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Abstract

This research study characterised multiscale models of infectious disease dynamics. This was achieved by
establishing when it is appropriate to implement particular mathematical methods for different multiscale
models. The study of infectious disease systems has been elucidated ever since the discovery of mathe-
matical modelling. Due to the vast complexities in the dynamics of infectious disease systems, modellers
are increasingly gravitating towards multiscale modelling approach as a favourable alternative. Among the
diseases that have persistently plagued most developing countries are vector-borne diseases like Malaria
and directly transmitted diseases like Foot-and-Mouth disease (FMD). Globally, FMD has caused major
losses in the economic sector (particularly agriculture) as well as tourism. On the other hand, Malaria
remains amongst the most severe public health problems worldwide with millions of people estimated
to live in permanent risk of contracting the disease. We developed multiscale models that can describe
both local transmission and global transmission of infectious disease systems at any hierarchical level
of organization using FMD and Malaria disease as paradigms. The first stage in formulating the multi-
scale models in this study was to integrate two submodels namely: (i) the between-host submodel and
(i1) within-host submodel of an infectious disease system using the nested approach. The outcome was a
system of nonlinear ordinary differential equations which described the local transmission mechanism of
the infectious disease system. The next step was to incorporate graph theoretic methods to the system of
differential equations. This approach enabled modelling the migration of humans/animals between com-
munities (also called patches or geographical distant locations) thereby describing the global transmission
mechanism of infectious disease systems. At whole organism-level we considered the organs in a host as
patches and the transmission within-organ scale as direct transmission represented by ordinary differential
equations. However, at between-organ scale there was movement of pathogen between the organs through
the blood. This transmission mechanism called global transmission was represented by graph-theoretic
methods. At macrocommunity-level we considered communities as patches and established that at within-
community scale there was direct transmission of pathogen represented by ordinary differental equations
and at between-community scale there was movement of infected individuals. Furthermore, the systems
of differential equations were extended to stochastic differential equations in order to incorporate random-
ness in the infectious disease dynamics. By adopting a cocktail of computational and analytical tools we
sufficiently analyzed the impact of the transmission mechanisms in the different multiscale models. We
established that once we used a graph-theoretic method at host level it would be difficult to extend this
to community level. However, when we used different methods then it was easy to extend to community
level. This was the main aspect of the characterization of multiscale models that we investigated in this
thesis which has not been done before. We also established distinctions between local transmission and
global transmission mechanisms which enable us to implement intervention strategies targeted torwards
both local transmission such as vaccination and global transmission such as travel restrictions. In spite of
the fact that the results collected in this study are restricted to FMD and Malaria, the multiscale modelling

frameworks established are suitable for other directly transmitted diseases and vector-borne diseases.
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Chapter 1

Introduction

1.1 Background

This thesis characterises multiscale models of infectious disease systems. Previously, infectious disease
dynamics have been modelled in an effort to prevent, control and eradicate these diseases. However, there
is need to look at some characteristic features of multiscale models that are common and try to understand
them. Therefore, this thesis looks at these aspects and characterises the multiscale models of infectious
disease systems. Some of the issues that need to be characterised are that modellers have understood how
to use ordinary differential equation methods and also how to use graph-theoretic methods. However, they
have not been able to establish when is it appropriate to use graph-theoretic methods. This is a new idea
that has not been characterised and we address that issue in this thesis. Another issue which needs to be
characterised is that at community level there is local transmission or exchange of pathogen that occurs
within the community. This happens due to direct contact between an infected individual and a suscep-
tible individual (called direct transmission) or contact between the pathogen and a susceptible individual
(called environmental transmission). This local transmission or exchange of pathogen is modelled using
ordinary differential equations methods. However, at between-community level it is difficult to represent
the contact of communities directly. Therefore, individuals have to move between communities and this
is how contact is achieved. This movement of individuals is global transmission or global exchange of
pathogen and can be represented using the graph-theoretic approach. This aspect is a new idea that has
not been characterised and we address it in this thesis. Over the years, some progress has been made
in developing multiscale models. However, there is need to look at general features of these multiscale
models. Some of the characterisations that have been established include the categorization of multiscale
models [2]. However, mathematically we need to establish which methods are appropriate for the differ-

ent multiscale models. There are mathematical models that have been used but the challenge with all this
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information is that there has not been any systematic characterisation.

Previously, the study of the dynamics of diseases primarily focused on two fundamental ideas, the causa-
tion theory of infectious disease and transmission theory of infectious disease [3]. The causation theory
of infectious disease is associated with a group of ideas that have been sequentially upgraded to clarify
the causes of infectious diseases and considers the infectious disease as systems [3]. On the other hand,
the transmission mechanism theory of infectious disease affirms that the dynamics of infectious diseases
has the prominent process being transmission. The exchange of pathogens involved in the transmission
of an infectious disease system consists of local transmission or global transmission for different scales
(microscale and macroscale) and levels of organisation of infectious disease systems [4]. The transmis-
sion mechanisms developed from the traditional SIR-type models (including their variations) to the recent
multiscale models have been formulated separately, that is, local transmission [5-7] or global transmis-
sion [8—13]. It is of paramount importance to formulate a modelling framework that incorporates both the
local and global transmission mechanisms to characterise multiscale models of infectious disease systems.
Furthermore, it is important to be able to decide when it is appropriate to implement the graph-theoretic
methods to describe global transmission. Some of the key factors that contribute to the transmission of
infectious disease systems include movement of people, goods and animals. Mathematical models have
been developed to address various aspects concerning the transmission dynamics of infectious disease
systems. Some aspects of infectious diseases have already been established in terms of how they are
transmitted and include Vector-borne transmission mechanism models, Direct transmission mechanism

models and Environmental transmission mechanism models.

(a) Environmental transmission disease systems

The following are various kinds of environmental transmission disease systems:

(i) Type I environmental transmission disease systems : At within-host scale there is no replication

of pathogen ( for example, Schistosomiasis) [1].

(ii) Type Il environmental transmission disease systems: Replication of the pathogen takes place

strictly at the within-host scale (for example, FMD as well as Influenza) [1].

(iii) Type Il environmental transmission disease systems: Replication of pathogen takes place at
the within-host scale as well as at the between-host scale (for example, Cholera as well as
Anthrax) [1].

(b) Vector-borne transmission disease systems
The following are various kinds of vector-borne transmission disease systems:

(i) Type I vector-borne transmission disease systems: The pathogen has a component of its life cycle
outside the hosts. Examples of diseases of this kind include Amebiasis, Cryptosporidiosis and
Giardiasis [14].
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(ii) Type Il vector-borne transmission disease systems: The pathogen life cycle is intrinsic to the

two hosts. Examples of diseases of this type include Malaria, Chikungunya and Zika [14].

This aspect of the transmission mechanisms of infectious disease systems has been characterised but it
is not enough to systematically characterise multiscale models of infectious disease systems. This thesis

seeks to establish the appropriate methods for different multiscale models to give different results.

Infectious disease systems result from interactions of three subsystems namely: host, pathogen and envi-
ronment [1] which have been recently termed the epidemiological triad [15]. Nevertheless, the traditional
compartmental SIR-type models that have previously been developed focus on the transmission mecha-
nism of pathogen for host populations without modelling the pathogen dynamics explicitly. [15]. The
compartmental models of SIR type are inadequate to distinguish transmission processes at between-host
scale (where the pathogen is transmitted from a vector, another host or a contaminated environment) and
within-host infection process (where pathogens invade host, replicate and cause clinical symptoms). In
order to address this flaw mathematical modellers have turned to a novel modelling approach called the
multiscale modelling approach [1, 2, 4-6, 9, 14, 16-18]. Multiscale modelling approach involves numer-
ous models that coupled collectively at different scales are used simultaneously to describe a complex
system. In relation to multiscale modelling, a theory was recently developed that encorporates both trans-

mission and replication called the theory of replication-transmission relativity[1].

Some of the characterisation that have been done involve the categorization of multiscale models of in-
fectious disease systems. There are five such categories of multiscale models of infectious disease system
that have been identified namely: (i) Individual-based multiscale models (IMSMs), (ii) Coupled multiscale
models (CMSMs), (ii1) Nested multiscale models (NMSMs), (iv) Embedded multiscale models (EMSMs),
and (v) Hybrid multiscale models (HMSMs) [2]. We now highlight these categories of multiscale models

that have been used to characterise these multiscale models of infectious disease systems below.

(1) Individual-based multiscale models (IMSMs): This category of multiscale models incorporates het-
erogeneity (that is to say, (i) heterogeneity in host susceptibility to infection, (ii) heterogeneity in the
ability of hosts to transmit pathogens to other hosts, (iii) heterogeneity in host immune response,
(iv) heterogeneity in host behaviour) into the multiscale model. However, this heterogeneity in-
creases the burden of computation to solve the multiscale model. The main flaw of IMSMs is that
even though they can describe the microscale explicitly, they are unable to describe the macroscale
for each level of organisation of an infectious disease used as a level of observation. The microscale
submodel results are normally converted by summing up, averaging, or carrying out some statistical
analysis of them into macroscale variables for interpretation at that scale. Another advantage of im-
plementing the IMSMs over the other categories of multiscale models (NMSMs, HMSMs, CMSMs
and EMSMEs) is that they require minimal mathematical expertise [4].
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(i)

(iii)

(iv)

v)

Coupled multiscale models (CMSMs): This category of multiscale models incorporates multiple
levels of organisation of infectious disease system, multiple host species such as vector borne dis-
eases, multiple pathogen species/strains, multiple communities, multiple organs. Models in this
category are developed using the other four categories of multiscales (NMSMs, HMSMs, IMSMs
and EMSMs) as submodels. Typical examples of coulped multiscale models include malaria in
[19], Guinea worm in [20] and human onchocerciasis in [4]. The coupled multiscale models we
developed by implementing either (i) a cocktail of a nested multiscale model for the host where
the pathogen has a replication cycle at within-host scale and an embedded multiscale model for the
host where pathogen does not have a replication cycle at within-host scale as in malaria [19] or a
cocktail of embedded multiscale models where pathogen does not have replication at within-host in

both hosts (human host and vector host) as in human onchocerciasis in [4].

Nested multiscale models (NMSMs): This category of multiscale models are developed based on
the presumption that there is only unidirectional flow of information. Nested multiscale models
facilitate simple reduction of the dimensions of the multiscale model, for example through slow and
fast time-scale analysis, making it easier to analyze the multiscale model. An example of nested
multiscale models includes HIV/AIDS in humans at host level [21]. Nested multiscale models
are usually used for infectious disease systems in which the pathogen has replication cycle at the

within-host scale.

Embedded multiscale models (EMSMs): This category of multiscale models are developed for in-
fectious disease systems where the pathogen does not have a replication cycle at microscale. An
example of these infectious disease systems is soil transmitted helminths infections such as hook-
worm [1]. For these infectious disease systems, the pathogen load at the within-host scale in-
creases through super-infection (that is, repeated infection before the host recovers from an infec-

tious phase).

Hybrid multiscale models (HMSMs): This category of multiscale models incorporates freedom
to describe the microscale and the macroscale using different mathematical representations for
each level of organisation of an infectious disease system. Hence, HMSMs take the form of ei-
ther NMSMs or EMSMs except that in this case the microscale and the macroscale have different
mathematical formulations. Some examples of such paired formalisms include (i) deterministic/s-

tochastic, (ii) discrete time/continuous time, (iii) ODE/PDE [4].

The characterisation of the categories of multiscale models has made major contributions in elucidating

various aspects. This categorisation integrated the within-host scale and between-host scale of infectious

disease systems resulting in immuno-epidemiological models. However, this is not enough to establish

appropriate mathematical methods for different multiscale models of infectious disease systems.

Another aspect of infectious diseases that has been characterised in terms of the levels of organisation

of infectious disease systems includes the cell level, tissue level, organ level, microecosystem level, host

level, community level and macrocommunity level as indicated in Figure 1.1.
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Figure 1.1: Conceptual diagram of the seven hierarchical levels of organization of an infectious disease
system and the associated macroscale and microscale for each hierarchical level adopted from [1].

(a) Cell level consists of two scales namely: within cell as well as between cell. For levels of observa-
tion numerous cells are involved including epithelial cells in the case of FMD or red blood cells in

the case of Malaria.

(b) Tissue level consists of two scales namely: the within tissue as well as between tissue. For lev-
els of observation numerous forms of tissues can be examined that comprise granuloma [22] for

Tuberculosis or Microabscess [23] caused by some bacterial infections.

(c) Organ level consists of two scales namely: within organ as well as between organ. For levels of
observation numerous forms of organs can be examined that include the brain, kidney, lung, blood,

stomach and heart [1].
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(d) Microecosystem level consists of two scales namely: the within-micro ecosystem scale (microscale)
and the between-microecosystem scale (macroscale). At this level we develop models of the evolu-

tion as well as the ecology disease systems [4].

(e) Host level contains two scales namely: within host as well as between host scale. When formulating
multiscale models of infectious disease dynamics numerous hosts can be examined that include
vertebrate host in the case of humans and vector host in the case of mosquitoes. In order to formulate
the multiscale models of infectious disease systems at this level of organization we use the host level

as the level of multiscale observation [1].

(f) Community level consists of two scales namely: within community as well as between-community.
For levels of observation different forms of communities are used that include districts, provinces

and countries.

(g) Macroecosystem level consists of three fundamental sub-levels including local community, national

and regional level. Each of the sub-levels can be regarded as an ecosystem [4].

This aspect of multiscale models has been characterised to give new insights on infectious disease sys-
tems. However, there is need to establish the methods that are appropriate to extend the various multiscale
models to higher levels for example, from host level to community level. Furthermore, there is need to

group these levels of organisation to three levels in order to characterise the multiscale models.

These levels of organisation of multiscale models can be further grouped into three levels namely: primary
level, secondary level and tertiary level. The traditional ODEs have been used to model direct transmis-
sion of pathogen at cell level, tissue level or host level of infectious disease systems. Multiscale models
of infectious disease systems can be characterised to establish some aspects that enable well informed

decision making and implementation of various interventions.

1.2 Characterisation of multiscale models

This thesis chacterises multiscale models. There are certain aspects that arise when we consider various
levels of organisation of infectious disease systems. These levels of organisation can be grouped into three

main levels namely: primary level, secondary level and tertiary level of multiscale cycle.

(1) Primary level of multiscale cycle: This level constitutes the cell level, tissue level and host level.
There is strictly local exchange of pathogen or local transmission. The transmission can be direct
transmission which occurs when there is direct contact between an infected cell/tissue/host and
a susceptible cell/tissue/host or the transmission can be environmental transmission which occurs
when there is contact between the pathogen and a susceptible cell/tissue/host. At the primary levels
of multiscale observation the pathogens transmitted are either single pathogen species or single

pathogen strain at single community.
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(i)

(iii)

Secondary level of multiscale cycle: This level constitutes the microcommunity level and macro-
community level. At organ level, the within-organ level constitutes local transmission similar to
the primary level, that is, direct transmission or environmental transmission which can be modelled
using Ordinary differential equations (ODEs). However, at between-organ it is difficult to represent
direct contact between organs. Therefore the pathogen is moved through blood to other organs. This
transport of blood is global transmission which can be modelled using graph-theoretic approach. At
community level, the within-community level constitutes local transmission as in the primary level
which is through direct contact. Therefore, the ODEs are used to model this local transmission or
local exchange of pathogen. However, at between-community level it is difficult to represent the
contact of communities directly. Therefore, individuals have to move between communities and this
is how contact is achieved at community level. This movement of individuals is global transmission
or global exchange of pathogen. This global transmission can be represented using graph-theoretic
approach. My thesis wants to characterise this aspect which has not been investigated before to
establish when it is appropriate to use graph-theoretic methods. At the secondary level of multi-
scale observation the pathogens transmitted are single pathogen species or single pathogen strains
at multiple communities. Therefore, when we consider only one community then we have strictly

local transmission at primary level.

Tertiary level of multiscale cycle: This level constitutes the microecosystem level and macroecosys-
tem level. The transmission occurs in a single community as at the primary level of multiscale
observation or in multiple communities as at the secondary level of multiscale observation. In other
words, in a single community there is direct contact between infectedes and susceptibles resulting in
local transmission or local exchange of pathogen as at primary level. This local transmission or local
exchange of pathogen is represented by ODE methods. However, in the case of multiple communi-
ties there is movement of individuals between the communities which describes global transmission
or global exchange of pathogen. This movement is represented by implementing graph-theoretic
approach. This is a new idea that has not been investigated before and my thesis wants to char-
acterise this aspect to establish when it is appropriate to use graph-theoretic methods. The only
difference between the tertiary level of multiscale observation and other levels is that at the tertiary
level of multiscale observation there are multiple pathogen species or multiple host species whereas
the primary level of multiscale observation and the secondary level of multiscale observation have

single pathogen species or single host species.

A study was conducted to characterise patterns of sexual contacts in Britain and Zimbabwe [24]. In

Britain, the dynamics of an STI like HIV was restricted to people with risk behaviours (prostitutes). The

population of prostitutes tends to be much smaller than the general population in any location. This

means that there was a sexual contact network with a few nodes (prostitutes) having many connections

(high degree distribution) whereas the majority of nodes had few connections. However, a key aspect

that was not addressed is that these nodes could be cells, tissues or whole organisms at primary level that

are directly transmitting pathogen (local transmission). Therefore, there is need to investigate if this can
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be extended to community level to describe global transmission. This is a new idea that has not been

addressed before and is investigated in chapter 2 and chapter 5.

In [25], a study was conducted to characterise the dynamics of FMD in pigs. Furthermore, in [7], a model
was formulated to investigate the dynamics of the FMDV in cattle. The transmission mechanism of both
these models were single scale, that is, local transmission. However, a key aspect that was not addressed
is that at the primary level we have cells level, tissues level or whole organisms level that are directly
transmitting pathogen (local transmission). Therefore, there is need to investigate if this can be extended
to community level to describe global transmission. This is a new idea that has not been addressed before

and is investigated in chapter 3.

In[26], a model was developed to characterise the impact of the movement of people on the burden of
Malaria disease. In order to illustrate the transmission dynamics of Malaria between various patches
an SIR model was formulated. It is important to note that the transmission mechanism in that model
was global transmission or global exchange of pathogen. However, an aspect that was not addressed
is that there are two transmission modes at the community level namely: local transmission and global
transmission. Within the community there is exchange of pathogen when infected cells/tissues/hosts are in
direct contact with susceptible cells/tissues/hosts or when the pathogen is in direct contact with susceptible
cells/tissues/hosts. This local transmission is modelled using ODEs methods. At between-community
level there is movement of infected individuals between the communities resulting in global transmission
or global exchange of pathogen. This movement of infected individuals is modelled using graph-theoretic
methods. This is a new aspect that has not been addressed and it is investigated in chapter 4 and chapter
6. Furthermore, this community level can be extended to macroecosystem level when there are multiple

pathogen species or multiple pathogen strains. This is a new idea that has not been investigated before.

1.3 Classification of individual-based network modelling multiscale mod-

els

We have already stated the five categories of multiscale models for disease dynamics which include Cou-
pled, Nested, Individual-based, Embedded and Hybrid multiscale models [2]. Individual-based multiscale
models are further classified into four classes namely: Hybrid, Simulation, Network and Empirical data
modelling individual-based multiscale models [2, 18]. Network models can formulated through various
network modelling techniques that include lattice, random, small-world, spatial, and scale-free [27]. Be-

low are the five network-based techniques:

(1) Lattice networks are characterised by high clustering (due to the localized nature of connections)
and long path lengths [28], and can be one-dimensional to form rings or two-dimensional to form
grids [29]. Disease spread is considered to be slowest on regular lattices than on the other networks
[29]. The main advantage of using a lattice network is that it naturally takes into account spatial

separation of sites [30].
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(ii)) Random networks can be identified by short path length as well as low clustering [28]. Epidemics on
random networks spread faster than the other networks except scale-free networks where pathogen

spread is extremely rapid [29].

(iii)) Small-world networks can be identified by short path lengths as well as high clustering [28]. They
are generated from regular lattices by rewiring the edges described in [31], where each edge has a
probability of being reconnected to a different vertex [29]. Due to high clustering the majority of

infections occur locally [27].

(iv) Scale-free networks- Epidemic spread is considered to be fastest on scale-free networks [29] com-
pared to other networks. These networks can be identified by a power-law decay formed due to
preferential attachment [24, 32], that is, linking to the most highly connected existing nodes. A va-
riety of social, biological and communication systems [33—35] have been adequately described by
some complex networks where nodes represent individuals (computers) and links show interactions

among them, for example, internet and world-wide-web [36, 37].

(v) Spatial networks are considered to be one of the most flexible forms of networks on which it is
possible to formulate a variety of other networks [27]. The strength of infection depends on the

geographical distance between two individuals or nodes.
This aspect of multiscale models has been characterised by outlining various features of network-based

models [27, 36, 37]. However, there is need to establish when it is appropriate to use the graph-theoretic

approach. This issue is addressed in this thesis.

=)

Figure 1.2: The diagram represents the dynamics of infectious disease systems like Foot-and-Mouth disease or
Malaria at macrocommunity-level. At macrocommunity-level the communities are considered as patches and there is
exchange of pathogen between the communities through global transmission (transport) of infection.
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Figure 1.2 represents the dynamics of infectious disease systems like Foot-and-Mouth disease or Malaria
at macrocommunity-level. At macrocommunity-level the communities are considered as patches and there

is exchange of pathogen between the communities through global transmission (transport) of infection.

1.4 Stability Theory of Differential Equations

Stability theory of differential equations has been implemented to characterise numerous aspects of in-
fectious disease systems. Stability theory addresses the stability of solutions of differential equations and
of trajectories of dynamical systems under small perturbations of initial conditions [38]. The heat equa-
tion, for example, is a stable partial differential equation because small perturbations of initial data lead
to small variations in temperature at a later time as a result of the maximum principle. Stability theory of
differential equations was explored by LaSalle who implemented nonautonomous systems for Lyapunov
functions to establish their stability [39]. However, there were challenges encountered in the analysis of
stability using Lyapunov’s direct approach [40]. One of the main problems with using the Lyapunov the-
ory is developing a suitable Lyapunov function. These difficulties were resolved with the application of
the fixed point theory. The ideas of stability can be classified into various groups which include Lyapunov
stability, Poincare stability and Laplace stability. In the case of Laplace stability, a system is considered to
be stable if all the solutions of the differential equations are bounded as time ¢ goes to infinity. In the case
of Lyapunov stability, solutions which are initially close together should always remain close together in
the future as functions of time [41, 42]. In the case of Poincare stability, a trajectory 2 is stable (orbital
stability) if neighbouring half paths which are once near €2 will remain near {2. The Center manifold the-
ory simplifies dynamical systems to reduce the dimensions of the system, at least near equilibria [43]. The
use of center manifold theorem ensures the local stability of the endemic equilibrium of disease systems
[44-48]. Furthermore, the theorem establishes the existence of backward bifurcation in the dynamical
system. Birfucation theory addresses the changes of behaviour of dynamical systems due to perturbation

of some parameters of these dynamical systems [49, 50].

1.5 Stochastic Differential Equations

Stochastic differential equations have been used previous to characterise different aspects of infectious
disease dynamics. A stochastic differential equation (SDE) is a differential equation in which one or more
of the terms is a stochastic process, that results in a solution which is also a stochastic process. Stochastic
differential equations are used to model various phenomena such as stock prices or physical systems
subject to thermal fluctuations [51]. Usually, SDEs have a variable which describes random white noise
calculated as the derivative of Brownian motion or the Wiener process. However, other types of random
behaviour are possible, such as jump processes [51, 52]. SDEs have been used in the study of numerous
infectious disease systems to incorporate the randomness effect of infection dynamics due to the random
white noise [53-56].
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1.6 Numerical Simulation Method

Numerical simulation methods have been used to characterise some features of infectious disease dy-
namics. Numerical simulation methods can be implemented when analytical methods cannot be used to
establish the solutions of a dynamical system. Examples of numerical simulation methods for ordinary dif-
ferential equations include Euler’s method, Backward Euler method, Trapezoidal method, Taylor method
and Runge-Kutta method [57, 58]. Numerical simulation methods for stochastic differential equations
include Monte Carlo simulation method, Euler-Maruyama method and Milstein method [59-63]. The
simplest numerical method for solving the initial value problem is the Euler’s method. Euler’s method is
not an efficient numerical method, however, numerous ideas centred on numerical solutions of differential
equations are introduced using this approach. The Backward Euler method is similar to Euler’s method
in that it is of first order accuracy, however, the main difference between the two methods is that Euler’s
method uses forward difference approximation where as the Backward Euler’s method uses backward dif-
ference approximation. The main setback of both the Euler method and the backward Euler method is the
low convergence order. The Trapezoidal method has a higher convergence order and is useful in solving
initial value problems. The Taylor method is conceptually simpler to work with, however, it is tedious
and time-consuming to have to calculate the higher-order derivatives. In order to avoid the need for the
higher-order derivatives, the Runge-Kutta methods evaluate the function at more points, at the same time
attempting to maintain the accuracy of the Taylor approximation. Monte Carlo simulation methods are
numerical methods in which random numbers are implemented to perform computational experiments.
The numerical solutions of stochastic differential equations can be observed as a kind of Monte Carlo
calculation in which the entire system is simulated many times. The Euler-Maruyama method is one of
the simplest numerical approximations for the stochastic differential equation. This is achieved when we
truncate Ito’s formula of the stochastic Taylor series after the first order terms. Another numerical ap-
proximation method for stochastic differential equations is the Milstein method. We obtain the Milstein
method if we truncate the stochastic Taylor series after second order terms. In this study we implemented
the Milstein method for the numerical simulation of SDEs and the fourth order Runge-Kutta method for

the numerical simulation of Ordinary differential equations.

1.7 Mathematical models of infectious disease systems

Numerous models have been developed over the years to characterise different aspects of infectious dis-
ease systems. Spatial explicit models were characterised to provide a good description of cholera epi-
demics [10]. In [10], transmission was mediated by water, hence direct contacts between individuals were
less important for disease transmission, where as a crucial role was played by spatial connectivity. The
analysis proposed in this paper was based on spatially explicit models that explicitly account for the en-
vironmental matrix along which the disease can spread (e.g. river networks and water reservoirs). Nodes

represented water reservoirs and human communities (cities, towns and villages) in which the disease
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can grow. The edges represented links between the communities, typically hydrological links. An ex-
tension of the study was done by [64] were they took into account long-distance dissemination of the
pathogen Vibrio cholerae due to host mobility. Other models have been characterised incorporating the
optimal control of numerous infectious disease systems like Malaria and Ebola virus [65-68]. Complex
networks were characterised to model communication systems [53]. Epidemics on the internet [69] have
become more diverse [70] and include computer viruses and computer worms [71]. The internet can be
considered as a high traffic network in which data sources and sinks are interconnected by a network
routers. The scale-free network was characterised on telephone network traffic to model the behaviour of
telephone users [72]. Each user had a fixed set of acquaitances with whom the user may communicate,
and the number of acquaintances followed a power-law distribution. The vanishing epidemic threshold
for viruses spreading on scale-free networks showed that traditional methods applied to reduce a virus
spreading rate cannot succeed in eradicating an epidemic [73]. Bias was placed on curing or vaccinating
the highly connected nodes (hubs) which can restore a finite epidemic threshold and eradicate or control
a virus [74]. Many diseases required 80% - 100% immunization. Similarly for internet, in order to stop
computer viruses required almost 100% immunization [74]. Spatial models were characterised to repre-
sent spreading patterns of infectious diseases involving human mobility [75] in the airline transportation
[9]. Multi-scale networks obtained here were integrated into the global epidemic and mobility (GLEaM)
model, a computational platform that uses a metapopulation stochastic model on a global scale to simulate
the large-scale spreading of influenza-like illnesses [11, 76]. It can be noted that the global epidemic be-
havior was governed by the long-range airline traffic that determines the arrival of infectious individuals
on a worldwide scale [12]. However, at the local level, the short-range epidemic coupling induced by
commuting flows created a synchrony between neighboring regions and a local diffusive pattern with the
epidemic flowing from subpopulations with major hubs into the neighboring subpopulations [77]. These
results clearly showed that the level of detail on the mobility networks can be chosen according to the scale
of interest. There are numerous models that have been characterised in order to control and eliminate the
spread of Foot-and-Mouth disease over the years [78]. In [25], a study was carried out to investigate the
early viral dynamics of foot-and-mouth disease within infected pigs. A within-host model was developed
to investigate whether individual variation can be explained by the effect of the initial dose of foot-and-
mouth disease virus. In [7], a within-host model was developed to investigate the within-host dynamics of
the foot-and-mouth disease virus in cattle using previously published data. The transmission mechanism
for both these models were single scale, that is, local transmission. In [79], a stochastic farm-based model
was characterised in France and depended upon the spatial distance between the numerous farms in that
country, on species of animals and the animal farm’s status at any particular day. Simulations of the model
under study showed local disease transmission when movement of animals was limited. The other control
strategies put in place were culling and vaccination. In [80], a mathematical modelling framework was
characterised based on geographically aligned data sources and with appropriate flexibility that partitions
the modelling of disease spread into two distinct but coupled levels. First was a top-level stochastic simu-
lation with patches (or nodes) interacting via a contact network defined on a lattice consisting of all short-

and long-distance interactions [81] relevant for disease transmission. Within each node was a "hidden”
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second level, internal to a patch, where disease spread followed the standard mean-field SIR-like ordinary
differential equations. They made use of U.S. county-level aggregated data on animal populations and
parameters from literature to simulate epidemic spread of two different animal diseases agents: foot-and-
mouth disease and highly pathogenic avian influenza. The mitigation strategies evaluated were quarantine,
culling and movement controls. However, the overall efficacy of mitigation and movement controls was
largely uncertain. Geography and the spatial clustering of animals [82] even at a regional level are key
to consider for developing mitigation strategies and applying available resources. In [83], an event-driven
multiscale network-based hybrid model was characterised that used a deterministic equation-based model
(EBM) to model within-herd spread of foot-and-mouth disease and a stochastic, spatially-explicit agent-
based model (ABM) to model between-herd spread and control. The meta-population under investigation
was heterogeneous, thereby indicating the multiple species of domestic cloven-hoofed animals that are
susceptible to foot-and-mouth disease. The network through which the meta-population sites could be
linked was multi-layered, thereby indicating how foot-and-mouth disease spreads via direct contact, indi-
rect contact and aerosols [84]. In [85], a model was characterised based on the Ross-Macdonald model
taking into account the rate of immigration and emigration of humans among () patches. This model ex-
plored the way that prevalence and reproduction number (the two important measures of mosquito-borne
pathogen transmission) display a complex non-monotonic relationship as a result of spatial heterogeneity
in mosquito density and human mobility. The heterogeneity in mosquito density and mosquito bionomic
patterns affecting vectorial capacity drive spatially heterogeneous bitting patterns, while human mobility
connected isolated areas that can have very different mosquito populations. Results suggested that the re-
lationship between reproduction number and prevalence was intertwined with the interaction between host
movement and the degree of spatial heterogeneity in a region. Furthermore, transmission heterogeneity
generally promotes persistence in host-parasite systems. In [86], a model was characterised to investigate
the efficacy of border screening and local level disease control in the presence of human migrations dur-
ing an epidemic. Results showed that when border screening fails, then other control measures can be
implemented that include treating or isolating infectious people and controlling the mosquito population.
Furthermore, the conditions of the efficacy of border screening and local treatment in each settlement were
established. In [19], a coupled multiscale model was characterised with the aim of informing policy and
guide malaria control and elimination. The formulation of this model was based on the integration of four
submodels into a single coupled multiscale model. The model described the mechanics of malaria trans-
mission in terms of the major components of the complete malaria parasite life-cycle. In [26], a model
was characterised to assess the impact of human mobility on the burden of malaria disease in South Sudan.
an SIR-type model was formulated that describes the transmission dynamics of malaria disease between
multiple patches. The model developed was a system of stochastic differential equations consisting of
ordinary differential equations perturbed by a stochastic Wiener process. Results showed that the disease

tends to persist in the low transmission patches when there is human inflow in these patches.

To the best of my knowledge there is no model that was characterised to establish when is it appropriate to

implement the graph-theoretic methods. Furthermore, There is no model that has been characterised that
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established the mathematical methods that enable multiscale models to be extended to higher levels.

Modellers have understood how to implement graph-theoretic methods as well as ODE methods. However,
they have not been able to establish when it is appropriate to use graph-theoretic methods. This is the major
aspect of characterization that we are investigating in this thesis which has not been done before. An
advantage of this characterisation is that when we make these distinctions between local transmission and
global transmission then we are able to implement interventions targeted torwards global transmission
such as travel restrictions to prevent global transmission. On the other hand, the interventions targeted
torwards local transmission include wearing of masks and sanitizing (in case of Coronavirus). Therefore,
this study is seeking to address these aspects and we implement Foot-and-Mouth disease and Malaria

disease as examples.

1.8 Research Limitation

The models used in this study offer insights into the multiscale character of infectious disease dynamics,
however, there are some notable limitations of these models. The use of Individual-based multiscale mod-
els in this study incorporates heterogeneity (for example, heterogeneity in host susceptibility to infection,
heterogeneity in the ability of hosts to transmit pathogens to other hosts and heterogeneity in host immune
response) into the multiscale models. However, the incorporation of heterogeneity into the multiscale
model comes at the cost of increased computational burden in solving the multiscale model. The major
weakness of Individual-based multiscale models is that although they can represent the microscale explic-
itly, they do not explicitly represent the macroscale for each level of organization of an infectious disease
used as the level of multiscale observation in the development of the multiscale models. Furthermore,
the bifurcation analysis in multi-patch models for the entire population is difficult to perform because for
each patch 7 there is a corresponding reproduction number Ro;. However, the overall R for the entire

population cannot be used explicitly to perform the bifurcation analysis.

1.9 Problem Statement

Multiscale models have been characterised to address various aspects of infectious disease systems. These
infectious diseases are a serious challenge on humans and animals across the world with the greatest
impact being in developing countries. In most developing countries where livestock and crop production
are important for subsistence agriculture, outbreaks of infectious diseases have severe impact on economic
growth and food security. Amongst these diseases is Foot and Mouth disease [87]. A body of literature
indicates that globally, FMD has caused major losses in the economic sector (agriculture in particular)
as well as tourism [88]. On the other hand, Malaria is amongst the most severe public health problems
globally [89]. The majority of all malaria cases come from sub-Saharan Africa and over $12 billion is used

annually on malaria in Africa. Researchers have established the basis of ordinary differential equation
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methods and also graph-theoretic methods. However, they have not established when it is appropriate to

use these mathematical methods for the multiscale models.

The implementation of mathematical models has been essential to acquire understanding of numerous fea-
tures of infectious diseases, particularly foot-and-mouth disease and malaria. This understanding gained
can help us to implement intervention measures. Present modelling frameworks established from com-
partmentalizing hosts into SIRS type models (and their variations) and graph-theoretic methods have been
used to give insights of local transmission mechanisms and global transmission mechanisms of FMD and
Malaria separately. However, to the best of my knowledge there is no model that has been characterised
which establishes when it is appropriate to use graph theoretic methods for various multiscale models.
The latest work that has been done which is more appropriate in modelling the progression of infectious
disease systems based on replication-transmission relativity theory is the multiscale modelling appproach.
The multiscale modelling of global transmission mechanisms of infectious diseases is better achieved
through the use of graph theoretic methods while the standard SIR models address the local transmission
mechanisms. Furthermore, this study establishes the mathematical methods that make it possible for mul-
tiscale models to be extended to higher levels of organisation. The mathematical framework we propose
characterises the local transmission and global transmission mechanisms of infectious disease dynamics.
Our main ideas are centred on developing a multiscale modelling approach in tandem with graph theoretic
methods at different levels of organisation. Nodes represent communities (geographical distant locations)
while possible transmission of pathogen (transport of infected individuals) is represented by edges. Fi-
nally, in this study, we seek to establish when it is appropriate to use particular mathematical methods for

different multiscale models.

1.10 Aim and Objectives of study

The main aim of the study is to characterise multiscale models in order to establish appropriate mathemat-

ical methods for these multiscale models at different levels of organisation.

The main objectives of this study are to:

e characterise a host-level individual-based multi-scale network model of directly transmitted viral

diseases with special consideration to Foot-and-Mouth disease.

e characterise a host-level differential equation average-based model of directly transmitted viral
diseases with application to FMD. The within-cattle submodel is unidirectionally coupled to the

between-cattle transmission dynamics submodel.

e characterise a macrocommunity-level multiscale multi-patch model for FMD extended from the

host-level average-based model.
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characterise a whole organism-level multiscale model of a vector-borne diseases with application to

Malaria infection.

characterise a macrocommunity-level multiscale multi-patch model of a vector-borne disease with

special consideration to Malaria.

1.11 Stucture of the Study

The thesis is structured as follows.

@)

(ii)

(iii)

(iv)

In Chapter 2, we characterise the spread of the Foot-and-Mouth disease virus taking into account
both the dynamics of Foot-and-Mouth disease viral growth at within-host scale (microscale) and the
interactions (direct contact) between individuals at between-host scale (macroscale). We implement
an individual-based network modelling multiscale model of Foot-and-Mouth disease at host-level

and establish if this model can be extended to higher levels using graph-theoretic methods.

In Chapter 3, we characterise the spread of the Foot-and-Mouth disease virus taking into account
both the dynamics of Foot-and-Mouth disease viral growth at within-host scale (microscale) and the
interactions (direct contact) between individuals at between-host scale (macroscale). We implement
a nested modelling multiscale model approach of Foot-and-Mouth disease at host-level and estab-

lish if this model can be extended to higher levels using graph-theoretic methods.

In Chapter 4, we characterise the spread of the Foot-and-Mouth disease taking into account both the
dynamics of Foot-and-Mouth disease at within-community scale (microscale) and the interactions
(direct contact) between communities at between-community scale (macroscale). We implement a
nested modelling multiscale model of Foot-and-Mouth disease from Chapter 3 together with graph
theoretic method at community-level and establish if this model can be further extended to higher

levels of organisation using graph-theoretic methods.

In Chapter 5, we characterise the spread of Malaria disease taking into account both the dynam-
ics of plasmodium parasite at within- whole organism scale (microscale) and the interactions (direct
contact) between whole organism at between-whole organism scale (macroscale). We implement an
individual-based network modelling multiscale model of Malaria disease at whole organism-level
and establish if this model can be extended to higher levels of organisation using graph-theoretic

methods.
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(v) In Chapter 6, we characterise the spread of Malaria disease taking into account both the dynamics
of Malaria disease at within-community scale (microscale) and the interactions (direct contact) be-
tween communities at between-community scale (macroscale). We implement a coupled modelling
multiscale model of Malaria disease together with graph theoretic method at community-level and
establish if this model can be extended to higher levels of organisation using graph-theoretic meth-

ods.

(vi) In Chapter, 7 we give conclusions and directions for future research.
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Chapter 2

Host-level Multiscale Network-based model
for Foot-and-Mouth disease in the cattle

population

2.1 Introduction

The study of infectious disease dynamics at each hierarchical level of organisation has made enormous
contributions in grasping, hypothesizing and interpreting the dynamics of numerous infectious diseases.
The implementation of multiscale models enables us to express infectious disease systems at different
scales giving new insights into the dynamics of these infectious disease systems [1, 2, 4, 14, 17, 18].
This chapter seeks to establish whether the model we present can be extended to a higher level (commu-
nity level) since this is a critical level for the control and eradication of infectious diseases. We charac-
terise this multiscale model by investigating some aspects that distinguish multiscale models of infectious
disease systems. We formulate an individual-based network modelling multiscale model for directly-
transmitted disease systems at host-level using network modelling techniques. The model we develop
characterises the spread of Foot-and-Mouth disease virus taking into account both the dynamics of Foot-
and-Mouth disease viral growth at within-host scale (microscale) and the interactions between individuals
at between-host scale (macroscale). Therefore, we investigate the impact of the variation in transmission

of Foot-and-Mouth disease virus both at within-cattle scale and between-cattle scale.

Foot-and-Mouth disease is a viral disease caused by a virus called Foot-and-Mouth disease virus. It

affects animals with cloven-hoofs like cattle as well as certain wildlife animals. The fundamental varieties
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of the virus include SAT1, SAT2, SAT3, O, C, A and Asial. The various transmission routes include
air-borne spread, animal-to-animal contact and contamination of the environment [90]. In cattle FMDV
usually gains entry through the epithelial cells of the respiratory tract. FMDV is able to replicate rapidly
in the tissues of the upper respiratory system making it a site of persistence [91]. Early upon infection
there is detectible antibody response (IgA, IgM and IgG) in the secretion of the upper respiratory tract
[92]. Spread of Foot-and-Mouth disease virus between cattle and between pigs is usually rapid so that
frequently 90% of the animals may be showing signs [93]. The latent period varies between 2 and 14
days. The formation of painful blisters in epithelial sites of the mouth as well as on the feet can result
in debilitation of the animal. Typical control measures of foot-and-mouth disease include movement
restriction; quarantine; vaccination; educational awareness and culling of detected infected animals [94].
Vaccination is increasingly being accepted as a far-reaching tool in controlling FMD [95, 96]. Different
approaches to manage FMD have been developed depending on the stage of the disease [97]. Laboratory
diagnosis of any suspected case of FMD includes virus isolation, genome identification techniques such
as polymerase chain reaction (PCR) assays and serological tests such as the virus neutralization test.
There is no specific treatment for FMD, however available treatment includes mouth washing with sodium
bicarbonate, foot washing with copper sulphate as well as antibiotics for lesions. Vaccination of ruminants
may stop disease but may not stop infection hence vaccines have being used as a second line of defence
[93]. There are presently only three interventions practiced in sub-Saharan Africa against FMD [98].
Within Africa FMD is considered to be the sole most paramount animal disease having a negative impact
on trade [98]. Morbidity is high and mortality is very low, although high mortality of young stock can
occur [99]. This disease is an environmentally-transmitted disease that is important to both domestic and

wildlife livestock and has been reported both locally and globally.

2.2 The mathematical model

The formulation of this model involves differential equations illustrating the initial transmission of FMDV
taking into account immune response and then placing the cattle population in a spatial network. Earlier
work was done by Howey [7], who investigated the dynamics of this disease in cattle. For each individual
i there is interplay between antibody, A;, virions in blood, V;, interferon, I;, uninfected epithelial cells,
U;, infected epithelial cells, F;, non-infectious material denoted by J;, virus-antibody complexes, C; and

protected cells, F;. Given below is the set of differential equations:
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where
Bij = B (1 — 8;5) e~li=il,

;5 is Kronecker’s delta, 3 and « are non-negative. Small values of « implies a widespread influence of infection while bigger val-
ues of « implies local spread. The elements 3;; of the transmission matrix B, representing the strength of transmission from j to ¢
depend on spatial factors. /3 represents the overfall strength of transmission [100]. All the parameters in the multiscale model sys-
tem (2.2.1) are constant. We consider non-negative initial conditions {V;(0) > 0, F;(0) > 0,U;(0) > 0, P;(0) > 0, 1;(0) > 0,
A;(0) > 0,C;(0) > 0,J;(0) > 0} Vt > 0,i = 1,...,n. Furthermore, ¢y (U) = 1 whenever U > 0.01 and ¢y (U) = 0
otherwise; V;(t) = 0 for ¢ in [0, 7) and V;(7) = 1 (7 being the time at which virus replication is observable); ¢ (V,J) = 1
whenever V + J < 0.1 and ¢v (V, J) = 0 otherwise. The antibody is modelled by ¢4 due to initial abundance of virus so that

produced antibody is immediately used and the levels do not increase until the virus is sufficiently cleared.

Equation 1 of model (2.2.1) represents the concentration of infectious virion in blood. The first term on
the right hand side represents the infected epithelial cells that burst to release more infectious virion in
the blood. The second term is the infectious virion cleared as it complexes with antibody. The third term
describes the rate of growth of the viral population due to external sources of the virus. The Equation 2 of
model (2.2.1) represents the infected epithelial cells created at a rate of €. The last part of Equation 2 is the
infected epithelial cells which burst to become infectious virion. Equation 3 of model (2.2.1) represents
proportion of the uninfected epithelial cells that become protected by interferon from infection when inter-
feron is above background level, 11/¢. Equation 4 of model (2.2.1) represents the proportion of protected
epithelial cells. These cells are recruited from uninfected cells when interferon is above background level,
w/€&. Equation 5 of model (2.2.1) represents interferon which is produced at rate, 7, corresponding to
the virus-antibody complexes, C'. Equation 6 of model (2.2.1) represents antibody production in relation
to the virus that must be neutralized. Equation 7 of model (2.2.1) represents infectious virion and non-

infectious material that has been neutralized by antibody. The last part of Equation 7 is the clearance of
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viral-antibody complex. In Equation 8 of model (2.2.1) the first part is the recruitment of non-infectious

material from infected cells. The second part is the non-infectious material that is neutralized by antibody.

bady
BELEEN > R

Figure 2.1: Schematic diagram of foot-and-mouth disease dynamics in a network. For each individual ¢ there is
interplay between antibody, A;, virions in blood, V;, interferon, I;, uninfected epithelial cells, U;, infected epithelial

cells, F;, non-infectious material denoted by J;, virus-antibody complexes, C; and protected cells, P;.

Table 2.1: Description of individual-based model variables for the ith individual.

Variable | Description Units Initial value
F; Infected cells TCIDs5o ml~* 0

Ci Virus-antibody complexes | TCIDso ml~ ' equiv. | 0

P Protected cells Cell 0

U; Uninfected cells Cell 1

Ay Antibody LPBE-titre 0

Vi Conc. of virions in blood TCIDs0 ml~! 0

Ji Non-infectious material TCIDso ml™" equiv. | 0

I; Interferon IUml™! %

2.2.1 Feasible region of the model

The model that we formulate has to be biologically meaningful. Therefore, we establish the non-negativity

and boundedness of all the state variables as well as their solutions, respectively, in the region ®, where

O = {(Ui,Vi, 3, P, 11, Ay, Gy, i) € R} i =1, 0,m 22.1)
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2.2.1.1 Positivity of solutions

Theorem 2.1. A non-negative solution (Vi(t), F;(t),U;(t), P;(t), I;(t), Ai(t), Ci(t), J;(t)) exists for all

t>0

Proof. The positivity of solutions of the multiscale model system (2.2.1) is proved using the integrating

factor technique. We consider (1) in the multiscale model system (2.2.1)

Vi
dt

=I0F —dawVi+ Y BV
i=1,i#j]

We re-write (2.2.2) as follows

dV;
dt

+awVi =9F + Y BV
i=1,i#j]

The integrating factor for (2.2.3) is

Integrating factor (IF) = elo pawds _ goavt

When we multiply (2.2.3) by the integrating factor e?4“* to get

dv; =
Pl =Lt 04t sV = e | OF + > BV

dt .
i=1,i#]
From the product rule we obtain
d Pawl Pawt -
() = e IF+ > ByV;
i=1,i#j

We integrate both sides of (2.2.6) with respect to ¢ and obtain

n n
€¢Awt'%(t) - 6¢Aw(0)‘%(0) + / ePaws OF;(s) + Z BiiVi(s) | ds
0 i=1,i#]

Dividing both sides of (2.2.7) by the integrating factor e?1%t we get

t n
Vi) = e=at. | 13(0) + / e (9E(s) + 3 BigVils) | ds| >0
0 i=1,i£j
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Similarly, the results for (2), (5), (7) and (8) of the multiscale model system (2.2.1) can also be obtained

by the integrating factor technique.

