp)
where
My = Bulule + pu(pe + 0 + pr)(Po + elg).
Also

h(X,Y, Z) = ((X"Y, Z2), ha(X*",Y, 2))

(4.4.2.2)

(4.42.3)

(4.4.2.4)

(4.4.2.5)
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A matrix
/53
—(pe + ag) FO
A= Dzh(X",§(X",0),0) = (4.4.2.7)
/BEAE -
peLo =
can be written in the form A = M — D, so that
K
fe il
M. (4.4.2.8)
BeAE
pueLo
and
(be+ap) 0
D= , (4.4.2.9)
0] 1239

since the basic reproductive number is the spectral radius (dominant eigenvalue) of the matrix
T — MD~!. Hence the basic reproduction number of the Immumo-epidemiological model

(4.2.1) is expressed by the following quantity.

Ry = v RopRow (4.4.2.10)

With

Bu(Auw —pu) _ Nwow Bahs
Fos =" un  (ow +psw)ks pe(ue +0g)Lo (4.4.2.11)
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and
M Niap  Neoac

1

ROW =

Based on the above two expressions in equation (4.4.2.11) and (4.4.2.12) respectively, we there-

fore make the following deductions.

(i) The epidemiological (between-host) transmission parameters such as the rate at which sus-
ceptible humans are in contact with water contaminated by infected copepods 3y through
drinking contaminated water with such infected copepods and the rate at which infected
copepods are in contact with Guinea worm larvae S, the supply rate of new suscepti-
ble humans Ay and copepods A, the rate at which emerged or emerging worms from
infected humans contaminate the physical water environment N;ap by laying number of
eggs every time when infected humans are in contact with water sources, the rate at which
eggs in physical water environment hatches to produce number of worm larvae Ny vy
contribute to the transmission of guinea worm. Therefore, control measures such as reduc-
ing the rate at which infected human host visits water sources when worms emerge or are
emerging from his/her body part, reducing contact rate between susceptible humans with
contaminated water through educating the public and treating water body by killing worm
eggs, worm larvae and copepods may help to reduce the transmission risk of Guinea worm

disease.
(ii) The immunological (within-host) transmission parameters such as the rate at which in-
fected copepods within infected human host releases the number of mature worms Nga
after ingestion, the rate at which mature worms become fertilized female worms a_M’ and
the rate at which mature worms and female worms die all contribute to the transr%lission
of guinea worm disease. Therefore, immune mechanisms that kill infected copepods and
s within infected human host and also treatment intend to kill both mature worms

worm
and fertilized female worms population may help to reduce the transmission risk of Guinea

worm disease.

Therefore, both the epidemiological and immunological factors affect the transmission cycle of

guinea worm disease in both humans and copepods population.

4.43 Local stability of DFE

In this section we determine the local stability of DFE of the model system (4.2.1). We linearise

equations of the model system (4.2.1) in order to obtain a Jacobian matrix. Then we evaluate the
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Jacobian matrix of the system at the disease - free equilibrium point (DFE),

AH G'0 AE‘
E, = (—,0,0,0,0,—,0,0,-Z.0.).
0 ( o = o ) (4.4.3.1)

The Jacobian matrix of system (4.2.1) whose element are computed at the disease-free equilib-

rium point (DFE) is given by

( —pH g 0 91his0 0 0 0 0 _Pulu
Py
0 -g 0 g9 0 0 0 0 Buln
Popn
0 ok BB Nn g Vi 0 0 o BuAu—pn)
ey pr Fo
NeacG,
pritakag coQRORIO Ny e signiity 0 0 0 0
1%
g 0 92ﬂ S 6 0 0 0 0
J(Eo) = 4.4.3.2)
G
R R Y B AR T 0 0 0
%)
0 0 0 0 N[C!p 0 =da 0 0 0
G D 0 0 0 0. Nwow . ~uz 0 0
BeAE
S| 0 0 0 0 - = 0
ueLo o
BeA
EAE O ge

ueLo
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where

g = (um+90u+an)
J q = (um +an)

@ = (ur+ap) (4.43.3)
@B = (uw +aw)
@ = (ug+ag)

We consider stability of DFE by calculating the eigenvalues () of the Jacobian matrix (4.4.3.2).

The characteristic equation for the eigenvalues is given by

X[A® 4 T A8 + moA® + w3 A + mA® + A + mg] = 0 (4.4.3.4)

where
x = (—pa = X (=pe — A)(—ps — A)(—90 — A) (4.4.3.5)

It is clear from equation (4.4.3.4), that there are four negative eigenvalues (-up ,-pg, ~f1, -qo).
Now in order to make a conclusion about the stability of DFE, we use the Routh-Hurwitz Criteria

to determine the sign of the remaining eigenvalues of the polynomial

M+ A+ A+ A+ A+ A+ e =0 (4.4.3.6)
where
(m = a+@+Btautoti
T o= a@p+eut@+tetat q4)(gs + o) + gspr + (1 + @2) (g3 + qu)
ms = qiga(gs + qa) + (@ + @) + (@1 + @2)(gs + ¢4) (g5 + pr)+
q1q2(qs + pr) + q30a(gs + pr) + Gspn(a + 2 + g3 + )
T = 12939 + @3qa(q1 + @) (g5 + pr) + q192(q3 + q4) (g5 + pr)+ (4.4.3.7)
Q@1 + 42)(g3 + qa)@spr + Sqadspr + 19295 4L
ms = @1q2q3qa(qs + pr) + G39a(q + @2)as 1L + q192(gs + ga)gs L
16 = Q132q30q51L(1 — RG)
9% 7 HQEQ
\ HJ

Using the Routh-Hurwitz stability criteria, the equilibrium state associated with the characteristic
Eq. (4.4.3.6) is stable if and only if the determinants of all the Hurwitz matrices are positive that
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Det(H;) >0, =12,k (4.4.3.8)
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The Routh-Huiwitz criterion applied to Eq. (4.4.3.6) requires that the following conditions A1

A2, A3 and A4 be satisfied, in order to guarantee the local stability of the disease-free equilibrium

point of the model system 4.2.1).
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Al. 7r1>0,7r2>O,7r3>0,7r4>0,7r5>0,and7rs>0

A2. T mom3 + MM > M T4 + 7T§

2 2 2
A3. mTom3my + W T2Me + M M5 + M1 M4Ts + MMM > MWy + M T3Mg + 77327r4 L W’f’ﬂz i ﬂg

A4, 27rf7r27r57r6 - ﬂf7r37r47r3 + 7r§776 + MM M3T4 TS + 7r27r37r§ = 27T171'47T§ = ﬂfﬂzﬂaﬁs s Wfﬂ'(zs ot
3M\ M3Ms Mg + MIM3Ma + TAMaMs + T2M4Ts + T2

Clearly, from Eqn. (4.4.3.7), all the coefficients of the polynomial P()) in Eqn. (4.2.3.6) are
greater than zero whenever R; < 1. And we also noted that the conditions above are satisfied if
and only if R < 1. Hence all the roots in Eqn. (4.4.3.6) are either negative or have negative real
parts. The results are summarised by the following theorem.
Theorem 4.1. The Disease-free equilibrium point of the model system (4.2.1) is locally asymp-
totically stable if and only if Ry < 1.