We now consider (3) of the multiscale model system (2.2.1)

Ui o H
= kU, (IZ g) (22.9)

Positivity of the solution of (3) of the multiscale model system (2.2.1) is proved using the separation of

variables as follows

1 %
—dU; = -k (- 221
UidU /-c< €> dt ( 0)

We integrate both sides of (2.2.10) with respect to ¢ to get

t 1 t L
/0 EdUi = —/1/0 (Ii(s) — 5) ds (2.2.11)

Integrating the left side gives

m Zi®) _ —n/t (I,-(s) — ‘g) ds (2.2.12)
0

Removing In we have the following result

Ui(t) = U;(0)exp {—n/ot (Ii(s) - ’g) ds} >0 (2.2.13)

Positivity of (4) of the multiscale model system (2.2.1) is proved by integrating both sides of (2.2.14).

dp; Iz
=wU; (; — = 22.14
7 = (5-%) (2219
This gives
t t "
/ dP; = / kU;(s) <I¢(s) - ) ds (2.2.15)
0 0 3
We get the following result
! M
Pi(t) = P;(0) —l—/ kU;(s) (Ii(s) — 5) ds >0 (2.2.16)
0

since the protected cells P; are recruited from uninfected cells when interferon I; is above background
level, %, that is, I;(t) > % Similarly, the result of (6) of the multiscale model system 2.2.1 is a positive

solution since both ¢y (V, J) and ¢ 4 are positive constants.
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Consequently, V;(t) > 0, F;(t) > 0, U;(t) > 0, P;(t) > 0, I;(t) > 0, A;(t) >0, J;(t) > 0and C;(t) > 0
for all time ¢ > 0.

2.2.1.2 Boundedness of solutions

We show that all eight equations are ultimately bounded for ¢ > 0. From the third equation, the viral in-
fection reduces the population of the uninfected cells so that at the onset of the infection, the population of
uninfected cells must be greater or equal to the total cell population at ¢ > 0. The population of uninfected
cells is also reduced as a proportion of the cells become protected. The fifth equation reduces to % while

the remaining equations reduce to zero at disease-free equilibrium.

This leaves (3) of the multiscale model system (2.2.1) given by

d;f — kU, (Ii = ‘g) 2.2.17)
) = U, e [ (1) - M) }
Ui(t) = UZ(O)exp{ Ii/o <Il(s) ¢ ds (2.2.18)

Initially, the interferons equal to K However, when the interferons are above background level, that is, %

is implies that <I¢(s) — Z) > (. Therefore, from (2.2.18) we have

lim sup U;(t) < tlim sup U;(0) = U;(0) = N; (2.2.19)
—00

t—o00

Thus, the multiscale model system (2.2.1) is bounded above by N, and bounded below by 0. Since the
multiscale model system (2.2.1) is positive and bounded, it is well-posed (epidemiologically and mathe-

matically) in the region . O

2.3 Determination of disease free equilibrium and its stability

2.3.1 The disease-free equilibrium point

In order to establish the disease-free equilibrium point of the multiscale model system in the disease
compartment we set the right-hand side of the equations of multiscale model system (2.2.1) to zero. When
the equilibrium is disease-free then infectious virions in the blood of an individual will not exist resulting
no transmission of infection. Therefore, the disease-free equilibrium of the multiscale model system

(2.2.1) is given by
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E' = (U, V2, F, P, I, AV, CP JY) = (N,-,o,o,o, Z,o,o,o) . i=1,....,n (2.3.1)

where N;, a constant, is the initial number of uninfected epithelial cells. A? = 0 since this is the time

during which virus replication is not yet observable.

2.3.2 The model reproductive number

The reproductive number, R is described as the average number of secondary infections generated by
an infectious individual host brought into an entirely susceptible population [101, 102]. It is an impor-
tant parameter which helps to examine outbreak of disease. For the vast majority of disease outbreaks,
if Rp < 1, this implies that the outbreak dies out, while when Ry > 1, this implies that the outbreak
persists. For FMDV infection in cattle, R describes the anticipated number of cattle FMDV infections
generated by an individual animal throughout the whole cycle of virulence of the animal placed in a to-
tally susceptible cattle population. Hence, R quantifies transmission of FMDV from animal to animal.
In order to evaluate the basic reproductive number we implement the next generation operator approach

[101]. The multiscale model system (2.2.1) can be expressed as follows:

ﬁ = f(XaY72)7

Y
df = g(XaY7Z)’

dt (2.3.1)

az
dt

where
X = (U, P)

Y = (J,,C)
Z = (F,Vi).

The elements of X stand for the number of susceptibles as well as other groups of non-infectious indi-

viduals. The elements of Y stand for the number of infected individuals who are unable to transmit the
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disease. The elements of Z stand for the number of infected individuals able to transmit the disease. We
define §(X™, Z) from [101] by
UV,

i(xz)= S

Suppose A = Dzh(X*,§(X™,0),0) so that A is expressed as A = M — D.

Then from (1) and (2) of multiscale model system (2.2.1) A becomes

DB dalw ¢

A= it (2.3.2)
U7 —¢
with
Z Bij 0
M — e (2.3.3)
Ul 0
and
t
D— pa(tlw ¢ (2.3.4)
0 —C
Therefore, the inverse of matrix D is
1 1
pt=|Palbw  dalt)w (2.3.5)
0 -
¢

When we multiple M and D™! we get

iﬁ 0 1 1
MD™ = |5 " Pat)w  Pa(t)w (2.3.6)
U 0 0 ¢
This simplifies to
Doiz; Bij + €UY
MD-! — (ﬁAggw (2.3.7)
6 N
b i 0
¢
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Ry is the spectral radius (dominant eigenvalue) of M D ™! and so we have the following expression
Ro=p(MD™)

Dois; Bij + €U

Roi = O

(2.3.8)

Therefore, the reproductive number R, is composed of microscale and macroscale disease parameters
€,w and (3;; respectively. When we refer to the formulation for R from Equation (2.3.8) we can gather

the following.

(i) The macroscale transmission parameter, 3;; from Equation (2.3.8) representing the strength of trans-
mission between individuals j and ¢ due to their separation distance contribute to the spread of FMD
infection. The constant o controls the strength of transmission such that when « is small then the
probability of transmission 3;; from j to 4 is high and for bigger values of « the transmission be-

tween individuals is low.

(i) The microscale transmission parameters e, the infection rate of epithelial cells as well as w, which
controls rate of clearance of virus from Equation (2.3.8) have an effect on the spread of virus. The

immune response, including w, helps to reduce FMDV transmission.

Therefore, it can be concluded that both macroscale and microscale factors have an impact on the spread
of FMDV.

2.3.3 Local Stability of the disease free equilibrium (DFE)

In this section we establish the local stability of disease-free equilibrium of the multiscale model system
(2.2.1).

E' = (U, V2, F2, P, I, AY, CP, JY) = (Nz-,o,o,o, ’g,o,o,o> . i=1,....n (2.3.1)

where [V;, a constant, is the initial number of uninfected epithelial cells.

The Jacobian matrix of the multiscale model system (2.2.1) can be calculated at the disease-free equilib-

rium state to give:
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(dy ds 00 0 0O 0 0]
d7 —dg 00 0 0 O 0
0 0 0 0 —dgy O O 0
0O 0 0 d 0 O 0
J(E°) = 4 (2.3.2)
0 0 0 0 —dg 0 ds 0
0 0 0 0 O 0
d 0 00 0 0 —dy dy
0 ds 0 0 0 0 —di
where
d1:¢Awa
dy = —gaw+ > _ By,
i#]
d3:¢U(U)777
dy = KNy,
ds = C, (2.3.3)
d6:C7
d7:€]\fi7
d8:§>
ngO'
\

In order to establish the stability of the disease-free-equilibrium we evaluate the eigenvalues of the Jaco-

bian matrix (2.3.2). Given below is the characteristic equation for the eigenvalues.

N’ (=ds = X) (=dy — A) (=di = A) [(d2 = A) (=dg — A) — dgd7] = 0 (2.3.4)

We have three zero eigenvalues and A\ = —dg, Ao = —dg, A3 = —d;. We now consider the remaining

expression
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[(d2 — A) (—ds — \) — dgd7] =0 (2.3.5)

The equation above gives the eigenvalues

— (dg — do) £ 1/ (dg — do)* + 4dgdy (Ro — 1
Ao = (dg — d2) \/(6 22) 6d1 (Ro—1) 23.6)

Therefore, the two eigenvalues are

- [(dﬁ —da) — \/(d6 — d2)* + 4dgdy (Ro — 1)]

Not = 5 (2.3.7)

and

_ [(dﬁ —d) + \/(d6 — d2)* + 4dgdy (Ro — 1)]
5 :

Ao2 = (2.3.8)

Therefore, the eigenvalues of the characteristic equation are

A= 0,
Ao = 0,
A3 = 0,
Ay = —ds,
A5 = —dy,
Ae = —di,
_ [(dﬁ —dy) — \/(ol6 — dg)? + 4dgdy (Ro — 1)]
A7 = 5 )
- [(dﬁ —da) + \/(dG — d)? + 4dgdy (Ro — 1)]
Ag = 5

If Ry < 1, then this implies A\; < 0. Therefore, all eigenvalues of the multiscale model system (2.2.1)
will be zero or negative. Due to the existence of zero eigenvalues, further analysis on the stability of E°
is performed by implementing the center manifold theorem in section (2.4.3). From the proof of Theorem
2.6 the analysis establishes that the disease-free equilibrium point E°, of the model system (2.2.1) is
locally asymptotically stable whenever Ry < 1 and unstable otherwise. This result is summarized as

follows.
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Theorem 2.2. The disease-free equilibrium point E°, of the multiscale model system (2.2.1) is locally

asmptotically stable whenever Ry < 1 and unstable otherwise.

2.3.4 Global stability of the disease-free equilibrium

To determine the global stability of DFE of the multiscale model system (2.2.1), we use (Theorem 2) in
[103] to establish that the DFE is globally asymptotically stable whenever Ry < 1 and unstable when
Ro > 1. In this section, we write down two conditions that when satisfied, also warrant the global
asymptotic stability of the disease free state. Therefore, writing the multiscale model system (2.2.1) in the

following way we get:

dX
E — F(X, Z),

2.3.1)
%f — G(X,Z), G(X,0)=0

where X = (Uj;, P;) stands for all uninfected components and Z = (V;, F;, I;, A;, C;, J;) stands for all

infected and infectious components;

Uy = (X*;0g) where X* = <N “) L i=1,...n (2.3.2)

§

stands for the disease-free equilibrium of the multiscale model system (2.2.1). In order to ensure that the

equilibrium is globally asymptotic stable, the conditions (H1) and (H2) below should be satisfied [101]:
dx . .
(H1) For o= F(X,0g), X™ is globally asymptotically stable (g.a.s);

(H2) G(X,Z2) = AZ - G(X,Z),G(X,Z) > 0for (X,Z) e RS, A e M(6 x 6)

0G
where the Jacobian A = 7= DzG(X™,0g) is an M-matrix (the off diagonal elements of A are non-

negative) and Ri is the region where the model makes biological sense.

Here we have

—EUZ' <I7, — M)
F(X,08) = f (2.3.3)
o (1~ )

Interferon production, I; is stopped when most of the uninfected cells are protected.

Therefore, we can deduce from (2.3.3) that X™* = (Ni; 'g) is globally asymptotically stable.
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G(X,Z)

7]

€N7;
A= 0
0

Paw

Therefore we have

G(X,2)

CFy— pat)wVi+ Y BiiV;
i#]
eU;Vi — CFj
= &L+ ou(U)nG;
ov(V,J)da
paw(Vi + J;) — oC;
wCF; — pawd;

© University of Venda

CF; — pat)wVi+ Y BiyV;
i#]
eU;Vi — CF;
p— &L + ou(U)nC;
v (V. J)ga
paw (Vi + J;) — oC;
wWCF; — pawd;

Zﬁij—qu(t)w ¢ 0 0 0

- 0 0 0

0 =& 0 ¢u(Un
0 0 0 0

0 0 O -0
0 00

D Biy—¢alw ¢ 0 0
i#j
eN; —¢
= 0 0
0 0
aw 0
i 0 ¢

0
0
0
0

eN; Vi — el V;

)
o O O o O

(2.3.4)

(2.3.5)

pAaw

—QAw |
(2.3.6)

(2.3.7)
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_ . -
eVi(N; — Us)
0
= (2.3.8)
0
0
L 0 -

The result clearly shows that A is an M -matrix, as it has non-negative off diagonal elements. Since

0 < U; < Ny, then it implies that G (X,Z) > 0. It is also clear that the disease-free equilibrium point
dx

X* = (Ni' g) is globally asymptotically stable (GAS) equilibrium of T F(X,0). Hence, the

disease-free equilibrium Ey = (X ™, 0g) is globally asymptotically stable. O

Theorem 2.3. The disease-free equilibrium of the multiscale model system (2.2.1) is globally asymptoti-
cally stable if Rog < 1 and the assumptions (HI1) and (H2) are satisfied.

Remark 2.4. This result rules-out the existence of backward bifurcation in this model setting since the

disease-free equilibrium is globally-asymptotically stable when Ry < 1.

2.4 The endemic equilibrium and its stability

At the endemic equilibrium the cattle population is invaded by the FMD virus. The endemic equilibrium

is given as follows:

E* = (U}, Vi Ff P IF AN CE T, i=1,..n 2.4.1)

179

satisfies
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g n
0=(F = gawVi + > ByVj,
i=1,i#j

0=eU V" —(CF],

* * M
O:_K/UZ I’L - = 5
(%)

T
0= KU < I - 5) : (2.4.2)
0=p—EIF + oy (U)nCs
0= QZSV(V;', Jl)gbA(t))

0=¢aw(V;" + J) —oCY,

0 =7CF — pawly

forall UF, Vi, FF, PF IF A CF JF >0, i=1,..,n.

2.4.1 The endemic equilibrium

The endemic value of the proportion of uninfected cells is given by

U - awVy = >0 i BV
(A 6‘/;*

(2.4.1)

We deduce from Equation (2.4.1) that the equilibrium state associated with the proportion of uninfected
cells is proportional to the rate at which virus is cleared, the amount of antibody produced, the strength
of transmission between individuals within a spatial network as well as the rate of infection of cells in the

blood. The endemic value of infected cells is expressed as follows:

Fr— PAWV; =D i1z BV

; 2 (2.4.2)

We deduce from Equation (2.4.2) that the equilibrium state related to the infected cells corresponds to

the rate of infected cells bursting, the amount of antibody produced, the strength of transmission between
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individuals within a spatial network, the rate of infection of cells in the blood and to the clearance rate of

virus. The endemic value of the non-infectious material is given by

_ 'YCFi*
paw

J*

7

(2.4.3)

We deduce from Equation (2.4.3) that the equilibrium state associated with the non-infectious material
from the burst infected cells is proportional to the rate at which the virus is cleared, the amount of antibody
produced and the rate of infected cells bursting. The endemic value of the virus-antibody complex is given
by

_ aw(ViE+ J))

g

C*

(]

(2.4.4)

We deduce from Equation (2.4.4) that the equilibrium state related to virus-antibody complex corresponds
to the amount of antibody produced, the rate of clearance of virus-antibody complexes and the clearance

rate of the virus. The endemic value of virions in blood is given by

*
V*:C 1

2.4.5
' eUr ( )

We deduce from Equation (2.4.5) that the equilibrium state associated with virions in blood corresponds
to the rate of bursting of infected cells as well as the rate of infection of cells from the blood. The endemic

value of the interferon is given by

o euU)nCy
et ¢

We deduce from Equation (2.4.6) that the equilibrium state associated with the background production

Ir (2.4.6)

of interferon, background clearance of interferon as well as production rate of interferon. Therefore, the
endemic equilibrium of the multiscale model system (2.2.1) given by Equations (2.4.1)-(2.4.6) depend on

both microscale and macroscale parameters.

2.4.2 The Existence of the Endemic Equilibrium State

This section gives some solutions regarding the existence of an endemic equilibrium for the multiscale

model system (2.2.1) implementing the threshold parameter, Ry.

Theorem 2.5. The multiscale model system (2.2.1) formulated in terms of proportions has at least one

endemic equilibrium solution given by

E* = (U}, Vi Ff PrIF AN CE T, i=1,..n 2.4.1)

179
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with U}, VX EF, Pr LY, AY CFL T all non-negative for all i = 1, ..., n, whose existence and properties

are determined by the threshold parameter Ry where

> i Bij + €U
Paw

Roi = (2.4.2)

Proof. Let E* = (U, V;*, F;", P, I, A7, C}, J), i=1,...,nbeaconstant solution of the multiscale
model system (2.2.1). We can simply present U;", F;*, P, I, A7, C}, J, i =1,...,ninterms of V;" in

P

the form

( Ut — ¢Aw(1 — ROi) + GUZO
[ p )
o Vi[paw(l = Ro) + U]
(2 C I
(2.4.3)
1 _ Mo+ ouU)n(Vidaw + Vi [paw(l = Ro)) + €U7))
(2 50_ b
or = Vidaw £V [gaw(l — Ro) + eUf)]
L o
We substitute the equations in (2.4.3) into the expression for V; to give the following:
av; -
o = CF—oawVit Y BV (24.4)
i#j
= Vi [paw(l = Ro)) + €UJ) = pawVi* + Y By Vi
i#]
= Vi [paw(l — Roi) + €U — paw + Y _ Bij] (2.4.5)
i)

where V;* # 0

Consequently, there exists one unique endemic equilibrium for the multiscale model system (2.2.1) when-

ever Rg > 1. O
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2.4.3 Local stability of the Endemic Equilibrium

In this section we find the local asymptotic stability of the endemic steady state of the multiscale model
system (2.2.1) through the implementation of the center manifold theory detailed in [101]. Therefore, by
applying the theory we change variables of the multiscale model system (2.2.1). We now set V; = x,
F, =20, Uy = 23, P, = x4, I; = x5, A; = wg, C; = x7 and J; = xg. We also apply the vector

notation X = (x1, x2, 3, 4, T5, Tg, T7, xg)T so that the multiscale model system (2.2.1) can be expressed

as follows:
dx .
i f(x, ") (2.4.1)
where
f:(f17f27f3af47f57f67f77f8) (242)

Therefore, the multiscale model system (2.2.1) can be rewritten as

dx

dftl = f1=C(r2— ¢pawx1 + Zﬁijl“b
i#]

d

% = fo = exsz1 — (@2,

dzs

i f3 = —kw3 <$5—Z>,

dra L
dt - 4 = RI3 | Ts 5 )

dzs
dt
dze
dt
dzr
dt
dzs
dt

= fo=p—&xs + ou(U)nar, (2.4.3)
= fo=ov(V.J)¢a,

= fr=¢aw(z1 + a5) — o7,

= fs =Cx2 — pawas

The approach encompasses calculating the Jacobian matrix of the multiscale system (2.4.3) at the disease-

free equilibrium Ej signified by J(Ey). The matrix corresponding to the multiscale system (2.4.3) evalu-

ated at the disease-free equilibrium is given by
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(dy ds 00 0 0O 0 0]
d7 —dg 00 0 0 O 0
0 0 0 0 —dgy O O 0
0O 0 0 d 0 O 0
J(E®) = ! (2.4.4)
0 0 0 0 —dg 0 ds 0
0 0 0 0 O 0
d 0 00 0 0 —dy dy
0 ds 0 0 0 0 —di]
where
(
d1:¢Aw7
dy=—daw+ > Bij
i=1,i#]
d3:¢U(U)na
d4:I€Ni,
ds = C, (2.4.5)
d6:<7
d7=€*NZ’
d8:‘£7
ngO'

By making the use of of an approach similar to the one in section (2.3.3), we can obtain the basic repro-

ductive number of the multiscale system (2.4.3) given by

Z?:l,i;ﬁj Bij + Uy
Paw

Roi = (2.4.6)

Setting ¢ = €" as the bifurcation parameter and also, letting Ry = 1 and determining €* in (2.4.6), this

gives
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= Paw — Z?:l,i;éj Bij
Uy

(2.4.7)

We can highlight that the linearized system of the transformed equations (2.4.3) with bifurcation point €*
has a simple zero eigenvalue. Consequently, the center manifold theory [101] can be utilized to examine

the dynamics of the multiscale system (2.4.3) close to €*.

Theorem 2.6. Consider the following general system of ordinary differential equations with parameter ¢:

dx

o= f(z, ¢) (2.4.8)

f:R"xR—R. f:C*(R*xR).

where 0 is an equilibrium of the system, that is, f(0, ) = 0 for all ¢, and assume that

(A1) A = D, f(0,0) = ((0fi/02;)(0,0)) is a linearization matrix of the multiscale system (2.4.3)
around the equilibrium 0 with ¢ evaluated at 0. Zero is a simple eigenvalue of A, and other eigen-

values have negative real parts.

(A2) matrix A has a right eigenvector u and a left eigenvector v corresponding to the zero eigenvalues.

Let fi. be the kth component of f and

a= ) ukvzvjm(a ),

k,i,j=1

(2.4.9)

The local dynamics of (2.4.8) around 0 are totally governed by a and b and are summarized as follows.

(i) a > 0and b > 0. When ¢ < 0 with |¢| < 1, 0 is locally asymptotically stable, and there exists

a positive unstable equilibrium: when 0 < ¢ < 1, 0 is unstable and there exists a negative and
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locally asymptotically stable equilibrium.

(ii) a < 0and b < 0. When ¢ < 0 with |p| < 1, 0 is unstable, when 0 < ¢ < 1, 0 is asymptotically

stable, and there exists a positive unstable equilibrium.

(iii) a > 0and b < 0. When ¢ < 0 with |¢| < 1, 0 is unstable, and there exists a locally asymptotically
stable negative equilibrium; when 0 < ¢ < 1, 0 is stable and a positive unstable equilibrium ap-

pears.

(iv) a < 0 and b > 0. When ¢ changes from negative to positive, 0 changes its stability from stable to
unstable. Correspondingly a negative unstable equilibrium becomes positive and locally asymptot-

ically stable.

To implement Theorem 2.6, the following calculations are neccessary (note that €* is the bifurcation pa-

rameter instead of ¢ in Theorem 2.6).

When Ry = 1, we can demonstrate that the Jacobian matrix of the multiscale system (2.4.3) at €* (denoted

by J+) has a right eigenvector corresponding to the zero eigenvalue expressed below:

u= (Ul,UQ,Ug,U4,U5,U6,U7,U8)T, (2.4.10)
such that
(dy ds 00 0 0 0 0| [w] [0
d7 —dg 0 0 0 0 O 0 U9 0
0 0 0 —ds O O 0 us 0
0 0 0 0 dg¢ 0 O 0 Uy 0
= (2.4.11)
0 0 0 —dg 0 d3 0 us 0
0 0o 00 O 0 O 0 Vg 0
d1 0 0 0 0 0 —dg d1 (%4 0
| 0 d5 0 0 0 0 0 —dl_ | U8 | _0_
where
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( uy = 1,
U9 = 1,
us = 0,
ug = uyq > 0,
2.4.12)
Us = 07
ug = ug > 0
uy = 0,
ug = 1S
Paw

Furthermore, the left eigenvector of the jacobian matrix in (2.4.4) corresponding to the zero eigenvalue at

€* such that

and satisfying the condition v.u = 1.

From (2.4.13) we obtain:

T
v = (v, v2,v3, V4, Us, Vg, U7, Ug)

where

de
_dG

%
& o oo

0 0 0 0 0
0 0 0 0 0
0 0 —dg4 O 0
0 0 dy 0 0
0 0 —dg 0 ds
0 0 0 0 0
0 o0 0 0 —dog
0 0 0 0 0

o © O © o o

Iy
fin

—dq

[0 00 0 0 0 0O 0} 2.4.13)

(2.4.14)
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v = [— (didg + dsd7) (paw + dg (da + d7) yCe* N;]
[_ (d1d6 + d5d7) Cpaw + (d2d5 - dldﬁ) e*Nipaw + dg (d2 + d7) ’YCE*Ni] ’
vy = [(dads — dyde) € Nip aw]
[_ (d1d6 + d5d7) CQSAUJ + (d2d5 - dldﬁ) G*Niquw + dg (d2 + d7) ’yCE*Ni] ’
v3 = v3 > 0,
vg =0,
(2.4.15)
v =0
Ve = 07
v = 0,
vy = 0
When we determine the dot product v.u = 1 we obtain
V.u = v1.U1 + V2.U2
_ ( [— (didg + dsd7) Cpaw + dg (d2 + d7) yCe* Ny >
[— (dids + dsdr) Cpaw + (dads — dids) €*Nipaw + dg (da + d7) y(e* Ny
+ ( [(d2d5 - d1d6) E*Ni(;SAw] > (2 4 16)
[— (didg + dsd7) (paw + (dads — didg) € Nipaw + de (da + d7) ¥Ce* Ny -

_ ([— (didg + dsd7) (paw + (dods — didg) € Nipaw + dg (d2 + d7) ’YCE*Ni]>
[— (dids + dsdr) Cpaw + (dads — dids) €*Nipaw + dg (da + d7) v(e* Ny

I
—

We now calculate the parameters of bifurcation a and b, by determining the value of the nonzero second-
order mixed derivatives of F in regard to the variables and €* to get the signs of a and b. The sign of a

corresponds to, the following nonvanishing partial derivatives of F:
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Pf  O%f _
a$3a$1-_ 8$1a$3-_

(2.4.17)
9 fu 0 f4
= = K
a$38$5 8x58x3
Similarly, the sign of b corresponds to the following non-vanishing partial derivatives of F:
& f2
=13 = N; 2.4.18
011 0¢€* 3 ‘ ( )
Substituting expression (2.4.12), (2.4.15) and (2.4.17) into (2.4.9), we get
s 042
a = 2uv3v
278 18$36$1
(2.4.19)
_ [— (didg + d5d7) (paw + dg (d2 + d7) y(e* Ny

v
[— (dids + dsdy) Chaw + (dads — did) € Nipaw + dg (dy + d7) YN~

On the other hand, when we substitute expressions (2.4.12), (2.4.15) and (2.4.18) into (2.4.9), we get

(2.4.20)
[— (d1ds + dsd7) (Paw + dg (d2 + dr) y(e" Ny N,
[— (dids + dsdr) (Paw + (dads — dide) €* Nipaw + dg (do + dr) yv(e* N~ *

When dods > didg then @ > 0 and b > 0. It follows that the foot-and-mouth disease model (2.4.3)
exhibits a backward bifurcation whenever the threshold parameter R crosses unity. This shows the co-
existence of disease-free and endemic equilibrium at ‘R slightly less than unity. Implementing Theorem
2.6, item (i), enables us to establish the following result which is only valid for Rg > 1 but near 1. When
forward bifurcation occurs, the condition Rg < 1 is usually a necessary and sufficient condition for dis-
ease eradication, however, it is no longer sufficient when a backward bifurcation occurs. In the case of
backward bifurcation there exists a subcritical transcritical bifurcation at Ry = 1 and a saddle-node bifur-
cation at Rp = R§" < 1. On the other hand, when dads < didg then a < 0 and b < 0. Implementing
Theorem 2.6, item (ii), enables us to establish the following result which is only valid for Rg > 1 but near
1.

Theorem 2.7. The FMD endemic steady state of model system (2.2.1) guaranteed by theorem 2.6 is locally
asymptotically stable for Ro > 1 near 1.
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2.5 Numerical analysis

This section presents computer simulations for the multiscale model system (2.2.1)’s behaviour performed
using Python program version 3.6 on the Windows 10 operation system. The numerical simulations of
the multiscale model system (2.2.1) were carried out to explain some of the systematic results that we
got. We used the estimated parameter values presented in Table 2.2 for sensitivity and numerical analysis.
A certain amount of the parameter values implemented in the simulations are results from publications
and the others are estimates. The following are initial conditions implemented for these simulations:
Vi(0) = 0, F;(0) = 0,U;(0) = 500, P;(0) = 0,1;(0) = ﬁ,A,-(O) = 0,C;(0) = 0,J;(0) = 0 for each

individual ¢. We considered a population of n = 100 individuals in a spatial network.

Symbol | Description Value | Unit Source
€ Rate of infection of cells from the blood 0.03 TCIDg)omldayf1 [7]

¢ Bursting rate of infected cells 0.23 day_1 [71

o1 Non-infectious material per TCIDsoHllil 0.01 None [7]

o Rate of clearance of virus-antibody complexes 0.009 day71 [7]

n Rate at which interferon is produced per complexes | 0.03 TCID(;O1 mlday_1 [7]

K Protection rate of uninfected cells 0.001 cellfldayf1 [7]

m Interferon rate of production 0.06 IUml " day * [71

13 Interferon rate of clearance 0.056 day_1 [7]

ba Production rate of antibody 10 LPBE-titre day I [7]

Bij Transmission rate of FMDV virus between hosts 0.5 Estimate
w Clearance rate of virus 0.06 LPBE-titre * [7]

Table 2.2: Model parameter values corresponding to the transmission dynamics of FMD.

2.5.1 Sensitivity Analysis

This section presents the analysis of sensitivity for the FMDV transmission indicators obtained from the
multiscale model to the model parameters. The transmission indicator we consider is the basic reproduc-
tive number, R that generally describes the dynamics for a disease at the beginning of an infection. For
any particular epidemic model that illustrates the disease dynamics within a particular population, a sen-
sitivity analysis study is important to perform since it enables us to establish model parameters which can
be marked for control, elimination as well as eradication of disease. Therefore, the analysis of sensitivity
of the FMDV metric R, in relation to the variation of FMD multiscale model parameters is carried out by
implementing Latin Hypercube Sampling and Partial Rank Correlation Coefficients (PRCCs). In order to
explore the influence of each model parameter on the basic reproduction number, Ry we perfomed 1000
simulations per run. The results of sensitivity of R to the model parameters are presented by the Tornado

plot, Fig. 2.2

According to the sensitivity analysis results of R to the multiscale model system (2.2.1)’s parameters

obtained in Fig. 2.2, we deduce these outcomes:

© University of Venda



L
>

(o

@ University of Venda

Creating Future Leaders
@)

Chapter 2 44

0.6

Figure 2.2: Tornado plot of partial rank correlation coefficients (PRCCs) of the multiscale model param-

(a)

(b)

eters that impact the FMDV transmission indicator R

The multiscale model system (2.2.1)’s parameters have both positive PRCCs and negative PRCCs.
This implies that parameters with positive PRCCs will increase the value of Ry as they are in-
creased, where as parameters with negative PRCCs will decrease the value for R as they are in-
creased. For example, an increase in a parameter like rate of infection of cells from the blood, € at
the within-host level will consequently increase the value of Ry, and also increasing a parameter

like rate at which virus is cleared, w leads to decrease in Ry.

The FMDV transmission metric R is extremely sensitive to five of the disease parameters of the
multiscale model system (2.2.1), ( 3,5, UO, ¢, w, €). We note that Rg indicates spread of FMDV
during the beginning of the outbreak. The following conclusions regarding sensitivity of Rg to the

FMDYV multiscale model system (2.2.1)’s parameters can be established.

(i) Since Ry is significantly sensitive to (3;;, U 0 ¢, w, €), this implies that caution must be applied
on the accuracy of these five FMDV multiscale model system (2.2.1)’s parameters during the
collection of data if the effectiveness and usefulness of the FMDV multiscale model system
(2.2.1) is to be intensified.
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(ii) In view of the fact that Rq is responsive to the transmission rate between the cattle, 3;; (the

between-host level parameter) it implies that FMD interventions such as quarantines would be

more effective to control the spread of FMD infection at the beginning of the outbreak.

(iii)

Since Ry is significantly sensitive to the initial susceptible epithelial cells, U° (the within-host

level parameter) and the rate of infection of cells from the blood, € this implies that FMD

interventions such as vaccination (which reduces susceptible epithelial cells within the cattle)

would be more effective to control the spread of FMD infection at the beginning of outbreak.

(iv)

Since Ry is significantly sensitive to the rate of production of antibodies, ¢ 4 and rate at which

FMDYV virus is cleared, w this implies that FMD interventions such as vaccination (which in-

creases the rate of antibody production and clearance of FMDV virus) would be more effective

to control the spread of FMD infection at the beginning of outbreak.

2.5.1.1 Influence of within-host scale parameters of the FMD multiscale model dynamics

In this section, we demonstrate by implementing numerical simulations the impact of within-host scale

parameters
113 1212
— o, =0 003 175 A —, =0 003
150 & — =003 "\ —c, =003
Ill — =03 150 ll 1 —-— =03
123 ] I‘ 125 1 ‘i
100 by 1o By
= 0.75 ! 1 - ! \
- I \ 075 1 \
oso {1 ] 0.50 A I L
0.25 I \ 025 A l \
| — ~
0.00 LA oo0 1% S
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{a) Time in days (b) Time in days
1213 1211
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7 — =03 — =03
6 20 4
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Figure 2.3: Graphs of numerical results of the model system (2.2.1) demonstrating the advancement with time of (a)
concentration of virions in the blood for individual 1, V7, (b) concentration of virions in the blood for individual 2,

V4, (c) infected cells for individual 1, F1, (d) infected cells for individual 2, F> for variant values of infection rate of

Time in days

cells from the blood for individual 1, €; :

(d)

€1 = 0.003,e; = 0.03and e; = 0.3
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Figure 2.3 represents the graphs of numerical results of model system (2.2.1) demonstrating the progres-
sion in time of (a) concentration of virions in the blood for individual 1, V7, (b) concentration of virions in
the blood for individual 2, V5, (¢) infected cells for individual 1, F7, (d) infected cells for individual 2, F
for variant values of infection rate of cells from the blood for individual 1, €¢; : ¢ = 0.003,¢; = 0.03 and
€1 = 0.3. From these results we can see that as the rate of infection of cells from the blood for individual
1, €1 increases, there is significant increase in the concentration of virions in the blood for individual 1,
concentration of virions in the blood for individual 2, infected cells for individual 1, infected cells for
individual 2. These results reflect that interventions such as vaccination of cattle will reduce the rate of
infection of cells from the blood leading to a reduced risk of transmission of FMD for the individual in
the community.

lel2 1e11
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Figure 2.4: Graphs of numerical results of the model system (2.2.1) demonstrating the advancement with time of
(a) concentration of virions in the blood for individual 1, V3, (b) concentration of virions in the blood for individual
2, V4, (c¢) infected cells for individual 1, F1, (d) infected cells for individual 2, F5 for variant values of rate at which

virus is cleared for individual 1, w; : w1 = 0.006,w; = 0.06 and w1 = 0.6

Figure 2.4 demonstrates the impact of variation of rate at which virus is cleared, w; : w; = 0.006,w; =
0.06 and wy = 0.6 on the within-host scale variables V;, F;, U;, P;, I;, A;, C;, J;. The outcomes demon-
strate that a decrease in w is related to an increment in the within-cattle scale variables (V;, F;, I;, C;, J;).
An increment in the within-cattle scale variables like V; and F; implies that there is an increase in FMDV
shedding into the environment and an increase in the strength of transmission of FMDV , 3, throughout the

cattle population. The within-host scale variables I;, C;, A; represent the early immune response which
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intensifies as rate at which virus is cleared decreases.

2.5.1.2 Influence of between-host scale parameters of the FMD multiscale model dynamics

1e7
1o ‘ — 5 =0003 [400000 — = 0003
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Figure 2.5: Graphs of numerical results of the model system (2.2.1) demonstrating the advancement with time of
all model variables for variant values of rate of transmission of virus from individual 2 to individual 1, 821 : f21 =
0.0037 521 = 0.03 and ﬁ21 =0.3

Figure 2.5 represents the graphs of numerical results of the model system (2.2.1) demonstrating the ad-
vancement with time of all model variables for variant values of rate of transmission of virus from indi-
vidual 2 to individual 1, 8271 : B21 = 0.003, S21 = 0.03 and 821 = 0.3. Results indicate that as the rate of
transmission of virus from individual 2 to individual 1 increases, there is an increase in the within-cattle

scale variables like V7 and F3.
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2.5.1.3 Network of cattle population

Figure 2.6: The diagram represents the network degree distribution in the cattle population

In Figure 2.6 the diagram represents a network of a population of 50 cattle that has been generated using
age-dependent data. The size of each node represents the number of contacts of cattle in the network. The

nodes that have the same colour represent cattle of the same age group.
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Figure 2.7: The diagram represents the network degree distribution in the cattle population
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2.6 Effects of stochasticity on the model

In this section we introduce a white noise (dWq/dt) (that is, W(t) is a Brownian motion), where ) =

{Vi, F;,U;, P, I;, A;, Cy, J; }, into multiscale model system (2.2.1) which becomes

dV; = [(F; — gpa(t)wV; + Zﬁij‘/} dt + oy VidWy (1),
i#]

dF; = [eUiV; = CF]dt + op FidWi(t),

dU; = [—,@Ui (Ii - g)} dt + oy UidWy(t),

dP; = [&Ui (Ii - ’Zﬂ dt + opP;dWp(t), 2.6.1)

dl; = [,u — &L+ <Z>U(U)170i] dt + o L;dWi(t),
dA; = [pv(V, J)da(t)] dt + oaAidWa(t),

dC; = [pa()w(V; + J;) — oC;] dt + ocCidWe(t),

dJ; = [")/CFZ — ¢A(t)in] dt + O’JJZ‘CZWJ(t)

We set W(t) = Wy (t), Wr(t), Wy (t), Wp(t), Wi(t), Wa(t), We(t), Ws(t) an 8-dimensional Wiener
process that is defined on this probability space. Further, the constants oy, oF, 0y, op, 01, 0A, 0C, O
are non-negative and describe the intensities of the stochastic pertubations. Let us assume that the com-
ponents of the 1-dimensional Wiener process W; are mutually independent. It can be shown that the SDE
model (2.6.1) has at least a unique global solution in order for the model to have meaning and also that
the solution will always remain positive whenever the initial conditions are positive. Let us consider the

following proposition.

Proposition 2.8. For model (2.6.1) and any initial value in RS, there is a unique solution
L= (V,,F;,U;, P;, I;, A;, Cy, J;) where i = 1,...,n of the system (2.6.1) for t > 0 which will remain in
Rf_ with probability one.
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0 10 20 30 40 50 60 70 80 90 100
Time in Days

Concentration of infectious virions in the blood for 1st individua

Figure 2.8: Graphs of numerical results of infectious virions in blood in the 1st individual, V; of the
multiscale SDE model system (2.6.1) with the ODE multiscale model system (2.2.1) solutions. For the
SDE dt = 0.01 and 0 = 0.3

Figure 2.8 demonstrates the graphs of numerical results of infectious virions in blood in the 1st individual,
V1 of the multiscale SDE model system (2.6.1) with the ODE multiscale model system (2.2.1) solutions.
For the SDE dt = 0.01 and ¢ = 0.3. The solution for the stochastic multiscale model is obtained using
the Milsten method.
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Figure 2.9: Graphs of numerical results of the infected cells in the 1st individual, £ of the multiscale SDE

model system (2.6.1) with the ODE multiscale model system (2.2.1) solutions. For the SDE dt = 0.01
ando = 0.3
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Figure 2.9 demonstrates the graphs of numerical results of the infected cells in the 1st individual, F; of
the multiscale SDE model system (2.6.1) with the ODE multiscale model system (2.2.1) solutions. For
the SDE dt = 0.01 and ¢ = 0.3 The solution for the stochastic multiscale model is obtained using the
Milsten method.
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Figure 2.10: Graphs of numerical results of the Virus-antibody complex in the 1st individual, C; of the

multiscale SDE model system (2.6.1) with the ODE multiscale model system (2.2.1) solutions. For the
SDE dt = 0.0l and o = 0.3

Figure 2.10 demonstrates the graphs of numerical results of the Virus-antibody complex in the 1st indi-
vidual, C; of the multiscale SDE model system (2.6.1) with the ODE multiscale model system (2.2.1)
solutions. For the SDE dt = 0.01 and ¢ = 0.3 For the SDE dt = 0.01 and ¢ = 0.3. The solution for the

stochastic multiscale model is obtained using the Milsten method.

Figure 2.11 demonstrates the graphs of numerical results of the non-infectious material in the 1st indi-
vidual, J; of the multiscale SDE model system (2.6.1) with the ODE multiscale model system (2.2.1)
solutions. For the SDE dt = 0.01 and ¢ = 0.3. The solution for the stochastic multiscale model is

obtained using the Milsten method.
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Figure 2.11: Graphs of numerical results of the non-infectious material in the 1st individual, J; of the
multiscale SDE model system (2.6.1) with the ODE multiscale model system (2.2.1) solutions. For the
SDE dt = 0.01 and 0 = 0.3

2.7 Summary

In this chapter, we characterised an individual-based network modelling multiscale model of foot-and-
mouth disease at host-level. The derivation of the model is achieved by first developing a within-cattle
model and then embedding the model into a spatial network of N cattle. Thus, in order to describe
the whole disease dynamics we implemented explicitly the within-cattle model. Through mathematical
analysis the model was determined to be epidemiologically and mathematically sound. The analysis of
sensitivity of the FMDYV indicator Ry, in relation to the variation of FMD model parameters was carried
out by implementing Latin Hypercube Sampling and Partial Rank Correlation Coefficients (PRCCs). Ap-
plying the model parameter values we carried out the numerical simulations to demonstrate the impact
of five FMD transmission parameters (/3;;, UO, ¢, w, €) on the model variables V;, F;, U;, P;, I;, A;, C;, J;.
These parameters were only selected because they were significantly responsive to Rg. In view of the fact
that Ry was responsive to the transmission rate between the cattle, 3;; (the between-host level parameter)
it implied that FMD interventions such as quarantines would be more effective to control the spread of
FMD infection at the beginning of the outbreak. Furthermore, since R was significantly responsive to
the rate of production of antibodies, ¢ 4 and rate at which FMDV virus is cleared, w this implied that FMD
interventions such as vaccination (which increases the rate of antibody production and clearance of FMDV
virus) would be more effective to control the spread of FMD infection at the beginning of outbreak. The
inclusion of a stochastic model enabled us to capture randomness of disease spread. The application of
this method may be relevant in managing foot-and-mouth disease and can be generalized to numerous

directly transmitted diseases.
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In conclusion, we established that we cannot extend the individual-based network model to a higher
level of organisation using graph-theoretic method. Instead we could use different methods to extend
the individual-based network modelling multiscale model to a higher level. Furthermore, we established

that there is a primary level multiscale cycle of FMD dynamics.
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Host-level Multi-scale model of

Foot-and-Mouth disease in cattle

3.1 Introduction

Infectious disease sytems have been considered as complex systems since they exhibit multilevel and mul-
tiscale nature. The use of multiscale models enables the integration of multiple scales involved in disease
dynamics. In this chapter, we present a nested approach that integrates within-host and between-host
scales of a disease system having a cycle for pathogen replication at the within-host scale for FMD in cat-
tle. In other words, we characterise the host level model of FMD in cattle using the nested approach. We
characterise the effect of the variation on within-cattle and between-cattle parameters on FMD dynamics.
Hence, we are able to establish if the nested approach is applicable to modelling the multiscale dynamics
of infectious diseases with within-cattle scale replication-cycle using FMD as a paradigm. In the case of
environmentally-transmitted disease systems at host-level, the within-cattle scale and between-cattle scale
are used as the key ingredients in developing multiscale models. For FMD in cattle as an environmentally-
transmitted disease system, the within-cattle scale involves the interaction of FMD virus with the suscep-
tible epithelial cells and other immune response cells within the infected cattle. The within-host scale for
each individual will determine how the individual animal will transmit the virus into the environment, thus
spreading the disease at cattle population-level. Transmission at this scale can be altered by interventions
such as vaccination. The between-host scale involves the transmission of FMD virus between the cattle
and their physical environment. This occurs through direct contact with infected animals and through
fomites [90]. Transmission at the between-host scale can be altered through control measures such as

movement restrictions, quarantine ,etc [94].
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Numerous models in the literature have been formulated to investigate the dynamics of FMD infection in
cattle with the aim of controlling, eliminating and eradicating this disease using single-scale modelling
approach [7, 25]. However, to date, there is very limited literature on the modelling of FMD dynamics at
multiscale. To the best of our knowledge the nested multiscale modelling approach we present is a novel

method implemented in formulating the dynamics of FMD in cattle.

3.2 Derivation of the Nested Multiscale Model for the Dynamics of FMD

We consider the between-cattle scale sub-model and the within-cattle scale sub-model to formulate a
multiscale model of infectious diseases at host-level. We establish a nested multiscale model that combines
the between-cattle sub-model related to the dynamics of FMD disease spread and the within-cattle scale
sub-model related to the replication dynamics of FMD virus within infected cattle. In section (3.2.1.1) we
present the two sub-models for FMD transmission dynamics at two scales, the between-cattle scale and

the within-cattle scale and then combine the two sub-models into a multiscale model in section (3.2.1.2).

3.2.1 Development of the Multiscale model for FMD transmission dynamics
3.2.1.1 The two sub-models of FMD transmission dynamics

(1) Between-cattle scale FMDV transmission dynamics. This submodel is demonstrated using the SI
model and tracks the dynamics of two cattle populations namely suscepible cattle (S¢) and infected
cattle population,/. The total cattle population is given by No = S¢ + I¢. The following

assumptions are now considered for this sub-model.

(1) Infected cattle population can naturally recover from FMD virus infection.
(i) Transmission parameter BO is a function of the number of infected cattle so that BC = BC(I c)-

(iii) The dynamics of S¢ and I are both considered to take place at slow time scale, ¢ in com-
parison to the within-cattle scale FDMV transmission dynamics sub-model variables so that
Sc = Sc(t) and I = 1o(t).

From these assumptions we have the following sub-model for the between-cattle scale FMDV trans-

mission dynamics.

dS “

cTtC = Ac — Be (Ie) Se — 1gf S + dcle
Between-cattle sub-model: Al . . 3.2.1)

5 = Pelce)Sc = (0c + puc)lc
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2

The first equation in the sub-model (3.2.1) represents the susceptible cattle dynamics. This popula-
tion is presumed to have increments through birth at a rate of A¢ and at a constant rate of d¢ due to
the recovered. The population decays through FMD infection of the susceptible cattle BO (I¢) and
natural death at a rate ,ugc. The second equation in the sub-model (3.2.1) represents the dynam-
ics of FMDV infected cattle. The population increases when susceptible cattle are infected. The

population decays through natural death rate, /,LICC and mortality rate induced by FMD, ¢

Within-cattle scale FMDV dynamics. The sub-model describes the interplay between antibody, A,
virions in blood, V, interferon, I, uninfected epithelial cells, U, infected epithelial cells, F', non-
infectious material denoted by J, virus-antibody complexes, C' and protected cells, P. The within-
cattle scale sub-model was initially developed by Howey [7]. Here we make the following assump-

tions:

(i) The within-cattle scale disease dynamics happen at fast time scale, s in comparison to the
between-cattle scale FMDV sub-model variables so that V = V (s), F' = F(s), U = U(s),
P=P(s), I =1(s), A= A(s),C = C(s)and J = J(s).

(ii) The within-cattle scale viral load V' = V() is a proxy for the individual cattle infectiousness.

Below is the within-cattle scale sub-model.

dZiS S T N T, 74 05 W (1)
C“; iS) = U (S)V(8) = CF(S8), oo 2)
U (s)
= = —rU(s) <J(s)—2‘), ......................... (3)
aP(s) b
2 = )([( ) g), ............................ (4) (3.2.2)
d; (SS = = EI(s) + G UMC(S); oo (5)
di‘lf A LY WS (6)
d((’;is) = Paw(V(s) + J(5)) — 0C(8), ceererannn. (7)
d{z f) = YCF(5) = GAWI(S),s oo (8)

3.2.1.2 Integrating the two sub-models of FMDV transmission dynamics to form a single multi-

scale model

In order to formulate the model, the individual infectiousness V', connects the within-cattle scale to the

between-cattle scale whereas exposure BC(IC), connects between-catle scale to within-cattle scale, [17].
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The within-cattle scale sub-model is unidirectionally coupled to the between-cattle scale FMDV transmis-
sion dynamics sub-model. In order to integrate the two sub-models shown in subsubsection (3.2.1.1) we
make inferences about the association between the independent variables of the within-cattle virus pop-
ulation dynamics, A and V', and the parameters of the between-cattle scale viral transmission dynamics
sub-model, B(;(I(;) and 6¢.. Next we apply the concept of ecosystems to the within-cattle FMDV dynam-
ics in which case we take into consideration FMDV infected cattle as individual microbial ecosystems
that are unevenly distributed and homogeneous [104—106]. Let us consider the following derivations and

assumptions.

(1) Taking FMDV into consideration, when the cattle host is taken as an ecosystem [104—106], then the
cattle host death or survival can be regarded as an appropriate indicator of the emanant ecosystem
property due to FMDYV and antibody interplay within an infected animal. Therefore, we make the
presupposition that the disease induced death rate of cattle in the between-cattle scale sub-model
(3.2.1) is an emanant ecosystem property due to FMDYV and is a function of the within-cattle scale
FMDYV and antibody dynamics such that 5c will become §¢ = 5C(V, A).

(2) Additionally, we make the assumption that the parameter of transmission in the between-cattle
scale FMDV spread dynamics sub-model, BC(IC), is a function of the between-cattle scale in-
fected cattle I (¢) and the within-cattle scale virus V resulting in S¢ (I¢) being rewritten as So =
Bc(V(s)Ic(t)). Furthermore, the quantity V (s)Ic(t) is a new variable at between-cattle scale
that is replaced by V() to give Vo (t) = V(s)Ic(t). In this case V() is the total infectious
resevoir of cattle in the community which we shall call CVL. With reference to CVL, the transmis-
sion parameter Bc, for between-cattle scale FMD virus transmission dynamics sub-model becomes
Bc = Be(Ve(t)). In addition, we presume a Holling type II functional form of the function 3¢ (Ve)
such that the force of infection, represented by A (t), related to FMDV infectivity to cattle at com-

munity scale is

Meo(t) = fe(Ve(t)) = LeVel)

where (¢ is the exposure to CVL per unit through contact and V(- is the CVL at the time of contact whilst

Mo [Velt)] = m (324)

is probability that random contact with an animal in a community will infect the animal with FMDV in
the community. From expressions (3.2.3) and (3.2.4), V} is the community FMD viral load that produces
50% chance of getting an individual animal infected with FMD virus after random contact in a community

infected. When we look at the sub-model system (3.2.2), the differential equation of V (s) is

= (F(s) — pawV (s) (3.2.5)
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Additionally, when we apply the ecosystems concepts from [104-106] to the within-cattle population
dynamics of FMD virus, we make the assumption that infected cattle in a certain community are small
unevenly distributed and homogeneous habitats where FMDV survives and replicates until it becomes
infectious to susceptible cattle. The rate of change of CVL V-, in the whole commumity that is composed

of I=(t) is given by

d% = V(s)alc(t) — ac(V, A)Ve (3.2.6)

where & (V, A) is the community wide elimination rate of the total infectious reservoir of cattle V. The

between-cattle scale FMDV transmission dynamics sub-model can be expressed as

dsgt(t) = Ac — Ac(t)Sc(t) — nc®e So(t) + dolo(t)
dlcclt(t) = Ae(t)Sc(t) — (6o(V, A) + do + uc'e)Io(t) (3.2.7)
d‘/st(t) _ V(S)OéIC(t) — @C(V, A)VC(t)

The complete model for FMD virus transmission dynamics from animal-to-animal is given by
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d‘;is) = CF(s) — pawV (s),
) _ aw(vis) - cr (o).
d(flis _ _U(s) <I(S) - ’g) ,
C“; iS) — kU (s) (I (s) - /;) :
dil(ss) = p— €I(s) + ¢ (U)nC(s)
) — gy (V. T, -
di iS) — paw(V(s) + J(s)) — oC(s),
d‘; iS) = yCF(s) — paw(s)
dsst(t) = Ac = Ae(D)Sc(t) — pc™ Se(t) +delo(t)
dIcClt(t) = Ac()Se(t) = (0c(V, A) + do + pe'@)1e(t)
d‘/gt“) = V(s)alo(t) - ac (V. A)Ve(t)

The new multiscale model in (3.2.8) is called nested multiscale model [2]. This approach enables us to

scale up from within-cattle FMD viral dynamics to between-cattle FMD viral spread.

Table 3.1: Description of between-host scale model variables.

Variable | Description

Sc(t) Susceptible cattle
Ic(t) Infectious cattle

Ve (t) Community viral load
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Figure 3.1: A schematic diagram of the complete multiscale model of FMDV transmission dynamics.
Note that §¢ stands for 6¢(V, A) and a¢ stands for G (V, A).

Table 3.2: Description of within-host model variables

Variable | Description Units Initial value
F Infected cells TCID50 ml~ " 0

C Virus-antibody complexes | TCIDso ml~ ' equiv. | O

P Protected cells Cell 0

U Uninfected cells Cell 1

A Antibody LPBE-titre 0

14 Conc. of virions in blood TCIDso ml ™| 0

J Non-infectious material TCIDso ml? equiv. | 0

1 Interferon IU ml™* %

3.2.1.3 The simplified model of FMDYV transmission dynamics

Due to time-scale discrepancy between the within-cattle scale submodel time-scale and the between-cattle
scale submodel time-scale, we apply a slow and fast time-scale analysis. From the within-cattle sub-
model (3.2.2) we can re-write the model system (3.2.2) using the slow time scale ¢ by assuming a relation
between the fast and slow time-scales to be t = s where 0 < € < 1, so that the within-cattle scale FMD

virus spread dynamics sub-model can be re-written in terms of the slow time-scale as follows:
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dF(t) _
e = UMV(D) - CF(1),
66"2 it) ) <I(t) - ’g) ,
dP(t) Iz
= (10 - %),
. (3.2.9)
dit) = p—EI(t) + pu(U)nC(1),
P2 (v, D)o,
Edfzit) = YCF(t) — paw(t)

From the within-cattle scale model system (3.2.9), ¢ is represents the fast time-scale of the within-cattle

scale submodel in comparison to the slow time-scale of the between-cattle scale FMD viral spread dynam-

ics sub-model. Since 0 < € < 1, we let ¢ = 0 so that the within-cattle scale FMD viral spread dynamics

sub-model becomes independent of time and we obtain the following result.
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where

p— &I+ ¢y (U)nC =0,
v (V,J)pa =0,
paw(V +J)—oC =0,

VE — pawd =0

- (RF
V =
eJo

0~
.

F
(Ro

U=0°

~n

_ K
£

veU?

J
P awRo

é [QZ’Awmo + 'VGUO] v

oRo

eUY

% pu—
°7 aw
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Ry represents the control reproduction number of the within-cattle scale. It is defined as the number of

secondary infections generated by an infected individual when introduced into a population where pro-

portions are protected (that

is, not a completely susceptible population). Therefore, the slow and fast

time-scale analysis results in the within-cattle scale submodel system (3.2.2) being condensed to algebraic

equations as illustrated in (3.2.10) which can be resolved to get some values as described by the expres-

sions in equation (3.2.11) which have an effect on the variables and parameters of the between-cattle scale

submodel as shown below:

ngt(t) = Ao — Ao(t)Sa(t) — ne So(t) + delo(t)
dlo(t .
Sl _ \o(0)Sclt) - (Ge(V. A) + de + pc") o) s
Wol) _ v(s)ato(t) - ac (V. AVel)
Therefore
N=V, dc=06c(V,A), ac=ac(V,A). (3.2.14)

Consequently, the full multi-scale model (3.2.8) of FMD virus transmission dynamics is simplified to

become
djgt(t) - Vfivgg()t) So(t) — (bc + de + po'®)Io(t) (3.2.15)
dVgt(t) = Nalo(t) — acVe(t)
where
_ g?]()f’ . ;Z:: (3.2.16)
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3.3 Mathematical Analysis of the Baseline multi-scale model of Foot-and-
Mouth disease dynamics
3.3.1 Positivity of solutions

Theorem 3.1. A non-negative solution (Sc(t), Ic(t), Vo (t)) exists for all t > 0

Proof. The positivity of the solutions of the model system (3.2.15) is proved using the integrating factor

technique. We consider the first equation in the multiscale model system

dSc(t) _ Ae BcVe(t)

R S _ Sc
dt Vo 1 Volt) Sc(t) — uc”?Sc(t) + delc(t) (3.3.1)

We re-write equation (3.3.1) as follows

dSc(t) BcVo(t) Sc
Sc(t) =A delc(t 332
i | e T o(t) = Ac +dclc(t) 3.32)
The integrating factor for equation (3.3.2) is
BoVo(s) Sc) g n| YotVe®)
Integrating factor (IF) = efo [V0+Vc( ytue® }ds = e<ﬁc+”0 )t FeVoln| v 3ve) (3.3.3)

(o8 =5V | BB o oo

We multiple equation (3.3.2) by the integrating factor e
(50420 Ye-seria{EE] dSe(®) | (seutd)e-scvomBHEG| [ BoVel | so) g
dt Vo + Vel(t)
Vo+Ve (t)
_ (ﬂc—wc )t BoVoln| 2 0+Vc(0) [AC’ +dCI(J(t)] (3.3.4)

From the product rule we obtain

S 0V () S, VotVe ()
% o (Bo+ue® ) i=evo | $2E (G| Selt) ] _ (Bt )i=ovom|RHEG JAc +dele(t)]  (3.3.5)

Dividing both sides by the integrating factor we get

S Vo4V (t) Vo+Vi ( )
Se(t) = o1 (Be+ne? ) t=pevom| 17 5 / (Botug)s—Be Vo ln| et e + doTe(s) ds > 0

(3.3.6)
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Similarly, positivity of the other two equations of multiscale model system (3.2.15) is proved using the

integrating factor technique. Consequently, Sc(t) > 0, Ic(t) > 0, Vo (t) > 0 for all time ¢ > 0. O

3.3.2 Boundedness of Solutions

Letting N¢(t) to represent the total number of cattle population and adding the first and second equation

of the multiscale model system (3.2.15), we get

dN,
— = Ac—ueNe(t) —delo() (3.3.1)
so that
dN,
th < Ac — peNe(t) (3.3.2)
This means that
. Ac
lim sup(N¢(t)) < — (3.3.3)
t—o0 [¥ %6

Since N¢(t) is the sum of the state variables for susceptible cattle and infected cattle then each of the

A

individual state variables is less or equal to —=C. Implementing the third equation of the model system
e}

(3.2.15) we get the following inequality

dVa(t A
c(®) < Na=C —aoVe (3.3.4)
dt pe

A
since I¢(t) < — Therefore, the solution of equation (3.3.4) can be obtained by using a suitable inte-
276

grating factor e*“? to get
NaA
Ve(t) € —=C 4 0yeoct (3.3.5)
acpc
This implies that
NaA
lim sup(Vo(t)) < —C (3.3.6)
=00 acpc
Letting
Q={(Sc;Ic;Ve) €R3 :0< S+ 1o < K1,0 < Vo < Ko} (3.3.7)

where the constants K7 and K5 are such that
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A
Kl = 707
pe
(3.3.8)
NaA
Ky = alc >0
ac e

Therefore, €2 is a positively invariant and attracting region, since all the solutions that start in €2 will
remain in € for all ¢ > 0. Consequently, we can conclude that the multiscale model system (3.2.15) is

mathematically and epidemiologically well-posed.

3.4 Determination of disease-free equilibrium and its stability

3.4.1 The disease-free equilibrium point

In this section we establish the disease-free equilibrium point of the multiscale model system by letting
the right-hand side of the multi-scale model system (3.2.15) to zero and assume I = Vo = 0. When
the equilibrium is disease-free, FMD virus does not exist and therefore no spread in the cattle population.

Thus, the multi-scale model system (3.2.15) has a disease-free equilibrium illustrated by

Ac
EY = (82,12, V0) = <,o,0) (3.4.1)
(S 1e, Vo) 105
We now consider the reproductive number, /Ry which is an important parameter in epidemic models.
3.4.2 The Disease-free equilibrium state and Its Stability

3.4.2.1 The model reproductive number

The multiscale model system (3.2.15) can be expressed as follows:

dX

— = f(X,Z

- = f(X,2),

a7z (3.4.1
— =h(X,Z

= h(X.2),

where
X =5¢
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Z = Ic,Ve)

The elements of X stand for the number of susceptibles as well as other groups of non-infectious individ-

uals. The elements of Z stand for infected individuals able to transmit the disease. Let us define §(X™, Z)

from [101] as follows:

[ BcVe(t)
Vo + Vel(t)

g(X*,7) =

Nalc(t) — acVe(t)

A matrix

Therefore

BcAc
VopcSe
Na 0

M

(0c +dc +pc') 0
0 ac

1
p-1 = | (6c +dc + pc'e) )
O R
ac

BcAc

0

MDD~ = VO,UJCSCCVC

N«
(bc + do + pc'lo)

0

Then Rg = p (MD™")

Hence, the basic reproduction number of the model system (3.2.15) is expressed as follows.

Sc(t) = (b¢ + de + pe'®)Ic(t)

R NaBcAc
Y T\ VoueSeac (6o + de + peSe)
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3.4.2.2 Local Stability of the disease-free equilibrium (DFE)

In relation to Theorem 2 of [103], R¢ < 1, the disease-free equilibrium is locally asymptotically stable
and there cannot be an outbreak. We ascertain the local stability of the disease-free-equilibrium, E° of the
multi-scale model system (3.2.15) by establishing the Jacobian matrix of the system at the disease-free

equilibrium.

(1) In the case when the community viral load is an extended state of host infectiousness the shedding
of FMDV virus (N «) into the blood is put into the D matrix instead of the M matrix, such that the

matrices M and D become:

BcAc
M, = VoueSe (3.4.9)
0 0
dc +do+ uc') 0
p, — |G +do+puc) (3.4.10)
—Na« ao

and the next generation matrix A, is given by

NaBcAe BoAc
Ao = M. D' = | VopcScac(dc + do + pcle)  VoucScac (3.4.11)
0 0

Consequently, RS = p(M.D_ ). Therefore, we have the following expression.

NaBcAc
o= = Roce-Roc 3.4.12
{ 0 VOMCSCQC((SC +dc + MCSC) 0Cc-40cC ( )

where Ryc. is the cattle-to-community partial reproductive number and Ry ¢ is the community-to-

cattle partial reproductive number.

(i1) In the case when the community is taken as a reservoir of the infective FMDV the shedding rate of
FMDV into the blood (N «) is put into the M matrix instead of the D matrix, such that the matrices
M and D become

BcAc
M, = VoucSe (3.4.13)
Na 0

dc+d fey o
p, — |0¢ +do+pc’®) (3.4.14)

0 ac
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and the next generation matrix A, is given by
0 BcAc
-1 VorcSeac
A, =MD, " = Na (3.4.15)
0

(6c + de + pc'lo)

Therefore, Ry, = p(M, D, ') which becomes

NafcA
{ o RS :\/ abohc = /Roce Roec: (3.4.16)

VoucSeac(0c + de + pele)

Wherefore, the multi-scale model system (3.2.15) has two reproductive numbers which are given by:

B NapcAc
~ VopcScac(dc + de + pe'te

RS ) = ROC’c-ROCC’

and (3.4.17)

N A
Rg = \/ QBC ¢ =V ROC’c-ROcC

VopcScac(dc + do + pelc)

The two partial basic reproductive numbers R§ and R, given by equation (3.4.17) are explained below:

(a) Suppose that a newly infected animal invades a FMD disease-free community. The individual is
still present and infectious and the expected amount of infectious reservoir contributed to the total
infectious reservoir of cattle in the community (CVL) by this infected individual animal during the

total period of infectiousness is approximately

Na
(6c + do + pc'lo)

Roce = (3.4.18)

In the equation (3.4.18) above the quantity depends on the average FMD viral load in the individual
animal’s body N which is passed into the blood at a rate « of an infected individual animal, where
it becomes infectious to other cattle that it comes into contact with during the individual animal’s
total infectiousness period. [V is a parameter which is explained in this study as the endemic value
of the within-cattle scale FMD viral load V which we have already obtained from the within-cattle
FMD dynamics sub-model (3.2.2) as

CRoF U
0 =
Paw

U0’

(3.4.19)
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Na

(6c + dc + pcle)
contribution of an infected individual to the CVL (the total infectious reservoir of cattle in the com-
1

From the equation (3.4.18) for Ryce, is elucidated as the rate illustrating the

munity) for the duration of the animal’s total infectiousness period. On the other hand, i
(0c +dc + pcle)
is the average lifespan of a FMD infected individual animal.

(b) Equivalently, we suppose that a single infectious dose of FMD virus invading FMD viral load-free
community with susceptible cattle at equilibrium. This infectious dose is still present and infectious
and the expected number of infected cattle coming from each infectious dose of FMD virus is

approximately

Rocc = —o— (3.4.20)

The partial reproductive number Rg.c in equation (3.4.20) above relies on susceptible cattle supply A, the

susceptible animal’s average lifespan 55 the susceptible cattle contact rate with the infectious reservoir

of cattle, ¢, the average time it takes tocsuppress the infectious reservoir of cattle in the community to be-
low detection levels ac and the susceptibility coefficient to FMDYV infection in the community éo where
Vb is the CVL that leads to 50% chance for the cattle getting infected. Consequently, we can conclude that
R is consisting of between-cattle scale FMD disease parameters and within-cattle scale FMD disease
parameters. Due to it’s straightforwardness we will use Ry = R as the basic reproductive number of the

multiscale model system (3.2.15).

Lemma 3.2. The matrix (M — D) has a real spectrum. Moreover, if p (MDil) < 1, all eigenvalues of
(M — D) are negative.

3.4.2.3 Local Stability of the Foot-and-Mouth Disease-free state

In this subsection, we establish the local stability of DFE for the multiscale model system (3.2.15) by

linearizing the three equations of model system (3.2.15) to get the following Jacobian matrix given as

d BoAc
—pc c -7
Bk 3.4.21
J(Eo) =1 0 —(bc+dc+ pule G4.2D)
(C C Mc) Vorc
0 Na —ago

We investigate stability of DFE by calculating the eigenvalues of the Jacobian matrix in (3.4.21) at the

DFE. The characteristic equation for eigenvalues is given by
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(—pe = A) [N+ mA+m] =0 (3.4.22)
where
m = dc +de + p + ac,
(3.4.23)
Ty = a¢ (50 +do + /Jéc> (1 — R%)
From equation (3.4.22) it can be seen that one of the eigenvalues is A = — . Considering the remaining
eigenvalues of the polynomial
POA) =X +mA+m=0 (3.4.24)

we apply the Routh-Hurwitz Criterion. We define the following matrices as the coefficients (7s ) of the

characteristic polynomial P(\) in equation (3.4.24)

m 1
Hy = (m), Hy = (3.4.25)
0 T2
Evaluating the determinant of H;, we get
det (Hy) = |m| = m1 = dc + de + plS +ac >0 (3.4.26)
The determinant of Hs is given by
m 9
det(Hs) = 0 = mTy = ¢¢ (1 - RO) > 0 whenever Rg < 1 (3.4.27)
T2

All the coefficients 7 and 7o of the polynomial P()\) in the equation (3.4.24) are greater than zero
whenever Ry < 1. In addition, all the determinants of matrices H; and Hy are positive if and only if
Ro < 1. Therefore, all the roots of the polynomial P()) are either negative or have negative real parts.

Consequently, the DFE point of the model system is locally asymptotically stable if Ry < 1. O

Theorem 3.3. The disease-free equilibrium point E° of the multi-scale model system (3.2.15) is locally

asymptotically stable whenever Ro < 1 and unstable otherwise.
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3.4.2.4 Global Stability of the Disease-Free Equilibrium

We establish the global stability of DFE of the model system (3.2.15) by using a next generation operator
[101]. We identify two conditions that warrant the global asymptotic stability of the disease-free state.

The model system (3.2.15) can be written as follows:

e
— =F(X,Z
dt ( Y )’
(3.428)
A
‘27 —G(X,Z), G(X,0)=0

where X = S¢ stands for all uninfected components and Z = (I¢, V) stands for all infected and

infectious components;

A
E® = (82, 12,VQ0) = <uo§0’0’0> (3.4.29)

denotes the disease-free equilibrium of the system. To warrant global asymptotic stability, the conditions
(H1) and (H2) below must be met [101]:

dX
(H1) For e F(X,0), X" is globally asymptotically stable (g.a.s);

(H2) G(X,Z) = AZ —G(X,Z),G(X,Z) > 0for (X,Z) € Q,

where the Jacobian A = 7 = DzG(X™,0) is an M-matrix (the off diagonal elements of A are

nonnegative) and {2 is the region where the model makes biological sense.

ax BcVe s
— =F(X,Z)=Ac — ———-S¢c — u>°S dol 3.4.30
o (X,Z) =Ac Vo v e Se + delc ( )
At the disease-free equilibrium Z = 0
F(X,0) = Ac — 2 So (3.4.31)

Since (2 is an invariant set for model system (3.2.15) and in view of Theorem 3.3, it is sufficient to show
that for all Fy € Q)

. _ . _ . _ 0
tli>nolo Vel(t) =0, tliglo Ic(t) =0 and tliglo Sc(t) = Sa (3.4.32)
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with ng as in (3.4.29). From the first equation of model system (3.2.15) it follows that

dsjt(t) < Ao — p2C So(t) (3.4.33)

It is easy to see that S((} is a global asymptotically stable equilibrium for the comparison equation

dy(t)

P — o - e y) (3.4.34)

Then, for any £ > 0, there exists ¢ > 0, such that for all ¢ > ¢, it holds

Sc(t) < Sg +¢ (3.4.35)
Hence
Jim sup Se(t) < S2 (3.4.36)

Now, from (3.4.36) and the second and third equations of the model system (3.2.15) we have that for ¢ > ¢

( dIc(t) < BcVe(t)
dt — Vo+ Ve(t)

(S& +¢) — (6c + dc + pc')Ie(t)

(3.4.37)
dVe(t
gt ® _ Naleo(t) — acVe(t)
Let us now consider the comparison system
(dwi(t)  Bewa(t) .o I
= — (6 d, c t
& T rup(p) 0TS 7 ot detpeinll)
dws (1) (3.4.38)
- = Nawi(t) —acws(t),  wi(f) = Io(), w(f) = Ve(D)
that we can re-write as
dw(t
125) = (F. — V.)w(t) (3.4.39)

where w(t) = (w1 (t), w2 (t))" and (F. — V.) is a matrix in (3.4.3) computed in Ey(c) = (S& + €,0,0).
Let us note thatif Rg = p (F Vﬁl) < 1, we can choose a sufficiently small € > 0 such that p (FEVEA) <
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1. Then by applying Lemma 3.2 to (F. — V) we obtain that it has a real spectrum and all its eigenvalues

are negative. It follows that 1tlim w(t) = 0, whatever the initial conditions are, from which
—00

lim Ic(t) =0, and lim Vo(t) =0 (3.4.40)

t—o00 t—o00

Now, for any € > 0, there exists ¢1 such that for any ¢ > t1, Io(t) < € and Vo (¢) < . So, for t > t; we

have

Sc(t) — 2 Sc(t) + edc (3.4.41)

(Ac +ede) (Vo +¢)

It is easy to see that 3
(Bee+ 1) (Vo +e)

is a global asymptotically stable equilibrium for the compar-

ison equation

M:AC— Beoe

dt Vo+¢

y(t) — p2Cy(t) + edc (3.4.42)

Thus, for any x > 0, there exists t3 > 0 such that for all ¢ > ¢

(AC + 8dc) (Vo + 5)

Sc(t) > < - (3.4.43)
(Bes+u) (Vo +2)
Then, for any € > 0, we have
A d
lim inf So(t) > e e SC) (Vo+e) (3.4.44)
e (»5’05 + MCC) (Vo +¢)
Letting ¢ — oo, we have tlim inf Sc(t) > S2 and combining this with (3.4.36) gives us
- _ 0
lim So(t) = 5¢ (3.4.45)

Therefore, E° = (Sg, 0, 0) is a global asymptotically stable equilibrium point satisfying condition H1.

‘We now establish that condition H2 is satisfied.

- BcVe I 7
L2 8o — (b0 + de + uctoT,
T (0c +dc + pc'c)Ic

dz
= oGX, 2
o~ X 2)

(3.4.46)
Nalg — acVe
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and G(X,0) =0
BcAc
—(6¢ + de + pc'e
A= DyG(Xy,0) = | 00T AT ) s (3.4.47)
Na —ago
BeAc
—(6¢c +dc + pc'e
Az — |TVetdetne®) gt | | e (3.4.48)
BoAc
—(b¢ +do + pc') I + Vi
_ | Betdet e + s Ve (3.4.49)
Nalo — acVe
R Ac Sc
) Cl(X, Z - 1%
Gx,z) = | A <Mgcvo Vb+Vc> peve (3.4.50)
GQ(X¢ Z) 0
So So So 59 Ao
F 3.4.36) we have S¢ < S2 but < == Theref < ZC <20
rom ( ) we have S¢ < 55 uV0+VC_V0 ereore%+vc_%_ A ,ugCVo

c o _Sc
Seyn T Vo + WV
we Vo o+Ve
the off diagonal elements of A are non-negative. Both conditions H1 and H2 are satisfied and hence E°

Since

, it follows that G‘(X ,Z > 0forall (X,2) € Ri and A is an M-matrix since

is globally asymptotically stable for Ry < 1.

Theorem 3.4. The fixed point

Ac
EY = (X*,0) = (,0,0), (3.4.51)
(%0 picSe

of multi-scale model system (3.2.15) is globally asymptotically stable equilibrium if Rg < 1 and condi-
tions HI and H2 are satisfied.

3.5 The endemic equilibrium and its stability

When the equilibrium is endemic then cattle population is infected by the FMD virus. The multi-scale

model system (3.2.15) has an endemic equilibrium point given by

B = (S5, 12, V) (3.5.1)

The three equations of the multi-scale model system (3.2.15) are set to zero on the left-hand side to give
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0=Ac — NaSE — pee St + do I,
0= \5S% — (5 +de + IC)I*
cro—\feTdeThic ) fo (3.5.2)
0= Nalf — acVa
where
Bc Ve
P 3.5.3
CT Yy vz ( )

Substituting (3.5.3) into (3.5.2) we get

( BCVC*’ * Sc ox *
0=Ac — 7 —i—V*SC _NCCSC +dcls

0= vfivéc* S = (G + do+ugf ) I (3.5.4)
0= Nalf — acVa
We can simplify (3.5.4) to obtain
[ _V/:%rc 1(/? ) St = Ac +dcl;
vfivéc* S = (3 +do+ s ) 16 (35.5)
o N

Substituting third equation of (3.5.5) into the first and second equation of (3.5.5) we get
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Nalt — 12¢ (V Nal?
!ﬁc alg — g (Voo + O‘C)]sE:Ac+doIE

VWac + Nal
(3.5.6)
BC’NOZIEE« T,
— =55 = (5 d C) I;
Voac + Nalz, ¢ — \beTdethe ) ic
From (3.5.6) we equate the first and second equation to S to obtain
( g _ (Ac +dcl}) (Voac + Nalf)
&=
BoNalg - i (Voac + Nalg)|
(3.5.7)
(50 +de + uéc) (Voao + Nal?)
S¢r =
¢ BoNa
Equating the first and second equation in (3.5.7) we get
I *
(Ac +dolg) (Vooo + Nalg) o _ (50 +do+ ucc) (Voac + Nalg) 558)
=S5 = S.
[BCNQI(*; — 128 (Voae + Nalg)} BeNa
Simplifying (3.5.8) we have
Ic
BoNalg — ué (Voac + Nalp)] peNa
Further simplification of (3.5.9) gives
AcBeNa — puZf Voac (50 +dc + MICC>
It = (3.5.10)

[501\7(1 (50 +do + uéc> +pScNa — dcﬁcNoz}

Substituting (3.5.10) into (3.5.5) gives
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ac (50 +dc + ,uéc> [Vooéc ((50 +dc + MICC) (ﬁc + ugc) - dcﬁc) + acuel (50 +dc + Méc) Vo (R — 1)}

BcNaac [(50 +dc + ,uéc) (ﬂc’ + Mgc) — dcﬁc}

ac,u‘gc (50 +dc + ,uéc) Vo ['R(Q) — 1]

Na [(50 +dc +MICC) Bc +,uf;c (50 +dc +,uéc) - dcﬁc]

lacnie (8o +de + ) Vo [RE —1]]

ac [((Sc +dc + uéc) Bc + Mgc (50 +dc + MICC) - dcﬁc]

Ve =

Furthermore, substituting the third equation of (3.5.11) into (3.5.3) gives

o (acnis (dc+ do+us ) Vo [RE ~1])

Voac {(50 +dc +Mé0) (ﬁc +u€p> — dcﬂc] + BcAcNa — Oécﬂgc (50 +de + Méc) Vi
(3.5.12)

Ao =

Proposition 3.5. The endemic equilibrium for the multiscale model system (3.2.15) given by equation
(3.5.11) exists if Rg > 1.

3.5.1 The Existence of the endemic equilibrium state
We now display some findings based on the existence of an endemic equilibrium or constant solution for

model system (3.2.15) by implementing the threshold parameter, Ry.

Theorem 3.6. The multiscale model (3.2.15) formulated in terms of proportions has at least one endemic

equilibrium solution given by

B = (S5, 12, V) (3.5.1)

with S¢, I, V¢ all non-negative, whose existence and properties are determined by the threshold param-

eter R given by

NaBcAc
Ro = 352
' \/VO,UCSCCYC((SC +dc + pc') (322

Proof. Suppose E* = (S¢, I, V) is a constant solution of the multi-scale model system (3.2.15). We

simply write S, 17+ in terms of V5 in the form
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Sa (V) = Ac(bc +do + i) (Vo + V)
BV + e (Vo + V)| O + do + u) + defoV
(3.5.3)
TVE) = S
[[BeVe + ude (Vo + V)| G + do + u) + de eV

Substituting the expression in (3.5.3) in the equation for Vi in the multiscale model (3.2.15) which is

given by
d
L (3.5.4)
at the endemic equilibrium we get:
Vo [VeA+ Bl =0 (3.5.5)

where

A= |acBe(bc +de+ ps) + acps (6¢ + de + i) + Oécdcﬁc}
and

B = acpef (5¢ +de + ui§ Vo — NafcAc

We note that V& = 0 matches the disease-free equilibrium. Consequently, from equation (3.5.5) we get:

Vouel (6c + do + pl) [RE —1]

Vg = - . (3.5.6)
(6 + do + ) [Bo + 1| +doe]
where
NaBcAc
Ro = 3.5.7
' \/%M050a0(5c +dc + pc') 327

Therefore, we can establish by deduction from equations (3.5.5) and (3.5.6) that only a single positive

endemic equilibrium point exists for Ry > 1. O

Furthermore, inasmuch as Ry > 1 is a component of both the within-cattle scale and the between-cattle
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scale parameters, the expressions from equations (3.5.3), (3.5.4) and (3.5.6) substantiate the unidirectional

coupling structure of the multiscale model system (3.2.15) where the within-cattle scale submodel impact

the between-cattle submodel and not vice versa.

3.5.2 Local stability of the Endemic Equilibrium

In this section we find the local asymptotic stability of the endemic steady state of the multiscale model

system (3.2.15) through the implementation of the center manifold theory detailed in [101]. Therefore,

by applying the theory we change variables of the multiscale model system (3.2.15). We now set S¢ =

x1,Ic = x9 and Vo = x3. We also apply the vector notation x = (z1, =2, SUg)T so that the multiscale

model system (3.2.15) can be expressed as follows:

where

dx

o = f(x,5)

f= (flaf27f3)

Therefore, the model system (3.2.15) can be rewritten as

where

_ (RF U0

eU0 ’ Ro = PAw

dxy Bcxs s

— =Ac — — u2e d

dt A
dxa Boxs ( s

2 _ —(6c+d C)

Qi Votagt \lotdetic )T
d

—;t?’ = Naxs — acrs

(3.5.1)

(3.5.2)

(3.5.3)

The approach encompasses calculating the Jacobian matrix of the multiscale system (3.5.3) at the disease-

free equilibrium Ej signified by J(Ep). The matrix corresponding to the multiscale system (3.5.3) estab-

lished at disease-free equilibrium can be expressed as:
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[ se B*Ac T
C B
JEY=| o _ S¢ + do + pke ¢ (3.5.4)
"
< c > Mgcvo
i 0 Na —ac |

By making use of an approach similar to the one in section (3.4.2.1), we can obtain the basic reproductive

number of the multiscale system (3.5.3) given by

B NafBcAc
~ VopcScac(de + do + pclo)

Ro (3.5.9)

Setting S = 8™ as the bifurcation parameter and also, letting Rg = 1 and determining 5* in (3.5.3), this

gives

~ Vougfac(dc + de + pc'©)
N NaAc

B (3.5.6)

We can highlight that the linearized system of the transformed equations (3.5.3) with bifurcation point 5*
has a simple zero eigenvalue. Consequently, the center manifold theory [101] can be utilized to examine

the dynamics of the multiscale system (3.5.3) close to B¢ = 3*.

Theorem 3.7. Consider the following general system of ordinary differential equations with parameter

¢:

dx

== f(z, ¢) (3.5.7)

f:R"xR—R. f:C*(R*xR).

where 0 is an equilibrium of the system, that is, f(0,¢) = 0 for all ¢, and assume that

(A1) A= D,f(0,0) = ((0fi/0x;)(0,0)) is a linearization matrix of the model system (3.5.3) around
the equilibrium 0 with ¢ evaluated at 0. Zero is a simple eigenvalue of A, and other eigenvalues

have negative real parts.

(A2) matrix A has a right eigenvector u and a left eigenvector v corresponding to the zero eigenvalues.

Let f1, be the kth component of f and
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(3.5.8)

The local dynamics of model system (3.5.3) around 0 are totally governed by a and b and are summarized

as follows.

(i) a > 0and b > 0. When ¢ < 0 with |p| < 1, 0 is locally asymptotically stable, and there exists
a positive unstable equilibrium: when 0 < ¢ < 1, 0 is unstable and there exists a negative and

locally asymptotically stable equilibrium.

(ii) a < 0and b < 0. When ¢ < 0 with |p| < 1, 0 is unstable, when 0 < ¢ < 1, 0 is asymptotically

stable, and there exists a positive unstable equilibrium.

(iii) a > 0andb < 0. When ¢ < 0 with |¢| < 1, 0 is unstable, and there exists a locally asymptotically
stable negative equilibrium; when 0 < ¢ < 1, 0 is stable and a positive unstable equilibrium

appears.

(iv) a < 0 and b > 0. When ¢ changes from negative to positive, 0 changes its stability from stable to
unstable. Correspondingly a negative unstable equilibrium becomes positive and locally asymptot-

ically stable.

To implement Theorem 3.7, the following calculations are neccessary (note that 8 is the bifurcation pa-

rameter instead of ¢ in Theorem 3.7).

When Ry = 1, we can demonstrate that the Jacobian matrix of the multiscale system (3.5.4) at 8* (denoted

by J+) has a right eigenvector corresponding to the zero eigenvalue expressed below:

- % . 0
S d Y
1278, C H*%f‘/o uy 0
0 - (60 +do + MICC> 550 c ug| = |0 (3.5.9)
1278, Vo u3 0
i 0 Na —ac | 0
with
u = (up,ug, u3)’ (3.5.10)
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where

B*Ac (50 + MICC)
U= T2 I
e Vo (50 +do + ucc)
(3.5.11)
U9 = 1
uz = 1

Furthermore, the left eigenvector of the jacobian matrix in (3.5.4) corresponding to the zero eigenvalue at

[B* and satisfying the condition v.u=1 is written as:

[ s B*Ac T
_MCC’ dC’ _ SCV
o 2 v e’ =y o
v v vl 0 — (b +de+ ps C =000 (3.5.12)
( ) Hes Vo
i 0 Na —ac |
with
v = (v1,v2,v3)T (3.5.13)
where
v = 07
. NaB*Ac
2 = 3
[N af*Ac + 2l Vo(de + de + u’cc)} (3.5.14)
SV (5 + d Io
vy — piet Vo(de +de + pe)
[Naﬁ*/\c + U2 Vo(do + de + M]cc)}

The condition v.u=1 can be verified as follows:
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V.U ZWP V9. U + V3.U3

_ Nap*Ac (1) + HEVo(6c + de + pis)
[Naﬂ*Ac + uf Vo (S + do + MICC)}

(1)
[NaB*Ac + 1 Vo(be +de + )| | (3.5.15)

Naf*Ac + g Volbe + do + s )|

Nap*Ac + 12 Vo(dc + do + ﬂécﬂ

We now calculate the parameters of bifurcation a and b, by determining the value of the nonzero second-
order mixed derivatives of F in regard to the variables and 5* to get the signs of a and b. The sign of a

corresponds to, the non-vanishing partial derivatives of F:

,

& fi _ O f1 _ B
6x38x1 6$13$3 L@

fr _ OPfr _ B
8%38$1 a$1a$3 Vﬁ

(3.5.16)
P _ 25

2 7 ys2,.5c
8x3 OHC

P h  28°Ac

Similarly, the sign of b corresponds to the non-vanishing partial derivatives of F:

% fr _ Ac¢
drs0F | uSeV,

(3.5.17)
9% fa Ac

axgaﬁ* N Mgc‘/o

Substituting expression (3.5.11), (3.5.14) and (3.5.16) into (3.5.8), we get
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202 f1 20 f2

a = U1U3Tx§ + U2V3 ax§
* I 2
. B*Ac ((50"’#@0) ﬂgCV0(5C+dC+MéC) (25*/\0)
B 5
1592, (50 +do+ ué?) [Naﬁ*Ac + uEeVo (b + de + ;HCC)] VEpes
s 2
n u2C Vo(de + de + ) <_ 25*A0>
5
[Naﬂ*Ac + ugc Vo(bc + de + i€ )} Vo e

2 * I S 2 I
E_— chvo(5c+dc+l/cc) (25*AC) e (5C+MCC) +pc %(6C+dc+'ucc) <0
S 2
[Naﬁ*Ac + 12V (b + de + ple )} Pue” 129V, (50 tdo+ ,/Cc)

(3.5.18)

Vo ke

On the other hand, when we substitute expression (3.5.11), (3.5.14) and (3.5.17) into (3.5.8), we get

(, _ O f d*fa
b=wvs g o5 T U a5

. I
[ B*Ac (5c + ,ucc) pcho((Sc +dc + Méc) (_ Ac )
eV, (60 +de +MIcC) [NQB*AC + e Vo(de + do +“ICC)] He Vo

N 1l Vo(de + de + i) ( Ac )
[Nocﬂ*Ac + ,u,gc Vo(éc + de + ,uéc )] /ngCVO

(3.5.19)

_ el Vo(de + de + pis) ( Ac )
[Na@*/\c + 1 Vo (de + de + plse )} e Vo

B*Ac (5c+uéc) +ugC2V0 (5c+dc+ulcc) 0
;@CQVO (50 +dc + MICC) g

Consequently, a < 0 and b > 0. Implementing Theorem 3.7, item (iv), enables us to establish the follow-

ing result which is only valid for Ry > 1 but near 1.

Theorem 3.8. The endemic equilibrium of the multi-scale model system (3.5.3) guaranteed by Theorem

3.6 is locally asymptotically stable for Ry > 1 near 1.

3.5.2.1 Bifurcation Analysis

In the Figure 3.2, we obtain a FMD infection-free steady state globally stable when Ry < 1 and unstable
when Rg > 1. Furthermore, it is also clear that a unique stable endemic equilibrium arises from the
bifurcation point Rg = 1 and increases as R increases, hence it shows that the FMD infection-free

steady state exists for all Ry, while an endemic infection only exists for Ry > 1. Figure 3.2 gives
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forward bifucation and this is consistent with the result from section (3.5.2). This phenomenon involves a

transcritical bifurcation and so we can conclude that the endemic infection only persist for Rg > 1.

Foward bifurcation plot

1000 A

800 -

600 -

stable EEP

400 A

200 A

stable DFE unstable DFE

0.00 0.25 050 075 1.00 1.25 1.50 175 2.00
Ro

Figure 3.2: Bifurcation analysis for the FMD endemic model. Stable FMD infection-free state for Ro < 1; unstable

FMD infection-free state and stable endemic steady state for Ro > 1.

3.5.3 Global stability of the Endemic Equilibrium

In order to establish that the endemic equilibrium E™* of the multiscale model (3.2.15) is globally asymp-

totically stable, we state the following theorem.

Theorem 3.9. The Endemic Equilibrium E* of the multiscale model system (3.2.15) is globally asymp-
totically stable whenever Rg > 1.

Proof. Suppose we consider a Volterra-type Lyapunov function given by

ﬁl - ‘C(SC7107VC)7
= K1[Sc —SEIn(Sc)] + ke [Ic — I& In(Ig)] + k3 [Vo — VEIn(Ve)] (3.5.1)

Derivating £1 gives us
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. dSc S, dlc
ﬁl/ﬂdt[ SC:|+ 2dt[

I*
1— ¢
+kK2 [ i

Vv
1--C
+/€3 |: VC

[NOJC — aCVC]

Since E* is an equilibrium point, the following relations hold

Ao = XSG + #E St — oI, (60 +d + s )

_ Nalf,
-

ac

By implementing the relations in (3.5.3), £1 becomes

; S¥
_ 11— =¢
£1 K1 |: SC

[ &SE — wel SE — delt —

S*
[1 — SC:| [AC AoSc — ,uc °Sc+ dc]c}

I dV VA
ot
Io

|\

dt Vo

[)\Csc — (50 +dc + Méc) Ic]

_ AcSc
I&

AeSc — gl Sc + delc
I* AGSE
1—-=C A Ll
+ro [ Ic] cSc — I
VA N Nal?
1—- | |Nals - Vi
+H3[ V0:| [ alc vz c
G o= e [Sc — SE]2 MNSE st aRars Ve
1 = Se C C Se R2AC CIC K3 OécVC
“ V* * *
—I€3NO(IC*C—|—

. AG
Ve |:I€3N04 — Ko

We choose the value of k1, k2 and k3 such that

I* } Io + [k1 + R2) \GSE
d
+ [ 9 — /11] AoSc + mAgSE + ligNOzIé« + k10

[Sc =S¢l e — Ic]
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K1 = Rg =
(3.5.6)
- ALSE
ksNa — Ko C*C =0
IC
this gives
A* *
K3 = Aedo (3.5.7)
Nal,

We substitute the values of k1, k2 and k3 into equation (3.5.5)

Sc * Q*2 *
: Ho 12 _ AeSc 16 o Vo
= ——= — — - A = —A —
,Cl SC [SC ch] SC CSCIC CSC VC*,
~NGSETEE +3MESE — oo [So — SEl lIE — Ic]
Vel Sc
SC * *
_ _'U’L _oQx2 * Q% _ SfC _ E _ VCIC
= 5o [Sc — SE)” + A\oSE [3 Sc TV VeI
St I d
+AcSe |28 = C| = 2= [Se — Sel 1 — Ic] (3.5.8)
Sc  Ic] Sc
. Se 15 S& I7,
From equation (3.5.8), we can see that 3. < 0 because 3 < 1 and 1. > 1. Therefore, by
e} C oC c

implementing the arithmetic-geometric mean equality, we obtain £ < 0, which implies that L1 is clearly
a Lyapunov function of the multiscale model system (3.2.15). Hence, we can conclude from the LaSalle’s

Invariance Principle that E* is globally asymptotically stable. O

3.5.4 The Stochastic Differential Equations for the FMDYV transmission dynamics

Suppose (€2; F; P) be a complete probability space with filtration {]:t}tzo satisfying the usual conditions
(i.e. it is increasing and continuous while { o}, contains all P-null sets ). Letting W () be the one
dimensional Wiener process or Brownian motion defined on this probability space. We also suppose a A b

describe min(a, b) and a V b describe max(a, b).

Theorem 3.10. (1t0’s formula ): Suppose that X; has Stochastic Differential Equation:

dX; = f(Xp, t)dt + g( Xy, t)dW, (3.5.1)
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oF OF
ot 90Xy
exist and are a continuous set F = F(Xy,t), then F has the stochastic differential

for f,g € CY*(J x R x R), assume that F : J x R — R is continous and has

OF OF 10%F
dF = ——dt + —dX; + = 2dt
at 't ax, MM T agxzd
OF OF 10%F OF
dF (Xp,t) = |=— + —F + = 2 dt + ——qgdW,
XD =5 Tax, S Faax? |4 ox, 9

The equation (3.5.3) is called It6’s formula or Ito’s chain rule.