4.4.4 Global stability of DFE

To determine the global stability of DFE of the system (4.2.1), we use a next generation operator
(Castillo-Chavez et al., 2002). Thus the model system (4.2.1) can be re-written in the form

dX
E o F(X,Z),
(4.4.4.1)
ay;
o = G(X%2)

Where
e X = (Su,Sg,G)) represents all uninfected components.

o Z = (Iy,Ic,W);,Wg, Ew, Lw, Ir) represents all compartments of infected and infec-

tious components.

We let

Ay Gy Ag

U, = (X*,0) =(—,0,0,0,0,—,0,0,—,0) (4.44.2)
HH Ha KE

denote the disease-free equilibrium (DFE) point of the system (4.4.4.1). To guarantee global
asymptotic stability of the system (4.4.4.1), the conditions (H1) and (H2) below must be satisfied
(Castillo-Chavez et al., 2002)
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dX
Hl. for v s F(X,0) is globally asymptotically stable (g.a.s),

H2. G(X,Z)=AZ - G(X,2), G((X,Z) 2 0for (X, Z) € RY where A = D;G(X",0) is a
M-matrix and R’ is the region where the model makes biological sense.

In our case
Ay — puSu
Go — psGy
Matrix A is given by
ol ol g e 0 0 e S
Popy
M ,U'HPO
N, G
R i tcd SREPU 0 0 0
122
; ¢ 92ﬂ i, 0 0 0 (4.4.4.4)
0 0 (- Niam o s 0 0
0 0 0 0 Nwaw —pr 0
BeAE
0 0 0 0 0 %
i Lopp - J
where
( ap = (pw +90u + an),
a1 = (pm +aum),
< a2 = (/J/F —|— O{F), (4.4.4.5)
a3 = (pw + aw),
i as = (pe+ag)
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[ ( Ag Sy T
,U,HP() Po e EI ) 'BH *
((Aﬁ—m o
wrPo Po+elg) "8
0
(X, 2) = 0 (4.4.4.6)
0
0
Agp SE
i (MELO Lo+ GLW) i i
It is clear that G(X, Z) > O forall (X, Z) € R, since B o S 3 Ap Sp
/J,HP() P, + el upLo = Lo+ €Ly
d(AH‘NH) (SH i) ided that A 4
an provided that Ay > pg and G; = —. Itis also clear that A is

P Po+6]

summarises above result.

HH
a M-matrix, since the off diagonal elements of A are non- neganveﬂ We state a theorem which

Theorem 4.2. If the disease-free equilibrium point of the model system (4.2.1) is globally asymp-

totically stable for Ry < 1 then assumptions (H1) and (H2) are satisfied.

4.5 Determination of Endemic Equilibrium State and its Sta-

bility

4.5.1 Endemic Equilibrium State

At the endemic equilibrium state, humans are infected by infected copepods which harbour the
free-infective Guinea worm larvae (Lyw ). The endemic equilibrium point of the model system
(4.2.1) is given by

7> B, Liv Sp, 1)
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satisfies

= Ay — A\gSu — puSu + ayly,
= AuSu — (uu +6u + ay)ly,
= MSh — ucGlc,

= Neacpcle — (anm + par) W,
= QTMWM — (ur + ar)Wk,

= Go+ayGyle — psGy,

= NiapWrply — (pw + aw)Ew,
= NwawEw — prLw,

(4.5.1.2)

= Ag — A\gSE — peSk,
= AgSg — (/AE . (55‘)]1;.

OOOOOOOOOO
|

\

for all Sy, Iy, I, Wy, Wi, G5, Eyy, Ly, Sg, I, > 0. We therefore obtain the following en-
demic values. The erdemic value of susceptible humans is given by
A +a aly
Sy =—7—7-—"7 (45.1.3

77 Ny +pn) :
From (4.5.1.3) we note that the susceptible humans population at endemic equilibrium is equal to
the average time of stay in susceptible class and the rate at which new susceptible individuals are
entering to the susceptible class either through birth or infected individuals who have recovered
from the diseases. Individuals in the susceptible class leave the susceptible class either through
infection or death. The endemic value of infected humans is given by

ASt
Iy = ot 4.5.1.4
(1o + 0 + ay) ooyt

We note from (4.5.1.4) that the infected human individuals at the endemic equilibrium point is
equal to the average time of stay in the infected class, the rate at which susceptible individu-
als become infected and the density of susceptible individuals. The endemic value of infected
copepods population within a single infected human at the equlibrium point is given by

§ A M (4.5.1.5)

~ i+ DucGy
From equation (4.5.1.5) we note that the average infected copepods population within a single
infected human is equal to the average life-span of infected copepods within a single infected
human host and the rate of infection of a single susceptible individual to become infected. We
also note that this expression provides a link between the dynamics of the infected copepods
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within-host and human population dynamics. The endemic value of mature worms population
within a single infected human is given by

23 NCachlé
(anr + par)

*

(4.5.1.6)

We note that from (4.5.1.6) that the population of mature worms within a single infected human at
endemic equilibrium point is equal to the average life-span of mature worms and the rate at which
numbers of mature worms are released after infected copepods within human host that having

been killed by human gastric juice. The endemic value of fertilised female worms population

within a single infected human is given by

aMW;(,,

1
—Z_(CVF Fud) (4.5.1.7)

We =
The average population of fertilised female worms within infected human at endemic equilibrium
point is equal to the average life-span of female worms and the rate at which mature worms

become fertilised female worms. The endemic value of a single human gastric juice is given by

: G
Gy = ——— (4.5.1.8)

(mg — aglg)

The endemic value of Guinea worm eggs population in the physical water environment is given

by
NyopWi(I +1)
E, =
W Ty (4.5.1.9)

We note from (4.5.1.9) that the eggs population at equilibrium point is equal to the average life
span of eggs, the rate at which each infected human host excretes Guinea worm eggs and the

total number of humans infected. The endemic value of Guinea worm larva population in the

physical water environment is given by

*

el NWawE;V
s e

1297

(4.5.1.10)

We note from (4.5.1.10) that the larva population at equilibrium point is equal to the rate at which
Guinea worm eggs hatch, number of larva generated by each egg and the average life span of

larva. The value of susceptible copepods population at equilibrium point is given by

. Ap

e e LB L
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From (4.5.1.11) we note that susceptible copepods population at endemic equilibrium is equal
to the average time of stay in susceptible copepods class and the rate at which new susceptible

copepods individuals are entering to the susceptible copepods class through birth. The endemic

value of infected copepods population is given by

oA A
((SE SR ,LLE) ()‘*E “+ /J,E)((SE aE //'E) (4.5.1.12)

*
E

We note from (4.5.1.12) that infected copepods at the endemic equilibrium point is equal to

the average time of stay in the infected copepods class, the rate at which susceptible copepods

become infected and the density of susceptible copepods.