The FMD transmission Stochastic model is given by:

d5c(t) Vo + Vel

BcVe(t)

dlc(t) = (WSC@) — (6c +dc + MCIC)Ic(t)> dt + Ic(t)ordWi

dVe(t) = (Nalo(t) — acVe(t)) dt + Ve(t)oy dWy

Sc(0) = So, Ic(0) = I, Ve (0) = Vo
where

B (R F B eU"
U0’ 0 D Aw

Considering the second expression of model system (3.5.4)

Ao (t) = < BeVe(t)

T Se(t) — (8¢ +d NI (t) ) dt + Ic(t)ordW.
PV So(t) - (o + do+ o) o)) d + Te(ora

and

dVe(t) = (Nalo(t) — acVe(t)) dt + Ve(t)oy dWy

We can write equation (3.5.6) as follows

BoNalc(t)
ac(Vo + Ve(t))

dlco(t) = < Sc(t) — (0c +do + MCIC)Ic(t)) dt + Ic(t)ordWy

© University of Venda
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factoring out I(t) on the right hand side

BeNa
ac(Vo + Ve(t))

dIc(t) = Ic(t) < Sc(t) — (6c +dc + MCIC)) dt + ordWry (3.5.9

this can be simplified to

dfc(t) _ ( BoNa

= Se(t) — (60 +d foy ) at dW 3.5.10
To () ac (Vo £ VelD) c(t) — (6c +de + pc )) + o dWy ( )

Therefore, the solution of equation (3.5.10) should have the term In I¢(¢) and so we set F'(I(t),t) =
In I~(t) and applying It6’s formula (3.5.3) we obtain

dF(Io(t),t)

~ [ (i 50— 6o+ de + ™) ) 1ot) (s ) = 5ot1e®? (g )| a

+orlc(t) ( > dWi

1
Ic(t)
We can now write

_ BeNa I _1 2
dlnIo(t) = |:(040(V0 n Vc(t))SC(t) — (¢ +de + pe )> 2UI:| dt + ordWry (3.5.11)

When we integrate both sides we get

BcNa
ac(Vo + V(b))

ine(o) = e(0) = | Se(t) - (e +do + ) ) - 3ot

2

Evidently, the solution of the equation (3.5.10) is

Io(t) = Ioexp{ {(ac(‘/ic—i]—vgc(t)) Sc(t) — (0c +do + ,uclc)) — ;0’%:| t+ a[Wt} (3.5.12)

Consequently,

RStoc — NQBCAC _ O-%
0 VorcScac (b + de + pcle)  2(6c + de + pe'e)

(3.5.13)
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The Reproductive number of the stochastic differential multi-scale model (3.5.4) is given by

2

RStoc — Ry — 91 35.14
0 07 2060 + de + pclo) ( )
where
NaBeA
Ro = afche (3.5.15)

VoucScac (0o + de + pc'c)
3.5.5 Existence of Unique Positive Solution

Prior to exploring the dynamics of the SDE multi-scale model for FMDYV transmission (3.5.4), it is essen-
tial to prove that the multi-scale SDE model only has a unique global solution and also that the solution
will stay in (0, N¢) whenever it starts from there. The general existence-and-uniqueness theorem on SDEs
(see example [107—109]) currently does not relate to this particular stochastic differential equation. There-

fore, it is important to set up a novel theory.

Theorem 3.11. For any given initial value 1-(0) = Iy € (0, N¢), the SDE (3.5.4) has a unique global
positive solution I(t) € (0, N¢) for all t > 0 with probability one, namely

P{Ic(t) € (0, N¢)forallt > 0} = 1. 3.5.1)

Proof. Pertaining to the expression (3.5.4) as a stochastic differential equation on R, we can observe that
its coefficients are locally Lipschitz continuous. It has been established (see example [107-109]) that for
any given initial value Sy € (0, N¢) there exists a unique maximal local solution I¢(t) on ¢t € [0, 7e),
where 7, is the explosion time. We set kg > 0 to be sufficiently large for 1/ky < Iy < N¢ — (1/ko). For
each integer k > kg, define the stopping time

e =inf{t € [0,7): Ic ¢ (1/k, No — (1/k))} (3.5.2)

where for the duration of this chapter we let inf () = oo, i.e. () is the empty set. Evidently, 7 is increasing
as k — 0o. Set 75, = hm , consequently 7, < 7. a.s. If we can establish that 7., = oo a.s., then 7. = 0o
a.s. and Io(t) € (0, Nc) a.s. for all ¢ > 0. To put it another way, in order to finish the proof we establish
that 7., = oo a.s. If this statement is false, then there exists a pair of constants 7" > 0 and ¢ € (0, 1) such

that

P{re < T} >e. (3.5.3)

© University of Venda



s

University of Venda
Creating Future Leaders

Chapter 3 93

Therefore there is an integer k1 > kg such that

P{reo < T} >cforallk > k. (3.5.4)

Let us define a function V' : (0, N¢) € Ry by

1 1
Viz)=— 3.55
(2) . + Ne—= ( )
Using the It6’s formula (3.5.3) we have, forall ¢ € [0, 7] and k > ky,
t/\Tk
E(Ic (t A7) = IE/ LV (I(s)dy), (3.5.6)
0
where LV : (0, N¢') — Ry is defined by
1 1
Viz)=— 3.5.7
By making use of the It6’s formula we have, for any ¢ € [0.7] and k > ki,
t/\Tk
EV (Ic(t A ) = V(Io) + E/ LV (Ic(s))ds, (3.5.8)
0

where LV : (0, N¢) — R is defined by

1 1 BeNa I , (1 1
LV (x) = —— Ne —x) — (6 d ¢ —+ —
(@) :C( 2z (ch)2> acVy (No —x) = (e +de+ug) | +or B (N¢ — z)3
(3.5.9)
It can be surely established that
(Oc +do +ple)  BeNa Ne , (1 1
) - <GV 3.5.10
x +acVO Nc—a:+0 x+NC—x - (z) ( )
where
G=dc+d oy N, :
c +ac + pg acVo c+oj

Substituting equation (3.5.9) into equation (3.5.8), we obtain

EV(Io(t A ) < V(1) +E/O " GV Te(s)ds < V(Io) + G/O EV(Io(s Am))ds.  (35.11)
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The Gronwall inequality yields that

EV (Ic(T A1) < V(I)eCT (3.5.12)

Setting Qi = {7 < T} for k > ky and, according to (3.5.3), P(€2x) > e. Note that for each w €

Qg, Io(Tk,w) equal either to 1/k or No — (1/k), therefore V (I¢ (7, w)) > k. Hence, it follows from
(3.5.12) that V (Ip)e“T > E[lq, (w)V (Ic(h,w))] > kP(Q) > k. As k — oo we have the contradic-

tion

0o > V(Ip)efT = o (3.5.13)

Consequently, we must have 7., = o0 a.s., hence completing the proof. O

3.6 Numerical analysis

This section presents computer simulations for the multiscale model system (3.2.15)’s behaviour using

Python program version 3.6 on the Windows 10 operation system.

Table 3.3: Description of between-host and within-host model parameters.

Symbol | Description Value Source
Ac Birth rate of susceptible cattle 0.3 day71 [110]
Bc Rate of infection of susceptible cattle 0.05 day " [111]
,ugc Natural mortality rate of susceptible cattle 0.05 year -1 [112]
uICC Natural mortality rate of infected cattle 0.05 year -1 [112]

o Excretion of infectious virions from cells and tissues of cattle into the blood plasma | 0.02 day Estimate
dc Per ca-pita rate of loss of immunity 0.001 day_1 [113]
ac Community elimination of total infectious reservoir 0.03 day71 Estimate
dc Mortality rate of animals due to FMD. 0.055 day " [114]

N Number of FMD virus available for excretion 1000 day_1 Assumed
Vo Half saturation constant 2x10%virions dayf1 Estimate

The numerical simulations of the multiscale model system (3.2.15) were carried out to explain some of
the mathematical results that we obtained. We used the estimated parameter values presented in Table
3.3 for sensitivity and numerical analysis. A certain amount of the parameter values implemented in the
simulations are results from publications and the others are estimates. The following are initial conditions

A
implemented for these simulations: S¢(0) = TC;, I(0) = 0,Ve(0) = 0.
He
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3.6.1 Sensitivity Analysis

This section presents the sensitivity analysis for the FMDV transmission indicators obtained from the
multiscale model to the model parameters. The transmission indicator we consider is the basic reproduc-
tive number, R that generally describes the dynamics for a disease at the beginning of an infection and
the endemic value of the community viral load V5. For any particular epidemic model that illustrates
the disease dynamics within a particular population, a sensitivity analysis study is important to perform
since it enables us to establish model parameters which can be marked for control, elimination as well
as eradication of disease. Therefore, the analysis of sensitivity of the FMDV metric R and the endemic
value of the community viral load V%, in relation to the variation of FMD multiscale model parameters is
carried out by implementing Latin Hypercube Sampling (LHS) and Partial Rank Correlation Coefficients
(PRCCs). In order to explore the influence of each model parameter on the basic reproduction number,
R and the endemic value of the community viral load V%, we perfomed 1000 simulations per run. The
results of sensitivity of Ry and V% to the model parameters are presented by the Tornado plots, Figure 3.3
and Figure 3.4 respectively. From the sensitivity analysis results of Ry and V% to the multiscale model

system (3.2.15)’s parameters in Figure 3.3 and Figure 3.4, the following deductions are listed below:

05 04 -03 -02 -01 0 0.1 0.2 0.3 0.4 0.5
Figure 3.3: Tornado plot of partial rank correlation coefficients (PRCCs) of the model parameters that

impact the FMD spread indicator R

(a) The multiscale model system (3.2.15)’s parameters have both positive PRCCs and negative PRCCs.
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Figure 3.4: Tornado plot of partial rank correlation coefficients (PRCCs) of the model parameters that

(b)

influence the FMD transmission metric V5

This implies that parameters with positive PRCCs will increase the value of Ry as they are in-
creased, where as parameters with negative PRCCs will decrease the value for Rg as they are in-
creased. For example, an increase in a parameter like rate of infection of susceptible cattle, 5o will
consequently increase the value of R, and also increasing a parameter like the natural mortality

rate of susceptible cattle, ugc leads to a decrease in the value of Ry.

The FMD transmission metrics R and V% are extremely sensitive to five of the disease parameters
of the multiscale model system (3.2.15), (8¢, ,u,gc, Vo, ac, A¢) characterizes transmission of FMD
at the beginning of the epidemic. Listed below are deductions based on the sensitivity of Ry to the

FMD multiscale model system (3.2.15)’s parameters.

(1) Since Ry is significantly sensitive to (8¢, ,ufjc, Vo, ac, A¢), this implies that caution must
be applied on the accuracy of these five FMD multiscale model system (3.2.15)’s parameters
during the collection of data if the effectiveness and usefulness of the FMD multiscale model

system (3.2.15) is to be intensified.

(i) In view of the fact that R is responsive to the rate of infection of susceptible cattle, 3¢ and
birth rate of susceptibles, A¢ this implies that FMD interventions such as vaccination would

be more effective in preventing the spread of FMD infection at the beginning of the outbreak.

(iii) Since Ry is significantly sensitive to the community elimination of total infectious reservoir,

ac, the Half saturation constant, Vj and the natural mortality rate of susceptible cattle, ugc

© University of Venda
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this implies that FMD interventions such as vaccination and quarantine would be more effec-

tive to manage the spread of FMD infection at the beginning of the outbreak.

3.6.2 Numerical simulations of the multiscale model of FMD transmission dynamics

This section enables us to implement numerical simulations to substantiate some outcomes obtained from
the sensitivity analysis for /Ry and analytical results of the multiscale model. Applying the multiscale
model parameter values obtained from Table 3.3 we conducted numerical simulations. We demonstrated
the impact of five FMD disease transmission parameters (8¢, ,ugc, Vo, ac, A¢c) on the multiscale model
variables Sc(t), Ic(t), Vo (t). These parameters were only selected because they are significantly sensi-

tive to R and V.

3.6.2.1 The influence of initial inoculum on the between-host scale of FMD infection dynamics

We investigate by implementing numerical simulations of the nested multiscale model system (3.2.15) the
influence of initial inoculum on the between-cattle scale variables for FMD infection dynamics. We can
establish this by varying the initial condition of the infective inoculum V'(0) that susceptible cattle can
get through interaction with FMD virus in contaminated environment for different values and determine
its effect on the dynamics of all the three between-cattle variables: S¢, I and V. The following are
the results of the influence of initial inoculum on the between-cattle scale variables for the FMD infection

dynamics:

(a) Figure 3.5 demonstrates the impact of varying V'(0) for different values of the initial value of the
within-cattle FMD viral load V' (0): V(0) = 10, V(0) = 1000 and V(0) = 10000 on the between-
cattle variables (S¢, I, Vo).

(b) Figure 3.6 demonstrates the impact of varying V'(0) for different values of the initial value of the
within-cattle FMD viral load V'(0): V(0) = 1000, V(0) = 100000 and V' (0) = 1000000 on the
between-cattle variables (S¢, I, Vo).

(c) Figure 3.7 demonstrates the impact of varying V' (0) for different values of the initial value of the
within-cattle FMD viral load V'(0): V(0) = 100000, V' (0) = 10000000 and V' (0) = 100000000

on the between-cattle variables (S¢, I, Vo).
We can observe from the numerical results of all the three Figure 3.5, Figure 3.6 and Figure 3.7 that there is

a similar trend in which as the initial inoculum V'(0) increases beyond the minimum infectious dose, there

is a remarkable but minimal changes in the dynamics of the between-cattle scale variables S¢, I, V.
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Figure 3.5: Graphs of numerical solutions of the multiscale model system (3.2.15) showing propagation

of (a) susceptible cattle population (S¢), (b) infected cattle population (Ic) and (c) between-cattle com-

munity viral load (V) for different values of the initial value of the within-cattle FMD viral load V (0):
V(0) =10,V (0) = 1000 and V' (0) = 10000

Figure 3.5 demonstrates graphs of numerical solutions of the multiscale model system (3.2.15) showing
dynamics of (a) susceptible cattle population (S¢), (b) infected cattle population (/) and (c) between-
cattle community viral load (V) for different values of the initial value of the within-cattle FMD viral
load V(0): V(0) = 10,V (0) = 1000 and V' (0) = 10000. Results in Figure 3.5 indicate that an increase
in the initial inoculum from V(0) = 10, V(0) = 1000 and V' (0) = 10000 makes a small difference in the
transmission dynamics at the between-cattle scale as the between-cattle scale variables S¢, I, Vo change

slightly as the initial inoculum changes.
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Figure 3.6: Graphs of numerical solutions of the multiscale model system (3.2.15) showing propagation

of (a) susceptible cattle population (S¢), (b) infected cattle population (Ic) and (c) between-cattle com-

munity viral load (V) for different values of the initial value of the within-cattle FMD viral load V (0):
V(0) = 1000, V' (0) = 100000 and V(0) = 1000000

Figure 3.6 shows graphs of numerical solutions of the multiscale model system (3.2.15) showing dynamics
of (a) susceptible cattle population (S¢), (b) infected cattle population (/) and (c) between-cattle com-
munity viral load (V) for different values of the initial value of the within-cattle FMD viral load V' (0):
V(0) = 1000, V(0) = 100000 and V' (0) = 1000000. Results in Figure 3.6 indicate that an increase in the
initial inoculum from V'(0) = 1000, V'(0) = 100000 and V' (0) = 1000000 makes a significant difference
in the transmission dynamics at the between-cattle scale as the between-cattle scale variables S¢, I, Vo

change significantly as the initial inoculum changes.
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Figure 3.7: Graphs of numerical solutions of the multiscale model system (3.2.15) showing propagation
of (a) susceptible cattle population (S¢), (b) infected cattle population (Ic) and (c) between-cattle com-
munity viral load (V) for different values of the initial value of the within-cattle FMD viral load V (0):

V(0) = 100000, V(0) = 10000000 and V (0) = 100000000

Figure 3.7 shows graphs of numerical solutions of the multiscale model system (3.2.15) showing dynam-

ics of (a) susceptible cattle population (S¢), (b) infected cattle population (/) and (c) between-cattle

community viral load (V) for different values of the initial value of the within-cattle FMD viral load
V(0): V(0) = 100000, V(0) = 10000000 and V' (0) = 100000000. Results in Figure 3.7 indicate that an
increase in the initial inoculum from V' (0) = 100000, V' (0) = 10000000 and V' (0) = 100000000 makes a

significant difference in the transmission dynamics at the between-cattle scale as the between-cattle scale

variables S¢, I, Vo change significantly as the initial inoculum changes.
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3.6.3 Influence of the between-host parameters on the FMD model
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Figure 3.8: Graphs of numerical results of the model system (3.2.15) demonstrating the advancement with time of
(a) Susceptible cattle population, Sc, (b) Infected cattle population, I, (¢) Community viral load, Vo for variant
values of the birth rate of susceptible cattle, Ac : Ac = 20, Ac = 2000 and Az = 200000

Figure 3.8 demonstrates the impact of variation of the birth rate of susceptible cattle, A¢ : Ac = 20, Ac =
2000 and A¢c = 200000 on the between-host scale variables (S¢, I¢, V). The outcomes demonstrate
that an increase in A¢ is related to an increment in the susceptible cattle population and infected cattle

population.
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Figure 3.9: Graphs of numerical results of the model system (3.2.15) demonstrating the advancement with time of
(a) Susceptible cattle population, Sc, (b) Infected cattle population, I¢, (¢) Community viral load, Vi for variant

values of the natural mortality rate of susceptible cattle, ch : ,ugc = 0.000005, ch = 0.005 and ,ugc =0.05

Time in days

Figure 3.9 demonstrates the impact of variation of the natural mortality rate of susceptible cattle, ugc :

pe€ = 0.000005, u2¢ = 0.005 and g

Se _
o =

0.05 on the between-host scale variables (S¢, Ic, Vo). The

outcomes demonstrate that an increase in u(sjc is related to a reduction in the susceptible cattle population

and infected cattle population. There is no change in the community viral load.
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Figure 3.10: Graphs of numerical results of the model system (3.2.15) demonstrating the advancement with time
of (a) Susceptible cattle population, Sc, (b) Infected cattle population, I, (¢) Community viral load, V¢ for variant

values of the half saturation constant, Vg : Vo = 2, Vo = 2000 and V, = 200000

Figure 3.10 demonstrates the impact of variation of the half saturation constant, Vj : Vp = 2, Vi = 2000
and V) = 200000 on the between-host scale variables (S¢, Ic, Vo). The outcomes demonstrate that
increments in Vj result in an increase in the susceptible cattle population and reduction in the infected

cattle population. There is no change in the community viral load.
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Figure 3.11: Graphs of numerical results of the model system (3.2.15) demonstrating the advancement with time
of (a) Susceptible cattle population, Sc, (b) Infected cattle population, I, (¢) Community viral load, V¢ for variant

values of the community elimination of total infectious reservoir, ac: ac = 0.0002, ac = 0.2 and aec = 20.

Figure 3.11 demonstrates the impact of variation of the community elimination of total infectious reservoir,
ac: ac = 0.0002, ac = 0.2 and a¢c = 20 on the between-host scale variables (S¢, I, Vo). The
outcomes demonstrate that increments in a result in an increase in the susceptible cattle population.

Furthermore, there is reduction in the infected cattle population and community viral load.
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Figure 3.12: Graphs of numerical results of the model system (3.2.15) demonstrating the advancement with time
of (a) Susceptible cattle population, Sc, (b) Infected cattle population, I, (¢) Community viral load, V¢ for variant
values of the infection rate of susceptible cattle, B¢ : Sc = 0.0002, Bc = 0.2 and B¢ = 20

Figure 3.12 demonstrates the impact of variation of the infection rate of susceptible cattle, S¢ : Sc =
0.0002, Bc = 0.2 and S = 20 on the between-host scale variables (S¢, I, Vo). The outcomes demon-
strate that increments in a¢ result in an increase in the susceptible cattle population. Furthermore, there

is reduction in the infected cattle population and community viral load.
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3.6.4 Effects of sochasticity on the FMD model
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Figure 3.13: Graphs of numerical results of the Susceptible cattle, S¢ of the multiscale SDE model system
(3.5.4) with the ODE multiscale model system (3.2.15) solutions.

Figure 3.13 demonstrates the graphs of numerical results of the Susceptible cattle, S¢ of the multiscale
SDE model system (3.5.4) with the ODE multiscale model system (3.2.15) solutions. The solution for the

stochastic multiscale model is obtained using the Milsten method.
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Figure 3.14: Graphs of numerical solutions of the Infected cattle, I~ of the multiscale SDE model system
(3.5.4) with the ODE multiscale model system (3.2.15) solutions
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Figure 3.14 demonstrates the graphs of numerical results of the Infected cattle, /- of the multiscale SDE
model system (3.5.4) with the ODE multiscale model system (3.2.15) solutions. The solution for the

stochastic multiscale model is obtained using the Milsten method.
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Figure 3.15: Graphs of numerical solutions of the Community viral load, V¢ of the multiscale SDE model

system (3.5.4) with the ODE multiscale model system (3.2.15) solutions.

Figure 3.15 demonstrates the graphs of numerical solutions of the Community viral load, V¢ of the mul-
tiscale SDE model system (3.5.4) with the ODE multiscale model system (3.2.15) solutions. The solution

for the stochastic multiscale model is obtained using the Milsten method.

3.7 Summary

In this chapter, we characterised a model centred on combining two sub-models namely: (i) the within-
cattle scale and (ii) between-cattle scale sub-models for FMDV dynamics. Hence, we established a uni-
directionally coupled multiscale model in which the within-cattle scale submodel is uni-directionally cou-
pled to the between-cattle scale FMDV transmission dynamics submodel. By performing mathematical
analysis the model was determined to be epidemiologically and mathematically sound. Therefore, the
analysis of sensitivity of the FMDV metric R and the endemic value of the community viral load Vi,
in relation to the variation of FMD multiscale model parameters was carried out by implementing Latin
Hypercube Sampling (LHS) and Partial Rank Correlation Coefficients (PRCCs). Applying the model pa-
rameter values we conducted the numerical simulations to demonstrate the impact of five FMD disease
transmission parameters (5¢, ugc, Vo, ac, A¢) on the model variables S¢(t), Ic(t), Vo (t). These param-
eters were only selected because they were significantly responsive to R and V5. In view of the fact that

R, was responsive to the rate of infection of susceptible cattle, ¢ and birth rate of susceptibles, A¢ this
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implied that FMD interventions such as vaccination would be more effective in preventing the spread of
FMD disease infection at the beginning of the outbreak. Randomness of disease dynamics was highlighted

by implementing a stochastic model.

In conclusion, we established that the nested multiscale model of FMD can be extended to higher levels of
organisation using graph-theoretic methods. Furthermore, the nested model has a primary level multiscale

cycle with only local exchange of pathogen.

© University of Venda



L
>

(o

@ University of Venda

Creating Future Leaders
@)

Chapter 4

Community-level Multiscale model for

Foot-and-Mouth disease in cattle

4.1 Introduction

In this chapter, we characterise a multiscale model for FMD at community level using graph-theoretic
method. However, the major challenge is whether we can extend the models in chapter 2 and chapter 3 to
community level in order to characterise the multiscale model which incorporates both local transmission
and global transmission. Therefore, based on the characterisation of the multiscale models we established
that the graph theoretic model in chapter 2 can not be extended to a higher level using the graph-theoretic
method. Thus, we extend the nested multiscale model in chapter 3 to a community level multiscale model.
We seek to characterise the spread of FMDV taking into account both the dynamics of FMD at within-

community scale and the interactions at between-community scale.

At community level, within the community there is direct transmission of FMDV when infected cell-
s/tissues/hosts come into direct contact with susceptible cells/tissues/hosts or environmental transmission
when FMDV comes in contact with susceptible cells/tissues/hosts. This is local transmission that can
be represented by ordinary differential equations. At between-community there is movement of infected
individuals between communities. This movement is global transmission and can be represented using

graph theoretic approach. This is a new aspect that is characterised in this chapter.

Mathematical models are fundamental tools to acquire better understanding into various aspects of envi-
ronmentally transmitted diseases, particularly FMD. These insights have the potential to assist us in im-
plementing interventions. Presently, the modelling frameworks based on compartmentalization of animals

(cattle) into SIRS (and their variations) have been used to give insights of local transmission mechanisms
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or global transmission mechanisms of FMD separately [7, 78, 79, 83, 93, 111, 115-128]. Furthermore,
various mathematical models have been formulated giving insights of transmission mechanisms of FMD
disease at single scale using graph theoretic methods [122, 129, 130] however, to the best of my knowledge
there is no model that characterises local transmission and global transmission of pathogen at macrocom-
munity level using both ordinary differential equations and graph theoretic methods. The latest work that
has been done which is more appropriate in modelling the progression of infectious disease systems based
on replication-transmission relativity theory is the multiscale modelling appproach [1]. The multiscale
modelling of global transmission mechanisms of infectious diseases is better achieved through the use of
graph theoretic methods while the standard SIR models address the local transmission mechanisms. In this
study, the main ideas are centred on developing a multiscale modelling approach in tandem with graph
theoretic methods at macrocommunity level, and nodes represent communities (patches) with possible

transmission represented by edges.

4.2 The mathematical model

The model we formulate is derived from the model in chapter 3 developed using the nested approach in
section (3.2.1.3). To formulate the multi-scale model, assume that the environment under consideration
is divided into n patches, which may be cities, geographic regions or communities. We assume that
there is homogeneity within each patch. We divide the cattle population in patch ¢ into compartments of
susceptible and infective individuals with the number in each compartment represented by S¢; and Iy,
respectively, for ¢ = 1,...,n. Let the total number of individuals in patch ¢ be represented by N¢; =
Sci + Ic;. Assume that the rates of cattle migration between patches hinges on disease status, and that
the infection status of individuals does not change during migration. The rate of migration of cattle from
patch j to patch ¢ is represented by szl and 1/1311 for susceptible and infective individuals, respectively,
where szz = 1#1{ ;, = 0. This framework illustrates a multi-digraph where nodes represent patches and
links represent the rates of migration, described by the nonnegative matrices U = [wf ;Jand U1 = [wjlz]
These matrices are presumed to be irreducible. We assume the birth rate in patch 7 for the susceptible
class to be A¢; individuals per unit time. We also assume that the natural death rate is independent of
disease status with u(;f ¢ > 0and ucfc > ( for susceptible and infected populations. Once infected,
a susceptible individual (S¢;) in patch ¢ harbors FMDV, develops clinical infection and progresses into
the infectious compartment I¢; at the rate ac; . Upon recovery, an individual moves to the susceptible
compartment as disease immunity fades at a rate dc,. The death rate induced by FMD is denoted by d¢;.
Vi, is the total infectious reservoir of cattle in a particular community defined here as community viral
load (CV'L).
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dSci _ BeiVei
dt T Vo + Ve

n n
S, S, S,
Sci — pey©Sci + dcilei + E V5§ Scy — E V5 Sci
J=Lj#i J=Lj#

dic; _ BeiVei

n n
Soi — (Oci+dei(V, A) + pel e+ > wiSlo;— Y 1/11'[31—01'(4‘2‘1)
j=Lii j=Lii

dVey;
dt

= Niailoi(t) — ac(V, A)Ve,

(FRo
eUY
is a composite constant parameter

N; =

8¢,
I¢
S T
—-_— C' -
i -
_s,
e Sc; ) )
AeSe, P
Ci
ac,(V, AV,
.——' (uc; +de,(V, A,
Figure 4.1: Multiscale ~ Schematic ~ diagram  of a  multiscale  model  system  (4.2.1)
of FMD for the cattle population in province ¢, where H? = Z wfin -

j=1,47i
n

Z ngQi, represents the cattle migration between provinces, with Q € {S¢,Ic}
J=1,5%i

We presume that the parameters implemented in the model are all positive and the initial conditions for
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the multiscale model system (4.2.1) are S¢;(0) > 0, I;(0) > 0, V;(0) > 0.

Table 4.1: Description of between-host scale model variables for ith individual.

Variable | Description

Sc, (t) | Susceptible cattle
Ic,(t) Infectious cattle

Ve, (t) Community viral load

Table 4.2: Description of within-host model variables in (3.2.2).

Variable | Description Units Initial value
F Infected cells TCIDs5o ml™! 0

C Virus-antibody complexes | TCIDso ml~" equiv. | 0

P Protected cells Cell 0

U Uninfected cells Cell 1

A Antibody LPBE-titre 0

\%4 Conc. of virions in blood TCIDso ml ™ 0

J Non-infectious material TCIDsgo ml ™ equiv. | 0

1 Interferon IU ml™* g

4.2.1 Feasibe region of the model

The model that we formulate has to be biologically meaningful. Therefore, we establish the non-negativity

and boundedness of all the state variables as well as their solutions, respectively, in the region ®, where

® = {(S¢,,Ic,,Ve,) eRY'} i=1,..,n (4.2.1)

4.2.1.1 Positivity of solutions
Theorem 4.1. A non-negative solution (Sc,(t), Ic,(t), Vo, (t)) exists for all t > 0

Proof. The positivity of the solutions of the multiscale model system (4.2.1) can be proved using the

integrating factor technique. Considering the first equation in the multiscale model system

dSci _ _ PeiVei g
dt Vo + Ve

n n
i — pey O Sei+ oo+ Yy USSSoi— Y Ui Se;  (42.2)
J=Lj#i J=Lj#i
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We re-write equation (4.2.2) as follows

dSCz BCZVCz Sc n So
4 Sc | Sy = Aoy + il cg 423
dt + ‘/Ol—i—VCZ +)U’C7, +j:12j¢iwl’] ci =Noi+0cilo; +] 12]7&21)[) Cj ( )

The integrating factor for equation (4.2.3) is

Bc,; Ve, (9) s
. f [734-#0 SO0y s C}ds
Integrating factor (IF) = ¢° L "0iFVe; () =har

Voit+Ve, ()
IR et LT w2
VO7,+VC ()
Be,+icl + .S =B, Voi In| g iy
Multiplying equation (4.2.3) by the integrating factor e( “ uc itttV ) IO

get
Voi+Ve, ()
6(50 +uc +2 g 111” )t Bc,; Voi In ﬁ dSCl
dt
S VoitVe, (1)
e(ﬁci"rﬂcf"rzj 1 37311/1 )t Be,; Voi In Voi Vo, © ﬂCiVCi ¥ e Sc X Z w S
Voi + Ve ‘ ’
L J=1j#i
s s, VoitVe, (1)
Boy S +325 1 2§ )t=Be; Voi ln| :
= ( “ = YJ) Yot O, ACz+5CzICz+ Z 1/} SCJ (4.2.5)
i J=Lj#
From the product rule we obtain
Voit+Ve, (1)
d (ﬁc ""Nc +Z] 1 Hm/)” )t Bc,; VoiIn m s,
dt |° <
Sc Voi+Ve, (1)
Be; Ul i 5 Jt=Bc; Voi ln| =ty
- ( i) 0itVe O Ay + doilos + Z U5 Sy (4.2.6)
J=1j#i
Dividing both sides by the integrating factor we get
Voit+Ve, (1)

~{ (Bt 15 ¥ )=, Vostn

i

Voi +VC (0)

Sc, (t) =e
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V01+VC (s)
Voi +VC (0)

t t—Be, Voi 1
/ e(BC 1] o g 05 ) =B Voi n Aci +0cilci(s Z 1/’ i Sci(s)| ds =0
0

J=1,j#i
“4.2.7)

Similarly, positivity of the other two equations of multiscale model system (4.2.1) is proved using the

integrating factor technique. Consequently, S¢, (t) > 0, I¢;(t) > 0, Ve, (t) > 0 for all time ¢ > 0. O

4.2.2 Boundedness of Solutions

Letting N, () to represent the total number of cattle population and adding the first and second equation

of the multiscale model system (4.2.1) and letting N¢(t) = Ne, (t) + Ney (t) + ... + N, (t), we get

dNc(t)

o7 = A — MC NC ( ) 50 IC Z "L/J SC] Z 1/) “Sc; + Z T/J ch
J=1j#i J=1j#i J=1j#i
SN vl <3 Ae, —min (W& 15l } Ne(t) (4.2.1)

J=1j#i i=1

n
Because AN (1)/dt < Y Ac, — min{ugf,ua o 5E }Nc( ), it follows that dNo(t)/dt < 0 if

7
n
. Ac,
NC (t) > Zz:l % .
. Sc  Sc Sc
min {MCI ) HCQ PR ch }
We implement the integrating factor method to (4.2.1). When we re-write (4.2.1) we get

N (t -

The integrating factor (IF) is
. S Sc . S S S
S min{uE G o2 s i 5 23
. Sc  Sc Sco ¢
We multiply emm{“ c1oboy ""’“Cn} into (4.2.2) to obtain

. Sc  Sc Sc dN (t) . Sc  Sc Sc
ming fhes sl ek t C ming phes sl ek [ S, S, S,
e { 1P Cy Cn} .74‘6 { C1 P Cy Cn} ,mln{lucf”ucg’mhuci}N(t)
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. Se  Sc Sc n
< emln{,ucl Mg obay, }t. Z ACi “4.2.4)
i=1

From the product rule we have

. S S, S, . S S S n
@ [l Y ] < VAN S s aas
=1

. Sc  Sc Sc}
min 5 yeees t
[e Pelwelondltt |y A,

. S S, S,
emin{el e eI N ) < N (0) +

E— 3 (4.2.6)
min {MC?? /1’027 RS) IU’C?;}
min{ugf,uig ,,,,, ;.Lii}t _ 1:| ) TL A )
7m1n{,u,c Hey e 1%} }t 7min{,u,gc,,u,§c ..... ,u,i.c }t |:€ 21:1 @
Ne(t) < 1 2 n S . Nc(0)+ 1 2 n 3 3 S “4.2.7)
min {ucf,uci, ...,pci}
. Sc  Sc Sco
—minqp M PERREY 2 t
_mln{u C'us HSC} |:16 { Cy1PCy Cn}:| .Z;L:lAC’i
Ne(t) < c1toy len 11 NG(0) + N S (4.2.8)
min {:U’Cl MUCQ [ARAS] ,ucn}
This implies that
n
Ao
Jim sup(Ne (1) < —— =G @29)

: S S, S,
min {/’LCfvﬂcga 7#02}

n n
Similarly, we let Vo = Z Ve, and Ic = Z Ic,. Then from the third equation of model system (4.2.1)

i=1 i=1
we obtain
dVe . .
— = win {N1a1, ..., Npay} Ic — min {ag,, ...,ac, } Vo (4.2.10)
avc < min {NlOél, . Nnan} 21:1 C;

S —min{ac,,...,a0, } Vo 4.2.11)
: c Sc
min {:“01 s HC 5 ey “Cn}

We re-write (4.2.11) to get

A%
ditc + min {acy, ...,a0, } Vo <min{Njaq, ..., Npan }

Z:‘L:I ACi

; Sc ,Sc Sc
min {Mc’l 7:“02 PRRRS) Mc’n}

(4.2.12)

The integrating factor (IF) is emin{acyacy }t, Multipying (4.2.12) with the integrating factor

emin{acl Oy we obtain
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emin{acl,...,acn}t.

dV i
TC + emln{acl oy }t. min {aC’p ey Oécn} VC

n
) Y Ao,
S emm{acl"“’ac’l}t. min {NlOél, weey Nnan} Sz:lZIS & S, (4213)
min {uc(fv Ncgv Ty NC?;}

From the product rule we have

d ; ; . o Ac,
% emln{ozc1 yeees OOy }t-VC < emln{ozc1 sy QX Cpy }t‘ min {Nlala - Nnan} : Ezlsc C; =
min {Mcl ’ MC’2 PR MC’TL}
(4.2.14)
When integrate (4.2.14) we get
min{acl ..... D‘Cn}t -1
€ " Ac,
em‘n{o‘cl """ O‘Cn}t,VC < Ve(0)+ [ - ] .min {N1a1, ..., Nnan } . 2iz1 Ac, (4.2.15)
mln{ac’“...,acn} min {ugf,pgg,,,ugi}

Dividing both sides by the integrating factor gives

_ —min{ac ,...,acn}t:| n 3
Ve <6—min{acl,...,acn}t'vc(o)+ 1—e 1 ,Zi=1 Ac,. min{Nyay, ..., Ny, }

min{a017"‘7a0n} min {‘ugf”ugg,”ugi
(4.2.16)
This implies
" Ac,.min {N e, N,
lim sup(Vo(t)) < 21 Clsmm{ go‘l’ ’ ”O‘Z} 4.2.17)
—00 min{acl,ucf,a(b,ucg, ...,Oécn,uci}
Letting
® = {(Sc;iIe; Vo) €RY 0 < Ne < Kp,0 < Vo < Ko} (4.2.18)
where the constants K and K5 are such that
. Sc S Sc’
min {:U‘Cf’ lucga A ,UC(;:}
4.2.19)

Ky = E?:l ACi'min {N1a17'-'>Nnan} -0

. Sc Sc Sc
min § e, fig; s ACy ey » -+ AC, s

© University of Venda



Unive
reating

@,

ity of Venda
Future Leaders

s

Chapter 4

117

Therefore, @ is a positively invariant and attracting region, since all the solutions that start in ¢ will re-

main in ® for all ¢ > 0. Therefore, the results confirm the non-negativity and boundedness of all the state

variables respectively, in the region ®. Consequently, we can conclude that the multiscale model system

(4.2.1) is mathematically and epidemiologically well-posed.

O

Theorem 4.2. The region ® = {(Sci, Io,,Ve,) € Ri”} .1 =1, ...,n is positively invariant for the multi-

scale model system (4.2.1) with nonnegative initial conditions in Ri”.

4.3 Determination of disease free equilibrium and its stability

From the multiscale model (4.2.1), we have

n n
ACi_/’LCiSCSCi+ Z 1/}35:1050]_ Z ¢530501:07 i:i71727"'7n7
i#i=1 i#i=1

Infact, expressing equation (4.3.1) in the form of matrix system we have,

0 n n
Bei Vi 0
Agi — 22280y — nei€ Seq + dciler + Z ¢}qz'cSCj_ Z wiSJGSCi:O’
T+ Vo yat Wt
j#i=1 j#i=1
n n
Aci = uei®Sci+ Y WiSci— D Vi Se; =0,
jAi=1 jAi=1

n n
S S S
Aci— | uci+ Y Wi | Seit Y 4595, =0
j#i=1 j#i=1

From (4.3.2) we obtain the solution

n
Y _¥iiSc; = Ac

=1

where

(pfjc = —wff for j=1;2;..5n;5 #1
n

S S, S . .
oS =g + Y g for j=i
i1

By the matricial form we have
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03¢ Sc = Ac, (4.3.5)

whete % = () 50 = (So1i Soi i Sea) and Ac = (Acti Acai i Aca)

We can demonstrate that the positivity of the disease-free equilibrium, which results in the multiscale

model system (4.2.1) having a unique positive solution S¢ = Sg = (cps c )_IAC > 0.

In the case of cattle hosts:

n n
Aci— | e+ D U5 | Seit Y 4;98c; =0 (4.3.6)
i=1,j7i i=1,ji
n n
et 30w ) soi= 30 wifse; = e 43
i=1,j7i i=1,j7#i
] . _
poy + YUY~ —¢7, F 07 P
j#i=1 501 Acl
. 0
~va s | 43.8)
S A
—¢m —Upy e o, Y | PG 1RO
L j=n

n
i.e. DSY = Ac where D = diag uofc + Z 1/15]0 — M5

=1
] o oo
1,2 (Ch
o0
MSe = |2 o (4.3.9)
S S
(Vo1 ¥n2 0]

T
Ac = (Acys Acys s Acy) T S& = (82035205 .. 82,,)

From (4.3.8) all the off-diagonal entries of goSC are non-positive and the total of all the entries in every
column of <pS is positive. Furthermore, goSC is an irreducible non-singular M -matrix and so @SC must
have positive inverse, that is, (apSC)_l > 0, [131]. Consequently, this implies uniqueness of a positive
solution Sg = (cpso )_1 Ac > 0. Therefore, the results demonstrate the existence of a unique positive

disease-free equilibrium
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By = (Sg’ 0,0, ) 4.3.10)
where 0 = (0, ..., 0), 5’%: (SDSC)*lAC O
N—_——
n  times

Theorem 4.3. The multiscale model system (4.2.1) always has a unique disease-free equilibrium point
Ey.

4.3.1 The model reproduction number, R

In order to evaluate the basic reproductive number we implement the next generation operator approach

[101]. The multiscale model system (4.2.1) can be expressed as follows:

dX

E = f(X7 Z)7
dz
= = hx,2), 3.1)
where
X = (S¢,) 4.3.2)
Z = (I¢,, Ve,) 4.3.3)

The elements of X stand for the number of susceptibles as well as other groups of non-infectious individ-

uals. The elements of Z stand for infected individuals able to transmit the disease.

The compartments of the disease can be given as I¢, and Vi,. The infected case can be expressed as

follows:

(Iey, Loy, 1o, Voy, Ve, ..., Vo) as

dlc; _ fBeoiVei
dt Voi + Ve

Sci — (6c; +dci(V, A) + Mcfc)lci + Z @Z’JI‘,?ICJ‘ - Z ¢i1310i
=1, =15
4.34)
dVCi
dt

= NiaiIC’i(t) - OéCi(Va A)VCz'
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dlc; Voi Y
ci _ BeiVoi Sos Sci + dei(V, A) +NCZ Z 111 Io; + Z wjl'?ICj
dt ‘/E)z + Ve i=1,j7#i i=1,j7#i 7
(4.3.5)
dVe;
dfl = Niailoi(t) — ac;(V, A) Ve,
\
( dICz Bei Vei
_ i S,
a %Z+VCZ Ci — I 1257&1902] Cj
(4.3.6)
dVe;
dfz = NiaiICi(t) - aCi(V) A)VCZ
where
=l o =
4.3.7)

1% = bc;i +dei(V, A) + po€ + Z Ui, j =i
i=1,j#i

The vector of the rates of new infections and the vector of the rates of other transfers between disease

states from (4.3.6) are respectively represented by

BeiVei ]
————8ci SOZCIC
F = [VoﬁVm i=1..n|land V= Z - (4.3.8)

On [—NiaiICi +ac;(V, A)Veilizy

With respect to the infected classes (I¢; and V;) evaluated at the disease-free equilibrium point &, the

Jacobian matrices of F and V are respectively described as

0 B, Ac,
F=| Vol 4.3.9)
@) @)
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0O F
— b2 (4.3.10)
0O 0
where
A A
Fip = diag { 20 . B, o 4.3.11)
%11“01 VOn.UCn
On the other hand,
V= ’ 4.3.12)
Voa Voo
_ Ic
Vin = ((pi’j>1§i,j§n

Vo1 = diag(—Nioy, —Naag, ..., —Nyay,) (4.3.13)

Voo = diag(acy, ..., ac,)

We define O as the n x n matrix with all entries being zero. Furthermore, we define the matrix F to be
non-negative of rank one and that can be written as the product of vectors. The matrices V7 1 and V5 o are

non-singular irreducible M-matrices and can be inverted. We now determine the inverse of matrix V.

o Vil 0 (4.3.14)
Ve v v -
2,1V1 1 V2.2 2,2
The Next Generation Matrix is given by:
QO Fio Vit 0
_ -1 _ ; 1,1

M=FV = o 0 vty e (4.3.15)

2,1V11 V2,2 2,2

—Fi Vo Vi Vay FioVsy
M=Fy'l= ’ ’@ 1 72 ’@ ’ (4.3.16)

Therefore, R defined by the spectral radius of FV !, is
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Ro = p(B)

where B represents an n X n positive matrix illustrated by
—1y,-1
B=—Fi2Va1V 1 Voy

. By Ac Be, Ac,
B = —diag ISC L ., 5
V()lNc1 acy VOnMcfn ac,

-1

} dlag {_N1a17 ooy —NnOln} (SOIO)

We now consider some particular situations:

(1) Situation 1: Suppose there is no migration between patches, hence, @bZI? = 1#;? =0forj =1=
1,...,n j # i and we get
@f? =0 for j=1,...n j#i
(4.3.17)
SDZIf = d0i + doi(V, A) + poi©
Then —F1 »Va Vi Vo = di bor Aoy o Ben Ao Nnon
pareaTLy T A { Vo2l acs (6c1 + der(V, A) + 101€) " Vouiet acm (3 + den(V, A) + i)
Therefore
g BClAC& N1a1 Banannan
B = diag 5 oo 5 o
Voruds acy (6c1 +dor (Vo A) + per©) VoS ac, (0cn + don(V, A) + pen®)
(4.3.18)
and
Roi = p(B) (4.3.19)
Hence
Ro = max ROi
where
Ac. N;o;
Ro;i = beAe,Nios (4.3.20)

a Vomgfaci (Oci +dei(V, A) + pel©)

Accordingly, when Ro; > 1 for all 7, the disease-free equilibrium is unstable resulting in FMD invading
the cattle population. This is verified by proving the global stability of the endemic equilibrium of FMD

in section (4.4). However, when R¢; < 1 for all 7, the disease-free equilibrium is asymptotically stable
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and FMD may be eliminated. Therefore, it is essential to diminish Rg; in each patch ¢ in order to control

FMD. This is verified by proving the global stability of the disease-free equilibrium in section (4.3.3).

(ii) Situation 2: Suppose there is migration in a model with two patches where the migration rates of

the animal populations are nonzero.

A A
Fip = diag { P02k o0,
Voruey  Voarie,
and
Vi :( ?C.)
bt i 1<i,j<2
Vo1 = diag(—Niai, —Naaz)
Voo = diag(ac,, acy,)
Then
e, Bi1 B2
B = *F172V2,1V1,11V2,21 =
Bs1 B
B Acy 0
Vol
Fio= =
1.2 0 Boy,Ac,
Vozugg
—N1a1 0
Vo1 =
0 —Ngaz
I I
V1_11 _ 1 [ P25 —90131
, To 1 To 1. I I
©17 P25 — P15 Pof —wzf @1?
1 o 0
V2T21 = c
{ ac, e, | 0 ag

© University of Venda

4.3.21)

(4.3.22)

(4.3.23)



L
>

CC

S5 | ) University of Venda
@)

Chapter 4 124
BorAoy NMiarac,¢ss  BeyheyNiawac, ¢1§
B_ 1 Vomgf ‘/(ngf
= T, I
aciac, (¢l§els —wi§est ) |_Babelaosacest  fohc,Naarac oy
Voz/fgg VO?ME‘S
Bll _ BClAclNlalﬁCg‘ng
o o Vo 15 (I ple — Sl yle
C1AC Vo1, | P11 P22 — P12 P21
312 _ BclAclNIOélaClSO{g
e e Ve Sc I Ic _  Ic Ic
C1OC Vo1l \P11¥P22 — P12 P21
(4.3.24)
321 _ BCQACQNQO‘QOZCZSpgf
v o Voo 3¢ ((ple le — ple yle
C1OCy V02, \P11¥P22 — P12 P21
322 _ BCQACQNZQZQCHQO{?
e o Vi Sc Ic, Ic _  Ic Ic
C1OCy V02, | P11¥P22 — P12 P21
Taking the characteristic polynomial
By — A B
1 219 (4.3.25)
Bor By — A

(B11 — A)(Ba2 — A) — B12B1 =0

A? — By A — BagA + By1Bos — B1aBay =0

Applying the quadratic formula

A= [(Bn + Bg) + \/Bfl +2B11Bas + B2, — 4B11Bas + 4312321]

| =

A= {(311 + BQQ) + \/B%l —2B11 B9 + B%Z + 4312321]

N =
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1
A= 3 [(311 + Byo) £ /(B — Bxn)? + 4B12321}
Take
1 2
A= {(311 + Baa) + /(B — Ba)? + 4312321}
Hence
1
Ro=35 [(Bn + Bas) + /(B — B)? + 4312321} (4.3.26)

The basic reproduction number in patch ¢ when there is no movement between patch ¢ and other patches

(in otherwords, patch i is isolated from the other patches) is given by

Be; Ac; Ny

Roi = —5c o
Voike; ac, (0c; +dci(V, A) + puc;©)

(4.3.27)

where ¢, is the contact rate in patch ¢. When the microscale and macroscale parameters of the patches

differ only in their contact rates, we obtain a result of bounds on R in terms of Ry;.

Theorem 4.4. Suppose Ac;, = Ac, N; = N, o = o, Voi = W, ,uglc = ,ugc, ac, = ag, 0, =
do,de, (V, A) = do(V, A), aéci = aécfor alli=1,...n.
Then

min ROi S RO S max ROi (4328)
) %

Proof Without the loss of generality we take

Bey < Be, < - < Be, (4.3.29)
Thus
min Ro; = Ro1 = feAoNa <..< BonAcNa =Ron = max Ro;
e VoueS oo +do(V, A) + po'e) = 7 7 VopCac (o + do(V, A) + po'e) (14:;30;

© University of Venda



University of Venda
Creating Future Leaders

s

Chapter 4 126

Let VL_fL = X = [z4] and ‘/27_21 =Y = [y;;]. We can write diag {Nc, ..., Na} as diag(Na),
. Ac Ac : Ac
diag =5 e < ¢ as diag 5
Voue? Vowed Voue”

From (4.3.19) we have

. , Ac
Ro=p <dw9(ﬁcl, - Be, )Y diag (V

ONC

) dmg(Noz)X) (4.3.31)

A
Taking W = diag(Bcy, -, Be,, )Y diag (V Cj%) diag(Na) X, which can be written as
(78]

AcNa AcNa 7
ﬁclic (Y1111 + ... + Y1n®n1) . 60170 (Y1210 + o + Y1nTnn)
Voue? Vouge
W = (4.3.32)
AcNao AcNao
Voue Vopes i

Now we let []ITW] , define the total of the entries in the first column of W, as 17 = (1,...,1). Then

[HTW] 1 Lyn.rn + ...+ Bliscyln$nl
VO,UC VOMC
AcNa AcNa
7502 < Y2111 + ... + 7502 < YonTnl + -
Vouge Voree
AcNa AcNa
...+ ﬁcnicynlxu + ...+ Bcnicscynnxnl
VO,UC Voue
50 AcNa ¢
S ———— Ti1 ylz + ...+ ynz)
Vouge ;
AcNa &
_ Be, Ac i Zx“ (4.3.33)
ac Vope® =

where the inequality comes from (4.3.29), and the final equality comes from the reason that V5 o has
column sum a¢, hence ]ITVQ 5 = acl”, which means IY = (1/ac) 17, The column sum of Vi is
do+do(V,A) + M ¢ from (4.3.30) and (4.3.33)

AcN
1"w], < Po,oNo = Ron = max R (4.3.34)

Vol ac (5c+dc(V A) + pgs ) =heon

Similarly
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in RO _ ROl _ BC1ACNO¢
i=1,....,n VOMgCaC <5C + dC(V7 A) + Méc)

< [I"wl, (4.3.35)

By using similar arguments we show that these inequalities remain valid for every column for W. Since
the spectral radius of a nonnegative matrix is between the minimum column sum and maximum column

sum, therefore

A
min Ry; < p (diag(ﬁcl,...,Bcn)de'ag(Na)diag (V CSC> X) < max Ry (43.36)
=1,..., 0ker 1=1,....,n

Therefore, the proof is completed 0

4.3.2 Local Stability of the FMD disease free equilibrium (DFE)

From Theorem 4.2 of van den Driessche and Watmough [103], if Rg < 1 then the FMD disease free
equilibrium is locally asymptotically stable and the disease cannot persist in the cattle population. We

summarize this result below.

Theorem 4.5. The disease-free equilibrium point E° of the multi-scale model system (4.2.1) is locally

asymptotically stable whenever Ry < 1 and unstable otherwise.

Proof Let Ji5 be the matrix of the partial derivatives evaluated at the disease-free equilibrium. The
Jacobian matrix for the linearization of the system about the disease free equilibrium is obtained as the

block structure.

_.,5c J
J— [ ® 12 4.3.1)

0 r-v

The matrix J is triangular. Therefore, the eigenvalues of J are those of the partition matrices goSC and
F —V where gos ¢ is an irreducible non-singular M -matrix as defined in (section 4.3). Hence, special
abcissa, s(—gpSC ) has negative real parts. Therefore, the matrix J will has eigenvalues all with negative
real parts if the matrix F' — V has all eigenvalues with negative real parts. In addition, F' is non-negative
matrix and V' is a non-singular M -matrix. Thus, the eigenvalues of F' — V' will have negative real parts if
and only if p(FV_l) < 1, that is, the disease-free equilibrium is locally asymptotically stable if and only
if the basic reproduction number Ry = p(FV 1) < 1. If Ry > 1, then s(F — V') > 0. This shows that at

least one eigenvalue lies in the right half plane. So, the disease-free equilibrium is unstable if g > 1. [
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Lemma 4.6. The matrix (F — V') has a real spectrum. Moreover, if p (FVﬁl) < 1, all eigenvalues of
(F — V) are negative.

4.3.3 Global Stability of the disease-free equilibrium

For the purpose of establishing the global stability of DFE of the model system (4.2.1), we implement
Theorem 2 in van den Driessche and Watmough [103] to establish that the disease-free equilibrium is
globally asymptotically stable whenever Ry < 1 and unstable when Ry > 1. We identify two conditions
that warrant the global asymptotic stability of the disease-free state. The model system (4.2.1) can be

written as follows:

dX
E — F(X, Z),

4.3.1)
%f — G(X,Z), G(X,0)=0

where X = S¢; denotes all uninfected components and Z = (I¢,, Vo, ) denotes all infected and infectious

components;

Ey = (52,0,0) (4.3.2)

where 0 = (0, ...,0), S& = (@SC)_l Ac
N’

n  times

denotes the disease-free equilibrium of the system. To warrant global asymptotic stability, the conditions
(H1) and (H2) below must be met [101]:

X
(H1) For yT F(X,0), X" is globally asymptotically stable (g.a.s);

. A oG
(H2) G(X,Z) = AZ — G(X,Z),G(X,Z) > 0 for (X,Z) € R, where the Jacobian A = A
D;G(X*,0) is an M-matrix (the off diagonal elements of A are nonnegative) and Ri is the region

where the model makes biological sense.

ax Ve
501 CZ SCZ

n n
— _ S, S S,

J=Lj#i j=1,j#i
(4.3.3)

At the disease-free equilibrium Z = 0

© University of Venda



Uni verstyofVe da
Creating Future Leaders

et

Chapter 4 129

F(X,0) = Ac; — o€ Sey (4.3.4)

Hence, since ® is an invariant set for model system (4.2.1) and in view of Theorem (4.5), it is sufficient to
show that for all £y € ¢

. _ 0 . _ . _
thm Sc,(t) = Sci,thm Io,(t) = O,thm Vo, (t) =0, (4.3.5)
where S&_ is asin (4.3.2) , it follows that

dSc, (t)

i <Ac¢, — Mc £Sc, () (4.3.6)

It is easy to see that S&_ is globally asymptotically stable equilibrium for the comparison equations

dy:(t)
dt

< Ac, — Helyn(t) (4.3.7)

Therefore, for any ¢ > 0, there exists ¢ > 0, such that for all ¢ > ¢, it holds Sc; (t) < S&_ +e

tli)m sup Sc, (t) < Sg. (4.3.8)

From (4.3.8) and the equations (2) and (3) of the model system (4.2.1) we have that for t > ¢

dSc; (t n
J#l 1 jAi=1
dICi(t) 0 IC IC
s Aat) (5g; te o, +de, + 1) e, + o — o, 3.
dt Aci(t) (Sc, +€) = (9c, +d )L Zw I Zw Ie, (43.9)
J#Fi=1 j#i=1
dVe, (t
Y6l Naide @) - ac Ve 1)
Let us consider the comparison system
dw t n
dlt( ) < Ag, — (Aci (t) +ugf) (Sg, +¢) + dc,wal(t) + Z qpﬁl,cgcj _ Z ¢SCSC
Jj#i=1 jAi=1
dwo (t
wjt() < A1) (S8 +¢) — (Oc, +de, + el ws + Z WleIe, — Z VT, (4.3.10)
Jj#i=1 jAi=1
dws(t
w;t( ) = Nia;lg,(t) — ac,ws(t), wi(t) = S, (t), wa(t) = Ic, (), ws(t) = Ve, (t)
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that we can re-write as

dw(t)
L = (B - Vou() (3.1

where w(t) = (w1 (), wa(t), ws(t))” and (F. — V.) is a matrix in (4.3.8) computed in

Ey(e) = (S&_ +¢,0,0). Let us note that if Rg = p (FV_I) < 1, we can choose a sufficiently small
e > 0 such that p (F.V_"!) < 1. Then by applying Lemma 4.6 to (F. — V) we obtain that it has a real
spectrum and all its eigenvalues are negative. It follows that lim w(¢) = 0, whatever the initial conditions

t—o0
are, from which

lim Ie, (t) = 0, lim Ve, (t) = 0 (4.3.12)

Now, for any € > 0, there exists ¢1 such that for any ¢ > ¢1, I¢,(t) < e, Vg, (t) < e. So, fort > t; we

have

dSc, (t) Bc.e
Tt N7 > A = ?
a ~ YT Vyite

Se, — 1gl S, (t), (4.3.13)

Ag,

It is easy to see that ————
BCZ-E + Sc
Voi+e 'UC-L

is a global asymptotically stable equilibrium for the comparison

equation

dy() Ac. Bo:e

7 sy — HE (D), (43.14)

Thus, for any y > 0, there exists 5 > 0 such that for all ¢ > t5

Ac,
|:V0ijl’5 He; }

Therefore, for any € > 0, we have

- Ac,
Voite T Hc;

Letting ¢ — oo, we get tlim inf S (t) > S and combining this with (4.3.8) gives us
—00

. _ Q0
}E& Sc;(t) = Se, (4.3.17)
A, ‘ : . I . .
Therefore, Fy = Té’ 0,0,z =1,..,nis a global asymptotically stable equilibrium point satisfying
e,

condition H1.
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Since S¢,; < S&, we can obtain from the multiscale model system (4.2.1).

dIc, (1)

; s I
80 <2 0S80~ (o +doy + uENEO + 3 w51 0 - D via
J#i=1 J#i=1
(4.3.18)
dVe, (t
2’;() < Niaile,(t) — ac, Ve, (t)
We consider the linear system
dICi (t) S 1
o S A ()58, (1) — (B, + do, + ped (1) SR OO SR
J#i=1 J#i=1
(4.3.19)
dVe (t
610 < Niale, (1) — o, Ve, ()
Therefore, the system of equations (4.3.19) can be written as
du
A 4.3.20
at ~ (43.20)

where, u = [I¢,, Ioy, ..., Ic,,, Vou, Vg, -, Ve, ]'s A = F — V. In this case, F is a non-negative matrix

(from 4.3.9) and V is a non-negative M-matrix (from 4.3.12). Hence,

sF—V)<0 < p{FV '} <1 4.3.21)

In other words, the eigenvalues of F — V lie on the left half plane if Ry < 1. Therefore, each positive
solution of (4.3.20) satisfies

limu=0 (4.3.22)

t—o0
thatis, lim Io, =0, lim Vg, =0 forall i=1,2,...,n
t—o00 t—00

Since all the variables of the multiscale model system (4.2.1) are non-negative, then the use of Comparison
theorem [132, 133]

lim lim I¢, =0, hm Vo, =0 forall i=1,2,...,n (4.3.23)

t—o0 t—00

Furthermore, as t — oo
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dSc, S = S . S,
=N e Seo+ Y wiiSe, — D i Se, (4.3.24)

j#i=1 j#i=1

In the matrix form

% [Sc] = Ao — 798¢, (4.3.25)

Therefore, the matrices cps ¢ is non-singular M-matrix, where all their eigenvalues lie in the left half plane.
Consequently, if Sg is the homogeneous solutions of system equations (4.3.24) and (4.3.25) respectively,

then we have

. h
lim S¢ =0 (4.3.26)

From section (4.3) matrix <p5 ¢ is an irreducible, non-singular M-matrix. Therefore, the matrix gpS ¢ has a
positive inverse. Sg = (@S C) - A is a particular solution and S¢ = Sg + Sg is the general solution of
(4.3.25). In addition,

lim S, = Sg., lim Ig, = 0, lim Vg, = 0, (4.3.27)
t—o0 v t—o00 t—o0

forall i=1,2,...,n

Therefore, as ¢ — oo, we obtain the equilibrium point

Ey = (5¢,0,0) (4.3.28)

where 0 = (0, ..., 0), Sg = ((ps C)_l A¢ Therefore, the disease-free equilibrium is globally asymptoti-
——

n  times

cally stable if Ry < 1 and unstable if Rg > 1 ]

Theorem 4.7. If Ry < 1, then the disease-free equilibrium is globally asymptotically stable and unstable
ifRo>1

Proposition 4.8. Suppose that U1 = (%fj) is irreducible. If Rg > 1, then the model system (4.2.1) is

uniformly persistent and there exists an endemic equilibrium E* in Q.

4.4 Global stability of endemic equilibria and uniqueness
We now establish the sufficient conditions which ensure global stability and uniqueness of the endemic

equilibrium. We assume that Ry > 1. We deduce global stability and uniqueness of the endemic equilib-

rium by implementing graph-theoretic method [134—-136]
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Theorem 4.9. Assume that Ry > 1 and claim that an endemic equilibrium
E* = (86,16, Ve, 86y 1y, Vs 86, 16, , Ve, ) exists. Suppose that one of the following assump-

tions is satisfied.

(1) U = 0and U is irreducible;
(2) Ol =0 and V° is irreducible;

(3) U° and V! are irreducible, and there exists \ > 0 such that @bﬁiS(’}j = )\d}]{i[é}j foralll <i,j <n.

where U° = (%J) and ¥' = (1/1113) are migration matrices for susceptible and infected humans respec-

tively. Then E* is unique and asymptotically stable in Q.

By Proposition (4.8), the existence of a endemic equilibrium E™ is ensured if the assumption (1) or as-

sumption (3) is satisfied.

Proof. This proof is completed through the implementation of the approach by [137]. In the proof we
consider assumption (3) is fulfilled and then the remaining assumptions can be proved the same way. We

now deduce the global asymptotic stability of E* in Q) which implies that E* is necessarily unique.

dSc; =
dtC = Aci — Ae,Sci — 1eiCSei+ doidei + Y 7S, — Z Y% Sey
el jAi=1
dlc;
g = \c;Sci — (6ci + doi + pei©) e + Z ¢ Glcj — Z 1/1” Ci (4.4.1)
j#i=1 j#i=1
dVey;
dtol = Niailci(t) — aciVoi

Set

Ic,
+IC IC _IC ln

%(SC,”IC_L.) :SCZ‘ _Séfl _Séz IHS I*

S*

(4.4.2)

From equilibrium equations of (4.4.1), we obtain

0 = Ag, = A, (1)Se, (1) — 1ed Se, + b, Io (¢ Z Y5 Se, — Z v39 S, (4.4.3)
jFi=1 jF#i=1
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12e Se, = Ae, — Aey () S, (t) + dc, I, (t Z Y5 Se, — Z Y¢S, 4.4.4)
jFi=1 j#i=1
HEESE, = Ay — Aoy (8)SE, (1) + 0, I, (¢ Z uoss — 3 iesy, 445)
jF#i=1 j#i=1
0= A Sci = (Oci +doi + uei e+ Y 5 1ej - Z Vi< Io; (4.4.6)
Jj#i=1 jAi=1
(501 +dCz +/'LCl )ICz = )\C SCZ + Z ﬂ) ICj Z 1[)1] Ci “4.4.7)
J#i=1 jAi=1
(i + doi + pei )T = Ny Séy + Z YIS IE, — Z VSIS, (4.4.8)
Jj#i=1 j#i=1

We can highlight that 1 — 2 + Inax < 0 for x > 0 and equality holds if and only if x = 1. When we
differentiate V; along the solution of system (4.4.1), gives

dv;  dV; dSc, | 9V dlg,

— = . . 4.4,
dt 0S¢, dt 0lc, dt (4.4.9)
dV; Se\ dSc. Iz \ dic.
—=(1-=. * 1—=].— 4.4.10
dt < SQ) dt + Ic, dt ( )

Substituting equations in (4.4.1) into (4.4.10) we get

av; S
at (1— 5. ) Aoy =X (05a,(0) — uSF So, + el () + 3" ¥ese, - 30 wicse,
jAi=1 jFi=1

I
+(1 12) AeiSoi — (it des +pelVet S wle,— 3 wle | @an
i ];éz 1 ]7&2 1

dV; * S5
o = ACi_/\C'i (t>SCi (t) SC +5C IC Z 1/}505() Z IbSCSC Ci Aci-l- Sgl )\CiSCi
jAi=1 jAi=1 Ci :
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SC Sc o Séz o Séz - SC’ SC o Ic
g Sai—g e dem gt Y ¥l Se Zw Se.+Ac,()Se, ()= Oci+doit+nei®)e;

*

I7, I*
+ Z wjlfle Z w ICz—f/\C Sc,+—+ ((501+d(jl+,ucl Vei— C Zw

J#i=1 J#i=1 le,

C wa Ci

(44 12)

dv; 5
= Aci=Acy (S, (8) =415 Se,+0c, e, (1 Z Y5 S, - Z V¢ So, A, —+/\c St +usCSE

dt j#i=1 j#i=1
S ) Ic
_6015 Ic, _Z¢ 'L(t)SCz() (501+d01+ﬂcz ICz+ Z ¢ IC
i =1 Jj#i=1
I 1¢ I
- Z b9 e, —Acig lSc + (6c; + doi + pole) 1, — Z¢ CIc, (4.4.13)
j#i=1 j=1 Ci

e S5, = Ac, )\CSC+5CIC+Zw SC—Zw
JFi=1 Jj#i=1

Se, Sc
S S S
1S Se, = Acls* — 5. Se, +5CICL5*1 +J§1w”c Sﬁ ﬁ;lw °Se,

(4.4.14)

(50 +de, (V, A) + 1l )IC_ACSC+Zz/) I, - Z¢ Z
Jj#i=1 J#i=1

(36, + de, (Vi A) + i) Io, = N, S2, 7 Tt 3 gl JI* Sy e,
Ci Jj#i=1 &5 Jj#i=1

Substituting equations in (4.4.14) into (4.4.13) we get

dV; Se, N R T

i j:l i

Z Ui S,
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*

S%
+dc, 1, (t E 1/15050 - E wSC Sc, — Ac, % + Ac; S¢,
JAi=1 JAi=1 :

+ | A, — MG, (1)SE(t) + e 15, (¢ Z P39Sy, — Z Ye
Jj#i=1 Jj#i=1

Sz, sy
—d¢, - ’Ic - Z ¥ Se, Z + ) PPCSE + A, (1) S, (1)

*

_ )\C()SC I* LA Z wlc *jI*z' Z w IC’ + Z wICI

i

Ci  jti=1 Ci =1 j#i=1 j#i=1
n I*
1 I Ci
+ [ A& (¢ Z UiSIE, — Z i< —Z%CICJ. T (4.4.15)
JFi=1 j#i=1 j=1 g
Simplifying (4.4.15) we obtain
Wi _ Ney = Aes()Ser (B) — A 255 4 22, (850, (t) — S I Zw +Z¢SCS
dt C; Cy C; C; S* C; C; C; C . S*¢ s
Sc Sc S*
+oc, 1oy (t Z W3¢ Sa, — Z vy oo~ Ao g
Jj#i=1 Jj#i=1

+Ac, — N, (6)SE, () + 0c, 15, (1) Z V3¢S, — Z Ye
Jj#i=1 Jj#i=1

S i S EZ - S, *
—5015 Ic, —Zw °Se, % +;¢MCSCZ_ + A, (8)Se, (t)

—Ag, ()8 Z WIS T CJI* I, + Z YIS 1o, — Z v,
Ie, J#i=1 Ci  ji=1 J#i=1 jF#i=1
I7,
oS S+ 3 vt = 3 uiSIe =3 i
j#i=1 JFi=1 ¢
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n 0
dv 0 S « 90 S
E = ACi _W_ ACz S* +>‘C’ ( )501(t) - 5C’iICi(t)S - Z¢ C; S* ;M

i

+oci Io,(t Z V5 S, — Z %— ACZ

Jj#i=1 J#i=1

A~ ALBSETT S0+ S vSESE, - Z/‘?%/

Jj#i=1 Jj#i=1
IS n 0 0
~bo, e, Zlﬁcs G Y ST A ST

2, (1)S

n 0
Z¢JZCJI*+Z%+ZwICIC_ZM

Ie, j#i=1 Ci  j#i=1 j#i=1 j#i=1

n 0
Z J:

J#i=1 J#i=1
dv; Sc, S,
=Ac, — A Ao, — A
dt Ci Ci St. -+ Ag, C;i Se.
* I* * * IC‘
+ACZ~SCi + )\CiSC )\CZ I S - Aci (t)SCZ (t) I*Z
C;

*

Se
+5C¢IC¢ (t) - 601 S & IC 501,[82_ (t)

—waf &3 Z¢SCS Y s > U

C; Ci jF#i=1 jF#i=1
- Z YIS TE, e, + Z S ZWCI (4.4.18)
Jj#i=1 Ci  ji=1 Jj#i=1
Therefore
A S*
ddVZ ' ACZS ~Ae, S S
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S, [1- Saden y Sade o Seda) g |y o Saday Sedd, ) Sald,
Ci2Ci Sels | Se g, Sc. It CinCi Se. Ic, Sele, | Sole,
oc I (t - 1) I In— —1In
- Sc. Sc, Sk Sc. S* Sc., S¥
I S;+ o O Oy G
=, Se, S, SiSo. SeSo, S§Se
n I Ic. ICVI*_ Ic.I*_ Ic.I*_
1 * C, i~ C; it C i~ C,
+ PIG |1 — -+ 5 — S — PE— (4.4.19)
j;ézi;l S [ Ie, ch ch Ie, ch Ie, ch Ic,
dV; Sc; S¢ Sc., Sc,
= Ac, 1- 2% 4 2% 1y
Tl P T
Sz I, Sz Ie, Sz I, Se, 1%, Se. 1%,
A5 So |1 — —=——"+1 L NS Se ] LN SE |- /] b
Hs Cl[ Solt, U Sad, | PG N So Ty TGO T e e, T Se o,
Sc, I S¢. SE. S¢. _ Se Se,
—Ac S5 1 L i 5o o (t z = Io () In = +60. 15 (¢ In
- Sco. Sc.SE Sc. S* Sc. Sh.
—be, I (¢ T O o R W R WS o
Ci jAi=1 SC'Z' SC]' SCj Sci SCj Sci SC]' Soi
I ICA ICVI*_ Ic.l*_ Ic.I*_
I it C i+ C, i T C,
+ VI |1 -+ - e e (4.4.20)
;1 I [ I ch chICi chICi chICi
av; Se; 5S¢, S S,
=Ac |1-— t —In
a ¢ [ S* Se, | Sg, S*
Sé Ic, SC Ic, Sc, 15 Sc; IC SC C;
Mo So [1—=—"-"4+1n +AeSE 11— —= +1n In Ac, SE — AL.Sc,
TAC;OC; Se, Ia- + Sc. I* CiPC; Sa Ic, + Sz, IC + S, I* ( Ci ¢, C; Ct)
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S S, Se Se Se
oc o, (t ! ! o Is (t) |1 — == +1 : 0c, In == (I, (t) — I (t
+dc;Lc, (1) 5. thng | T ci()[ SaJrnsa + znsa(cz() &)
~ Sc, SE. Sc, SE. i Sc. Sc. Sc. S
Sc * J Cz J Cz SC * Cz J J Cz
+ COST1— +In + CCSa | — + —1In —1In
Z Vji ) ng Sc, ng Sc, j;lw“ G S¢, ng ng Sc;

ji=1

+ Z Yl o T e a0
J * I*j IE’] IC,L o

+Zw

[ Ic, IC IC IC

JFi=1 CI C “il j#im
where )\Cisa < /\a, Sc; and I¢; (t) < [a_ (t)
dv; Se, S,y S, S
— Ac, |1 2C “In
T [ e, T s Ty M
St le, . Sklc Seds  Seds ] . Sklc,
Ao So |1 — =41 NG SE |1 — = +1n In Ao, SE — M5.Se,
PeSe |V G, T Satg, ) S N e, T e | T S g, e T A el
S, Sk Se, - Se, Sc
Sedo,(t) |1 — 2% 4 2% | oo 1n (1) |1 - 2% 41 5, In 25 (7 I (t
+czcz()[ Sci+nsci+clcz()[ 5, T Sa- +dc, SCi(C() &)

Sc, 5¢ SCi_l 5&]

j#i=1 56,50 i = 5, S, Se, Sc;
" Io I, Io I i I, If, o
Ic 7 i~ Ch i~ C; Ic 7x J J Ci
+ D I [1— e D DR ol = T (44.22)
ji=1 ’ Ig,1e, Igle ] 52, e Ie IC e,
n _ SH* S * n I * Ji %
Sc gx Cj J PG C; Ic 1% C;j & C; C;
< D0 US| gt s oot + > UiIe, et~ g
j#i=1 B 7#£i=1 J i i

(4.4.23)
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w26 S TR PR
Z )\¢ICI* J + Z d] _|_ lIl e’ i ln i
7,070 * * *
j#i=1 SCj SCi C; jAi=1 C; IC’ ICi Icl.
4.4.24)
. Se, Se, g, I S St . i
- Z wjlczj[é'g A f] n * > +1n ) (A SZ +AIn =Y SZ +1n -G
A= 5, So; g, g 5S¢, Se, I, e
(4.4.25)
= 2%1310 i(Sc;, Ic;) — Hi(Sc,, Ic,)] (4.4.26)
where S I
Se, o o &,
Hi(Sc,; Io;) = A 4427
z( Ci» Cl) S* S IC IC_L_ ( )
We consider a weight matrix W = (w;;) with entry w;; = wj{ci‘féj and indicate the corresponding

weighted digraph as (#,W). Letting ¢; = Z w (T) > 0 be defined in (B.1) in Appendix 7.3 with
TeT;
(H, ). Therefore, implementing (B.2) in Appendix 7.3, the identity below is satisfied

> e X ki

i=1 =1

Setting

14 (SCNICN SC'2>I027

Taking (4.4.26) and (4.4.29) we get

dV

=1 j=1

for all (S¢,, Icy, ..,
view of the fact that U/ =

[

dat dt —ZCZZ%@IC

H;(Sc,,Ic;) — Hi(Sc,, Ic,)] =0 (4.4.28)
, Scnfcn Z ¢ V; z SC , IC (4.4.29)
i(Se;, Ic;) — Hi(Se,, 1c;)] = 0 (4.4.30)

Se, Ic,) € Q. Consequently, V' is a Lyapunov function for the system (4.2.1). In
(1#1?) is irreducible, we know that ¢; > 0 V7 (see the Appendix 7.3), and

therefore dV;/dt = 0 implies that S¢; = S, for all 7. From the first equation of system (4.2.1), get

dSc, (t)

0=—u

= AC’L e (t)SCi (t)

CSC + ¢, I, (t

Z Y5 Se, — Z Y5 S, (4.4.31)
Jj#i=1 J#i=1
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1 = 1,2,...,n, which implies that I¢, = Ia, for all 7. The only invariant set on which dV;/dt = 0 is
the singleton { P*}. Hence, by LaSalle Invariance Principle [138], P* is globally asymptotically stable in
Q. O

4.5 Numerical analysis

This section presents computer simulations for the multiscale model system (4.2.1)’s behaviour performed

using Python program version 3.6 on the Windows 10 operation system.

Table 4.3: Description of within-host and between-host model parameters for the ‘" individual.

Symbol | Description Value Source
Ac, Birth rate of susceptible cattle 0.3 day71 [110]
Be, Rate of infection of susceptible animals via direct contact 0.05 day_1 [111]
,u‘gc Natural mortality rate of susceptible cattle 0.05 year ~" [112]
,uéc Natural mortality rate of infected cattle 0.05 year — ! [112]

; Excretion of infectious virions from cells and tissues of cattle into the blood plasma | 0.02 day_1 Estimate
de; Per ca-pita rate of loss of immunity 0.001 dayf1 [113]
og; Community elimination of total infectious reservoir 0.03 day " Estimate
éc; Mortality rate of animals due to FMD. 0.055 day_1 [114]

N; Number of FMD virus available for excretion 1000 day71 Assumed
Voi Half saturation constant 2 x 10%virions day_1 Estimate

We performed some numerical simulations of the multiscale model system (4.2.1) using estimated parame-
ter values presented in Table 4.3 for sensitivity and numerical analysis. The initial conditions implemented

Ag,
for these simulations are listed below: S¢, (0) = 5% ,Ic;(0) = 0,Ve, (0) =0.

He;

4.5.1 Numerical simulations of the multiscale model of FMD transmission dynamics

This section enables us to implement numerical simulations to substantiate some outcomes obtained from
the sensitivity analysis for /Ry and analytical results of the multiscale model. Applying the multiscale
model parameter values obtained from Table 4.3 we carried out the numerical simulations. We demon-
strated the impact of six FMD transmission parameters (/Na, ugg , Voo, ag,, oo, ¢{2) on the multiscale
model variables S¢; (t), I, (t), Vi, (t). These parameters were only selected because they are significantly

sensitive to R and V.
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Figure 4.2: Tornado plot of PRCCs of the model parameters that impact the FMD transmission metric R
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4.5.1.1 Influence of within-host scale parameters of the FMD multiscale model dynamics

0
60
50
U 40
=la
0
20
1
0
17500 3 —_—,=0.0004
200000 \ — =004
15000 1 \ [ ——
I\
12500 |
300000 \
—, 10000 : \
O
= 7500 200000 1 \\
| \
5000 ~
100000 4 - <
2500 I ~
0 ] K:}E_r—
o 0 20 &0 B 100 0 20 20 &0 B 100

infectious virions from cells and tissues of cattle into blood plasma in patch 2, ay :

Figure 4.3: Graphs of numerical results of the model system 4.2.1 demonstrating the advancement in time of (a)
Infected cattle in patch 1, I, (b) Infected cattle in patch 2, Ic,, (¢) Community viral load in patch 1, Vi, (d)
Community viral load in patch 2, V¢, for variant values of the excretion of infectious virions from cells and tissues

of cattle into blood plasma in patch 2, as : a2 = 0.0004, a2 = 0.04 and a2 = 0.4.

0.04 and oo = 0.4. From these results we can observe that as the excretion of infectious virions from

and tissues of cattle into blood plasma increases, there is a noticeable increase in the community viral

in patch 2.

© University of Venda

Figure (4.3) represents the graphs of numerical results of the model system (4.2.1) demonstrating the
progression in time of (a) Infected cattle in patch 1, I, (b) Infected cattle in patch 2, I,, (c) Community

viral load in patch 1, V,, (d) Community viral load in patch 2, Vo, for variant values of the excretion of
a9 = 0.0004, Q9 =
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Figure 4.4: Graphs of numerical results of the model system 4.2.1 demonstrating the advancement in time of (a)
Infected cattle in patch 1, Ic,, (b) Infected cattle in patch 2, Ic,, (¢) Community viral load in patch 1, Vg, (d)
Community viral load in patch 2, Vi, for variant values of the number of FMD virus available for excretion in patch

2, N2 : N2 = 200, N2 = 2000 and N2 = 20000.

Figure (4.4) represents the graphs of numerical results of the model system (4.2.1) demonstrating the
progression in time of (a) Infected cattle in patch 1, I, (b) Infected cattle in patch 2, I¢,, (¢) Community
viral load in patch 1, V¢, (d) Community viral load in patch 2, V¢, for variant values of the number
of FMD virus available for excretion in patch 2, No : No = 200, Ny = 2000 and N, = 20000. From
these results we can observe that as the number of FMD virus available for excretion increases, there is a

noticeable increase in the community viral load in patch 2.
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4.5.1.2 Influence of between-host scale parameters of the FMD multiscale model dynamics

70
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o
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0
o 120000 o -t -t
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g 10000 00 / —ac,=0.0006
. — =006
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Figure 4.5: Graphs of numerical results of the model system (4.2.1) demonstrating the advancement in time of (a)
Infected cattle in patch 1, I, (b) Infected cattle in patch 2, Ic,, (¢) Community viral load in patch 1, Vi, (d)

Community viral load in patch 2, V¢, for variant values of the community elimination of total infectious reservior in

patch 2, ac, : ac, = 0.0006, ac, = 0.06 and ac, = 0.6.

Figure (4.5) represents the graphs of numerical results of the model system (4.2.1) demonstrating the

progression in time of (a) Infected cattle in patch 1, I, (b) Infected cattle in patch 2, I, , (c) Community

viral load in patch 1, Vo, (d) Community viral load in patch 2, Vo, for variant values of the community

elimination of total infectious reservior in patch 2, a¢, : ac, = 0.0006, ac, = 0.06 and o, = 0.6. From

these results we can observe that as the community elimination of total infectious reservior increases, there

is a noticeable decrease in the community viral load in patch 2.
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Figure 4.6: Graphs of numerical results of the model system (4.2.1) demonstrating the advancement in time of (a)

Infected cattle in patch 1, Ic,, (b) Infected cattle in patch 2, Ic,, (¢) Community viral load in patch 1, Vg, (d)

Community viral load in patch 2, Vo, for variant values of the natural mortality rate of susceptible cattle in patch 2,
peS : g = le — 05, e = 0.01and p2S = 0.1.

Figure (4.6) represents the graphs of numerical results of the model system (4.2.1) demonstrating the
progression in time of (a) Infected cattle in patch 1, I, (b) Infected cattle in patch 2, I¢,, (¢) Community
viral load in patch 1, V¢, (d) Community viral load in patch 2, Vi, for variant values of the natural
mortality rate of susceptible cattle in patch 2, ,ug(; : ugg = le — 05, ugg = 0.01 and ugg = 0.1. From
these results we can observe that as the natural mortality rate of susceptible cattle increases, there is a
noticeable decrease in infected cattle in patch 1, in infected cattle in patch 2, in community viral load in

patch 1, and in the community viral load in patch 2.
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Figure 4.7: Graphs of numerical results of the model system (4.2.1) demonstrating the advancement in time of (a)

Infected cattle in patch 1, Ic,, (b) Infected cattle in patch 2, Ic,, (¢) Community viral load in patch 1, Vg, (d)

Community viral load in patch 2, Vo, for variant values of the half saturation constant in patch 2, Voo :
200, Vo2 = 2000 and Vp2 = 20000.

10000

Figure (4.7) represents the graphs of numerical results of the model system (4.2.1) demonstrating the

progression in time of (a) Infected cattle in patch 1, I, (b) Infected cattle in patch 2, I¢,, (¢) Community

viral load in patch 1, V¢, , (d) Community viral load in patch 2, Vi, for variant values of the half saturation

constant in patch 2, Vo : Voo = 200, Vp2 = 2000 and V2 = 20000. From these results we can observe

that as the half saturation constant increases, there is a noticeable decrease in infected cattle in patch 1, in

infected cattle in patch 2, in community viral load in patch 1, and in the community viral load in patch 2.

© University of Venda
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4.5.1.3 Influence of between-community scale parameters of the FMD multiscale model dynamics
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& 100
50 80
o
= Doy 60
)
2
0
10 0
0 i 0
o 20 20 &0 B 100 0 20 2 &0 B 100
17500 = -, =0.005 -y =0.005
/N — 4, 00 |1000000 [AG
o =0.05
15000 / 5 —
1 \ = #=03 s00000
12500 1l \
\ 5000000
~ 10000 e & laoooooo
N I S N
7500 - f \\ 3000000
~
5000 : 2000000
500 r\ 1000000
- )
——
B " ﬁ o — u
o 0 20 &0 B 100 0 20 20 &0 B 100

Figure 4.8: Graphs of numerical results of the model system (4.2.1) demonstrating the advancement in time of (a)

Infected cattle in patch 1, I, (b) Infected cattle in patch 2, Ic,, (¢) Community viral load in patch 1, Vi, (d)

Community viral load in patch 2, Vi, for variant values of the migration rate of cattle from patch 2 to patch 1,
iy sy = 0.005, 11, = 0.05 and ¥i, = 0.5.

Figure (4.8) represents the graphs of numerical results of the model system (4.2.1) demonstrating the
progression in time of (a) Infected cattle in patch 1, I, (b) Infected cattle in patch 2, I, (¢) Community
viral load in patch 1, V(z,, (d) Community viral load in patch 2, V, for variant values of the migration
rate of cattle from patch 2 to patch 1, ¥, : /%, = 0.005, 17, = 0.05 and ¥{, = 0.5. From these results
we can observe that as the migration rate of cattle from patch 2 to patch 1 increases, there is a noticeable
increase in infected cattle in patch 1 and in community viral load in patch 1. Furthermore, there is a

decrease in infected cattle in patch 2 and in the community viral load in patch 2.
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4.5.2 Effects of sochasticity on the model
We consider a stochastic model adopted from section (3.5.4) of chapter 3
[ dse. (1) = (ACZ, _ m&i (t) = 116,50 S (8) + do I, (t)> dt + Se, (1)osdWs,

it 0 = (225, 0) - 6o+ + e e () di-+ I (Dora o

dVe, (t) = (Nijade, (t) — ac, Ve, (1)) dt + Ve, (t) oy dWy,

S¢;(0) = Soi, Ic;(0) = Loi, Ve, (0) = Vo
where

N = C?}’f . M= ;Zi 4.5.2)

Infected cattle in patch 1, IC
1
- - [ o] [#] [ %]

o

0 10 20 30 40 50 B0 70 8D g0 100
days

Figure 4.9: Graphs of numerical results of the Infected cattle in pacth 1, I, of the multiscale SDE model
system (4.5.1) with the ODE multiscale model system (4.2.1) solutions.

Figure 4.9 demonstrates the graphs of numerical results of the Infected cattle, I, of the multiscale SDE

model system (4.5.1) with the ODE multiscale model system (4.2.1) solutions. The solution for the

stochastic multiscale model is obtained using the Milsten method.

Figure 4.10 demonstrates the graphs of numerical results of the Infected cattle, I, of the multiscale

SDE model system (4.5.1) with the ODE multiscale model system (4.2.1) solutions. The solution for the

stochastic multiscale model is obtained using the Milsten method.
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Figure 4.10: Graphs of numerical results of the Infected cattle in pacth 2, I, of the multiscale SDE model
system (4.5.1) with the ODE multiscale model system (4.2.1) solutions.
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Figure 4.11: Graphs of numerical results of the Community viral load in patch 1, Vo, of the multiscale
SDE model system (4.5.1) with the ODE multiscale model system (4.2.1) solutions.

Figure 4.11 demonstrates the graphs of numerical results of the community viral load in patch 1, Vi, of
the multiscale SDE model system (4.5.1) with the ODE multiscale model system (4.2.1) solutions. The

solution for the stochastic multiscale model is obtained using the Milsten method.

Figure 4.12 demonstrates the graphs of numerical results of the community viral load in patch 2, V¢, of
the multiscale SDE model system (4.5.1) with the ODE multiscale model system (4.2.1) solutions. The

solution for the stochastic multiscale model is obtained using the Milsten method.
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Figure 4.12: Graphs of numerical results of the Community viral load in patch 2, V-, of the multiscale

SDE model system (4.5.1) with the ODE multiscale model system (4.2.1) solutions.

4.5.3 Effects of migration on the model

Fiigure 4.13-Figure 4.15 demonstrate the variation in the rate of migration of infected cattle population
from patch 1 to patch 2. Results show that an increase in the rate of migration lead to an increase of
infected cattle population in the receiving patch 2. Therefore, interventions such as movement restrictions

can help to control the spread of FMD infection at global scale.

25
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days

Figure 4.13: Migration rate of infected cattle from patch 1 to patch 2, ¢{2 = 0.005
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Figure 4.14: Migration rate of infected cattle from patch 1 to patch 2, 1)1, = 0.05
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Figure 4.15: Migration rate of infected cattle from patch 1 to patch 2, 17, = 0.5

4.6 Summary

In this chapter, characterised a nested multiscale model of FMD at community-level, with the main ob-
jective of investigating the role of migration on the multiscale dynamics of FMD in cattle. Through
mathematical analysis the model was determined to be epidemiologically and mathematically sound. The
analysis of sensitivity of the FMDV indicator Ry, in relation to the variation of FMD model parame-
ters was carried out by implementing Latin Hypercube Sampling (LHS) and Partial Rank Correlation

Coefficients (PRCCs). Applying the model parameter values we conducted the numerical simulations
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to demonstrate the impact of six FMD transmission parameters (/Ng, u‘gg, Vo2, ac,, ao, w{Q) on the
multiscale model variables S¢, (t), Ic,(t), Vi, (t). These parameters were only selected because they are
significantly sensitive to Rg. The results from analysis of sensitivity of R indicated that the variation of
the within-community scale parameters in particular the amount of FMD virus available for excretion in
patch 2, Ny have a huge impact on the transmission risk of FMD in cattle at community-level and this was
confirmed by the Tornado plot in Figure 4.2. Results from Tornado plot in Figure 4.2 also confirmed that
the migration rate of infected cattle from patch 1 from patch 2, 17, has an impact on R. Figure (4.8) and
Figure 4.13-Figure 4.15 demonstrate the variation in the rate of migration of infected cattle population
from patch 1 to patch 2. Results show that an increase in the rate of migration lead to an increase of in-
fected cattle population in the receiving patch 2. Furthermore, Figure 4.3 - Figure 4.7 showed the impact
in the variation of the parameter values (aa, ,ugg, Vo2, @y, N2) on the model variables (Sc, , Ic;, Ve, ). In
addition, Figure 4.9- Figure 4.12 described the graphs of the stochastic models in comparison to the ODE

multiscale models.

In conclusion, we established that the model we characterised in this chapter can not be extended to
macroecosystem level using graph-theoretic approach. Furthermore, we established that the global trans-
mission of FMD can be described using graph-theoretic approach. In addition, we established that this
distinction of local transmission and global transmission of infectious diseases informs us on the ap-
propriate interventions at community level from calculations of the reproduction number. Finally, the
model presented has a secondary level multiscale cycle with both local exchange and global exchange of

pathogen.

© University of Venda



L
>

) (o

University of Venda
Creating Future Leaders

<8

Chapter 5

Multiscale modelling of vector-borne
diseases with Malaria as paradigm at

Whole organism level

5.1 Introduction

In this chapter, we characterise an individual-based network modelling multiscale model of Malaria dis-
ease at whole organism-level. We aim to characterise the spread of Malaria disease taking into account
both the dynamics of plasmodium parasite at within- whole organism scale (microscale) and the interac-
tions (direct contact) between whole organism at between-whole organism scale (macroscale). Infection
disease systems are considered to be complex systems that can be studied at multilevel and multiscale.
Recently, a new multiscale modelling approach called the replication-transmission relativity theory has
offered a framework in which both the dynamics of pathogen replication and transmission can be studied
together [1]. Among these infectious diseases is Malaria which has been serious public health concern.
Malaria is a disease (vector-borne) caused by a parasite called Plasmodium falciparum (Pf) transmitted
through blood feeding of infectious Anopheles mosquitoes and mainly affects vascular blood flow by in-
vading red blood cells (RBCs) [5]. The infection process starts when the infected mosquito injects sporo-
zoites into the skin of a host while feeding. Once the sporozoites gain entry into the blood stream they are
carried to the liver where they infect liver cells. When liver cells have burst they release merozoites into the
bloodstream which leads to infection and destruction of red blood cells, resulting in fever, anaemia, cere-
bral Malaria and death if the disease is untreated [139]. Malaria symptoms can develop soon after being

bitten by an infected mosquito (6-8 days), or several months after leaving a Malaria region. Once a human
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host has been infected by Malaria parasites the individual normally experiences fever, cough, shivering,
joint pains, respiratory distress, headache, water diarrhea, vomiting and convulsions. The host—parasite
interactions are complex and as a result the development of an effective prophylactic vaccine is extremely
challenging. Laboratory diagnosis of Malaria can be made through several approaches including Malaria
antigen rapid diagnostic test (RDT). Malaria is a central global health concern that has resulted in over
40% of the world’s popualtion being at risk of contracting the disease and according to World Health Or-
ganization (WHO) reports, the number of Malaria related mortalities worldwide has been approximated

to be over one million per year [6, 140].

Organk

Pk
Pri

Organl

Figure 5.1: The diagram represents the local transmission within-organ and global transmission between-
organs.

The whole organism-level constitutes the cell-level, the tissue-level and the organ-level. The transmission
of the plasmodium parasite at cell-level occurs by direct contact of infected cell with a susceptible cell
or contact of susceptible cell with the plasmodium parasite. This direct transmission of pathogen is local
transmission. At organ-level the infected organ such as the liver which is infected by sporozoites will
release merozoites into the blood stream leading to the transportation of the pathogen to other parts of
the body. Once the pathogen arrives at another organ then direct contact of pathogen or infected cells

with susceptible cells results in local transmission represented by ODEs. The transportation of pathogen
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between organs through the blood stream is global transmission represented by graph theoretic approach.