4.5.2 Existence and uniqueness of the endemic equilibrium state

In this section we present some results concerning the existence of an endemic equilibrium so-
lution for model system (4.2.1). To determine the existence and uniqueness of the endemic

equilibrium point (EEP) of the model system (4.2.1), we easily express Sy, Iy, Ic, Wy, W,

Eyw, and Ly in term of I3 in the form

[AH((II e (1212-;) a3 aHaoIE](Po e EIE)

S (IL) =
[ SHUB) = S T BaTs + pn(Pat €TE)
P,
IH([E) 5T + asl};
X Nt Z(a) Z(b) I*
L) = EWH( o — ku)Zg + Zg Bu )
By e e
: oGy (Po + elg)(Iy + 1)Z
e (1) = NooolblBulhn = pm)Zg + 79 bul3)
. 5l (aua + piaa) o (Po + elg) (I + 1) 29 (4.5.2.1)
ety = L_cwNoeolslBuAn = pm)Zg + Zg Pul
FYEL 2 (ap + pr)(on + pan)uc(Po + elg) (I + 1) 28
B (IL) = Nrapay NeacIyBu(An — ) ZS) + Zg’)ﬂHIH
V2 Caes )
o 2aw + pw)(ar + pr)(an + par)uc(Po + ely) ZY
Aw — )29 4 2002
L) = Qe | Qe 22 Qele) py
L (Po + EIE)ZE
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where
[ 2 = (a1 +aal3)(Po +elp)
Zg)) = aHao(Po -+ EIE) o 42 (a1 5 azlg)ﬂﬁ
7y = (a1 + aal})(Buly + pa(Po + €lp))
Bu Ncac  Nwaw Nrap ay
o 3 5 ; 4522
J Qs 2 pe (pw+aw)pr (ur+ap) (ua + ) ( )
ag = PBuly
a; = pgPo(pu +0u + agy)
! ay = Bu(pu + 0u) + pue(py + o + ag)
(@) rx (b) *2
LET ﬂELW QE(AH “,UH)ZE IE+ ZE QEIE : :
Substitut Ap = ———— and L}, = into equation
WaEer. doic vt} w1 43 (Py + eI3) 20 :
(4.5.2.2) we get:
Iph(Ig) = Ig[vIE + wIE + i+ %) =0 (4.5.2.3)

where

v = (Be+eup)ue(pe + 08)° Lo + (Be + eur) (e + 08)Qe(anaouy — asBy) > 0,

Y2 = (Be+epr)(pe +0p)Qe(An — uu)(ay + asPy)+
Qepe(pe+ 0g)Lo(anaoPo — Bue) + epp(ue + 0g)Lo(aipume + agpn Po)+
Qe(a28n — agaopn) + aspp(pe + 0p) Lopn Poe(1 — R),
< (4.5.2.4)
M = Qel(Be +eur)(ue +0p)(An — pu) + Buar — agagP)+
ue(pE + ¢e)LoPoay (Bu + pme)+
(ke + 08 Lo(az Py + are)uu Po)(1 — R}),

Yo = aipp(pe +0p)LopnPi(1 — RY).

\

We can easily note that Eq. (4.5.2.5) gives I}, = 0, which corresponds to the disease-free equi-

librium and
hIg) = wIE + vl + 1l +7% =0 (4.5.2.5)

corresponds to the existence of endemic equilibria. Solving for I}, from the eq. h(Ig) = 0 we
obtain the roots by Descartes’s rule of sign. The various possibilities are tabulated in Table 2.
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cases | va| Y2 [ m | % | Ro No. of sign | No. of possible real roots
changes (endemic equilibrium)
1 + |+ + | Ry<1]|0 0
+ | + EroinRy sl 1 1
2 + |+ |- |+ | Ry<1]|2 2
iRl e Rt e |
3 4 e Ry 12 02
o e M e L £/ % I | 1
4 + |- |+ [+ |Ry<1(2 0,2
e i s i) 0 £ 7)o 5 [ 1,3

Table 4.2: Number of possible positive roots of h(I}) = 0

The results in Table 4.2 are summarised in the following Theorem.

Theorem 4.3. Assumes that Ay > piy and araopy > asfBy, then the model system (4.2.1)

(1) has a unique endemic equilibrium point if Ry > 1 and Case 1, 2, 3, and 4 are satisfied,
(2) could have more than one endemic equilibrium point if Ry > 1 and Case 4 is satisfied,

(3) could have two endemic equilibria if Ry < 1 and Case 2, 3, and 4 are satisfied.

4.5.3 Local Stability of the Endemic Equilibrium

We determine the local stability of the endemic steady state by using the center manifold theory
(Castillo-Chavez and Song, 2004). Let us consider the following general system of ordinary

differential equations with parameter ¢:

d:

d—;‘ =f(x,4), f:R"—R, f:C*R?xR) 4.5.3.1)
has a left eigenvectors denoted by u and a right ei genvectors denoted by v, corresponding to the
zero eigenvalue. Then the local dynamics of the model around 0 is totally governed by

. it ]61'1'8.’151‘ : i
k=1
- > fy
b p—rig —
E‘— ukvlaxiatb(o’ 0) (4:5:3.3)
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where f; be the k™ component of f.

In our case, we use the above theorem by making the following change of variables. Let Sy = z,
Iy = z9, Ic = x3, Wanr = x4, Wp = 5, G5 = %6, Ew = 27, Ew = 3, Sg = x9, I = xy,.
Further, we let ¢ = 3%, where 3" is considered as the bifurcation parameter. Letting 5* = 3 and
B = kfy, regardless of whether k& € (0,1) or k > 1. Considering Ry = 1, we solve for 5*, to

obtain

B = 2Lo(pg + 0p)pe(pw + aw)pur(pm + an)(pr + ap)uc Popy
kNIaFaMNCaCNWaW(AH Aot ,LLH)AE . (4.5.3.4)

We also use the vector notation X = (1, T2, T3, T4, Ts, T, T7, Tg, Tg, T10) SO that the model sys-

tem (4.2.1) can be written in the form

dx i
iy fix.") 4.5.3.5)
where
f:(f11f27f3)f47f5’f67f77f87f9,f10) (4.5.3.6)
so that:
( 1 = Ag — AuZ1 — ppT1 + Ay,
o = Agr1— (pg + 0n + an)zs,
P Aplds 1) S
3 .1‘2+1 HCT6T3,
&4 = Neooaczexs — (o + par)s,
e — —a—M:L‘ — (ur + ap)zx
J § q " skt (4.5.3.7)

i = Go+ 0yTeT3 — WJTe.

7 = arpzs(ze +1) — (uw + aw)zr,
s = NwawZr — prZs.