This aspect is new idea that has not been investigated before and we address it in this chapter.

Present modelling frameworks established from compartmentalizing hosts into SIRS type models (and
their variations) have been used to give insights of local transmission mechanisms or global transmission
mechanisms of Malaria separately [5, 8, 26, 140—142]. Furthermore, various mathematical models have
been developed giving insights of transmission mechanisms of Malaria disease at single scale using graph
theoretic methods however, to the best of my knowledge there is no model that addresses pathogen trans-
mission mechanisms at different scales (local transmission and global transmission) at whole organism-
level using graph theoretic methods. The latest work that has been done which is more appropriate in
modelling the progression of infectious disease systems based on replication-transmission relativity the-
ory is the multiscale modelling appproach. The multiscale modelling of global transmission mechanisms
of infectious diseases is better achieved through the use of graph theoretic methods while the standard SIR
models address the local transmission mechanisms. The mathematical framework we propose models
the local transmission and global transmission mechanisms of Malaria thereby enabling us to explore the
multiscale character of infectious disease systems. The framework we formulate separates between-organ
transmission dynamics (inflow and outflow) and the within-organs infection dynamics (replication) for the
whole transmission-replication loop. In this study, the main ideas are centred on developing a multiscale
modelling approach in tandem with graph theoretic methods at whole organism-level. Furthermore, nodes
represent communities (organs) and possible transmission is represented by edges. We also seek to estab-
lish if the model we have developed can be extended to higher levels of organisation using graph-theoretic

methods.

5.2 The Multiscale model for Malaria

The mathematical model we develop consists of within-mosquito Malaria parasite population dynamics
as well as the within-human Malaria parasite population dynamics where the human population is con-
nected by a spatial network of n individuals and the mosquito population is connected by a network of
m individuals. We consider the human host, mosquito vector and environment as temporary or pesistent
patches of the pathogen (malaria parasite) such that the pathogen migrates and replicates or dies. The
transmission between-organ is characterized by pathogen migration from its initial organ (patch) ¢ to the
final organ (patch) j through the bloodstream. The infection at within-organ is characterized by the repli-
cation of pathogen. The model demonstrates the time progression of within infected mosquito host as well
as within the infected human host. The populations in the infected human host include the erythrocytes
infected by gametocytes G? , free merozoites in blood Mih, susceptible erythrocytes R? , erythrocytes in-
fected by merozoites R;". In addition, the populations in the infected mosquito include the sporozoites,

P?, gametes, G}, infected erythrocytes, G, oocysts, O}, zygotes Z; .

Therefore the multiscale model we propose is as follows:
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dRét(t) = A} = BIRIt)M](t) — pl R (), ... (1)
dRE;(t) = (L—m)BPRE)MMt) — " RI(1), ... (2)
h n
dﬂ{ft(t) = NOPRP(t) — pu" M) + > ByM}(1) Z AL D), . (3)
i#j=1 i#j=1
h
dGé-t(t) = mBPRI(t)M] (1) - [a?ﬂﬂ Gh(E), ... (4)
dGz’t(t) = A —[of + 1) GY(t Z BLGY(1) Z B.GE (¢ 5) 52.0)
i#j=1 i#j=1
dGZg(t) = N/ofGi(t) = [of + pi] G (t), ... (6)
azy(t) 1 o m o
dat 2alG (t) — [of + pi] Z7 (t),... (7)
ore) L. o
chilt(t) = NFafOp(t) — [of + ] P (L), ... (9)

where

Bij = B (1 — &) e~ @li=Il,

0;; is Kronecker’s delta , o and 3 are non-negative constants. Small values of o implies a widespread influence of infection while
bigger values of a implies local spread. The elements [3;; of the transmission matrix B, representing the strength of transmission

from j to ¢ depend on spatial factors. [3 represents the overfall strength of transmission [100].

In the multiscale model system (5.2.1) equation (1) represents the susceptible erythrocytes dynamics.
Susceptible red blood cells are presumed to accumulate since they are produced from the bone marrow
at rate A; [143] and declines through the contagion. The rate at which erythrocytes are infected by free

merozoites is given by ﬁihR?Mih . The natural decay rate of susceptible erythrocytes is uf.

Equation (2) of the multiscale model system (5.2.1) represents merozoite infected erythrocytes dynamics.
From equation (2) of multiscale model system (5.2.1) we assume that merozoite infected erythrocytes
R;", after rupture increases merozoites by a ratio (1 — ;) of all the erythrocytes infected by merozoite.
Consequently, the first part of equation (2) of the multiscale model system (5.2.1) models the rate of growth
of the ratio of erythrocytes infected by merozoites. The second term of the multiscale model system
(5.2.1) models the reduction rate of the ratio of erythrocytes infected by merozoites via rupture releasing
merozoites. In the multiscale model system (5.2.1), equation (3) represents the merozoites dynamics in
the human blood. We make the assumption that infected erythrocyte that bursts to release merozoites
produces an average of N;™ merozoites after lysis. Consequently, N;"«;" R represents the growth rate
of merozoites in the human blood via rupture of infected erythrocytes. Merozoites are presumed to reduce

from natural decay. The last term in equation (3) represents the rate of growth of merozoites as a result
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Figure 5.2: Schematic diagram of an microcommunity level multiscale model of Malaria in the human
population

of injection of sporozoites by m mosquitoes in contact with the it" individual. (Here there is no explicit
model for the developmental stages from injection of sporozoites to the development of merozoites).
Equation (4) of the multiscale model system (5.2.1) represents the dynamics of the excess proportion,
m;, of all erythrocytes infected by merozoite, G?. Equation (4) of the multiscale model system (5.2.1)
represents growth rate of erythrocytes infected by gametocytes. Looking at the equation o defines the
mature rate of gametocytes in the erythrocytes becoming contagious to mosquitoes. Erythrocytes infected
by gametocytes are presumed to decrease at a rate /,LZG by natural decay. Equation (5) of the multiscale
model (5.2.1) represents the gametocyte infected erythrocytes dynamics in an infected mosquito when a
mosquito has consumed a blood-meal. Super-infection of the infected mosquito is described by the first
part, AY. o represents the bursting rate of gametocyte infected erythrocytes producing sex cells called
gametes. 4 is the natural death rate of erythrocytes infected by gametocytes inside a mosquito. Equation
(6) of the multiscale model system (5.2.1) represents the gamete population dynamics inside an infected
mosquito. The bursting gametocyte infected erythrocytes are presumed to produce an average of N7
gametes after rupture. Hence, NYaJG} models the growth rate of gametes inside a mosquito. Gametes
are presumed to die at a rate i;. In addition, male and female gametes fuse to produce zygotes at a rate o5,

contributing to the depletion of gametes. Equation (7) of the multiscale model system (5.2.1) represents
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the zygote dynamics. The average zygote population Z;, inside a mosquito is produced at rate /2.
We presume that the natural death of zygotes is ;. Equation (8) in the multiscale model system (5.2.1)
represents the oocysts population dynamics. The average oocyst population is produced at a rate ;. The
first part of equation (8) represents the growth rate of the oocyst population. The second part represents the

reduction of the population from natural death rate ,uf or via bursting rate of oocysts to release sporozoites
k

at presumed rate of o;’. Equation (9) of the multiscale model system (5.2.1) represents the sporozoite
dynamics. Oocyst are presumed to burst at a rate of ozf producing an average of Nz-k sporozoites after
rupture. Hence, Nl-kafOf describes growth rate of sporozoites inside mosquito. The rate of excretion®
of sporozoites into salivary glands is «. The last term in equation (9) describes the rate of growth of
sporozoites as a result of ingestions of blood-meals from n humans in the network. (Here there is no

explicit model for the developmental stages until sporozoites are formed).

5.2.1 Mathematical Analysis of the Multiscale model of Malaria Dynamics

In this section, we determine that multiscale model system (5.2.1) makes biological sense. In other words,
we demonstrate non-negativity and boundedness of all the state variables and their solutions, respectively.

5.2.1.1 Positivity of solutions

Theorem 5.1. A non-negative solution of R (t), R (), MI'(t), G (t), G¥ (t), GT*(t), ZP(t), OY (t), PP (t)
exists for all t > 0.

Proof. The positivity of the solutions of the model system (5.2.1) is proved by implementing the integrat-

ing factor technique. Let us consider (1) in model system (5.2.1)

h
M) _ Ap = BRNOMD () — iR 2.
We re-write (5.2.1) to obtain
h
C”i;t(t) + (BMI () + ub) RI(E) = Al (522)

The integrating factor (IF) of (5.2.2) is given by

TF — oJo (BrM] (s)+u)ds (5.2.3)

We multiple the integrating factor eJo (B M (9)+17)ds e (5.2.2) to get
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h
et orvuts IO | GO0, (BhArH() + ) Rb(r) = (MO 2) )

dt
(5.2.4)
From the product rule we obtain
4 oo (@M?(S)W?)ds.]{h(t)] — oJo (BEM](s)+pt)ds AR (5.2.5)
dt (2 7
Integrating both sides of (5.2.5) with respect to ¢ we obtain
t
elo (BIMI()+u)ds php) = Rh(0) + / eJo (81 M () +u7)ds ph (5.2.6)
0
We divide both sides of (5.2.6) by the integrating factor eJo (B M (s)+17)ds ¢ get
t
Ri(t) = e Jo (BIMI () Hui)ds, [R?(o) n /0 eJo (BIMI()+u)ds pR| > (5.2.7)

Similarly, the remaining solutions for equations (2) - (9) of multiscale model system (5.2.1) can also
be obtained using the integrating factor technique. Consequently, R(t) > 0, R™(t) > 0, M](t) >
0,GR(t) > 0,GY(t) > 0,G"(t) > 0,27 (t) > 0,0%(t) > 0 and P} (t) for all time ¢ > 0. O

5.2.1.2 Boundedness of solutions

The multiscale model system (5.2.1) represents the populations of the mosquito parasite and the human
parasite. Therefore, the entire collection of parameters in the multiscale model (5.2.1) have to be non-
negative. Given that the initial values of the parameters are non-negative, we can demonstrate that the
solutions of the multiscale model system (5.2.1) are also non-negative. The model can be explored by

separating it into mosquito population 2y, and human population 2;;. We define the feasible region by

Q= {9 x Q CRL xR} (5.2.8)

where

Qi = { (R, R MI, G0 < B+ R + Gl < K10 < M) < Ko |

(5.2.9)

A?Y

he {(Gg’G?le“aOU,P”MO <N/ < 3}
i
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where NZ-V denotes the total number of infected cells in the mosquito host.

Letting NZ»H (t) denote the total number of erythrocytes (both susceptible and infected) in the human host
and adding equations (1), (2) and (4) of multiscale model system (5.2.1), we obtain

NH

dézt(t) = A} = ufR! — o' R}" — u Gl — oG, (52.10)

so that
NH
therefore
dNH (t
This implies that
H AP
3 ; < . e
Jim sup(N(8)) < 25 (5-2.13)

Since NZ-H is the sum of the state variables for the susceptible erythrocytes and infected erythrocytes in the
h

humans, then each of the individual state variables is less or equal to —Z Therefore, applying equation

(2) of the multiscale model system (5.2.1) we get the following inequalitgf

M"
d dtz < N R™ — i MP, (5.2.14)
amp G

T Nl T M, (5.2.15)

h
since R;"(t) < —. Hence, the solution of the equation (5.2.15) can be obtained by using a suitable
i

integrating factor (e #i'?), to obtain

NMra Al -
MP < B0 | peat, (5.2.16)
i H
This implies that
NMam AR
lim sup(M/(t)) < —, (5.2.17)
tmeo i
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We let
_ h pm arh ~h h m h h
Qp = {(Ri R MM GM0 < R+ R™ 4+ GP < Ky,0 < M) < KQ}, (5.2.18)
be an invariant region of the model system (5.2.1), where
Al
Ky =—
Hi
(5.2.19)
N™am AR
ORI
Myl
Similarly, letting NV = GY + GT* + Z¥ + O" + P’ we get
AY
Qy = {(G;f,G;”, Z°,0°, P’)|0 < NY < ;} (5.2.20)
Hi
We let
Q= {0y x Qy € RL xR} (5.2.21)
([ dNH(t)
L < i),
dM! AP
2= <N :n,TZ — M (5.2.22)
i
dNY (1)
3.5 < AV - INY (1)
From this we get
( m A.h m
LN (t) < NI (0)e ™ + =L [1— e,
i
m,  NMaQmAM m
2M] (1) < M (O)e T 4 SETEE (1 e 5229
i 1y

v
v

TR —up
3.NY (1) < NY(0)e Hit 4 =1 [1— e Hit]

2

7
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where N (0), M[*(0), N} (0) represent the total population of erythrocytes in human host, total parasite
population in mosquito host and total parasite population in human host calculated at the initial values of

the corresponding variables. We consider the limit when time increases giving the expressions below.

. < 2
1 lg&sup(]\fZ (1) < s
Nmam AR
2. lim sup(M}'(t)) < ~ =t (5.2.24)
3. lim sup(NY (1)) < &
e WP L)) S g

Thus, 2 is positively invariant and attracting region, since all the solutions or trajectories that begin in 2
will remain in €2 for all ¢ > 0. Consequently, we can deduce that the multiscale model system (5.2.1) is

well-posed (epidemiologically and mathematically) [144]. This outcome is summarized in Theorem 5.2.

Theorem 5.2. The region () = {Q X Qy C ]Ri X Ri’r} is positively invariant for the multiscale model

system (5.2.1) with non-negative initial conditions in Ra_.

5.3 Determination of the disease free equilibrium and its stability

5.3.1 The disease free equilibrium point

We set the right-hand side of the multiscale system (5.2.1) to zero in order to obtain the disease-free
equilibrium point. When the equilibrium is disease-free, there are no merozoites in the bloodstream of an
individual and therefore, no Malaria infection in humans. Consequently, the disease-free equilibrium of

the multiscale model system (5.2.1) is

AP AY
E’ = (R?,R?,MZZG?,Gf,G?”‘,Zz’,Of,B”) = <§,,0,0,0,;,0,0,0, 0) ji=1,.,n (53.0)
I W

5.3.2 The model Reproductive number

The multiscale model system (5.2.1) can be expressed as follows:
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dX
= X, Z
dt f( ) )7
dz
= hX,Z 5.3.1
— = h(X.2), (53.1)
where
X =R}

= (R:nv Mihv G?)

The elements of X stand for the number of susceptibles as well as other groups of non-infectious individ-
uals. The elements of Z stand for the number of infected individuals able to transmit the disease. Define
g(X*, Z) from [101] by

(1= m)BIRY (M () — o Ri" (1)

G(X*, 7) = | NI R (t) — i M) Zﬁ”Mh Z "M () (53.2)
i#Aj=1 i#£j=1

mBEREOMP (L) — [l + ul] GR (1)

L di=12,..n
A matrix ) . )
—a" (1 _Wiiﬂi A; 0
n n
A= | NP 4+ Y B — > B 0 (5.3.3)
i#j=1 i#j=1
Bh AR
0 T — (ol + )
L M Ji=1.2,...n

may be expressed as A = M — D, so that

0 ' 0
1
M= |0 Z B — Z Bl 0 (53.4)
i#£j=1 i#j=1
0 mif ZA? 0
L My
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o’ 0 0
D= |-N"a]" u" 0 (5.3.5)
0 0 (a? + u?)
- ;
o 0 0
D! N 0 (5.3.6)
Sl >
0 0 —
I (o + pf) |
_0 (1 —Zi)fzh/\i 0_
i fg
N QAL b n e h
wp-t = | (LM BEAND &l (S50 B - S ) 537
b, m
Fihie
0 mibi AL 0
L o g di=12,..n

Then Rg = p (MD™")

Hence, the basic reproduction number of the multi-scale model system (5.2.1) for each individual i is

expressed by the following quantity.

(1= ) BEANT + b (g B — Liayr B)
Roi = — ,i=1,2,..,n (5.3.8)
i 1

5.3.3 Local Stability of the Malaria disease free equilibrium (DFE)

In this subsection, we establish the local stability of DFE of the multiscale model system (5.2.1) by lin-
earizing all the equations of the model system (5.2.1) to get a Jacobian matrix. Then we evaluate the

Jacobian matrix of the system at the disease-free equilibrium

Al AY
EY = <Z?070707 ;7070707()) yvi=1,..,n (5.3.1)
L

i i
Evaluating the Jacobian matrix of the multiscale model system (5.2.1) at the disease-free equilibrium
(DFE), we get
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AR
—ub 0 -pr =L 0 0 0 0 0 0
Mg
h
0 —a*  (1-m)pl—t 0 0 0 0 0 0
i
0 N™a” al 0 0 0 0 0 0
R AY R, h
T
J(E% = | © 0 ;B! W = (af +ut) 0 0 0 0 0 6532
0 0 0 0 as 0 0 0
0 0 0 0 Nia?  —(af 4+ 1) 0 0 0
1
0 0 0 0 0 Eaf — (o +1i) 0 0
0 0 0 0 0 0 a? = (o +uf) 0
0 0 0 0 0 0 0 NEak — (o + 1Y)

m - mAh m
ar=—p"+ Y By Z Bl == (1 —m) BN m + (Roi = 1) g

i=1,i#j i=Liti ! (5.3.3)
e i) e 3 Hy- Y
i1=1,i#j] i=1,i#j

We now consider stability of DFE by calculating the eigenvalues (\s) of the Jacobian matrix given by

(5.3.2), the characteristic equation for the eigenvalues is given by

@ [~ (o + ) = A 1= af + 1)) = N = (oF +27) = N [ (af +4b) =\ [= (a7 + ) = A =0
(5.3.4)
where
©o = (—M? - A) (" = A) (a1 = A) (a2 = A) (5.3.5)

Since all the eigenvalues from the characteristic equation (5.3.4) are negative then the disease-free equi-

librium point E° of the multiscale model system (5.2.1) is locally asymptotically stable.

Theorem 5.3. The disease-free equilibrium point E° of the multi-scale model system 5.2.1 is locally

asymptotically stable whenever Ro < 1 and unstable otherwise.

Lemma 5.4. The matrix (M — D) has a real spectrum. Moreover, if p (M D_l) < 1, all eigenvalues of
(M — D) are negative.

5.3.4 Global Stability of the disease free equilibrium

In order to establish the global stability of DFE of the model system (5.2.1), we implement Theorem
2 in van den Driessche and Watmough [103] to establish that the disease-free equilibrium is globally
asymptotically stable whenever Ry < 1 and unstable when Ry > 1. We identify two conditions that
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warrant the global asymptotic stability of the disease-free state. The model system (5.2.1) can be written

as follows:

e
— =F(X,Z
dt ( Y )’
(53.1)
A
‘27 ~G(X,2), G(X,0)=0

where X = (Rf) denotes all uninfected components and Z = (R™, M, G GY,G™, Z?,0?, P?)

denotes all infected and infectious components;

Al AY
E° = (Rgi, moME Gh. G, g;,zgi,ogi,Pgi) = (/ﬁ;},o,o,o,ﬂ;,o,o,o,o) i=1,..,n (53.2)

7 %

represents the disease-free equilibrium of the system. The conditions (H1) and (H2) below must be sat-

isfied in order to assure global asymptotic stability [101]:

dX
(H1) For = F(X,0), X™ is globally asymptotically stable (g.a.s);

(H2) G(X,Z) = AZ - G(X,Z),G(X,Z) > 0for (X, Z) € R3,

where the Jacobian A = 7= DzG(X™,0) is an M -matrix (the off diagonal elements of A are nonneg-

ative) and @ is the region where the model makes biological sense.

% = F(X,Z) = A} = B{"R}(t) M} (t) — uf' R} (1) (5.3.3)

At the disease-free equilibrium Z = 0

F(X,0) = Al — ytRI (5.3.4)

Hence, in regard of the fact that ® is an invariant set for model system (5.2.1) and in view of Theorem

(5.3), it is sufficient to show that for all E° € ®

lim P?(t) = 0, lim O}() =0, lim Z¥(t) = 0, lim GI"(¢) =0, lim GY(t) = G,

t—o00

1 h — 1 h e 1 m — 1 h — h
lim G} (t) = O,tlggo M (t) O,tlgrolo R (t) O,tlgglo R} (t) = Ry; (5.3.5)

t—o00
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where Rgi and G are as in (5.3.2) , it follows that
dR}M(t
() < A — uPRIMND) (5.3.6)
dt
and
dGy(t
€%<)5;Ay—;gc§@) (5.3.7)

It is easy to see that Rgi and G§; are globally asymptotically stable equilibria for the comparison equations

and

dy1 (1)

7t < AP — ply(t)

dys(t)
dt

< A — pdya(t)

(5.3.8)

(5.3.9)

Therefore, for any € > 0, there exists ¢ > 0, such that for all ¢ > ¢, it holds RZ}-L (t) < R& + ¢ and

tlgglo sup R(t) < RE and tliglo sup GY (t) < Gg;

(5.3.10)

From (5.3.10) and the equations (2)-(4) and (6)-(9) of the model system (5.2.1) we have that for t > ¢

IA

IA

IN

<1—wmﬁM¢w(Rm+6)—amme,

Z Bth

i#j=1

Nt " (t) —

mB M (8) (Rl + ) = [l + ub] Gle),

NPa (G, +2) — [of + ] GI(),
1
SOIGI(E) — [oF + 1) 22 (1),

a; Z1(t) = |af + uf| 01 ),

NFafOy(t) — [af + 1] P (1),

Let us consider the comparison system
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dwi (t m

1 < - mslea) (Bl +e) - o)
d t n n

w;t( ) _ N o wi (1) — pfwa(t) + Y Biwa(t) — D Blaa(t),

i#j=1 i#j=1

dws(t) b h h o, h

o S 7T’L/87j U]Q(t) (ROZ + 5) — [OZZ + /JJZ] UJ3(t),
PO < Nfaf (Gl + ) — o + ] i), (5:3.12)
dw5(t) _ 1 s z z

pran §aiw4(t) — [oF + p7]ws(t),
de(t) _ z k k

o = ofws(t) — |k + k] (o)
dwc;t(t) = Nfafwe(t) — [af + pf]wr(t), wi(f) = RI(T), wa(t) = M](D),

w(f) = GH), wa) = G (F), ws(8) = Z{ (t), we(£) = OF (£), wr(£) = P} (f)
that we can re-write as

dw(t)
= (B = Vo) u(®) (5.3.13)

where w(t) = (w1 (t), wa(t), ws(t), wa(t), ws(t), we(t), wr(t))” and (F. — V.) is a matrix in (5.3.3)
computed in E%(¢) = (Rf +¢,0,0,0,GY +¢€,0,0,0, O). Let us note that if Rg = p (FV_I) < 1,
we can choose a sufficiently small ¢ > 0 such that p (F.V.™') < 1. Then by applying Lemma 5.4
to (F. — V) we obtain that it has a real spectrum and all its eigenvalues are negative. It follows that

tlim w(t) = 0, whatever the initial conditions are, from which
— 00

: m — : h — 3 h — i m = 1 v = 1 v = 1 v =
Jim BP(1) = 0, lim M/ (1) = 0, lim GI(t) =0, lim G"(1) = 0, lim Z{(£) = 0, lim O%(t) = 0, lim P () =0
(5.3.14)

Now, for any £ > 0, there exists 7; such that for any ¢ > 1, R™(t) < &, MI(t) < e, GMt) < &,
G'(t) <e, ZP(t) <e, OF(t) < e, P’(t) < e. So, for t > t; we have

ARy (t)

o 2 Al = BRI (t)e — wiRi(2), (5.3.15)
h
It is easy to see that /8’17—1#1’ is a global asymptotically stable equilibrium for the comparison equation
i €T Hyg
dy(t
di > A} = Bly(t)e — 1y 1), (5.3.16)

Thus, for any y > 0, there exists t3 > 0 such that for all t > £
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AR
RMt) i X (5.3.17)
’ Bhe + pit
Therefore, for any € > 0, we have
hs h
lim inf R} () > ———— 5.3.18
Letting t — oo, we get tlim inf R?(t) > R} and combining this with (5.3.10) gives us
—00
h h
tligloR (t) = Ry; (5.3.19)
A similar argument ensures that
hm Gi(t) = Gy; (5.3.20)

Ah
Therefore, E* = ( L 0,0,0,
u

point satisfying condition H1.

A?
;,0,0,0,0) i =1,.,
W

i

‘We can now establish that condition H2 is satisfied.

(1 — m) BERE()MP(E) — R (1) ]
(1 — 7)) BIRI(E)MI () — o R (1)
iz NI'QPRI(E) — " MU () + B M () — Bl M (¢)
— =G"(X,7) = I J
dt (X.2) NI RIM(t) — M (t) + th( t) — By M)
mBIRIN M) — ol + ul] GR(t)
mBIRIE M) — | 4 1| G(1)
[AY — [af + ] GV (1) + BEGU(E) — BLGY(E)
AY = [of + 4] GI(1) + BLGI(E) — BLGH()
NIQIGY(t) — [of + 18] GP(1)
N2QJGH(0) = o +45) 67 (0
S G (t) — [af + ] Z7 (¢
%ZZGV(X’Z): 2 (t) — [aF + 7] 22 (1)
’f 55CT 0 =~ [0 +15] Z/)
220(8) — |k + ut| o (t)
Qi Zy(t) — |af + | O9(t)
NEakOU(t) — [ + ul] PY()
| NFaEOU(t) - [of + ] PP(E),
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and G(X,0) =0
- 1 — 7 hA
_azn—LR;n(t) ( Wl)fz 7 (t) M,Lh(t)
M
m pm (1 - W)ﬂhAh( )
h ’ h harh
NPa™R™ () — ™ MM (¢ VM) — BEMM(t
g | N :n( ) p zh( )+ﬁz}3 Jh( ) ﬂz}z zh( ) (5.3.23)
Ni"a}'Rj }(Lt)h— g M (t) + By My (t) — Biy My (¢)
ﬂ-iﬁi Ai t
M()M,-h(t) = lal +ul| Ghee)
mi AN (1)
179 - Mjh(t) - [a? -I—uﬂ G?(t)
L H;
_ _ .\ kAR i
Lo Lma 0 0
My
1—m;) BhAl
0 —al 0 S 1)761 : 0 0
M.
. J
AH N"o; 0 - (:U‘z +5ji) ij 0 0
o Npar B —lgasy) o 0
0 0 T 0 - (0‘? + M?) 0
WjﬂhAh h h
0 0 0 f 0 - (0‘3' + “J’)
- J -
(5.3.24)
AV —[of + pd] GY(t) + BEGY(t) — BLGY(t)
Ay = [+ ug] Gy + 836G (1) - B (1)
NYQIGI(E) — [of + ] G ()
NISE30) [0 + 5] G )
S G () — o + p7] 27 (1)
AV g 2 (5.3.25)
3G () = [of +15] 27 (1)
ai ZP(t) — |af + pi| OF (t)
QZZY(t) — |k + pk| O3 (t)
NEQKOY(t) — [ + i) P2 (1)
NFakOY(t) — [of + p¥] PP (),
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[ 0 0O 0 0 0 o 0 0]
0 as 0 0 0 0 0 0
Nia? 0 as 0 0 0 0 0 0
0 NaZ 0 as 0 0 0 0 0 0
0 0 laf 0 a 0 0 0 0 0
AV = 2 (5.3.26)
0 0 0 Zof 0 a0 0 0 0
0 0 0 0 af 0 0 0 0
0 0 0 0 0 a 0 ag 0 0
0 0 0 0 0 0 NFa¥ 0 a 0
0 o 0 0 0 0  Njof 0 ap

where

(5.3.27)
ag = = (af + 1)
a7 = — (af +puf
ag = — Oé;? + ,uf

a9 = — (ol + 4
ayo = — (af + 1f)

From (5.3.24) and (5.3.26) we can easily see that A" and AV have non negative off-diagonal entries.

Therefore A and AV are M -matrices.

Furthermore,
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_ A -
[~ mi] (z - R?) B My
_ - H;
Gi(X,Z Al
AN (YR g
Ga(X, 2) b
. Gs(X,Z 0
GH(X,Z) = (X, 2)) (5.3.28)
Ga(X, Z) 0
Gs(X, 2) A} h\ ghrh
A5 ’ | — — R ) B M;
Go(X, Z) b
) ) , Aj R\ gharh
i\~ 1) P M
L J _
and
Gi(X, Z) (A? + BZGg)
G2(X, Z) (A} + B5,GY)
Gs(X, 2) 0
Gu(X, 2) 0
. Gs(X,Z
GV (X,Z) = (X 2) | 0 (5.3.29)
GG(X7 Z) 0
67(X7 Z) 0
GS(X’ Z) 0
GQ(X7 Z) 0
GoX.2) | 0
Al AP
From (5.3.10) we can deduce that —Z > RZ}-‘ fori =1,...,n, —i > R? for j = 1,...,n where ¢ # j,
2 3

it is clear that G (X, Z) > 0 and GV (X, Z) > O forall (X, Z) € R%" and A is an M-matrix because
the off diagonal elements of A are non-negative. Conditions H1 and H2 are satisfied and therefore E° is
Globally Asymptotically Stable (GAS) for Ry < 1.

Theorem 5.5. The disease-free equilibrium of the multiscale model system (5.2.1) is globally asymptoti-
cally stable if Ry < 1 and the assumptions (H1) and (H2) are satisfied.

5.4 The endemic equilibrium and its stability

5.4.1 The endemic equilibrium

At the endemic equilibrium the human population is infected by Malaria. The endemic equilibrium point

of the multiscale model system (5.2.1) is given by
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E* = (R?*,R;ﬂ*,Mﬁ*,Gﬁ*,G;f*,Gr*, Z,}’*,Of*,P,L-”*) i=1,..n (5.4.1)

We set the left-hand side of the multiscale model system (5.2.1) to zero and obtain:

0 = A} = BIRY M — piR}”,
0 = (1—m)BrRIMM — R,

n n
0 = NPQRP - MM+ S puME = ST gl

ij
ij=1 ij=1
0 = mBlRIM! — ol +ul] G,
m m
0 = AV —[of +uf]Gy + Y BEGY — > BLGY, (5.4.2)
=1 =1
0 = N/aoJGi" —[of + 1] G,
1

0 = SaiGI o ) 2"
0 = aiz — |af +ut] 07,
0 = NFafO — [l +pd] P, i=1,...n

where

Bij = B (1 — 6;5) e~li=il,
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Al

o A
C[BrMP ]

(1 — m;) Bl R M~

R™ = o
A — Y By M
(3
|t Bl 4 i = Ny (1= mi) B R
n h h mAsh m . m pm
M — Zz‘:l,z‘;éj BjiMi + p" M — N o R;
! Z?:l,i;éj szj
i h R
[aft + ]
(5.4.3)
h *
P 2ij=1Pi; G
T

[O‘f’ + o i 5}2]

i

We represent the endemic equilibrium by E* = (th*, R™ MM GM GY*, G, Z2*, 0, Pi”*). The
endemic value of susceptible erythrocytes is represented by
AR
Rv—=—____ 1 (5.4.4)
b BME g

We deduce from equation (5.4.4) the endemic value of the susceptible erythrocytes corresponds to the
average period spent in the susceptible compartment and the supply rate of new susceptible red blood
cells from the bone marrow. The susceptible red blood cells leaves this compartment either through death

or infection. The endemic value of merozoite infected erythrocytes is represented by
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(1= m) 3P R MP

m
Q;

m*
R™ =

(5.4.5)

We deduce from equation (5.4.5) the endemic value of the merozoite infected erythrocytes is in proportion
to the number of merozoites produced upon erythrocytes bursting and the bursting rate of erythrocytes to

produce merozoites. The endemic value of merozoites in the blood stream is given by:

[Z?yéjzl Bl + i = N1~ Wi)ﬁth?*]

7

(5.4.6)

We deduce from equation (5.4.6) the endemic value of the merozoites in the blood stream corresponds to
the mean life-span of each merozoite, number of merozoites produced upon bursting of erythrocytes and
the rate of intrinsic growth of merozoites due to infected mosquitoes in contact with the ‘" individual.

The endemic value of gametocyte infected erythrocytes within the individual human is given by

;B0 R M

G =
BERNC RN

(5.4.7)

We deduce from equation (5.4.7) the endemic value of the gametocyte infected erythrocytes within the
humans is proportional to the rate at which gametocytes inside erythrocytes mature and become contagious
to mosquitoes and the mean life-span of each gametocyte infected erythrocyte. The endemic value of the

erythrocytes infected by gametocyte within the mosquito is given by

e NSl BGE )
ve _
o+ + X7 B

(5.4.8)

We deduce from equation (5.4.8) the endemic value of the gametocyte infected erythrocytes inside the
mosquito is proportional to the bursting rate of gametocyte infected erythrocytes to produce gametes,
the life-span of erythrocytes infected by gametocytes inside the mosquito and super-infection rate of the
mosquito. The endemic value of the population of gametes is given by
NIaIGY*
Gmr = LT (5.4.9)
[ + 15]
We deduce from equation (5.4.9) the endemic value of the population of gametes corresponds to the
growth rate of gametes within an infected mosquito, to mean life-span of the gametes and rate of fusion

of male and female gametes to form zygotes. The endemic value of the population of zygotes is given by

S m*
o G;

ZV* —
2[a7 + 7]

(5.4.10)

We deduce from equation (5.4.10) the endemic value of the zygote population corresponds to the mean
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life-span of zygotes and rate at which ookinetes become oocysts. The endemic value of the population of

oocysts is given by

z V*
oa;Z;

Ov* —
[af + pif]

(5.4.11)
We deduce from equation (5.4.11) the endemic value of the population of oocysts corresponds to the
mean life-span of oocysts and bursting rate of oocysts releasing sporozoites. The endemic value of the

population of sporozoites is represented by

k kvx
:NiaiOi

})’I.H<
[af + 7]

(5.4.12)

We deduce from equation (5.4.12) the endemic value of the sporozoite population is in proportion to the
average number of sporozoites released upon bursting of oocysts, to the average life-span of sporozoites,
to the rate of excretion of mature sporozoites into the salivary glands of the mosquito and the rate of
intrinsic growth of pathogen due to infected individuals in contact with the vector (mosquito). We now

look at the conditions at which the endemic state exists.

5.4.2 Existence of the Endemic Equilibrium State
We present results relating to existence of an endemic state for Malaria as conditions on a solution for the

multiscale model system (5.2.1). In order to achieve this we implement the reproductive number, Ry.

Theorem 5.6. The multiscale model system (5.2.1) has a unique endemic equilibrium solution given by

B = (R?*,R;ﬂ*,Mﬁ*,G?*,Gy*,G;ﬂ*, Z;’*,Of*,Pf*) i=1,..n (5.4.1)

with R, R M Gh* GY*, G, ZP*, 0%, PP* all non-negative, whose existence and properties are

determined by the threshold parameter Ry where

(1— ) BFAN + <Zn YCHED 6h7,>
Ro; = R S o e M R S YOO (5.4.2)
o 1

Proof. Let E* = (R?*, R™ MM GM GY*, G, ZP*, 0V, Pf*) be a constant solution of the multi-

scale model system (5.2.1). We can simply present R, R™* G in terms of M™* in the form
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Rh*(Mh*) _ A?

RN IO VEEE]

(1w A
7B MP 4 ]

R™ (M) = (5.4.3)

NV
[BPMP + ] [ + pf]

Gt ") =

Substituting the expressions in equation (5.4.3) into equation (3) from the multiscale model (5.2.1) given
by

_ AT, M pm marh v h h h
w N " R (t) — pui" M (t) + Z MG ( Z M (5.4.4)

i#j=1 i#j=1

at the endemic equilibrium we get

n " N = m)BEAT + w0z BY — Yorsymr B
SOBL = D Bl — i | BIM 4 i (" e i ])71 M =0
i#j i#j=1 potte
(5.4.5)
M = 0 coincides with the disease free equilibrium.
n n
DB > B | BEMY 4 ! [Roi — 1] = 0 (5:4.6)
i#] i#j=1
Therefore at the endemic equilibrium for each individual ¢ we obtain:
m,,b
m b 1
M — 1" py [Roi = 1] (5.4.7)

7
(= (S0, 8 = Sy ) ) B
From the expression (5.4.7) we can deduce that there exists one unique endemic equilibrium for multiscale

model system (5.2.1) whenever Rg > 1 and Z i < it 4 Z ]
1#] 1#j=1

5.4.3 Local Stability of the Malaria Endemic Equilibrium

We now establish the local asymptotic stability of the multiscale model system (5.2.1) by implementing
the Center Manifold Theory explained in [101]. In order to effectively manipulate the Center Manifold

Theory, we change variables of the multiscale model system (5.2.1) as follows. Let Rf =1, R]" = x2,

© University of Venda



L
>

CC

S |\ University of Venda
) Creating Future Leaders
®

Chapter 5 179

h __ h __ v m v v v fes
M = x3, G = 24, G} = x5, G} = 26, Z; = 27, O] = zg and P}’ = z9. In addition, we also
implement the vector notation
)T

x = (x1,x9,x3, x4, T5, Tg, T7, T8, Tg) resulting in the multiscale model system (5.2.1) being written as

dx
— =F(x, " 4.1
where
F:(flaf2af37f4)f57f67f75f8;f9) (542)
such that
dxq(t
L dlt() = A} — Blai(t)zs(t) — i (),
dxo(t
2. ;t() = (1 —m)Bla1(t)ws(t) — al"aa(t),
d.’E?)(t) m . m m - v = h
3= = N 'as(t) — p"ws(t) + 7 Bhas(t) — Y Blhas(),
i#j=1 i#j=1
xy(t
18O gt (tyra(t) - [ol + ] w0
dxs(t n n
5. ;t() = A —[af +pflas(t) + Y Bhas(t) = Y Bhas(t), (5.4.3)
i#j=1 ij=1
dxg(t
6. 1750 Noades(t) - [of + i) as(t)
dz7(t 1
7210 Lata(t) o + ) ar(t)
dxg(t
8.0 (t) - o + ] ms(0),
g'dxsfw = Niajus(t) = [of + pf]ag(t), i =1,2,...n
where

Bij = B (1 — 8;5) e~li=il,

The approach encompasses calculating the Jacobian matrix of the multiscale system (5.4.3) at the disease-
free equilibrium Ej signified by J(Ey). The matrix corresponding to the multiscale system (5.4.3) evalu-

ated at the disease-free equilibrium is denoted by
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ap = —M?
BEAY
a] = ——
i
BiAY

(5.4.5)

aro = o + 7]

ai = [af +Mﬂ

a2 = — o + ]

By making the use of an approach similar to the one in section (5.3.2), we can obtain the basic reproductive

number of the multiscale system (5.4.3) as

(1= 73) BEANT 4+ i (0o B — Sty B5)
Roi = — Li=1,2,..,n (5.4.6)
Hoi b

Let us consider Bih = kB

and also letting Ro; = 1, we determine 5* to get

evenif k € (0,1) or k > 1. Taking 3;; = 3" as the parameter of bifurcation

v
1)°
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. b [u%” T it ﬁjhl} (5.4.7)
~ (= m)RAIN + ] R

We can highlight that the linearized system of the transformed equations (5.4.3) with bifurcation point /3*
has a simple zero eigenvalue. Consequently, the center manifold theory [101] can be utilized to examine

the dynamics of the multiscale system (5.4.3) close to 37, = ”.

To implement Theorem 7.2, the following calculations are neccessary (note that 8 is the bifurcation pa-

rameter instead of ¢ in Theorem 7.2).

When R = 1, we can demonstrate that the Jacobian matrix of the multiscale system (5.4.3) at 8* (denoted

by J+) has a right eigenvector corresponding to the zero eigenvalue expressed below:

-GO 0 —ay 0 0 0 0 0 ] _Ul_ 0]
0 —af" a 0 0 0 0 0| |u 0
0 as a 0 0 0 0 0 0wl o
0 0 as —ag O 0 0 0 0 Uy 0
0 0 0 0 —ay 0 0 0 0 us| = |0 (5.4.8)
0 0 0 0 as —ag 0 0 0 ug 0
0 0 0 0 0 —%Ozl —aig 0 0 uy 0
0O 0 0 0 0 o —an 0| |us| |0
0 0 0 0 0 0 0 awl| luw] [0
u = (uy,up, us, Us, Us, Ug, Uy, Us, Ug) " (5.4.9)

where
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kG* AP
Uy = — MI?Z
ug = 1
us = 1
" TI'ik,B*A?
4 =
b [l ]
(5.4.10)
us = 0
U = 0
u7r = 0
ug = 0
ug = 0

Furthermore, the left eigenvector of the jacobian matrix in (5.4.4) corresponding to the zero eigenvalue at

[B* and satisfying the condition v.u = 1 is written as:

[Ul v

where

v3

vq

ve

vr

v8
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1
2
o

0 —a1 0 0
—a;n as 0 0
as ag 0 0
0 as —ag 0
0 0 0 —ar
0 0 0 ag
0 0 0 0
0 0 0 0
0 0 0 0

T
V= (vla v2, V3, V4, U5, Vg, V7, US, UQ)

a12]

o O ©O O © o o o
|

[0 o o o o o o0 o 0]

(5.4.11)

(5.4.12)
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(
v = 0,
(= m)RBIANN
2T (U= m) kBEAENT 4 o]
af'ul
U3 = * A h ATm m,,b
[(1 —mi) kB AP N + o :“w;}
Vg4 = 0
(5.4.13)
V5 = 0
Ve = 0
v = 0
vg = 0
Vg = 0

We can verify the condition v.u = 1 as shown below:

V.U = V2.U9 + V3.U3

_ (1 _ﬂ-i) kﬁ:A?sz (1) + O‘?N? (1)
[0 mymaaiNm + o] ) (= m) kB AN o] | 5414

_ (= m) RBIAINT" + oy
(1 =) kB AN + ol ub]

We now calculate the parameters of bifurcation a and b, by determining the value of the nonzero second-
order mixed derivatives of F in regard to the variables and 5* to get the signs of a and b. The sign of a

corresponds to, the following nonvanishing partial derivatives of F:
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0*f1
61’16([)3

0% f2
61'18{[,‘3

0% f1
\ a$1al‘3

* 82f1
N 7kﬁ N 31'38:131

* 82f2
=(1-m)kB* = Dza01

0*f4
i B 81‘33.%1

(5.4.15)

O*f kBl

8ﬁ*al’3 N ,u,s.’

f2  _
6&*8:@, N

BA}
b

(5.4.16)

(1 - Wl)k

02 f4 kB*A

oproxs " ub

Substituting equation (5.4.10), (5.4.13) and (5.4.15) into the equation (7.4.6) we obtain:

o2 0? 02
a= 2vlu1u3i + 2vouqus f2 J1

8%181‘3 690183:3 81‘181‘3

(1 —m;) kBrAPN™ kB Al .
o ( (1= m) kB APN" + o ] ) ( ) .

) (1 —m)? k2B 2ARN REATY
a=—2.
(U= m) REEAENT + o] )\ put?

7

On the other hand, substituting equation (5.4.10), (5.4.13) and (5.4.16) into the equation (7.4.6) we obtain:
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b= wuv ﬁ—}—u v 82f2 + uqv 62f4
Y3 0B 0xs 2208 0xs |t 0B O3

_ _k’ﬁ*A? o g (—kﬁ*A?)
w0 )\ = m) kB ARNT + af ] e

N oyt (1 ) FEAL
(1 —m) kB APN™ + a'ul] ) b (5.4.18)
w3 Al amub mikB* Al
wp laf +p] | P\ [0 = m) kBFAPNT +aul] ) )7 b
b Wk * AR B AN 2
[(1 = m) kBEARNT™ + o] (1?) w0 [al + )

Consequently, a < 0 and b > 0. Implementing Theorem 7.2, item (iv), enables us to establish the follow-

ing result which is only valid for Ry > 1 but near 1.

Proposition 5.7. The unique endemic equilibrium of the multiscale models system (5.2.1) guaranteed by

the Center Manifold Theorem 7.2 is locally asymptotically stable for Rg > 1 near 1.

5.5 Numerical analysis

This section presents computer simulations for the multiscale model system (5.2.1)’s behaviour performed
using Python program version 3.6 on the Windows 10 operation system. The numerical simulations of
the multiscale model system (5.2.1) were carried out to explain some of the mathematical results that
we obtained. We implemented the estimated parameter values presented in Table 5.1 for sensitivity and
numerical analysis. A certain amount of the parameter values implemented in the simulations are results

from publications and the others are estimates. The following are initial conditions implemented for these

AP AV
simulations: B! = =L, R* = 0,M}'! =0,G}' =0,G} = =%, G]" =0, Z} = 0,0} =0, P! = 0 for
each individual 3.

5.5.1 Sensitivity Analysis

From the sensitivity analysis results of Rg to the multiscale model system (5.2.1)’s parameters in Figure

5.3, the following deductions are listed below:
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Table 5.1: Within-human and within-Mosquito parameter values and their description for i** individual

Parameter Description Initial value Range explored Units Source/ Rational
ozg Bursting rate of gametocyte infected erythrocytes 96 90-100 day ™ T [145]

A,}; Supply rate of susceptible erythrocytes 200 100-300 day ™ 1 [146]

uf Natural decay rate of oocysts 0.01 0.071-0.143 day 1 [147]

B?’ Infection rate of erythrocytes by free merozoites 0.1 2 X 10_9- 0.2 day T [148]; [149]
af Rate at which zygotes develop into oocysts 0.4240 0.01-0.05 no. * day T [150]

,u,g Natural decay rate of susceptible erythrocytes 0.0083 0.006-0.01 day T [149]

N, Zn Number of merozoites produced per bursting erythrocyte 16 10-30 day T [149]

af Fertilization rate of gametes 0.08 0.01-0.2 no. 1 day T [145]

‘“‘zm Natural decay rate of free merozoites 0.001 0.001-0.5 day T [148]; [149]
;L;L Natural decay rate of gametocyte infected erythrocytes within infected humans 0.0625 0.0600-0.0625 day 1 [151]

T4 Proportion of gametocyte infected erythrocytes 0.1 0.1-0.5 day ™ 1 Assumed
oclm Bursting rate of erythrocytes to produce merozoites 0.5 0.1-1.0 day T [141];[149]
a? Rate at which gametocytes develop and become infectious 0.02 0.01-0.9 day 1 [151]

,ug Death rate of gametocytes 0.0625 0.0326-0.0725 day T [145]

A;’ Rate of uptake of gametocytes through super infection of mosquto 300 100-300 day T Variable
oc;’ Rate at whch sporozoites become infectious to humans 0.025 0.167-1.00 no. © day T [145]

,uf Natural decay rate of gametes 58.0 40-129 day T [145]

uf Natural decay rate of zygotes 1 1-4 day T [145]

af Bursting rate of oocysts to produce sporozoites 0.2 0-1.0 no. * day 1 Variable
le Number of sporozoites produced per bursting oocyst 3000 1000-10000 day T [145]

N, Lq Number of gametes produced per gametocyte infected erythrocyte 2 1-3 day T Estimated
wy Natural decay rate of sporozoites 0.0001 0.0001-0.01 day 1 [145]

(a) The multiscale model system (5.2.1)’s parameters have both positive PRCCs and negative PRCCs.