29 = Agp — Agx9 — Ugxy,

Z10 = Ae%o — (LE + 0E)Z10.
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where
B*x10
A = —m—
» Py + ez
(4.5.3.8)
; Wi, kB*xg
wrs Lo + exg

The Jacobian matrix associated with the system of equations (4.5.3.7) evaluated at the disease-

free equilibrium (Ep) is given by

/ —ug ay 0 5 0 B 0 0 0 s
wu Py
ST 0 B0 A 0 0 0 P Ag
Popn
T L G e T R Ml bl )
Ha Py
N,
A B 0 0 0 0
HJ
&4 0 QTM b, 0 0 0 0 0
J(Eo) = (4.3.3.9)
TR a,@ -0 was D 0 0 0
K
0 b 0 T T bs 0 0 0
0 0 0 0 0 0 Nwaw =KL 0 0
B*Ae
5 0 TR T = - 0
ueLo -
B*Ag
5 8 0 g 9 b b
\ weLo . /
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where
S N
by
3
b3
\

— (um +90m + an)
— (um + an)

— (pr + arF)

— (pw + aw)

— (pe + aE)

The above Jacobian matrix has the left eigenvector

|| e (uly Uz, U3, Us, Us, U, U7, U, UY, ulO)

where

u= [ul,u2,U3,U4,U5,U6,U7,Us,ug,ulo,uu,ulz]T,

(4.5.3.10)

(4.5.3.11)
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where
( & B*An ( ay A 1)
: w3 Po \ (1 + 6u + ay) :
i B*An
> " (un +0u +an)Poun’
R s B*(Au — pm) p
. Pouy (ucGo + pyoc)’
o NeoeGy B*(Ag — pu)
Y (ueGo+ pidc) Popr(uar + ang)’
ok o Qg NeacG) ,3*(/\11 — ,LLH)
! * " 2(um +am)(pr + or) (ucGo + psdc)  Popm (4.5.3.12)
Ug = asGo B*(Au — pn)
®  ui(ucGo + pidc) Popr
Lo ayap NeacGy  B*(Ay — pn) 1
"7 2(um + am)(ur + ar) (cGo + psdc) Popm  (aw + aw)’
g aMOF NeacGo  B*(Am —pn) Nwow
® 7 2(um +oum)(ur +ar) (ucGo + n0c) Popm  pr(uw + aw)’
ayop NeacGo  B**(Aw —pn)  Nwaw kAg
! 2(un + anm)(pr + ar) (ucGo + pidc) Popr  pr(pw + aw) Lopg,
§ U = 1

In addition, the left eigenvector of J(E”) associated with the zero eigenvalue at B = 3* is given

by

il
¥ [vla V2, V3, V4, Us, Vs, U7, Ug, Vg, V10, V11, 1)12] ) (45313)

where
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pter -

( =il
5 =0
vy = 1,
e 5*2(AH1; /LH)‘2( - OtF)aM __ Nwaw kAg
H o + o : i
. ﬂ*Q(KH—OuH)_ M;F F' (MMNWCY%) pr(pw ‘;X;V) pe(pe +0g) Lo
poi Po (ur + ar) pr(pw + aw) pe(pe +08) Lo’
e (4.53.14)
. L e B s AR
o prFo pr(pw + aw) pe(pe +08) Lo’
i B*(Am —pu) 1 kAg
prFo pur pe(pe +0g)Lo’
Uy == 0,
P B*(Ax — pr) ;
! (pe + 0)puFo

Computation of bifurcation parameters a and b:
We evaluate the non-zero second order mixed derivatives of f with respect to the variables and

3* in order to determine the signs of a and b. The sign of a is associated with the following

non-vanishing partial derivatives of f:

( 82f1 o 26,6*AH
dxt g P pm ;

8 _ _ 2B'An
dx3y 2 Pug ’

J 02 f3 T 2¢8*(Ag — pr)
—327%0 _———Pguy (4.5.3.15)

02 fo 2¢kB*Ap
Oz} Lipe

(92f10 s 2¢kB*Ag
\ O} Lius




Chapter 4 o1

The sign of b is associated with the following non-vanishing partial derivatives of f:

( 82f1 s AH
0x1005* paPy’
D fo Ay

83:108&‘ /J,HP()’

0%fs _ (Aw—pn)

50 4.5.3.
0x1008* wuPo ( 16)

Bfs  kAg

0503 B LT

azfl() kAE

0z50B*  peLo

\

Substituting expression (4.5.3.13) and (4.5.3.14) into (4.5.3.2) and (4.5.3.3) , we get

( é 2 (92f1 2 821(2 2 02f3

= V=7 T+ UWVY073 U Vgm o
s 5/ 0x7, 0z,

232f9 232f10

UgUg —_&rg + U10vg ———(%g ;

2¢3*An 2 [—265*/\11} ; [—256*(AH . ,LH)}
2 5 TR —— | +usv -+
]+ v + oo | =

(4.5.3.17)

4 —2ekB*A
2[26kﬁAEJ+ulo2[ ek E},

U Vg .
"8 | Lips Lipe

-Ug [ug — o),

* 2¢0*(Ag — pm) | | 2¢kB*Ap
Fypr 0 HH OME

<)

\

since (u; — u2) < 0, (ug — u10) < 0, uz > 0, and vip > 0.
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and
0 fi & f P fs P f 2
b = e e — thi S et a9 9% f10
( . 0r100p* uzvloaﬂﬂloaﬂ* % usvwaxsaﬁ* T ugvgaxwaﬁ* s umUSW’
Ag Ap (Ag — pn) kAg
= —_— Uy — W : : =
b [Po/,LH o Popnr ¥ Popr b Lopp s [u10 — o],
(4.5.3.18)

e (Aw — pm) E
= U V1o [ug — u1) + B v1oU3 + i vg [u10 — ug] ,

o

since (u2 - ul) () (UIO - Ug) >0, us > 0, and Uior = 0.
Thus, the Guinea worm endemic steady state is locally asymptotically stable close to Ry = 1.
The following theorem summarises the results we obtained:

Theorem 4.4. The Guinea worm endemic steady state is locally asymptotically stable when

Ha =4

4.6 Sensitivity analysis

In this section we carry out sensitivity analysis to evaluate the relative change in basic reproduc-
tion number (R,) when each of the parameters of the model system (4.2.1) change. We used the
normalised forward sensitivity index of the R, to each of the model parameters of model system

(4.2.1). In our case, we let Ry (4.4.2.10) be a differentiable function on the parameter say u, so
that the normalised forward sensitivity index of Ry at u is defined as

8R0 u
g 4.6.1)

TR = .
& ou 4 Ro

For example, the sensitivity index of R, with respect to the human infection rate [ is given by

8R, B
hebobe B0V < L N (4.6.2)

i i
RO By

It can be easily noted that the sensitivity index of Ry with respect Pu does not depend on any

of the parameter values. The indices of worm larvae death rate and copepods death rate are
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respectively given by,

1 HF
L DL TRGY < .
e inEEe 0.5 (4.6.3)

1 (2ug + 0k)
Th = == = 0.9991 (4.6.4)

2 (ue +90p)
Using Eqns. (4.6.2)-(4.6.4) similar expressions can be derived for the remaining parameters.
Therefore, the resulting sensitivity indices of R, to the different model parameters are shown
below in Table 4.3. We see from Eqns. (4.6.2)-(4.6.4) that the index of parameter 3y is positive
and indexes of both parameters 1.7, and ;5 are negative. The sign of the index value indicates
whether, the parameter increases the reproduction number or reduces the reproduction number.

Therefore, increasing human infection rate 35 reduces R, and also increases ;, or pp reduces

Ry.
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Parameter | Description Sensitivity index
Ay Human birth rate +0.50013
B Human infection rate +0.5

IH Human natural death rate -0.50013
Ag Copepods birth rate +0.5

BE Copepods infection rate +0.5

WE Natural decay rate of copepods in the environment -0.9991
g Induced decay rate of copepods in the environment -0.00894
Py Copepods saturated constant -0.5

L Natural decay rate of worm eggs in the environment -0.135
aw Hatching rate +0.135
Nw Fecundity rate of worm larvae in the environment +0.5

UL Natural decay rate of Guinea worm larvae -0.5

Ly Larvae saturation constant -0.5

N¢ Fecundity rate of mature worm +0.5

he Natural death rate of copepods due to human gastric acid -0.709
ac Released rate of mature worms within human host -0.25
1Y Natural decay rate of mature worms within human host -0.25
ay Migration rate of mature worms to subcutaneous tissues +0.25
WP Natural decay rate of fertilized female worms -0.4639
ap Migration rate of fertilized female worms to surface of host’s skin | +0.4639
Ny Fecundity rate of worm eggs in the environment +0.5

Table 4.3: Sensitiviy Indices of model reproduction number Ry to parameter for the model

system (4.2.1), evaluated at the parameter values presented in Table (4.4)-(4.6).