(b)

This implies that parameters with positive PRCCs will increase the value of R( as they are in-

creased, where as parameters with negative PRCCs will decrease the value for R as they are

increased. For example, an increase in a parameter like infection rate of erythrocytes by free mero-

zoites, B;-‘i transmission rate at the between-host will consequently increase the value of R, and also

increasing a parameter like the natural decay rate of free merozoites, p' will result in the reduction

in the value of Ry.

The Malaria disease transmission metric R is extremely sensitive to four of the disease parameters

of the multiscale model system (5.2.1), (Ag‘ SN 5]"11‘)- We note that Ry characterizes trans-

mission of Malaria disease at the beginning of the epidemic. We deduce the following from the

sensitivity of R to the Malaria disease multiscale model system (5.2.1)’s parameters.

(i) Since Ry is significantly sensitive to (A?, N{™, i, ]hz) this implies that caution must be ap-

(i)

(ii1)

plied on the accuracy of these five Malaria disease multiscale model system (5.2.1)’s param-

eters during the collection of data if the effectiveness and usefulness of the Malaria disease

multiscale model system (5.2.1) is to be intensified.

Since Ry is responsive to the transmission rate between the humans, Bﬁ- (the between-host

level parameter) this implies that Malaria interventions such as Insecticide-treated nets and

indoor residual spraying would have more effect in preventing the transmission of Malaria

disease infection at the beginning of the epidemic.

Since R is significantly sensitive to the rate of supply of susceptible red blood cells, A? (the

within-host level parameter) and number of merozoites produced per bursting erythrocyte, N;"

this implies that Malaria disease interventions such as malaria vaccination (which stimulate
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-0.6 -0.4 0.2 0 0.2 0.4 0.6 0.8

Figure 5.3: Tornado plot of partial rank correlation coefficients (PRCCs) of the model parameters that
influence the Malaria transmission indicator R

immune response to destroy malaria parasite) would be more effective to control the spread of

Malaria disease infection at the beginning of the outbreak.

(iv) Since Ry is significantly sensitive to the rate of natural decay of free merozoites, 4" this im-
plies that Malaria disease interventions such as malaria vaccination (which stimulate immune
response to destroy malaria parasite) would be more effective to control the spread of Malaria

disease infection at the beginning of the outbreak.
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5.5.2 Numerical simulations of the multiscale model of Malaria transmission dynamics

5.5.2.1 Influence of within-host scale parameters of the Malaria multiscale model dynamics

If 100000 ¥y 4
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1500 I /
rooo g0000 /
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Figure 5.4: Graphs of numerical results of the model system (5.2.1) demonstrating the progression in time of (a)

merozoite infected erythrocytes for individual 1, RT", (b) merozoite infected erythrocytes for individual 2, R3", (c)

free merozoites in bloodstream for individual 1, M 1h (d) free merozoites in bloodstream for individual 2, M2h , (@)

gametocyte infected erythrocytes for individual 1, G, () gametocyte infected erythrocytes for individual 2, Gh

for variant values of supply rate of susceptible erythrocytes in individual 2, A;L : A; = 200, Ag = 2000 and
A} = 20000.

Figure 5.4 represents the graphs of numerical results of the model system (5.2.1) demonstrating the pro-
gression in time of (a) merozoite infected erythrocytes for individual 1, RY®, (b) merozoite infected ery-
throcytes for individual 2, R5', (c) free merozoites in bloodstream for individual 1, M {l , (d) free mero-
zoites in bloodstream for individual 2, Mél , () gametocyte infected erythrocytes for individual 1, G, (f)
gametocyte infected erythrocytes for individual 1, G}Q’ for variant values of supply rate of susceptible ery-
throcytes in individual 2, A% : A} = 200, AZ = 2000 and A% = 20000. From these results we can observe
that as the supply rate of susceptible erythrocytes in individual 2 increases there is a remarkable increase
in merozoite infected erythrocytes for individual 2, R5", free merozoites in bloodstream for individual 1,

M {Z, free merozoites in bloodstream for individual 2, MQh , gametocyte infected erythrocytes for individual
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2, GZ. This implies that interventions like the use of Insecticide-treated nets and indoor residual spraying

will have more effect in preventing spread of the disease.
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Figure 5.5: Graphs of numerical results of the model system (5.2.1) demonstrating the progression in time of (a)

merozoite infected erythrocytes for individual 1, RT", (b) merozoite infected erythrocytes for individual 2, R3", (c)

free merozoites in bloodstream for individual 1, M 1h, (d) free merozoites in bloodstream for individual 2, MQh (e)

gametocyte infected erythrocytes for individual 1, G, (f) gametocyte infected erythrocytes for individual 1, G for

variant values of natural decay rate of free merozoites for individual 2, 5" : p5° = 0.002, u3" = 0.02 and p5" = 0.2.

Figure (5.5) represents the graphs of numerical results of the model system (5.2.1) demonstrating the

progression in time of (a) merozoite infected erythrocytes for individual 1, RY*, (b) merozoite infected

erythrocytes for individual 2, R5", (c) free merozoites in bloodstream for individual 1, M {l , (d) free mero-

zoites in bloodstream for individual 2, Mzh (e) gametocyte infected erythrocytes for individual 1, G?,

(f) gametocyte infected erythrocytes for individual 1, GSL for variant values of natural decay rate of free

merozoites for individual 2, u5' : py' = 0.002, u5" = 0.02 and p5' = 0.2. From these results we can

observe that as the natural decay rate of free merozoites for individual 2 increases there is a remarkable

decrease in free merozoites in bloodstream for individual 1, M f and free merozoites in bloodstream for

individual 2, M2
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Figure 5.6: Graphs of numerical results of the model system (5.2.1) demonstrating the progression in time of (a)
merozoite infected erythrocytes for individual 1, RT", (b) merozoite infected erythrocytes for individual 2, R3", (c)
free merozoites in bloodstream for individual 1, M 1h , (d) free merozoites in bloodstream for individual 2, M2h , (@)
gametocyte infected erythrocytes for individual 1, GY, () gametocyte infected erythrocytes for individual 1, Gh
for variant values of number of merozoites produced per bursting erythrocyte, N2 : Ny = 32,Ny = 320 and

NP = 3200.

Figure (5.6) represents the graphs of numerical results of the model system (5.2.1) demonstrating the

progression in time of (a) merozoite infected erythrocytes for individual 1, R7*, (b) merozoite infected

erythrocytes for individual 2, RY?, (¢) free merozoites in bloodstream for individual 1, M f , (d) free mero-

zoites in bloodstream for individual 2, MQh , (e) gametocyte infected erythrocytes for individual 1, Gh,

(f) gametocyte infected erythrocytes for individual 1, Gg for variant values of number of merozoites pro-

duced per bursting erythrocyte, NJ' : N = 32, NI = 320 and N} = 3200. From these results we can

observe that as the number of merozoites produced per bursting erythrocyte increases there is a remarkable

increase in free merozoites in bloodstream for individual 1, Mlh and free merozoites in bloodstream for

individual 2, M.
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5.5.2.2 Influence of between-host scale parameters of the Malaria multiscale model dynamics
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Figure 5.7: Graphs of numerical results of the model system (5.2.1) demonstrating the progression in time of (a)

merozoite infected erythrocytes for individual 1, RY", (b) merozoite infected erythrocytes for individual 2, R3’, (c)

free merozoites in bloodstream for individual 1, M 1h , (d) free merozoites in bloodstream for individual 2, M2h , (e)

gametocyte infected erythrocytes for individual 1, Gh, (f) gametocyte infected erythrocytes for individual 1, Gg for

variant values of infection rate of individual 2 by individual 1 through a mosquito vector, ﬁ;‘l : 531 = 0.005, BSI =
0.05 and 83, = 0.5.

Figure 5.7 represents the graphs of numerical results of the model system (5.2.1) demonstrating the pro-
gression in time of (a) merozoite infected erythrocytes for individual 1, RY", (b) merozoite infected ery-
throcytes for individual 2, R5', (c) free merozoites in bloodstream for individual 1, M lh , (d) free mero-
zoites in bloodstream for individual 2, Mé’, (e) gametocyte infected erythrocytes for individual 1, Gh, (f)
gametocyte infected erythrocytes for individual 1, G;‘ for variant values of infection rate of individual 2
by individual 1 through a mosquito vector, 3% : 4% = 0.005, % = 0.05 and 8% = 0.5. From these
results we can observe that as infection rate of individual 2 by individual 1 through a mosquito vector
increases there is a remarkable increase in free merozoites in bloodstream for individual 2, MQh and a
reduction in free merozoites in bloodstream for individual 1, M {‘ This implies that interventions like the
use of Insecticide-treated nets and indoor residual spraying will have more effect in preventing spread of

the disease.
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5.5.2.3 Network of human population
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Figure 5.8: Network for the transmission dynamics of malaria through the mosquito vector within a human

population.

The epidemic simulations were performed using R programming language as follows. (1) seed 10 random
infected nodes; (2) find nodes that are connected through the mosquito vector to the individuals and cal-
culate Bernoulli trials with the probabilities of success based on the viral load of the infected individual,
document any new infected individuals if available, (3) proceed to the next step and repeat step 2 until no

infected cases remain.

5.6 Effects of stochasticity on the model

In this section we introduce a white noise (dWq/dt) (i.e., W(t) is a Brownian motion), where () =

{1,2, 3,4}, into the multiscale model system (5.2.1) which becomes
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AR(t) = (A= BIR (M () = il RE(L)) db + oy REaW,

dR}(t) = (1= m)BIRE(O)M (£) = " R (1) ) dt + o2 R} dWo,

dMP'(t) = | NP R (t) — " M(t) Z BYMI(t) Z B (t) | dt + o3 MPdWs,
i#j=1 i#j=1

AGH(t) = (Bl REOMP(E) — [l + | D)) dt + oG,

"~ 5.6.1
dGY(t) = [ AY — [of + pd] GL(t) + Y BhGU() §: o Gut) | dt, (>.6.1)
i#j=1 i#j=1

dG7'(t) = (N{ o G (t) — [of + 151 GI"(1)) dt,

Lasamty - m+wﬂoﬁa

We set W(t) = Wi(t), Wa(t), Ws(t), Wy(t) an 4-dimensional Wiener process that is defined on this
probability space. Further, the constants o1, 09, 03, 04 are non-negative and describe the intensities of the
stochastic pertubations. Let us assume that the components of the 1-dimensional Wiener process W; are
mutually independent. It can be shown that the SDE model (5.6.1) has at least a unique global solution in
order for the model to have meaning and also that the solution will always remain positive whenever the

initial conditions are positive. Let us consider the following theorem.

Proposition 5.8. For multiscale model system (5.6.1) and any initial value in Ri”, there is a unique
solution

L = (R?,R;”,Mf,G?,Gf,GT,Z;’,Of,Pf)' of the multiscale SDE system (5.6.1) for t > 0
which will remain in Ri” with probability one. o

Figure 5.9 shows the randomness in (i) susceptible erythrocytes in humans, R? , (1) merozoite infected

erythrocytes, R}, (iii) free merozoites in bloodstream, Mih, (iv) gametocyte infected erythrocytes, G?
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for two individuals for a multiscale stochastic model system (5.6.1). Parameter values for diagram (a)
are A" = 100, ' = 0.01, i = 0.006, 7; = 0.1, a* = 0.1, N* = 10, p* = 0.001, 8% = 0.01,
ﬁgl = 0.005, o/f = 0.01, ,u}f = 0.06. On the other hand, parameter values for diagram (b) are A? = 200,
B =0.1, ub = 0.0083, 1 = 0.3, ' = 0.5, N = 16, u* = 0.01, Y, = 0.1, B, = 0.05, ot = 0.02,
/ﬂzl = 0.0625. The numerical method used here to approximate the solutions of the stochastic model is the

Milsten method.

Host-level Stochastic model for Malaria

(=]
=

o
=

Population

h3
(=

o=

o
o=

Population

(b) t (days)

Figure 5.9: Graphs of numerical simulations of the multiscale stochastic model system (5.6.1) showing

the evolution in time fortwo humans of (i) susceptible erythrocytes in humans, Rf, (i1) merozoite infected
erythrocytes, R}, (iii) free merozoites in bloodstream, MZL , (iv) gametocyte infected erythrocytes, Gf .
Parameter values for diagram (a) are A’f =100, Bi’ = 0.01, ul{ = 0.006, 71 = 0.1, " = 0.1, N = 10,
p = 0.001, 8%, = 0.01, & = 0.01, ! = 0.06. On the other hand, parameter values for diagram (b) are
AD =200, B2 = 0.1, ub = 0.0083, T, = 0.3, ai* = 0.5, NJ* = 16, ' = 0.01, 83, = 0.1, ol = 0.02,
h _
sy = 0.0625.

Figure 5.10 shows the graphs of numerical solutions of the Susceptible Erythrocytes, R? of the multiscale
SDE model system (5.6.1) with the ODE multiscale model system (5.2.1) solutions. The solution for the

stochastic multiscale model is obtained using the Milsten method.

© University of Venda



L
>

(o

W University of Venda

Creating Future Leaders
@)

Chapter 5 196
3
£ 200 . . .
o ——Rh1
£
=150 | :
Q
L
=
9 100 :
73]
2
S 50} -
i
©
a
o 0 — —
L0 5 10 15 20

days

Figure 5.10: Graphs of numerical solutions of the Susceptible Erythrocytes, R’f of the multiscale SDE
model system (5.6.1) with the ODE multiscale model system (5.2.1) solutions.
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Figure 5.11: Graphs of numerical solutions of the Free Merozoites, M} of the multiscale SDE model

system (5.6.1) with the ODE multiscale model system (5.2.1) solutions.

Figure 5.11 shows the graphs of numerical solutions of the Free Merozoites, M {Z of the multiscale SDE
model system (5.6.1) with the ODE multiscale model system (5.2.1) solutions. The solution for the
stochastic multiscale model is obtained using the Milsten method. Therefore, the SDE multiscale model

system (5.6.1) would be suitable when taking randonmess into account.
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5.7 Summary

In this chapter, we chacterised an individual-based network modelling multiscale model of Malaria at
Whole organism -level. The mathematical model we developed consisted of the within-human malaria
parasite dynamics and within-mosquito malaria parasite dynamics where the humans were connected by
a spatial network of n individuals. The framework separated between-organ spread dynamics (inflow and
outflow) and the within-organs infection dynamics (replication) for the whole transmission-replication
loop. The model demonstrated the time progression of within infected mosquito host as well as within
the infected human host. The populations in the infected human host included the erythrocytes infected
by gametocytes G?, free merozoites in blood Mih, susceptible erythrocytes Rfl, erythrocytes infected by
merozoites R;". In addition, the populations in the infected mosquito include the sporozoites, P, ga-

metes, GI"

7 0

infected erythrocytes, G}, oocysts, O7, zygotes. Z;. Through mathematical analysis the
model was determined to be epidemiologically and mathematically sound. The analysis of sensitivity
of the Malaria indicator R, in relation to the variation of Malaria model parameters was carried out by
implementing Latin Hypercube Sampling (LHS) and Partial Rank Correlation Coefficients (PRCCs). The
results from analysis of sensitivity of R indicated that variation of the between-organ scale parameters in
particalar the transmission rate of Malaria parasite through blood, ﬂjhi had significant effect on the trans-
mission risk of Malaria in humans at whole organism-level and this is confirmed by the Tornado plot in
Figure 5.3. Furthermore, Figure 5.4 - Figure 5.7 showed the impact in the variation of four parameters
(AF, N7, i, B1%) on the variables (R?,R{”,MZ‘,GZ’-L,G;’,GT,Z;’,O?,R.”). In addition, Figure 5.9-

Figure 5.11 shows the graphs of the stochastic models in comparison to the ODE multiscale models.

In conclusion, we established that the individual-based network modelling multiscale model we developed
cannot be extended to a higher level of organisation using graph-theoretic methods. Furthermore, we
established that the global transmission of the Malaria parasite between organs can be represented by
graph-theoretic methods. Finally, the model presented has a secondary level multiscale cycle with both

local exchange and global exchange of pathogen.
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Chapter 6

Community-level Multiscale modelling of

Malaria disease

6.1 Introduction

In this chapter, we characterise a coupled modelling multiscale model of Malaria disease at community-
level using graph-theoretic approach. The model is established applying the same approach that was
implemented in chapter 4. In other words, we consider a whole organism scale model of Malaria and
then extend the model to a community level model of Malaria using graph-theoretic approach. At com-
munity level, within the community there is direct transmission of Malaria disease when infected cell-
s/tissues/hosts come into direct contact with susceptible cells/tissues/hosts or environmental transmission
when the plasmodium parasite comes in contact with susceptible cells/tissues/hosts. This is local transmis-
sion that can be represented by ordinary differential equations. At between-community there is movement
of infected individuals between communities. This movement is global transmission and can be repre-
sented using graph theoretic approach. This is a new aspect that is characterised in this chapter. We
aim to characterise the spread of Malaria disease taking into account both the dynamics of Malaria dis-
ease at within-community scale (microscale) and the interactions (direct contact) between communities at

between-community scale (macroscale).

We may consider within a community like a province where humans can infect each other via the mosquito
vector. The SIR-type model is implemented to characterise the local transmission of the parasite. Suppose
an infected individual travels to another province. This individual introduces the Malaria parasite to the
new province. The process of transporting an infected individual to a new province characterizes the

global transmission of the parasite at macrocommunity-level. The graph theoretic approach is useful
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in modelling the global transmission of Malaria parasite. Most of the models rarely represent the local
transmission and global transmission mechanisms of infectious disease systems together. The majority of
the models available have modelled local transmission of infectious diseases based on the transmission
mechanism theory involving systems of differential equations at single scale. However, this is not enough

when modelling the entire infectious disease progression.

Current modelling frameworks established from compartmentalizing hosts into SIRS type models have
been implemented to give insights of local transmission mechanisms or global transmission mechanisms
of Malaria separately [5, 8, 26, 140-142]. Additionally, various mathematical models have been devel-
oped giving insights of transmission mechanisms of Malaria disease at single scale using graph theoretic
methods however, to the best of my knowledge there is no model that addresses local transmission and
global transmission mechanisms of pathogen at macrocommunity level using graph theoretic methods.
The latest work that has been done which is more appropriate in modelling the progression of infectious
disease systems based on replication-transmission relativity theory is the multiscale modelling appproach
[1]. The multiscale modelling of global transmission mechanisms of infectious diseases is better achieved
through the use of graph theoretic methods while the standard SIR models address the local transmission
mechanisms. The mathematical framework we propose models the local transmission and global trans-
mission mechanisms of Malaria. This enables us to characterise the transmission dynamics of Malaria
within-community and between-community. In this study, the main ideas are centred on developing a
multiscale modelling approach using graph theoretic methods at macrocommunity level. Nodes represent
communities (patches) which could be geographical distant places and possible transmissions (transporta-
tion) are represented by edges. Furthermore, we seek to establish if this model can be extended to higher

levels of organisation using graph-theoretic methods.

6.2 The Multiscale model for Malaria

The model we formulate is derived from submodels of Malaria disease from chapter 5 by applying the
same approach that was implemented in chapter 3 and chapter 4. To formulate the multiscale model, as-
sume that the environment under consideration is divided into n patches, which may be cities, geographic
regions or communities. We assume that there is homogeneity within each patch. We partition the human
population in patch ¢, into compartments of susceptible and infective individuals with the number in each
compartment denoted by SiH and [, ZH , respectively, for ¢ = 1, ..., n. Let the total number of individuals in
patch ¢ be represented by NI-H = SiH + IiH . Presume that the rates of human migration between patches
hinges on disease status, and that the infection status of individuals does not change during migration. The
rate of migration of humans from patch j to patch ¢ is represented by wf i wjll for susceptible and infective
individuals, respectively, where 1/115Z = %’I, ; = 0. This structure illustrates a multi-digraph where nodes
represent patches and the links represent the rates of migration, described by the nonnegative matrices

oo = [szl] and U = [1/151] These matrices are presumed to be irreducible. Suppose that the natural
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death rate is independent of disease status with uf{ > ( for susceptible and infected populations. Once
infected, a susceptible individual (SiH ) in patch ¢ harbors Malaria parasite, develops clinical infection and
progresses into the infectious compartment IiH as the individual can now spread the infection at the rate
)\}/ . Upon recovery, an individual moves to the susceptible compartment as disease immunity fades at a
rate %H . The death rate induced by Malaria disease is denoted by 5{{ . Piv is the community sporozoite

load and Gfl is the community gametocyte load.

Therefore the multiscale model we propose is as follows:

A s

H
AYsH+ )

nohH
Giraj'li

vV ViV
i il

J

w! +s)1¢

Figure 6.1: Schematic diagram of the community-level model for Malaria with human migration where
n

n
H? = Z 1/1%62]- — Z wl%Qi,represents movement between provinces, with @ € {SZH ,IiH
j#i=1 j#i=1
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dSH (1) - -
L= AN ST - ST AN @)+ Y wis = D us ()
J#F1=1 JFi=1
drf'(t) Vi oH H o H o H\H . N~ 1 H N~ I H
d = N @O)S7(t) = (W' +6 +%)L + Z (Y Z Vil (2)
J#Fi=1 J#i=1
dpPY (t
th( ) NPTV (t) — o) PY(t),...(3) (6.2.1)
dSY (t)
=AY NS (1) -l SY )
dr¥ (t)
S = MRSV () = (5 + )T (1), .(5)
dGH ()
# = Nzha?IZH(t) _O‘{{GzH(t)a(6)
where
(] » N -
PP+ P (1) G} +GH(t)
AP
N} = e [Roi — 1]
C (el ) R
(6.2.2)
o LAY NFaE e ey Nl
Co2(af ) (of + b)) (af + ) (o + ) (of £ u)
o = 521 (]\jﬁ) o) = 5}/ (1%”) v = 7;.H (Mf) which are all constants.
Table 6.1: A summary of the variables of the malaria multiscale model for i*" patch
Variable | Description Initial condition
S (t) Susceptible humans 10,000
I7 (1) Infected humans 70
Gt Community gametocyte load | 60,000
SY(t) Susceptible mosquito vectors | 100,000
I (t) Infected mosquito vectors 200
PY(t) Community sporozoite load | 40,000
6.2.1 Mathematical Analysis of the Multiscale model of Malaria Dynamics
Q= {Qp x Qy CRY x RY"} (6.2.1)
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T 271 ) A A

Qp = {(S", 1//,PY) e R} and Qv = {(5),1).GI') e R¥"} i =1,2,..,n (6.2.2)

n
We let A = ZAH ptt = man (it + 6+l = 1,20} N = (S 4+ ) and

i=1
n

n
NP =>"PY. Similarly, we let AV = > AV, 1" = min{p],p] +6]i =1,2,..,n}, NV =

i=1
n

> (SY+ 1) and N = Z GH.
i=1
When we add equation (1) and equation (2) of the multiscale model system (6.2.1) we get N <
AH — ¥ NH suggesting that lim sup N7 < A# />
t—o0

dNy dNH dNP H . :H &V
= S I;* P, 6.2.3
7 ( o Z + 1P, (6.2.3)
This gives
AN oy Hx ArH H < AH/, HxaH
WgA —p*N® <0, for N7 >A"/u'*N (6.2.4)
dNP n . . NV ’UAH
—— =Y Nyl —alPY <0 for NP> Sk ke (6.2.5)
i=1 A H
where
NV vAH Nv UAH
‘Cijk :mn{ VI 1=1,2, ,n}
O M @ Ky
N = NH(0)e " 4 = [1 —eh t] (6.2.6)
o
v v AH
NP = NP()et % [1 — e—%vt} 6.2.7)
A M,
Similarly, from equation (4) and equation (5) we get
* AV *
NY = NV(0)e #t 4 S [1 e t] 6.2.8)
7
Nhah AV
NG = NG(0)eef't 4 =LaLol [1— emof’] (6.2.9)
QO
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NH(0), NY(0), NV(0) and N (0) describe the initial values of N N NV and N respectively. Thus

fort — oo

AH NV vAH AV Nh hAV
og(NH,NP)g< ko"f’f) and og(NV,NG)g< lel (6.2.10)

H«'~ V H Ve H
ptE o g By

Therefore, this assures non-negativity and boundedness of all the state variables and their solutions re-

spectively, in the region (2 O

Theorem 6.1. The region ) = {Q g X Qy C Ri” X Ri"} is positively invariant for the multiscale model

system (6.2.1) with nonnegative initial conditions in Ri".

6.3 Determination of the disease free equilibrium and its stability

6.3.1 Uniqueness of disease-free equilibrium of multiscale model system

For the purpose of finding the disease-free equilibrium of the multiscale model (6.2.1), there is need to

assess the linear system below

A=t S+ Z S = > s =0, i=i1,2,...n, 63.1)
Jj#i=1 jAi=1

Expressing the equation above in matrix system form gives,

(

0 n
N LS S BT S ust - D st =

ji=1 ji=1

A _/,I/ZSH—i_Zw]'L _wajsll{_
ji=1 jAi=1 (6.3.2)

n n
A=t Dl | ST YD us =0
=1 jAi=1

From (6.3.2) we obtain the solution

> ediSi = Al (6.3.3)
j=1
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where

gpis:j = —¢fj for j=1;2;..;mn;5#1
n

. (6.3.4)
SOEJ':N{{"‘ Z "%é:] for j=1
j#i=1
By the matricial form we have
@O GH = A (6.3.5)

where ¢° = (Sogj)lgi,jgn; St — (S{{;SQH;...;S,{I) and AY = (A{I;Ag;...;Af)T

We can demonstrate that the matrix ¢ is an invertible Z-matrix where the off-diagonal entries are nonzero,

which results in the multiscale model system (6.2.1) having a unique solution S H_ Séq = (<pS )*1AH .

Let us now demonstrate uniqueness of the disease-free equilibrium. In the disease-free case we deduce

from the multiscale model system (6.2.1) that:

In the case of human hosts:

A{I_ M{{‘i‘ Z 7/125:] SZH—F Z ’lﬁﬁlst =0 (6.3.6)
JjAi=1 j#i=1
Y | ST Y uns = AT 6.3.7)
JFi=1 j#i=1
Y wY v e — 7, ot
j#i=1 So1 Ay
% . %” 2= (6.3.8)
- Son Ay
—m ~py M7€I+Z¢jn e
L j=1

n
ie. gpSSéq = A where ¢° = diag uf{ + Z 1/)5]- - M?;
j#i=1
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0 ¢iy - Ui,
S Y5, 0 - 95,
[Una Yme o 0

AP = (A OAT AT s = (SE st sE)T

In the case of the vector hosts:

pi 0 So1 AY
0 uy 01 |S% AY
H2 02| _ 2 (6.3.9)
0 0 0 u||sy AY
that is,
csV =AY (6.3.10)
where,
C =diag (1), SY = [S¥, S%r o ST AV = [AY,AY, .. AY] (6.3.11)

From equation (6.3.8) all the off-diagonal entries of gps are non-positive and the total of all the entries in
every column of gpS is positive. Furthermore, 4,05 is an irreducible non-singular M -matrix and so gps must
have positive inverse, that is, (gos )_1 > 0, [131]. Consequently, this implies uniqueness of a positive
solution Séq = (cps )_1 A > 0. Equivalently, C is an irreducible non-singular M/-matrix and so C
must have positive inverse, that is, S(‘)/ = C7'AY > 0, [131]. Consequently, S(‘)/ =C'AY > 0isa

unique solution of C'SY" = A" Therefore, the results demonstrate the existence of a unique disease-free

equilibrium.
Ey = (5§',0,0,0,0,....5Y,..0,0) (6.3.12)
where 0 = (0, ...,0), S = (cps)_l Afand Sy = (€)1AY O
——

n  times

Therefore we now have the following result.

Theorem 6.2. The multiscale model system (6.2.1) always has a unique disease-free equilibrium point
Ey.
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6.3.2 The model reproduction number, R

The reproductive number, R is described as the average number of secondary infections generated by an
infectious individual host brought into an entirely susceptible population [101, 102]. It’s an important pa-
rameter which helps to examine outbreak of disease. For the vast majority of disease outbreaks, if Rg < 1,
this implies that the outbreak dies out. However, when Ry > 1, this implies that the outbreak persists. For
Malaria infection in humans, R describes the anticipated number of human Malaria infections generated
by an individual human host throughout the whole cycle of virulence of the human placed in a totally
susceptible human population. Hence, R quantifies spread of Malaria from human to human through the
mosquito vector. In order to evaluate the basic reproductive number we implement the next generation

operator approach [101]. The multiscale model system (6.2.1) can be expressed as follows:

dxX
E = f(X7 Z)7
dz
e h(X,Z2), 6.3.1)
where
X =(8/,8)) (6.3.2)
z =" P, 1y, G (6.3.3)

The elements of X stand for the number of susceptibles as well as other classes of non-infectious individ-

uals. The elements of Z stand for the number of infected individuals able to transmit the disease.

The model’s disease compartments are I/, P}, I and GI. The infected class equations from the model

can be represented as follows

(. ey py Py L L GE L GE L G as

ey dp P )
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H 3 Y
U (T RV ST ST
jAi=1 j#i=1
|4
ap Zl t(t) = N*a’1V (t) — oY PV (1)
(6.3.4)
v
YO st () -t + 81 0
dGH (t) h hyH HoH
N dt Nt 17 (t) — o Gi' (t)
H - Y
UL sy — (ulf + o eaf Y0 wly | 1+ S wlal
jAi=1 A=
14
P _ Nrar1Y (1) — oV BY (1)
: (6.3.5)
v
d . t(t) =\ (@)SY () — () + )1V (1),
dGH (1) h hrH HoH
\ dt - Nz Q; Iz (t) - Gl (t)
=N 08I0 - 3 el
jFi=1
§2\4
P _ Nraprt )~ ol P (1)
(6.3.6)
.
U _ 1 w)SY () — (Y + 8001 (1),
H
dGCilt(t) NtalTH(t) — o2 GH (1)

where
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pij =iy for j=1..nj#i

(6.3.7)

n
I H_ sH . H I
Pii =M +0; Ty + Z Vi j
j#i=1

The vector of the rates of new infections and the vector of the rates of other transfers between disease

states from (6.3.6) are respectively represented by

n
I vH

- > el

[)‘zVSZHL:L...,n j=1 i=1,..,n

NV TV VvV pV
F=| . VO" and Ve || NZO“;I% iO‘ZVPZ Jizt,oom (6.3.8)
[/\i Si L’:L_..,n H'“z +5i ] 1; L’:l,...,n
On [~ NPl +off Gl 1

L . i=1,...n

With respect to the infected classes (I zH , PZ»V v Gfl ) evaluated at the disease-free equilibrium point &g,

s Lg

the Jacobian matrices of F and V are respectively described as

(0 F, O O]
O O 0O O
F = (6.3.9)
O O O Fzy
O O 0O O
where
VAH aVAH VAH
Fy 5 = diag { IVA}LI, 2VA§{, cery 5?/1&7;1}
Poimy' Pootss Pon b,
(6.3.10)
. HAV HAV EAZ
Fia :dzag{ 1A Pohy B V}
Goki - Goalt G,
and
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Vii. 0 O O
0O W 1% @)
V= 22 723 63.11)
0O O Vi O
Vip O O Vi
where
¢ I
Vip= (%‘j)lgi,jgn
Voo = diag (aY, ag, e aX)
V2,3 = dZGg (_Nfaql)v —N;Oég, ceey —N;ZO‘Z)
(6.3.12)

Vag = diag () + 6, 1y +05 .l +3Y)

Viy = diag (~Nlal, —Njo}, .., - Nlial)

H

. H H
Va4 = diag (a1 , Oy ,...,an)

We define O as the n x n matrix with all entries being zero. Furthermore, we define the matrix F to be non-

negative of rank one and that can be written as the product of vectors. The matrices Vi 1, V23, V33, Va1

and V} 4 are non-singular irreducible M-matrices and can be inverted. We now determine the inverse of

matrix V.
- Vfll 0 o) O ]
v-1l— 0 Vg —VaaVasVay O (6.3.13)
) @) Vay O
_—V4T41 ‘/21,1 ‘/17_11 O 0 V4T41_
_@ FLQ O @) 17 ‘/1T11 O 0 0 _
Kepy-1_|© © 0 O @ Vg Voo VosVay O (6.3.14)
0O 0O O Fy 0 0 Vis 0
@ @ @ @ _V4T41 w 1 ‘/’17_11 (O) @ V4T41
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O FioVay —Fi2VayVesVsy O
_1 O O O O
K=FV " = . o B (6.3.15)
—F34V i, VaaViy 0 0 F54Viy
@) @) @) @)
O Kip Kizg 0O
1 O O @) (@)
K=FV ™ = (6.3.16)
Ks; O O Ksgu
0) @) @) O
where
( Ki9:= F1,2V27_21
K13 :=—Fi9V55 VasViy
. . (6.3.17)
Kap = —F34Vy, VaaViy
K3 = F34Vj}
Therefore, R defined by the spectral radius of FV ™!, is
Ro=p(A) (6.3.18)
where A is the n X n positive matrix illustrated by
A= Ki3Ks1 = FiaVay VasVag F3aVig Vaa Vi (6.3.19)
where
vt BY AT N7ag BY A Ny,
F1 9V, 3 VasVis = diag{ — R non_n_n (6.3.20)
22008 Pypitay (bY +67) Popptl g (uy +0Y)
and
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(6.3.21)

HAV Nhoh HAV Nhgh -
F3,4V21,41V4,1V1,11:diag{—51 e R nan}( " 1

H, 6,V H > H , VvV H
Goll’tl Qg GOn:u’n an

Therefore

A diag | PYMINPORBIAY NPl B A NGag ST A Npag
Piptal (uf +of ) GlLuY ol ™ B ullall (ul] + o) Gl o]

} ("7 (6.322)

We now consider some particular situations.

I

(i) Situation 1: Suppose there is no migration between patches, hence, 1/){7 ; = ¥j; = 0forj =
1,2,...,n, j # i, we obtain
ol j=—; for j=1,.,nj#i
(6.3.23)
0ii=ni + 0+
Therefore,
_ _ ) BY AENYay BY AH Nvqv
F1 oV, 5 VosVay = diag{ — ) reey — R e (6.3.24)
’ ’ ot oy (ni +67) Pyl o (uy) +6Y)
and
HAV Nhoh BHAY NP .
F34V Vi Vi = diag { 111 .., -nn_n "} ! (6.3.25)
vt G e et J )
Consequently,
A ding | BYMINYQIBIAYNIQl  BYANNagsfAY Nlol
Pyptlay (u +07) GoinY affely 7 Poyuglag] (i + 0Y) Gomy afl oh,
(6.3.26)
Therefore
RO = Imax ROZ’ (6327)
where
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(ii)

BYAENP oy BEAY NIal
Roi

= DoV H.V(,V VN ~H,V -H(, H L sH H
Pypftay (wf +0)) Ghipy aff (uf! + 611 +~1)

(6.3.28)

Accordingly, when Ro; > 1 for all ¢, the disease-free equilibrium is unstable resulting in Malaria

disease invading the population. This is verified by proving the global stability of the endemic equi-

librium of Malaria in section (6.4.2). However, when Rg; < 1 for all ¢, the disease-free equilibrium

is asymptotically stable and Malaria disease may be eliminated. Therefore, it is essential to dimin-

ish Rg; in each patch 7 in order to control Malaria disease. This is verified by proving the global

stability of the disease-free equilibrium in section (6.3.4).

Situation 2: Suppose there is migration in a model with two patches where the migration rates of

the human populations are nonzero.

By A 5¥A§}

Fio =dia ,
b g{Ponu{{ Pyl

BITAY BfngV}

Fs54 =dia ,
T { Gy Gohuy

and

( Vig= (%’Ij)lgi,jgz

Voo = diag (ozY, ag)

i

Va3 = diag (—Nyaf, —Nga3)

)

Va = diag (uf + 67,y +65)

Viy = diag (~Nlal, ~Nja})

Va4 = diag (a{{, ag)

In otherwords
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(e
PV H
FLQ = 01/ VAH
0 Svh
L Pooks
BN,
GH 14
F34 = 01H1 BHAY
0 2 119
i Ghy
i v v
—Nyoj 0
‘/273_ 0 ATV AU
i 2 (g
oo [Nt o
41 = 0 nhh
i 2 (2
3.31
_— 1 P Pl (€33
1w = T T T T | 71 I
P11¥22 — P12¥21 P21 P11
M1
I
V2,2 = 0 1
| o
-1 ;
H
-1 «
V4,4 = 01 1
L o
i 1
0
Vv Vv
1 af +9
V3,3 = ! 0 ! 1
i af 46y
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VAT NPaiBITAY Ntaltpdy — BY A NYaiB{AY Niatpl,
1 Poy (ug! ) (/h +0f) Gy Py (N{{) (' +67) Goiny
A ok — ool
_ y AJ NS s BT AY Ny abps, 5 ASTNG a5 B3 AY Npabol,
P (M2 ) ay (Mz + 5\/) Gy P (Ng) ay (Mz + 5V) Ghhy i
(6.3.32)
Therefore
_ _ _ _ Ay A
A= FL2V2,21V2,3V3,?}F3,4V4,41V4,1V1,11 = (6.3.33)
Ay Az
where
Ay — L BY Af Nl Bl Ay Ni'at o,
(p11952 — Plawh) Py (,u{[) of (pY +6Y) Gy
) 1 BY MV oy LAY Nfolioly
12=—
(liess — elovh) \ BY (1) ol (4 +6Y) Gl Y
(6.3.34)
| 1 BY A N335 AY Npalel,
21 = —
(eliehs — laehn) \ PY (ud)* oY (uY +6Y) Glhul
1 A Ngo3 5 AY Nl
{ (Pl1950 — ¥12051) \ PY (1) oY (Y +6Y) GEuY
Taking the characteristic polynomial
Ayl — A A
" 2 ol=0 (6.3.35)
Aoy A —A
A% — (Apg + Ap)A + A11Agg — A1pAy =0 (6.3.36)
Applying the quadratic formula
1
A= 5 [(All + AQQ + \/All + 2411 A9 + A22 4A11 A9 +4A195A9 (6.3.37)
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1 2 2
1
A= 3 [(An + Agg) £ /(A1 — Agg)? + 4A12A21} (6.3.39)
Take
1
A= [(Ar + Aso) + /(411 = Az)? + 41251 (6.3.40)
Hence
1
Ro =3 [(An + Ag) + /(A1 — Ax)? + 414121421} (6.3.41)

6.3.3 Local Stability of the Malaria disease free equilibrium (DFE)

From Theorem 4.2 of van den Driessche and Watmough [103], if Rg < 1 then the Malaria disease-free
equilibrium is locally asymptotically stable and the disease cannot persist in the human population. We

summarize this result below.

Theorem 6.3. The disease-free equilibrium point E° of the multi-scale model system (6.2.1) is locally

asymptotically stable whenever Ro < 1 and unstable otherwise.

Proof Let J12 be the matrices of the partial derivatives evaluated at the disease-free equilibrium. The
Jacobian matrix for the linearization of the system about the disease free equilibrium is obtained as the

block structure.

(6.3.1)

J J
J— |7 12
0 F-V

The matrix J is triangular. Therefore, the eigenvalues of J are those of the partition matrices Ji; and

F — V where Ji; is expressed as follows:

—poc
Je [ 70 (6.3.2)

0 —C

The matrices gpSC and C are irreducible non-singular M -matrices as defined in section (6.3.1). Hence,
special abcissa, s(—p°¢) < 0, s(—C) < 0 and the eigenvalues of the matrix .J;; have negative real
parts. Therefore, the matrix J will has eigenvalues all with negative real parts if the matrix /' — V has
all eigenvalues with negative real parts. In addition, F' is non-negative matrix and V' is a non-singular

M -matrix. Thus, the eigenvalues of F' — V' will have negative real parts if and only if p(FV_l) < 1,
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that is, the disease free equilibrium is locally asymptotically stable if and only if the basic reproduction
number Ry = p(FV 1) < 1. If Ry > 1, then s(F — V) > 0. This shows that at least one eigenvalue lies
in the right half plane. So, the disease free equilibrium is unstable if Ry > 1. O

Lemma 6.4. The matrix (F — V') has a real spectrum. Moreover, if p (F Vﬁl) < 1, all eigenvalues of
(F — V) are negative.

6.3.4 Global Stability of the disease free equilibrium

For the purpose of establishing the global stability of DFE of the model system (6.2.1), we implement
Theorem 2 in van den Driessche and Watmough [103] to establish that the disease-free equilibrium is
globally asymptotically stable whenever Ry < 1 and unstable when Ry > 1. We identify two conditions
that warrant the global asymptotic stability of the disease-free state. The model system (6.2.1) can be

written as follows:

ax

o F(X,Z),
(6.3.1)
%f — G(X,Z), G(X,0)=0

where X = (SZH .Sy ) denotes all uninfected components and Z = (1, PV, 1Y, G denotes all in-

fected and infectious components;

Ey = (S¥,0,0,0,0,...,5],..0,0) (6.3.2)
where 0 = (0, ...,0), S = (gps)fl Afand Sy = (€)1AY
——
n  times

denotes the disease-free equilibrium of the system. To warrant global asymptotic stability, the conditions
(H1) and (H2) below must be met [101]:

dX
(H1) For o= F(X,0), X" is globally asymptotically stable (g.a.s);
. A 3 ) oG
H2) G(X,Z2) = AZ - G(X,Z2),G(X,Z) > 0 for (X,Z) € R, where the Jacobian A = A
DzG(X™,0) is an M-matrix (the off diagonal elements of A are nonnegative) and Ri is the region

where the model makes biological sense.
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dX n n
WX P02y = A N SE )~ ST AT - Y S - Y st 639
jF#i=1 jF#i=1
At the disease-free equilibrium Z = 0
F(X,0)=AT —  HsH (6.3.4)

Hence, since @ is an invariant set for model system (6.2.1) and in view of Theorem 6.3, it is sufficient to
show that for all E° € &

lim SZ (t) - SO“tliglo Iz (t) 07 tlig.lo P (t) 07 tli>rgo Sz (t) S()z’ tli)rgo Iz (t) O?}iglo Gz (t) 0

1

t—00
(6.3.5)
where S and S are as in (6.3.2) , it follows that
dSH (t
&t() < AF — uHSH(t) (6.3.6)
and
dsY (t
S;t( ) <AV - sV (6.3.7)

It is easy to see that Sg and S& are globally asymptotically stable equilibria for the comparison equations

Will) o \B By ) (6.3.8)
dt
and
dyjt(t) < AY = (t) (6.3.9)

Therefore, for any ¢ > 0, there exists ¢ > 0, such that for all ¢ > ¢, it holds SiH (t) < ng + ¢ and
SY(t) < SY +¢

tli}m sup S7 (t) < St and tli}m sup SV (t) < S (6.3.10)

From (5.3.10) and the equations (2)-(3) and (5)-(6) of the model system (6.2.1) we have that for t > ¢
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dSZ-H(t) = v H H HrH n S oH n S oH
i = A= (@) + i) (S5 + )+ 1 1)+ >0 wfisf = > st
ji=1 j#i=1
" n Y
D < N 0) (S +e) - il + 60 M+ 30 Wl = 3wl
j#i=1 j#i=1
.
dpzzt(t) = NIl (t) —af BY(t) (6.3.11)
14
T < N (s +e) - 4 NI 0,
dGH () h hH HoH
dt G (1) — o G (t)

Let us consider the comparison system

dwn (t) . n
o < N = (@) ") (S5 e) o Twa() + Y wiS = D ws)
jAi=1 J#i=1
duws(t y n
w;t() < N0 (S5 +e) = (uf + 6+ wa+ D Wl 0 = >yl
j#i=1 Jj#i=1
dw;t(t) = Nyojws(t) — o) ws(t) o
WO < AV N (1) (S8 + <) - ¥,
Bs) < ) (55 +£) = (8 s,
@y)_N%MM—Jm@M@—gwm@_ﬁ@W®_W@W@_$@

ws(t) = 1 (1), we(t) = G{ ()
that we can re-write as

dw(t)
= (B = Vo) w(t) (6.3.13)

where w(t) = (wy(t), wa(t), ws(t), ws(t))” and (F. — V.) is a matrix in (6.3.8) computed in E°(¢) =
(ng +¢€,0,0,, S& +¢€,0, 0). Let us note thatif Rg = p (FV_I) < 1, we can choose a sufficiently small
e > 0 such that p (F.V."!) < 1. Then by applying Lemma 6.4 to (F. — V) we obtain that it has a real
spectrum and all its eigenvalues are negative. It follows that lim w(¢) = 0, whatever the initial conditions

— 00
are, from which
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lim 17 (t) = 0, lim PY(t) = 0, lim 1Y (t) = 0, lim GHt) =0 (6.3.14)
—00 — 00 — 00

t—o00 v

Now, for any ¢ > 0, there exists £; such that for any ¢t > #;, I (t) < &, PV (t) < e, I/ (t) < e,
GZH(t) < €. So, for t > t; we have

dSH(t Ve
th() = A - p%JrESiH — pf' s ), (6.3.15)
(2
H
Itis easy to see that ,3\/5—1 is a global asymptotically stable equilibrium for the comparison equa-
e
Pio-i-g i

tion

y(t) — iy (t), (6.3.16)

H AP
Sit(t) > T ra— 7 X (6.3.17)
[Pié—&-a + 1 }
Therefore, for any € > 0, we have
A

lim inf S7(t) > ——1—— (6.3.18)

t—o00 B e H

[‘pgﬁ T Hi }

Letting ¢t — oo, we get tlim inf SH (t) > S and combining this with (6.3.10) gives us
—00

Jim SH(t) = st (6.3.19)
A similar argument ensures that
lim SY(t) =Sy (6.3.20)
AH AY
Therefore, E = (fH, 0,0, —%/, 0, O) ,4 = 1,..,n is a global asymptotically stable equilibrium point
i i

satisfying condition H1.