Based on the results shown above in Table 4.3, we observe that the reproduction number R, is
sensitive to the changes of parameters 3y, Ay, Bg, Ap, vr, N1, aw, Nw, pig, pw, i, am, Po, Lo
and more sensitive to the change of parameter 1. Since 'I‘fg = —1.007, increasing pp by 10%
degreases the reproduction number by 10.07%. Therefore increasing the death rate of copepods
by using chemical larvicids such as ABATE, will eventually reduces the transmission of Guinea
worm disease. Similarly as T;}fi = 0.5 and ng = 0.5, reducing human infection rate 35 or
number of eggs excreted in the physical water ar by 10% reduces R, by 4.639%. Therefore
educating people about the disease (that is teaching people not to immerse their infected feet into
the drinking water when the fertilised female worm is emerging or emerges out from their feet
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or to always filter contaminated water before drinking the water) will reduces the transmission

of the disease.

4.7 Numerical results

The behaviour of the experimental model system (4.2.1) was simulated numerically using a
Python program version V 2.6 on the linux operation system ( Ubuntu 14.04). The program
uses a package odeint function in the scipy.integrate for solving any system of differentiated
equations. The behaviour of the system model (4.2.1) was simulated in order to illustrate the
analytical results we obtained in this paper. We used the estimated parameter values presented
in Table (4)-(6) for sensitivity and numerical analysis. Some of parameter values used from pub-
lished literature and some were estimated as values of some parameters generally not reported
in literature. The initial conditions used for simulation are given by Su(0) = 2500, Ix(0) = 10,
Ic(0) =0, G;4(0) = 1.50, Wi (0) = 0, Wr(0) =0, Sg(0) = 100000, /£(0) = 0, Ew (0) = 0, and

Ly (0) = 50000.

Erameter Description Initial Units Source
values

Ay Human birth rate 0.1013 people Smith? et al. (2012)

day™*
Bu Human infection rate 0.1055 copepod | Estimated

day™!
IH Human natural death rate | 2.548 x 3 day‘1 Adewole and Onifade (2013)
oy Human recovery rate 0.03 day™! Estimated
o Infected death rate dx10" day ! Estimated

due to infection

Table 4.4: Human host parameter values used in simulation
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Parameter | Description Initial | Units S oxteon
values

N¢ Fecundity rate of mature worm 700 people | Estimated

we Decay rate of copepods within human host | 0.99 copepod | Estimated
due to gastric juice day ™!

dc Natural death rate of 0.001 | day™! Batigaated
copepods within human host

ac Rate at which mature worm released
when copepods destroyed by human 0.9 day™! Estimated
gastric juice

Y Natural decay rate of 0.9 day~! Estimated
mature worms within human host

Qo Migration rate of mature worms 0.9 day! Estimated
to subcutaneous tissues

UF Natural death rate of fertilized female 0.9 day™! Estimated
worms within human host

aF Migration rate of fertilized female 0.07 |day™' | Estimated
worms to surface of skin

Wy Dilution rate of gastric juice 0.05 |day! Estimated

ay Proliferation rate of gastric juice 0.4 day™! Estimated
due to infection

Go Supply rate of gastric juice 15 day~! Estimated
from the source of the body

Table 4.5: Within-host parameter values of the model system “4.2.1)
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Parameter | Description Initial Units Source
value
Ag Copepods birth rate 0.75 copepod Estimated
day™!
BE Copepods infection rate 0.7 larvae Estimated
day™!
UE Natural decay rate 0.005 day~! Adewole and Onifade (2013)
of copepods
op Disease induced 9 x 107° | day™! Estimated
death rate of copepods
B Copepods 20 0000 | day™* Adewole and Onifade (2013)
saturation constant
Uw Natural decay rate of 0.333 day™! Adewole and Onifade (2013)
Guinea worm eggs
aw Hatching rate 0.009 day™! Estimated
Ny Number of Guinea worm | 300 larvae Estimated
larvae haiched egg 'day”
nr, Natural decay rate of 0.0333 day‘1 Adewole and Onifade (2013)
Guinea worm larvae
L, Larvae saturation constant | 5000000 | day™' Adewole and Onifade (2013)
€ Limitation growth rate 0.0991 | day! Estimated

Table 4.6: Free-living pathogens and their associated environmental parameter values used in

simulation
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Figure 4.2: Simulation of model system (4.2.1) showing the dynamics of human population with

initial conditions: Sy (0) = 2500, I;(0) = 10, Ic(0) = 0, G 4(0) = 1.50, W (0) = 0, Wg(0) =

0, Sg(0) = 100000, Ir(0) = 0, Ew(0) = 0, and Ly (0) = 50000. Parameter values used are in
Table (4.4) - (4.6).

Figure 4.2 illustrates the evolution in time of human population in the presence of Guinea worm
disease for R, > 1 with initial value conditions: Su(0) =2500, I5(0) = 10, I(0) =0, G,(0) =
1.50, Wi (0) = 0, Wg(0) = 0, Sp(0) = 100000, Iz(0) = 0, Ew(0) =0, and Ly (0) = 50000 and
constant parameter values tabulated in Table (4.4) - (4.6). The results show that the susceptible

and infected humans converge to their corresponding endemic equilibrium point. These results
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are in-line with the results we obtained from theorem 4.2, which shows that if R, > 1 then

guinea worm disease persist in both human and copepods population.
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Figure 4.3: Graphs of numerical solutions of model system (4.2.1) showing the evolution in time

of (a) population of infected humans (I ), (b) population of infected copepods (Ig), (c) popula-

tion of Gui

larvae in the

nea worm eggs in the physical water environment, and (d) population of guinea worm
physical water environment, for different values of the infection rate of humans B :

By = 0.1055, By = 0.55, By = 0.9.

Figures in Fig. 4.3 illustrate the solutions profile of the population of (a) infected humans, (b)

infected copepods in the physical water environment, (¢) worm eggs in the physical water en-
vironment, and (d) worm larvae in the physical water environment, for different values of the

infe
higher rates o

ction rate of humans SBg: B = 0.1055, B = 0.55, B = 0.9. The numerical results show that
f infection at the human population level results in increased population of parasites
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(worm eggs and worm larvae) in the physical water environment and a noticeable increase in in-
fected copepods population in the physical water environment. Therefore, human behavioural
changes which reduce contact with contaminated water bodies through drinking reduces trans-

mission of the disease at both humans and copepods population.
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Figure 4.4: Graphs of numerical solutions of model system (4.2.1) showing the evolution in
time of (a) population of infected humans (Iy), (b) population of infected copepods (Ig), (c)
population of Guinea worm eggs in the physical water environment, and (d) population of guinea
worm larvae in the physical water environment, for different values of natural death rate of

copepods pp: pg = 0.005, up = 0.05, ug = 0.5.

Figures in Fig. 4.4 illustrate the solution profiles of the the population of (a) infected humans, (b)
infected copepods in the physical water environment, (c) worm eggs in the physical water envi-
ronment, and (d) worm larvae in the physical water environment, for different values of natural
death rate of copepods population in the physical water environment pe: pe =0.005, up =0.05,
pe = 0.5. The results show that the environmental process of death of copepods affects transmis-
sion of the disease in the humans population. Increased death of copepods population reduces
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transmission risk of the disease at humans population, therefore, any mechanism which enhances

the killing of copepods population in the physical water environment reduces transmission risk

of the disease within a humans community.
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Figure 4.5: Graphs of numerical solutions of model system (4.2.1) showing the evolution in
time of (a) population of infected humans (Iy), (b) population of infected copepods (Ig), (c)
population of guinea worm €ggs in the physical water environment, and (d) population of guinea
worm larvae in the physical water environment, for different values of natural death rate of

Guinea worm eggs in the physical water environment jiy . jlw = 0.005, pw = 0.5, pw = 0.9.

Figures in Fig. 4.5 show graphs of numerical solutions of model system (4.2.1) showing prop-
agation of (a) population of infected humans (I), (b) population of infected copepods (/y),
(c) population of Guinea worm eggs in the physical water environment, and (d) population of
Guinea worm larvae in the physical water environment, for different values of natural death rate
of guinea worm eggs in the physical water environment pw: pw = 0.005, pw = 0.5, pw = 0.9.
The results show that the environmental process of death of worm eggs affect transmission of
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the disease in the humans population. Increased death of worm eggs population reduces trans-
mission risk of the disease at humans population, therefore any mechanism which enhance the

killing of worm eggs population in the physical water environment reduces transmission risk of

the disease within a humans community.
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Figure 4.6: Graphs of numerical solutions of model system (4.2.1) showing the evolution in
time of (a) population of infected humans (Ir), (b) population of infected copepods (Ig), (c)
population of Guinea worm €ggs in the physical water environment, and (d) population of Guinea
worm larvae in the physical water environment, for different values of natural death rate of

Guinea worm larvae in the physical water environment jur,: jur, = 0.005, pur, = 0.5, pur, = 0.9.

Figures in Fig. 4.6 show graphs of numerical solutions of model system (4.2.1) showing prop-
agation of (a) population of infected humans (1), (b) population of infected copepods (/g),
(c) population of Guinea worm eggs in the physical water environment, and (d) population of
Guinea worm larvae in the physical water environment, for different values of natural death rate
of Guinea worm larvae in the physical water environment ziz: i, = 0.005, pup, = 0.5, pr, = 0.9.
The results show that the environmental process of death of worm larvae affects transmission of
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the disease in the humans population. Increased death of worm larvae population reduces trans-
mission risk of the disease at humans population, therefore, any mechanism which enhances the
killing of worm larvae population in the physical water environment reduces transmission risk of

the disease within a humans community.
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Figure 4.7: Graphs of numerical solutions of model system (4.2.1) showing the evolution in
time of (a) population of infected humans (Iy), (b) population of infected copepods (Ig), (c)
population of Guinea worm eggs in the physical water environment, and (d) population of Guinea
worm larvae in the physical water environment, for different values of natural death rate of

mature worms inside a single infected human host yupy: g = 0.9, unr = 0.09, uar = 0.009.

Figures in Fig. 4.7 show graphs of numerical solutions of model system (4.2.1) showing prop-
agation of (a) population of infected humans (Iy), (b) population of infected copepods (1),
(¢) population of Guinea worm eggs in the physical water environment, and (d) population of
Guinea worm larvae in the physical water environment, for different values of natural death rate
of mature worms inside a single infected human host par: par = 0.9, par = 0.09, par = 0.0009.
The results show that the within-host process of death of mature worms affects transmission of
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the disease in the humans population. Increased death of mature worm population within in-
fected human host reduces transmission risk of the disease at humans population, therefore, any
mechanism which enhances the killing of mature worms Population inside the infected human
host reduces transmission risk of the disease within a humans community.
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Figure 4.8: Graphs of numerical solutions of model system (4.2.1) showing the evolution in

time of (a) population of infected humans (Iy;), (b) population of infected copepods (I E) (¢)

population of Guinea worm €88s in the physical water environment, and (d) population of Guinea

worm larvae in the physical water environment, for different values of natural death rate of

Jfertilized female worm within a single infected human host HF: pr =09, up = 0.09, pup =
0.009.

Figures in Fig. 4.8 show graphs of numerical solution of model system (4.2.1) showing prop-
agation of (a) population of infected humans (Zgr), (b) population of infected copepods (/g),
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(¢) population of Guinea worm eggs in the physical water environment, and (d) population of
Guinea worm larvae in the physical water environment, for different values of natural death rate
of fertilised female worms inside a single infected human host Hr: pr =09, up = 0.09, Ip
= 0.009. The results show that the within-host process of death of fertilised female worms af-
fects transmission of the disease in the humans population. Increased death of fertilised female
worms population within infected human host reduces transmission risk of the disease at humans
population, therefore any mechanism which enhances the killing of fertilised female worms pop-
ulation inside the infected human host reduces transmission risk of the disease within a humans

community
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Figure 4.9: Graphs of numerical solutions of model system (4.2.1) showing the evolution in time

of (a) population of infected humans (Iy;), (b) population of infected copepods (I E), (¢) popula-

tion of Guinea worm €ggs in the physical water environment, and (d) population of Guinea worm

larvae in the physical water environment, for different values of guinea worm larvae Secundity
Nw: Nw = 30, Ny = 300, Nw = 30000.
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Figures in Fig. 4.9 illustrate the solution profiles of the population of (a) infected humans (/;),
(b) infected copepods (/) in the physical water environment, (c) worm eggs in the physical
water environment, and (d) worm larvae in the physical water environment, for different values
of the rate of worm larvae fecundity Ny : Ny = 30, Ny = 300, Ny, = 30000. The results show
that an increase of each worm larvae produced per day by worm eggs increases the transmission
of the disease. Therefore, any mechanism which reduces worm larvae fecundity in the physical

water environment reduces the transmission risk of the disease in the community.
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Figure 4.10: Graphs of numerical solutions of model system (4.2.1) showing the evolution in

time of (a) population of infected humans ( Iy), (b) population of infected copepods (Ig), (c)

population of Guinea worm eggs in the physical water environment, and (d) population of Guinea

worm larvae in the physical water environment, for different values of hatching rate vy : ayy =
0.009, ay = 0.09, ayy = 0.9.

Figures in Fig. 4.10 illustrate the solution profiles of the population of (a) infected humans (1),
(b) infected copepods (/g) in the physical water environment, (c) worm eggs in the physical

water environment, and (d) worm larvae in the physical water environment, for different values
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of the rate of worm larvae fecundity ayy: aw = 0.009, ayy = 0.09, aw = 0.9. The results
show that reducing rate at which eggs hatch worm larvae per day reduces the transmission of the
disease. Therefore, any mechanism which reduces hatching rate of worm eggs in the physical

water environment reduces the transmission risk of the disease in the community.
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Figure 4.11: Graphs of numerical solutions of model system (4.2.1) showing the evolution in

time of (a) population of infected humans (Iy), (b) population of infected copepods (I), (c)

population of Guinea worm eggs in the physical water environment, and (d) population of Guinea

worm larvae in the physical water environment, for different values of mature worm fecundity
N¢: N¢ =0, N¢ = 700, N¢ = 7000.

Figures in Fig. 4.11 illustrate the solution profiles of the population of (a) infected humans (Iy),
(b) infected copepods (/) in the physical water environment, (c) worm eggs in the physical
Wwater environment, and (d) worm larvae in the physical water environment, for different values
of the rate of mature worm fecundity within infected human host N¢: Ng =0, N¢ =700, Ne
= 7000. The results show that an increase in each pair worm of mature worm produced when
infected copepods within infected human host killed by gastric acid increases the transmission
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of the disease. Therefore, any immune mechanism which reduces mature worm fecundity within

infected human host reduces the transmission risk of the disease in the community.
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Figure 4.12: Graphs of numerical solutions of model system (4.2.1) showing the evolution in
time of (a) population of infected humans (Ir;), (b) population of infected copepods (Ig), (c)
population of Guinea worm eggs in the physical water environment, and (d) population of Guinea
worm larvae in the physical water environment, for different values of the rate at which an
emerging fertilised female worm from a single infected human host excrete eggs into the physical

water environment ap.: ap = 0.007, ap = 0.07, ap = 0.7.

Figures in Fig. 4.12 show graphs of numerical solutions of model system (4.2.1) showing the
propagation of the population of (a) infected humans (/), (b) population of infected copepods

(Ig), (c) worm eggs in the physical water environment, and (d) worm larvae in the physical water

environment, for different values of the rate at which an emerging fertilised female worm from a
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single infected human host excretes number of eggs into the physical water environment o ap
=0.007, ap =0.07, ap = 0.7. The results show that higher rate of excretion results in increased
population of parasites (worm eggs and worm larvae) in the physical water environment and a
noticeable increase in infected copepods. Therefore, improvement in individual sanitation (which
reduces contamination of water source with human eggs) is good for the community because it

reduces the risk of the disease transmission in the community.
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Figure 4.13: Graphs of numerical solutions of model system (4.2.1) showing the evolution in time
of (a) population of infected humans (1), (b) population of infected copepods (1), (c) popula-
tion of guinea worm eggs in the physical water environment, and (d) population of guinea worm
larvae in the physical water environment, for different values of the recovery rate of humans oy :

ag =003, ag = 0.6, ag = 0.99.
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Figures in Fig. 4.13 show graphs of numerical solution of model system (4.2.1) showing the
propagation of the population of (a) infected humans (/x), (b) infected copepods (1), (c) worm
eggs in the physical water environment, and (d) worm larvae in the physical water environment,
for different values of the rate at which infected human individual temporally recovered from the
disease ay: ay =0.03, ay = 0.6, ay = 0.99. The results show that high rate in which infected
human individual reccvers from the disease results in the reduction of the transmission risk of
the disease in the humans community and noticeable reduction in the infection rate of copepods

by worm larvae in the physical water environment.
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Figure 4.14:  Graphs of numerical solutions of model system (4.2.1) showing the evolution in

time of (a) population of mature worm within infected human host, and (b) population of fertilised

Jfemale worm within infected human host, for different values of the infection rate of humans Br:
Bu = 0.1055, By = 0.01055, Bu = 0.001055, By = 0.55.

Figures in Fig. 4.14 demonstrate numerical solutions showing the propagation of the population
of (a) mature worm within infected human host, and (b) population of fertilised female worm
within infected human host, for different values of the infection rate of humans Bu: B =0.1055,
Bu = 0.01055, By = 0.001055, 3y = 0.55. The results show the influence of between-host
disease process on within-host disease process of Guinea worm disease. Here, as transmission
rate of disease in the community increases, the within-host infection intensity of the disease also



Chapter 4 111

increases. The numer.cal demonstrate that the transmission of the disease at the population level
influences the dynamics within an infected individual. Therefore, human behavioura] changes
(such as filtering water before drinking) which reduce contact with infected copepods reduce
infection intensity at individual level, equally, good sanitation by community which reduces

contamination of water bodies reduces the intensity of human infection at individual level.
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Figure 4.15:  Graphs of numerical solutions of model system (4.2.1) showing the evolution in

time of (a) population of mature worm within infected human host, and (b) population of fertilised

Jemale worm within infected human host, Jfor different values of the infection rate of humans fp,:
BE = 0.1055, Bg = 0.55, BE = 0.9,

Figures in Fig. 4.15 illustrate the graphs of numerical solutions showing the propagation of the
population of (a) mature worm within infected human host, and (b) population of fertilised fe-
male worm within infected human host, for different values of the infection rate of copepods
Be:BE =0.7, B = 0.07, B = 0.007. Numerical results show that an increase in the rate of cope-
pods infection rate by worm larvae in the physical water environment increases the infection
intensity for human individual level. This shows the influence of between host disease trans-
mission parameters on within-host infection intensity. Therefore, public health interventions
intended to reduce transmision risk of the disease to copepods also reduce the disease intensity

within an infected individuzl,
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Figure 4.16: Graphs of numerical solutions of model system (4.2.1) showing the evolution in time
of (a) populatior of mature worm within infected human host, and (b) population of fertilised fe-
male worm within infected human host, for different values of the natural death rate of copepods

“E: pg =0.005, ug = 0.05, BE =05

Figures in Fig. 4.16 illustrate the graphs of numerical solutions showing the propagation of the
population of (a) mature worm within infected human host, and (b) population of fertilised fe-
male worm within infected human host, for different values of the natural death rate of copepods
in the physical water environment pe: pe =0.005, up =0.05, ug = 0.5. The results demonstrate
the influence of putlic health interventions intended to reduce copepods population (by means

of killing copepods using larvicide) on the infection intensity within an infected individual.
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Figure 4.17: Graphs of numerical solutions of model system (4.2.1) showing the evolution in time
of (a) population of mature worm within infected human host, and (b) population of fertilised
female worm within infected human host, for different values of natural death rate of worm

larvae in the physical water environment pr,: jir, = 0.005, pr, = 0.05, jur, = 0.5.

Figures in Fig. 4.17 illustrate the graphs of numerical solutions showing the propagation of the
population of (a) mature worm within infected human host, and (b) population of fertilised fe-
male worm within infected human host, for different values of the natural death rate of worm

larvae in the physical water environment pr: g, = 0.005, pz = 0.05, g = 0.5. The results
demonstrate the influence of public health interventions intended to reduce worm larvae popu-

lation in the physical water environment (by means of killing copepods using larvicide) on the

infection intensity within an infected individual.

4.8 Summary

In this chapter, we Formulated a mathematical modelling framework for linking the develop-
mental stages of Guinea worm disease within the infected human individual and the transmission
dynamics of the disease at the population level. The model is shown to be globally and locally

asymptotically stable at the Guinea worm disease free equilibrium state when the corresponding
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reproduction number of the model is less than a unity. The possible endemic equilibria states
of the model have been explored using the Descarte’s rule of signs and deduce that, using the
Center manifold theory the model system is locally asymptotically stable at the Guinea worm
endemic equilibrium siate when the reproduction number is greater than a unity. We carry out
the sensitivity analysis of the basic reproduction number to the variation of model parameters.
The sensitivity results of the reproduction number has shown that R, is sensitive to a model pa-
rameters such as infection rate of human host 3y, excretion rate of number of eggs ap in the
physical water environment by a single infected human host, production rate of larvae per egg
worm ayy, fecundity of larvae Ny, generated by eggs, death rate of egg worms fyy, larva worms

p, in the physical water, recovery rate of human «a, and more sensitive to parameter /.
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Discussion and conclusion

e
’

5.1 Introduction

If Guinea worm disease could be completely eradicated, it would be the first neglected tropical

disease to be eradicated without using curative drugs or vaccination (Smith? et al., 2012). Many

efforts have been put in place in order to completely eradicate the Guinea worm disease and

at has been made so far, eventually has led to completely eradicating of the disease

progress th
in the world, in which all of them are in Africa,

in several countries. However, four countries

are still unable to eradicate this disease completely. Mathe
effectiveness of different strategies intended

matical models have been generally

accepted as an important tool for evaluating the

to control or eradicate most infectious diseases including helminth diseases and they also have

potential to inform policy making and guide research for the control and elimination of such

infectious diseases (Basafiez et al., 2012).
In this thesis, we studied the general transmission mechanisms for infectious disease with free-
living pathogens in the environment and highlighted on how the environment (through food, soil,
water, air, fomite, etc.) plays a significant role in the transmission cycle of most infectious dis-
eases with free-living pathogens in the environment. We review several mathematical models
that have been developed to study the transmission dynamics of most infectious diseases that are

driven by free-living pathogens in the environment and learn that there is still a gap in knowledge
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on how to link the within-host (immunological dynamics) and between-host dynamics (epidemi-
ological dynamics) of such infectious diseases with free-living pathogen in the environment

With specific reference to Guinea worm disease, we attempted to fill such gap by developing a

general mathematical modelling frame-work of the transmission cycle of Guinea worm disease

in which its parasite’s life-cycle includes interaction with the physical water environment. In
addition, we consider the factors that account the spread of Guinea worm at the population level

as well as the factors that are responsible on the reduction of the disease.

5.2 Summary and concluding recommendations

In this study, we developed and analysed two mathematical models, which are epidemiologi-

cal model and immuno-epide
Epidemiological model represente
worm disease agent which comprise

miological model, of Guinea worm disease and its transmission.
d in chapter 3, describes the transmission dynamics of Guinea
s three distinct environments which are biological human

host environment, biological vector host environment, and physical water environment (see Fig

1.3). In the physical water environment, the Guinea worms are divided into two sub-populations,

eggs worm population and larvae worm population. The humans population in the behavioural

human environment as well as copepods population in the physical water environment are di-

vided into susceptible and infected population respectively. The model incorporates some im-

ortant keys in the transmission cycle of the disease such as the infection rate of humans through

g contaminated water with infected copepods harbour Guinea worm larvae, excretion rate
n individuals, production

p
drinkin
nto the physical water environment per day by infected huma

of eggs i
in the physical water environment and infec-

rate of Guinea worm larvae per Guinea worm eggs

tion rate of copepods by Guinea worm larvae in the physical water environment. This model was

extended in chapter 4 to incorporate the within-host intensity of Guinea worm disease within an

infected human individual. By doing that, we linked the between-host and within-host dynamics

of Guinea worm disease. The main interest here was to explore how the intensity dynamics of

Guinea worm disease within an infected human individual is affect and affected by the trans-
mission dynamics of the disease at the population level. Our results indicated that the increase
in the intensity of Guinea wo
of the disease in the population 1
level results in the increase of the int
In addition, mathematical properties of

models are mathematically and epidemiologically well-posed.

rm disease within an infected human individual affect the spread
evel. On other hand, the higher infection rate at the population
ensity of Guinea worm within infected human individual.

both the models were explored and shown that all the

Mathematical analysis of the epidemiological model, in Chapter 3, shows that the model has
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a free steady state which is locally and globally asymptotically stable whenever the reproductive
number is less than unity and a unique endemic steady state which is locally asymptotically sta-
ble when the reproductive number exceeds unity. We investigate the importance of the model
parameters to the prevalence and spread of Guinea worm infection with a community by using
the normalised forward sensitivity indices with respect to the basic reproductive number. The

sensitivity results together with the numerical simulations consistently indicate that:

eath rate of both the population of worm larvae and copepods (vector)

nvironment is more effective in reducing the transmission of the

(i) Increasing the d
in the physical water €
disease in the population level than increasing the death rate of worm eggs population in

the physical water environment,
(ii) Reducing the rate at which people in a community become infected and increasing the

overy rate of are effective in reducing the transmission of Guinea worm infection than
in the physical water environment by each in-

rec
reducing the excretion rate of worm eggs

fected human host,

(iii) Reducing the fecundity rate of worm larvae population is more likely to reduce transmis-

sion of the disease than reducing the hatching rate of larvae per worm €ggs.
In chapter 4, the analysis of immuno-epidemiological model indicates that there exists a free-

disease steady state which is locally and globally asymptotically stable whenever the reproduc-

tive number is less than unity and a possibility of three endemic equilibria when the reproductive

number exceeds unity. The sensitivity analysis and num
parameters (such as the fecundity rate of mature worm within infected human) and between-

eters (such as the infection rate of human) as well as those parameters associated with
such as the death rate of copepods population, the death rate of Guinea worm
cretion rate of Guinea worm eggs in the physical water environment by

ant effect on the transmission dynamics of Guinea worm disease

erical results show that both the within-

host
host param
the environment (
eggs and larvae, and ex
infected human) have a signific

in the population level.

In this research, we were able to understand the life-cycle of Guinea worm, and the bi-directional

influence of immunological and epidemiological processes of Guinea worm infection on the
d of the disease. We were also able to identify the key target parameters for eliminating the

sprea
f Guinea worm disease. In conclusion, the results presented in this study can be used

epidemic o
aking and guide research on the eradication of the Guinea worm disease in

isease continues to be a public heath problem. However, our models

to inform policy m
those countries where this d
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did not stratify the human population according to age, therefore, we would recommend for fu-
ture research on this topic that it is important to structure the population of human into different
age groups. This may help in estimating parameters related to prevalence patterns of Guinea

worm disease from age-specific data and designing intervention programs to protect vulnerable

age groups.
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Appendix A
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6.1 The determinants of the Hurwitz matrices

In this section we provide some results obtained when evaluating the determinants of the Hurwitz

matrices Hy, Hs and Hg presented in 4.4.3.9 respectively.

The determinant of the Hurwitz matrix Hy is given by

1, Y 1 g 6 ik

det(H4) g 0 A (1N U = i | S )
(6:1-1)

g M5 T4 O e oma

= mymy(mama — MaTs) — w2 (m3 — mamg) + m1(Mams — T3Te)—

7T3(7T37T4 i 7T27T5) g 7T5(7T17T4 v 775).
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The determinant of the Hurwitz matrix Hs is given by

det(H5)
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Then the determinant of the Hurwitz matrix He is given by

([ det(Hs) =

ﬂ'sdet(H5)
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