Since S7 < S and S} < S, we can obtain from the multiscale model system (6.2.1)
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drf(t
") WS — (4 67 0+ Y w0 - Y vl
J#i=1 J#i=1
PV
T < Npag1¥ (1) o PV 1)
(6.3.21)
dry (t
S0 N0~ + oD o),
H
WD < NPl 1) — ol GH )
We consider the linear system
(dIf(t) \V(SH (4 51 VIH (1) LTH(p)
dt - z(t) Oz() (:uz + +’Yz 7 Z w]z j Z ¢7,,] 7
J#i=1 JFi=1
dPY (t
D Nparrt () - ol BV ()
(6.3.22)
dry (t
O 0S50~ wf + oD o),
dGH (¢t
G _ Nrabin) —oflal ()
Therefore, the system of equations (6.3.22) can be written as
du
= A 6.3.23
i u ( )

where,u = [I{', 1}, .. 1. PV, Py, . PV, IV, I}, .. I}, G{ Ggf,...,GnH]T, A =F — V. In this

case, F is a non-negative matrix from (6.3.9) and V is a non-negative M-matrix from (6.3.11). Hence,

sF—V)<0 < p{FV '} <1 (6.3.24)

In other words, the eigenvalues of F — V lie on the left half plane if Ry < 1. Therefore, each positive
solution of (6.3.23) satisfies

lim u =0 (6.3.25)

t—o00
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thatis, lim I =0, lim PV =0, lim I =0, lim G =0 forall i=1,2,...n
t—o00 t—o0 t—o0 t—o0

Since all the variables of the multiscale model system (6.2.1) are non-negative, then the use of Comparison
theorem [132, 133]

lim I =0, lim P =0, lim I/ =0, lim G =0 forall i=1,2,..,n (6.3.26)
t—o00 t—o00 t—o00 t—o00

Furthermore, as t — oo

( dSiH H HqH & S oH & S oH
at = A7 = S+ Z V55" — Z VS
j#i=1 j#i=1
sV (6.3.27)
S AV sy
\
In the matrix form
d ron H S oH
p [5 } = A" — 787, (6.3.28)
d 14 |4 14
T [S } =A" -CS (6.3.29)

Therefore, the matrices ¢° and C' are non-singular M-matrices, where all their eigenvalues lie in the left
half plane. Consequently, if S}IL{ and SX are the homogeneous solutions of system equations (6.3.28) and

(6.3.29) respectively, then we have

lim S# =0 and lim S} =0 (6.3.30)
t—o00 t—00

From section (6.3.1) matrix <pS is an irreducible, non-singular M-matrix. Therefore, the matrix ¢ has a
positive inverse. S({{ = (aps )_1 A is a particular solution and ST = S}IL{ + S({{ is the general solution
of equation (6.3.28). Similarly, the matrix C' is a diagonal matrix with positive diagonal elements. Hence,
C has an inverse with positive diagonal elements. Consequently, S} = (C)_1 AY is a positive particular

solution and SV = S} + S} is the general solution of equation (6.3.29). In addition,

lim S = S 1lim 17 =0, lim PV =0, lim S} = S}, lim I/ =0, lim GF =0 (6.3.31)
t—00 t—o00 t—00 t—o00 t—00 t—o00

forall i=1,2,...,n
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Therefore, as ¢ — oo, we obtain the equilibrium point

Ey = (5{',0,0,0,0,....5Y,..0,0) (6.3.32)

where 0 = (0, ...,0), S = (gos)_l A and Sy = (€)' AV Therefore, the disease-free equilibrium is
~——

n  times
globally asymptotically stable if Ry < 1 and unstable if Ry > 1 O

Theorem 6.5. If Ry < 1, then the disease-free equilibrium is globally asymptotically stable and unstable
ifRop>1

6.4 The endemic equilibrium and its stability

6.4.1 The endemic equilibrium
When the equilibrium is endemic then the human population is infected by Malaria. The endemic equi-

librium point of the multiscale model system (6.2.1) is defined by

n Jrn n J'n

The six equations of the multiscale model system (6.2.1) are set to zero on the left-hand side to give:

0 = AT=XN S () = ul'ST+A 1] Z v5:S Z uiSi,
Jj#i=1 J#i=1

0 = N@ST(t) = (uff + o+ + Y ol = Y vl

j#i=1 j#i=1
0 = N;’al-’l»v(t)—aVPiV(t) (6.4.2)
0 = =M@Y (1) — SV,
0 = () SY () = (' +6)1Y (1),
0 = NalIf'(t) - of' GI(1)

The endemic equilibrium is denoted by E* = (S* 1H* pY* sy* 1V* GH* .. sHx [Hx pVx gV
IV* GH*). The endemic value of the susceptible humans in patch i is given by

AH+ HIH*+ n . SSH*
s 2 iz V5, (6.4.3)

A+ D et wi,j

H*
S

© University of Venda



University of Venda
reating Future Leaders

s

Chapter 6 223

We deduce from equation (6.4.3) the endemic value of the susceptible human population in patch i is
proportional to the mean time stayed in the susceptible compartments, the supply rate of new susceptibles
via birth and rate of migration from another patch j. The individuals leave this compartment either through
death, infection or migration of susceptible humans from patch ¢ to patch j. The endemic value of the

infected humans in patch 7 is defined by

Vx gHx* n I 7Hx
I = NS 2 i Vil (6.4.4)

[+ 8F 4 e ]

We deduce from equation (6.4.4) that the value of infected humans in patch 7 is defined by the average
time stayed in the infected compartment, the infection rate of susceptible humans and the number of
susceptible hosts. The number of infected individuals is increased through migration from patch j to
patch ¢ and reduced through migration from patch ¢ to patch j. The endemic value of the community

sporozoite load in patch ¢ is defined by

NVl IV*
Vx _
P’ = Z@# (6.4.5)
We deduce from equation (6.4.5) that the community sporozoite load in patch i is defined by the number
of infected mosquitoes, the average sporozoite load within an infected mosquito and the elimination rate

of community sporozoite load. The endemic value of infected mosquitoes in patch i is expressed as:

P
V=i Zi (6.4.6)
C [+ e
We deduce from the expression (6.4.6) of the endemic value of mosquitoes that this quantity is the product
of the infection rate of mosquitoes and the average life span of an infected mosquito. The endemic value

of susceptible mosquitoes in patch 7 is described by

SV* _ A’}/

—— 6.4.7
W] oD

From the expression of the susceptible mosquitoes (6.4.7) that the quantity is a product of the supply rate
of new susceptible mosquitoes and the mean time stayed in the susceptible class. The endemic value of

the community gametocyte load in humans in patch ¢ is given by

h . h TH=*
GH* _ Nitay' I
i H

a;

(6.4.8)

We deduce from equation (6.4.8) that the endemic value of the community gametocyte load depends on the
number of infected humans and the mean gametocyte load within each infected human and the elimination
rate of the community gametocyte load. The information above describes the endemic state of Malaria

disease illustrated quantitatively by the endemic values of the multiscale model system (6.2.1).
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Proposition 6.6. Suppose that U = (1#12) is irreducible. If Ro > 1, then the model system (6.2.1) is

uniformly persistent and there exists an endemic equilibrium E* in Q.

6.4.2 Global stability of the endemic equilibria and uniqueness

Theorem 6.7. For Ry > 1 and claim an endemic equilibrium
E* = (S{{*, {{*’P}/*7S}/*7I{/*’G{I*7S§I*7 ;I*ysz*’S;/*’ ;/*’szq*’SH* IH* PX*,SV* IV* GnH*)

n Jrn n 'n

exists. Suppose that one of the following assumptions is satisfied.

(1) U° = 0 and V' is irreducible;
(2) Ol = 0 and V° is irreducible;

(3) U° and V! are irreducible, and there exists X > 0 such that Q/JﬁZSJH* = )\@Dj{i]f{* foralll <i,5 <

n.

where U° = (1/}5) and ¥' = (wll]) are migration matrices for susceptible and infected humans respec-

tively. Then E™ is unique and asymptotically stable in Q.

By Proposition (6.6), the existence of a endemic equilibrium E™ is ensured if the assumption (1) or as-

sumption (3) is satisfied.

Proof . This proof is completed through the implementation of the approach by [137]. In the proof we
consider assumption (3) is fulfilled and then the remaining assumptions can be proved the same way. We

now deduce the global asymptotic stability of E* in Q) which implies that E* is necessarily unique.

dsf (t) H _ \V/pcH HoH | H7H —~ 5 GH —~ 5 oH
L. 7 = A7 =N (ST (t) —pi” S+ () + Z V75 — Z ;S
i1 i1
9 arf'(t) A ()SH (1) = (u + 65 + )T + zn: WL TH zn: Wl IH
Tt = N i Hg i Vi i Gyt g 1,544
i#i=1 j#i=1
j204
3.4 zlt(t) = NPalIY(t) —a)f PY (1) (6.4.1)
dsy (t) V _ \Hp oV VoV
4. dt = A = AT@O)S () — i S
1y (t) HipaV Vo sV
5. gt = N (S (1) — (w +6; )L (1),
H
6. 0 Nl ()~ oG )

Set
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H pH H  qHx SH £
Vi (87, 1) =S — 8" — ST —In i (6.4.2)
From equilibrium equations of (6.4.1), we obtain
0=A =N (S (t) = uf' ] + 1] Z WS = Y wish, (6.4.3)
jAi=1 j#i=1
plt st = A=A ()8 (t) + 41 Z U5y Z vistt (6.4.4)
jFi=1 j#i=1
it S = AT = NS () A A T Z S — Z v sl (6.4.5)
Jj#i=1 jAi=1
0=\ ()S(t) = (ui" + 6/ + )1 + Z Y T (6.4.6)
jAi=1 jAi=1
n n
(' + 6+ DI =N 0)sF &) + > v = > il (6.4.7)
ji=1 ji=1
R R VO L URED DRCHT D SR T
Jj#i=1 jAi=1

We can highlight that 1 — 2 + Inaz < 0 for x > 0 and equality holds if and only if x = 1. When we
differentiate V; along the solution of system (6.4.1), gives

dv; vy dsft ov; dIff

“¥e _ , . 6.4.
it~ oS dt T orf dt (049)
dv; SHxN\ dSH I\ drft
— (1= i’ 1— =2 —t 4.1
dt ( SH ) a < " > dt (6.4.10)

Substituting equations in (6.4.1) into (6.4.10) we get

Vi He -
£ :(1—5’% ) NN GT T T S ST SR L SR
jF#i=1 jFi=1

IH* n n
+<1_ i ) N @)SH(t) — (uff + 08 + 4 IH + Z %I,JJJH_ Z wz{inH 64.11)
jFi=1 j#i=1
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dVi

n 5’ S SH
_AH \V/paH H S g H H, VGH | HoH
o = AN O SE () —pl SEAP I )+ Z %‘,Z Z 7/%35 A )‘ S Si

H oH M
jAi=1 jAi=1 S S

S sH =
1= z¢zs;f o z%us (OSE(0) = (ul? +8 +)IF + 3 Wt
j#i=1

b
— Z Wi I — AVS{f
J#i=1

IH*

dvi H %4 H H H H H - S ¢oH HS . %4 H* H Hx
dt :AZ _/\i (t)SZ () S + I ];;lez j;lwzjsz A SH +)\ S SZ

n n
DS AN OSH O— (i +6/ I+ D 0wl = el
5! j#i=1 j#i=1

SH
’Yz SH z Z¢]zSH

I

I (6.4.13)

i1

I *
j=1

plt S = A — \V*(1)SH* (1) + 7 1] (1) Z AT
j#i=1 j#i=1

SH

HqH H
pi Sit = A, SH*

=N ®SE )+ () SH*+Z%SJH*S;I* Z%SH

(6.4.14)

(i + 01+ LT = NS (1) Z Yrali = Z ik
jAi=1 J#i=1

I |
H Vi Hx I H*
(ufl + 8+ = A/ (0)S: <>IH*+¢§jlwm - ;f”“
i G i i

Substituting equations in (6.4.14) into (6.4.13) we get
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S
SH*

dVi
dt

= AN (0SB (1) | A S = A @SH @)+ T SH*+Z%SJH gire o vEst

n
sit*
+71 z ijz - waJSzH_AfI‘S«ZiH—F)‘YSZH*
jAi=1 =1 ‘

- (AﬁAY*(t)Sﬁ*( )+ I (¢) Z eisie = > ¢§j8ﬁ*)
j#i=1 j#i=1

58I+ A (DS (1)

S
H H
_'Yz S’H I Zwﬂsj SH

J=1

Vix Hx IH Hx IH g H
- )‘ ()Sz ()IH*+Z¢JZI] I _Z ’L]I’L +Z¢] sz]z

g j#i=1 ¢ j#i=1 J#i=1 j#i=1

I *
V4 H V* H* Hx Hx H i Hx
—Ai IH S (Ai S Z 77[’3, I — Z d’%JIZ ) Z%IJ IH +Z¢m[
J#i=1 Jj#i=1
(6.4.15)

Simplifying (6.4.15) we obtain

dVi
dt

S
SH*

= AT =N (0)8](1) - A

H n
Vi H H H* Hx ~q S oH
A0S (1) - SH* Z%SJ SH*+Z;wszi
J:

S
+’}/z Z Z w]z Z 1/}2,]5}1 AH SH
Jj#i=1 jAi=1

FAT = NS () + A T (1) Z W5 — Y gl s
j#i=1 j#i=1

S
H
_'Yi SH z Zwﬂsj SH

SSHx L NV (1) SH (t)

Vi Hx I H* z I 7H I tH I tH
A0SO 1 = D0 il i+ )DRCHARE SRR SR

i ji=1 i ji=1 ji=1 =1

© University of Venda



Uni verstyofVe da
Creating Future Leaders

et

Chapter 6 228
I * * * * z *
— A\ i SH NS (¢ Z U Z Wl Z%IH +Z%IH (6.4.16)
Jj#i=1 Jj#i=1

n

d‘/; H 1% 0 HSH Vx H H H* Hx ~4 S 0
g =M AL - Al G+ A 0S! (0 - Sm}ﬂw;%*;%ﬁ’

=1

HIH ) + Z %s /./S«F}’ AH

J#i=1 J#l 1

0 n
* * * O
+AT = A (t) + L Z%ZSH > uistT

j#i=1 =1

—1—)\

_71

S
S oH
SH Z Zwﬂsj SH

Y . 0
SO~ 3 L S S gl Y

L J#i=1 v Jj#i=1 Jj#i=1 J#i=1

I I
V=i Vi Hx H
_)‘i TH i +W ; 77Z)J ZI ; M Zd)ﬂlj IH
? j#i=1 jFi=1
Vi _ yw_ g S SH*
dt SH SH

(2 7

[H
IH *

RALSE AP Y st )50

H uSH e S HH
AL () — ] S i L) g i I ()

S H* S oH S oH=x
_Z%ZSJ SH* Z¢JZSJ ] I i+ Z b5
J=1 Z JFi=1 j#i=1

H

(6.4.18)

B Z w]lIJH* ll + Z wJZJ + Z szIJH* Zwﬂj

J#i=1 & Jj#i=1 J#i=1

Therefore
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SH SH

dVi H _\H H _\H
=N —A; SH*+A —A; s i nS lnsH*

dt

sf s s : st S Si
+T (1) [1— o I —In g }—i—’yl I (¢ ()[1— S T o —1n5H*]
H H ¢gH=* H QHx* H QHx*
+szsH* | sHsp ospsit | sfstt | sPs)
ol J SZH* SJH* SJH*SZH SH*SH SH*SH
Hx J J
+J;«;1¢”I] [ Iz i IH* - IyH*IzH e IH*IH —n IH*IH (6.4.19)
L P +1—S —HnS’ In >
a M| g g i
v SH [ H* SHIH* S.HI.H* v SHxH SHxH
V H* 7 HtH 7 7 H1H Hx
H H QHx* H QHx* H QH*
A s i ,_sh st sps) L Srste st
Z or SZH* SJH* SJH*SzH SH*SH SH*SH
H* J VR
JFi=1 l v
- H Hx H H
dVZ:AH 1—SZ —|—1—SZ —|—1nSZ —lnSZ
ar [T g g g

VxoH ) V gHx
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SH* SH* . SH H SH .
+ I (1) [1 o SH] + T (1) [1 GE +1In SH*} +~H 1 5 (I7 (t) — I (1))
SHgH+ gHgH: sH sH gH  gHs
SH* J Tt In SH* et SRR J 1 J —1 %
o3 - G e+ 32 st |-G v G g
I I oI I TH
Hx Hx ) J J )
+ ijj 1_IH*IH+IHIH*IH + ijj _IH*+IH*_IHIH*_ID IH
J#i=1 j#i=1 v J J @
6.4.21)
where AY'S/™* < AY*Sf and I/ (1) < 1/ (t)
H Hx H H
dv—AH l—SH —|—1—SiH —|—lnS;I —lnSIi{
dt S i Si Si : Si i
+AS [1— I } +A7 s 1 [ S L o ]Jrln S L\ gHe _ \VegH)
% % Sz IZH* SHIH* SZH*[zH SH*IH SzHIzH* ) i i
st LS . st " st :
—i—’YiHIH()[l—SH +In SH]—i—’YZ Iﬁ()[l—sH*—i—lnsH*}—l—% IDSH* ([zH() [Z.H (t))
H QHx H H* H Hx
Hx Hx J J ) %
+ Z leS 1 - SH*SH +1n SH*SH + Z %15 SH* +In SH — SH* —1In SH
Jj#i=1 J ¢ jAi=1 J J i )
i IH I 7 L IH
H* ] 1 H* j j i i
J#i=1 Jot JjAi=1 J J i
(6.4.22)
S qH=x* J J ) Hx J J ) 7
< > Y5S] St — o SH +Z Wl 1] ety — o~y
jAi=1 J J i i jAi=1 J J i i
(6.4.23)
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Z )‘d)y IH* ;{* +In T — o — + Z ¥, zIH* ;{* +In S — - —In—g
J#i=1 S Sj S i jAi=1 I Ij 1 1;

(6.4.24)

sH SHe pH - H H He o pH [
Z%ZIH*K/\JFMI] S+ L +In-? —<)\S w2 Lk )

e 5;'" sp I I S sfoft T f
(6.4.25)
= ij I [Hy(s), 1) — Hi(SH, 1) (6.4.26)
where i G i i
i i I; I
H(SH, 1) = o T o T (6.4.27)

% % i %

We let a weight matrix W = (w;;) with entry w;; = w] A A% and indicate the equivalent weighted digraph

as (H,W). Letting ¢; = Z w (T) > 0 be as expressed in (B.1) in the Appendix 7.3 with (H,W).
TGTi
Therefore, by (B.2) in Appendix 7.3, the identity below is satisfied

ZcszﬂIH* S = Hy(S[ 1] =0 (6.4.28)
=1 j=1
Setting
v (st it sst it SET) = v (S I (6.4.29)
i=1

Taking (6.4.13) and (6.4.28) we get

av
o dt _ZCZZ%IH* s(SH Y — 1S ] =0 (6.4.30)

for all (S{{ i IH yeees S,IL{ If ) € Q. Consequently, V' is a Lyapunov function for the system (6.4.1). In view
of the fact that U/ = (wzlj) is irreducible, we know that ¢; > 0 V i (see the Appendix 7.3), and therefore
dV;/dt = 0 suggests that S/ = S* for all 4. From the first equation of system (6.4.1), we obtain

dsy(t)

0=—z

= AT =N O)S(t) = ui ST+ AT (8) Z WSSt — 3 ydisH (6431
j#im1 j#im1
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1 = 1,2,...,n, suggesting that Il-H = IZ-H* for all . The only invariant set on which dV;/dt = 0 is the
singleton { P*}. Hence, by LaSalle Invariance Principle [138], P* is globally asymptotically stable in
Q. O

6.4.3 Uniqueness and global solution of stochastic model

We consider a stochastic model adopted from (6.2.1) and implementing the same approach used in (4.5.1)

of chapter 4

Py + PY(t) ot ot

Py + PY(t) "

i j#i=1 j#i=1

dIf (t) = (WS,-H(t) — (i 0T A+ D> g = > w{,jrf) dt + I ()0 dW s

In this section, we first prove that all the solutions of the system are positive. Suppose (Q; Fi{F }tzt0 P)
is a complete probability space with filtration {]:t}tzo meeting the usual conditions (i.e. it is increasing
and continuous while {Fy} contains all P-null sets ). Set C*' (R* x [0,00);R.) to be the family of
all nonnegative functions V (z,t) defined on R* x [0, 00) which are continuously twice differentiable
in = and once in t. Suppose W(t) = (Wgqu (t), W;ru(t)) a 2-dimensional Wiener process defined on
this probability space. The non-negative constants ogr and o;# define the intensities of the stochastic
pertubations. Let us presume that the components of the 1-dimensional Wiener process W; are mutually
independent. We have to demonstrate that the stochasic differential equation model (6.4.1) has at least a
unique global solution for the model to make sense and also that the solution will remain positive whenever

the initial conditions are positive.

Theorem 6.8. For multiscale model (6.4.1) and any initial value in Rﬁn, there is a unique solution L =
(SIH ), IE(t), PY (t),SY (t), I} (t), Gf{) , of the multiscale system (6.4.1) for t > 0 which will

remain in R(jr” with probability one.

i=1,2,...n

Proof. The total human host population in the multiscale model system (6.4.1) is given by NZH = SiH +1, ZH .
Therefore we have
AN = asH + arf? (6.4.2)

© University of Venda
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- 1 %4 i (t) Hy 95 ( )+7z i Z Qz[)]z J Z ¢z] i t
Poi + B (1) it A=

BI P (1)

H H H | sH , H\7H I H H
+8;" (t)ogndWgn + msi () = (p" +67 +% )" + Z Vi — Z oI | dt

j#i=1 j#i=1
+ IH () o ndWrn (6.4.3)
= [ AF -y sH Z ¥? S — Z W SH | dt + S (t)ogndWgn
J#i=1 Jj#i=1
o (T Y Y F S T £ Z LI dt + I (8o dW (6.4.4)
j#i=1 j#i=1

n
= (AT — N —sHIH Z YINF = N" g N dt+SH(t)ogudWen + I (H)ondWis

j#i=1 j#i=1
(6.4.5)
AN < |AF + Z YINH — | WINE + Z Y NH (6.4.6)
Jj#i=1 jAi=1
AN < [AF = oN] a.s (6.4.7)
where
Afl Z szNH Af{ for @Q=5, and j=1,..n,j#1
jF=l (6.4.8)
p=u+ Y 4
jAi=1

The total human population in the multiscale model system (6.4.1) validates the equation (6.4.7) with the
initial value N/ (0) = SH(0) + I(0), if (SZ-H(S), IZ-H(S))Z.:1 o n € R3" V0 < s < t almost surely (a.s)

Therefore, through integration we can verify
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n_ AT oy AT
N;* < + | N;7(0) — — ) exp(—wps)foralls € [0,1] as (6.4.9)
% ¥
AT H Al
Therefore, N,” < —— if we assume NV, (0) < —— such that
2 2
AH
(S (), I (s)),_y 5 . € (0, d )for alls € [0,1]a.s (6.4.10)
—12,.. »

We remark that the coefficients of the multiscale model system (6.4.1) are locally Lipschitz continuous,
for any given initial value, there is a unique maximal local solution

L= (), 1 (t), B (1), SY (), 1) (1), GI)
(see example, [152]).

i—12,.n 0N t € [0,7.), where 7. is the explosion time

In order to demonstrate that this solution is global, we have to reveal that 7. = co almost surely (a.s).
We let mg > 0 such that (S/(0), I/ (0), PV (0), S (0), 1} (0), GF(0))

integer m > my, define a sequence of stopping times by

i=1,2,..n € [%,mo). For each
e {t € [0,7) : S"(8), 1(1) ¢ <1m)} (6.4.11)
m

setting inf () = oo. Therefore, since 7, is non-decreasing, the following limit exists: 7o, = lim 7,,, and
m—0o0

Tinfty < Te (a.s). We have to demonstrate that 7;, 7, = 0o a.s. If this statement is infringed, then there

exists 7' > 0 and € € (0, 1) such that

P{re <T}>¢ (6.4.12)

Therefore, there is an integer m; > myq such that P {7,,, < T'} > ¢, for all m > m. Define a C?-function
V :R?" by

n

VL) => [(Sf—=1-msf)+ (1 —1-WI) + (P —1-ImP)]
=1
+ (S —1-mS)+ (1Y —1-WnI))+ (GF —1-ImG})] (6.4.13)

Implementing It6’s formula gives,
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1 LY g L
251 i 1;+<1_Ii)d—r 21{{2 i z]

1
1—— |adPV 1— —)dsy + dsydsy
(1 g ) 4R 4 gt ar + (1= g )ast + o
1 1 1
1—— ) dIV Vdl 1— — | dGH + HiGH (6.4.14
+ < IZV> (3 +2IZV2 (3 I3 +< Gz> 2G{.[2 3 Z} )

and using SDE multiscale model system (6.4.1) we get

“ 1 1 >
H H H 2 H 2
1 Z %
1
TV

> dry + (1 — 1) dGH} (6.4.15)
I} GH

i A

1 1\ oy 1 )
S oA IH) dr =+ 201HdW1H}
(2 (2

S Varr s (1o 2 Vasy s (1o a4 (1o L Yagr
—i—Kl Piv>dPZ (1 SZ)dS <1 IZ>dI <1 Gi>dG] (6.4.16)

> dsi + aSHdng + <1

1
H 2

1 v v 1 v 1 H
+ [(1 - P.V) dpPY + (1 - SV> sy + (1 - I.V> 1V + (1 - GH) dG! (6.4.17)

and making use of model system (6.4.1) we get

AV (L) = GVdt + (1 - 1H) o STdWgn (t) + (1 -

i

1
IH> o I AW (t) (6.4.18)

i

where
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P°+PV() ' S R A A (OF F
" Nl IV AH BHGH (1)
NearTV —ovpy - Nl v v vy JAD L BEGEW)
+ ; 7 az 7 az ) EV + az + 7 :Uz 7 SZH GO + GZH(t) + Mz
- NPal1H BHGH( ) SV
h_ htH H~H 1 g g H Vv V
1
+ 5 (okn + o) (6.4.19)

AH
Therefore, from (6.4.10) we can state that (S!(s), I} (3))Z 12m ( , — ) foralls € [0,t A 7] a.s.
P
)

v PY(t AH HGH (¢ AH
BO'L i ‘(/ ) + 2#? < 4 50 [S

Henceforth,

n
207
gV < 72+Aﬁ+2uﬁ+5ﬁ+%ﬂ+a}’+AiV+2MY+a{f+5zV
=1
+ 5 (ko) =i p (6.4.20)

We can denote by ( = min(7,,,7T"), then
¢ ¢
/ av (S (s), I (s)) < / ods +H(¢) (6.4.21)
0 0
where

H(s) = /0 S(SH (a) = V)ogudWgn (a) + /O S(IH (a) — V)oadWn(a) (6.4.22)

Taking expectation, yields

E [V (SH). 17 (), PV (¢), 8 (¢), 1V (¢),GF Q)]
V (S7(0),1]7(0), PV (0),5) (s),G{(s)) +E/C ods
0
V (571(0), 1}7(0), PV (0), 5} (s), G (5)) + ¢T. (6.4.23)

IN

IN

We set Q,, = {w € Q: 7, < T} for each m > m; and from equation (6.4.12), giving P(Q2,,) > . We

remark V v € €Q,,,, with these two bounds gives
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1
[S{{(Tm,u)7lﬂ(7'm,z/)] N [m, m:| # 0. (6.4.24)
Consequently,
V(SO I (Q)i=1,.m) = Unm (6.4.25)
where
U,, = min [m—a—alnm,l—a—alnl}. (6.4.26)
a€[1,bo] a m am

we choose by > 0 sufficiently small. Therefore we get

K3
EARR]

= (lQmV (SlH(Q’IiH(Q)izl,‘..,n> = eUm (6.4.27)

v ((5{1 (0), I/ (0), Y (0), 5} (5), G{' (s)),_, ) + T

Letting m — oo will lead to the contradiction

0o =V ((8710), 1]1(0), PY (0), 8Y (), GI'(s)) _,._,) + 9T < o0 (6.4.28)

Consequently, as 7,, > Too, gIVES Ty, = Too = 00 a.8. The proof is complete. 0

6.5 Numerical analysis

6.5.1 Sensitivity Analysis

This section presents the analysis of sensitivity for the Malaria transmission indicators obtained from the
multiscale model to the model parameters. The transmission indicator we consider is the basic reproduc-
tive number, Ry that generally describes the dynamics for a disease at the beginning of an infection. For
any particular epidemic model that illustrates the disease dynamics within a particular population, a sen-
sitivity analysis study is important to perform since it enables us to establish model parameters which can
be marked for control, elimination as well as eradication of disease. Therefore, the analysis of sensitivity
of the Malaria metric R, in relation to the variation of Malaria multiscale model parameters is carried out
by implementing Latin Hypercube Sampling and Partial Rank Correlation Coefficients (PRCCs). In order
to explore the influence of each model parameter on the basic reproduction number, Ry we performed
1000 simulations per run. The results of sensitivity of Ry to the model parameters are presented by the

Tornado plots, Figure 6.2.
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Table 6.2: Within-human and within-Mosquito parameter values and their description for i** individual

Parameter Description Initial value Range explored Units Source/ Rational
ozg Rate at which gametocyte infected erythrocytes burst 96 90-100 day ™ T [145]

A,}; Rate of supply of susceptible erythrocytes 200 100-300 day ™ 1 [146]

uf Natural decay rate of oocysts 0.01 0.071-0.143 day 1 [147]

B?’ Infection rate of erythrocytes by free merozoites 0.1 2 X 10_9- 0.2 day T [148]; [149]
af Rate at which zygotes develop into oocysts 0.4240 0.01-0.05 no. * day T [150]

,u,g Natural decay rate of susceptible erythrocytes 0.0083 0.006-0.01 day T [149]

N, Zn Number of merozoites produced per bursting erythrocyte 16 10-30 day T [149]

af Fertilization rate of gametes 0.08 0.01-0.2 no. 1 day T [145]

‘“‘zm Natural decay rate of free merozoites 0.001 0.001-0.5 day T [148]; [149]
;L;L Natural decay rate of gametocyte infected erythrocytes within infected humans 0.0625 0.0600-0.0625 day 1 [151]

T4 Proportion of gametocyte infected erythrocytes 0.1 0.1-0.5 day ™ 1 Assumed
oclm Rate at which erythrocytes burst to produce merozoites 0.5 0.1-1.0 day T [141];[149]
a? Rate at which gametocytes develop and become infectious 0.02 0.01-0.9 day ™ 1 [151]

,ug Death rate of gametocytes 0.0625 0.0326-0.0725 day T [145]

A;’ Rate of uptake of gametocytes through super infection of mosquto 300 100-300 day T Variable
oc;’ Rate at whch sporozoites become infectious to humans 0.025 0.167-1.00 no. © day T [145]

,uf Natural decay rate of gametes 58.0 40-129 day T [145]

uf Natural decay rate of zygotes 1 1-4 day T [145]

af Bursting rate of oocysts to produce sporozoites 0.2 0-1.0 no. * day 1 Variable
le Number of sporozoites produced per bursting oocyst 3000 1000-10000 day T [145]

N, Lq Number of gametes produced per gametocyte infected erythrocyte 2 1-3 day T Estimated
wy Natural decay rate of sporozoites 0.0001 0.0001-0.01 day 1 [145]

Table 6.3: Between-host (human and mosquito) parameter values and their description for i*" patch

Parameter Description Initial value Range explored Units Source/ Rational
BZ.V Contact rate of humans with the infectious reservoir of mosquitoes 0.2 0.1-0.5 day T

57 Infection induced death rate of mosquitoes 0.00000426 0.00000426-0.00000533 day T Assumed
NG Rate of supply of susceptible mosquitoes 6000 5000-7000 day— 1 | Variable
Go; Half saturation constant for community gametocyte load 5 x 10 1 x 10%-10 x 10° day ™~ T Variable
H;f Natural death rate of mosquitoes 0.12 0.033-0.3 day ™~ T [148];[151]
BzH Contact rate of mosquitoes with the infectious reservoir of humans 0.3 0.1-0.5 day T

A7 Rate of supply of susceptible humans 1000 1000-2000 day— 1 | Assumed
;LiH Natural death rate of humans 0.00004 0.00001-0.00008 day T [148]

afl Rate elimination of community gametocytes load 0.0000913 0.0000467-0.000274 day ™~ 1 Variable
PO‘; Half saturation constant for community sporozoite load 1 x 108 1x107-5 x 10° day 1 Variable
'y,iH Natural recovery rate of humans 0.25 0.1-0.5 day T Variable
a,‘-/ Rate of elimination of community sporozoite load 0.9 0.09-0.99 day 1 Variable
6{1 Disease induced death rate of humans 0.0027 0.0001-0.5 day ™~ E Assumed

From the sensitivity analysis results of 72 to the multiscale model system (6.2.1)’s parameters in Figure

6.2, the following deductions are listed below:

(a) The multiscale model system (6.2.1)’s parameters have both positive PRCCs and negative PRCCs.
This implies that parameters with positive PRCCs will increase the value of Ry as they are in-
creased, where as parameters with negative PRCCs will decrease the value for R as they are in-
creased. For example, an increase in a parameter like natural death rate of humans in patch 1, ,u{{

will consequently decrease the value of Ry.

(b) The Malaria disease transmission metric R is extremely sensitive to six of the disease parameters
(GE Y, 1l Py, o, a?) of the multiscale model system (6.2.1). We note that R characterizes
spread of Malaria disease at the beginning of the outbreak. We make the following conclusions

regarding the sensitivity of R to the Malaria disease multiscale model system (6.2.1)’s parameters.
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Figure 6.2: Tornado plot of partial rank correlation coefficients (PRCCs) of the model parameters that

®

(ii)

(iii)

influence the Malaria transmission indicator R

Since Ry is significantly sensitive to impact of six Malaria disease transmission parameters
(Géf17 u‘l/, u{{ , Plv , a?, af), this implies that caution must be applied on the accuracy of these
six Malaria disease multiscale model system (6.2.1)’s parameters during the collection of data
if the effectiveness and usefulness of the Malaria disease multiscale model system (6.2.1) is to

be intensified.

Since Ry is responsive to the half saturation constant for community gametocyte load, Géql,
natural decay rate of mosquitoes ,uY, natural decay rate of humans ,u{{ and the half satura-
tion constant for community sporozoite load Pg{ this implies that Malaria interventions like
Insecticide-treated nets and indoor residual spraying would be more effective in preventing the

spread of Malaria infection at the beginning of the outbreak.

Since Ry is significantly sensitive to the rate at which gametocyte develop and become in-
fectious a7, elimination rate of community sporozoite load o} and contact rate of humans
with the infectious reservoir of mosquitoes interventions such as Malaria vaccination (which
stimulate immune response to destroy Malaria parasite) would be more effective to control the
spread of Malaria infection at the beginning of the outbreak. Results from Tornado plot in
Figure 6.2 also confirmed that the migration rate of infected humans from patch 2 to patch 1,
zp{Q has an impact on R¢. Therefore, mediations such as screening would be more effective in

managing the spread of Malaria disease.
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6.5.2 Numerical simulations of the multiscale model of Malaria transmission dynamics

This section enables us to implement numerical simulations to substantiate some outcomes obtained from
the sensitivity analysis for /Ry and analytical results of the multiscale model. Applying the multiscale
model parameter values obtained from Table 6.2 and Table 6.3 we carried out numerical simulations. We
demonstrated the impact of six Malaria disease transmission parameters (G, 1}, ui?, P31, o, a¥) on the
multiscale model variables I (t), IZ (t), PV (t), Py (t), I} (t), 1Y (t), G (t), GL (t) for the two-patch

model. These parameters were only selected because they are significantly sensitive to Ry.

6.5.2.1 Influence of within-host scale parameters of the Malaria multiscale model dynamics

In this subsection, we demonstrate by implementing numerical simulations the impact of within-host
scale parameters on the between-host scale variables of the coupled multiscale model (6.2.1). Figure 6.3
and Figure 6.4 demonstrate the impact of variation of two within-host scale parameters (o/f, «7) on the
between-host scale model variables I{! (t), I3 (t), P) (t), Py (t), I} (t), 1Y (t), G¥ (), GL (t) for the

two-patch model.
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Figure 6.3: Graphs of numerical results of the model system (6.2.1) demonstrating the progression in time of (a)
infected humans in patch 1, [ H (b) infected humans in patch 2, IZ, (0 community gametocytes load in patch 1,
Gf , (d) community gametocytes load in patch 2, Gf , (e) infected mosquito vectors in patch 1, Ilv , (f) infected
mosquito vectors in patch 2, Iy, (g) community sporozoite load in patch 1, P, (h) community sporozoite load in
patch 2, P2V , for variant values of the rate at which gametocytes develop and become infectious in patch 1, o/f : a? =

0.0004, o = 0.004 and o = 0.04.

Figure (6.3) represents the graphs of numerical results of the model system (6.2.1) demonstrating the pro-
gression in time of (a) infected humans in patch 1, I fl , (b) infected humans in patch 2, I. 5{ , (c) community

gametocytes load in patch 1, G{{ , (d) community gametocytes load in patch 2, Gf , (e) infected mosquito
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vectors in patch 1, I Y , (f) infected mosquito vectors in patch 2, I. ;/ , (g) community sporozoite load in
patch 1, Plv , (h) community sporozoite load in patch 2, PQV , for variant values of the rate at which game-
tocytes develop and become infectious in patch 1, of : af = 0.0004, of = 0.004 and of = 0.04. From
these results we can see that as the rate at which gametocytes develop and become infectious increases,
there is also a remarkable increase in the community gametocyte load in patch 1 and population of in-
fected mosquitoes in patch 1. Furthermore, there is no noticeable change in the other model variables.
These results reflect that treatments of individuals from malaria by reducing the rate at which gametocytes
develop and become infectious are important for both the individual and the community since the risk of

transmission of Malaria for the individual in the community is minimized.
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Figure 6.4: Graphs of numerical results of the model system (6.2.1) demonstrating the progression in time of (a)

infected humans in patch 1, I 7 (b) infected humans in patch 2, I. 7.(c) community gametocytes load in patch 1, G 7

(d) community gametocytes load in patch 2, Gf , (e) infected mosquito vectors in patch 1, I Y , () infected mosquito

vectors in patch 2, I%l , (g) community sporozoite load in patch 1, P1V , (h) community sporozoite load in patch 2, PQV ,

for different values of the rate at which sporozoites become infectious to humans in patch 1, o : o] = 0.0005, o] =
0.005 and a7 = 0.05.

Figure (6.4) represents the graphs of numerical results of the model system (6.2.1) demonstrating the pro-
gression in time of (a) infected humans in patch 1, I {I , (b) infected humans in patch 1, . 2H , (c) community
gametocytes load in patch 1, G{{ , (d) community gametocytes load in patch 2, GJQLI , (e) infected mosquito
vectors in patch 1, I Y , (f) infected mosquito vectors in patch 2, I. ;/ , (g) community sporozoite load in
patch 1, P1V , (h) community sporozoite load in patch 2, P2V , for different values of the rate at which
sporozoites become infectious to humans in patch 1, af : af = 0.0005,«] = 0.005 and af = 0.05.
From these results we can observe that as the rate at which sporozoites become infectious to humans in-
creases in patch 1, there is a significant increase in the infected human population in patch 1, the infected
human population in patch 2, community sporozoite load in patch 1, community sporozoite load in patch
2, community gametocyte load in patch 1 and community gametocyte load in patch 2. Furthermore, there

is no noticeable change in the infected mosquito populations in both patches. These results reflect that
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treatments of individuals from malaria by reducing the rate at which sporozoites become infectious to
humans are important for both the individual and the community since the risk of transmission of malaria

for the individual in the community is reduced.

6.5.2.2 Influence of between-host scale parameters on the Malaria multiscale model dynamics

In this subsection, we demonstrate by implementing numerical simulations the impact of between-host
scale parameters on the between-host scale variables of the multiscale model (6.2.1). Figure 6.5 - Figure
6.8 demonstrate the impact of variation of four between-host scale parameters

(uy, 3, G P))) on the between-host scale model variables I (t), I (t), PV (t), Py (t), I} (), 1) (t),
GH(t), GE (t) for the two-patch model.
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Figure 6.5: Graphs of numerical results of the model system (6.2.1) demonstrating the progression in time of (a)

infected humans in patch 1, I f{ , (b) infected humans in patch 2, I. f , (c) community gametocytes load in patch 1, G fl R

(d) community gametocytes load in patch 2, G, (e) infected mosquito vectors in patch 1, I V. (f) infected mosquito

vectors in patch 2, Iy, (g) community sporozoite load in patch 1, PV, (h) community sporozoite load in patch 2, Py,

for variant values of the half saturation constant for community sporozoite load in patch 1, Po1 : Po1 = 50, Po1 =
50000 and Py; = 5000000.

Figure (6.5) represents the graphs of numerical results of the model system (6.2.1) demonstrating the pro-
gression in time of (a) infected humans in patch 1, I 1H , (b) infected humans in patch 2, IQH , (c) community
gametocytes load in patch 1, G{I , (d) community gametocytes load in patch 2, Gg , (e) infected mosquito
vectors in patch 1, I}, (f) infected mosquito vectors in patch 2, I. ;/ , (g) community sporozoite load in
patch 1, Plv , (h) community sporozoite load in patch 2, P2V , for variant values of the half saturation con-
stant for community sporozoite load in patch 1, Pyo : Py = 50, Py1 = 50000 and FPy; = 5000000. From
these results we can observe that as the half saturation constant for community sporozoite load increases,

there is a decrease in the infected human population in patch 1, the infected human population in patch
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2, community gametocyte load in patch 1 and patch 2, infected mosquito population in patch 1, and the
community sporozoite load in patch 1 and patch 2. However, there is no noticeable change in the infected
mosquito population in patch 1. These results indicate that interventions such as indoor residual spray-
ing (IRS) can be implemented to reduce the half saturation constant for the community sporozoite load

minimizing the risk of transmission of Malaria in the community.
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Figure 6.6: Graphs of numerical results of the model system (6.2.1) demonstrating the progression in time of (a)

infected humans in patch 1, I fq , (b) infected humans in patch 2, 12H , (c) community gametocytes load in patch 1, G{J ,

(d) community gametocytes load in patch 2, Gf , (e) infected mosquito vectors in patch 1, I Y , () infected mosquito

vectors in patch 2, 1. S, (g) community sporozoite load in patch 1, P, (h) community sporozoite load in patch 2, Py,

for variant values of the half saturation constant for community gametocyte load in patch 1, Go1 : Go1 = 10, Go1 =
10000 and Go1 = 1000000.

Figure (6.6) represents the graphs of numerical results of the model system (6.2.1) demonstrating the pro-
gression in time of (a) infected humans in patch 1, If, (b) infected humans in patch 2, IZZ, (c) community
gametocytes load in patch 1, G{{ , (d) community gametocytes load in patch 2, G, (e) infected mosquito
vectors in patch 1, I Y , (f) infected mosquito vectors in patch 2, I. ;f , (g) community sporozoite load in
patch 1, Plv , (h) community sporozoite load in patch 2, P2V , for variant values of the half saturation con-
stant for community gametocyte load in patch 1, Gp; : Go1 = 10, Go1 = 10000 and Gp; = 1000000.
From these results we can observe that as the half saturation constant for community gametocyte load
increases, there is a decrease in the population of infected mosquitoes in patch 1. Furthermore, there is a
remarkable reduction in the infected human population in patch 1 and patch 2, the community gametocyte
load in patch 1 and patch 2, and the community sporozoite load in patch 1 and patch 2. These results
indicate that interventions such as indoor residual spraying (IRS) and the use of Long-lasting treated nets
(LLTNs) can be implemented to reduce the half saturation constant for the community gametocyte load

minimizing the risk of transmission of malaria in the community.
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Figure 6.7: Graphs of numerical results of the model system (6.2.1) demonstrating the progression in time of (a)
infected humans in patch 1, I f{ , (b) infected humans in patch 2, 12H , (c) community gametocytes load in patch 1, G {{ ,
(d) community gametocytes load in patch 2, Gf , (e) infected mosquito vectors in patch 1, I Y , () infected mosquito
vectors in patch 2, 1. S, (g) community sporozoite load in patch 1, PV, (h) community sporozoite load in patch 2, Py,

for variant values of the natural death rate of humans in patch 1, ,uf : ,uf = 4e — 05, ufl = 0.04 and ,ufl =0.4.

Figure (6.7) represents the graphs of numerical results of the model system (6.2.1) demonstrating the pro-
gression in time of (a) infected humans in patch 1, I f{ , (b) infected humans in patch 2, [. 2H , (c) community
gametocytes load in patch 1, G{I , (d) community gametocytes load in patch 2, Gg , (e) infected mosquito
vectors in patch 1, T Y , (f) infected mosquito vectors in patch 2, I;/ , (g) community sporozoite load in
patch 1, Plv , (h) community sporozoite load in patch 2, P2V , for variant values of the natural death rate of
humans in patch 1, p : pH = 4e — 05, uf = 0.04 and 7 = 0.4. From these results we can observe
that as the natural death rate of humans increases in patch 1, there is a remarkable reduction in the infected
human population in patch 1 and patch 2, the community gametocyte load in patch 1 and patch 2, and the
community sporozoite load in patch 1 and patch 2. Furthermore, there is no significant change in the in-
fected mosquito population in patch 1 and patch 2. These results indicate that interventions such as indoor
residual spraying (IRS), the use of Long-lasting treated nets (LLTNs) and artemisinin-based combination
therapy (ACT) can be implemented to reduce the natural death rate of humans minimizing mortalities due

to malaria infection in the community.
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Figure 6.8: Graphs of numerical results of the model system (6.2.1) demonstrating the progression in time of (a)

infected humans in patch 1, I f{ , (b) infected humans in patch 2, 12H , (c) community gametocytes load in patch 1, G {{ ,

(d) community gametocytes load in patch 2, Gf , (e) infected mosquito vectors in patch 1, I Y , () infected mosquito

vectors in patch 2, I S, (g) community sporozoite load in patch 1, P, () community sporozoite load in patch 2,

P2V , for variant values of the natural death rate of mosquitoes in patch 1, MY : u‘l/ = 2.4e — 05, ,uY = 0.024 and
wy =0.24.

Figure (6.8) represents the graphs of numerical results of the model system (6.2.1) demonstrating the pro-
gression in time of (a) infected humans in patch 1, I fI , (b) infected humans in patch 2, [. 2H , (c) community
gametocytes load in patch 1, G{{ , (d) community gametocytes load in patch 2, G, (e) infected mosquito
vectors in patch 1, I Y , (f) infected mosquito vectors in patch 2, I. ;f , (g) community sporozoite load in
patch 1, Plv , (h) community sporozoite load in patch 2, PQV , for variant values of the natural death rate of
mosquitoes in patch 1, MY : NY = 2.4e — 05, MY = 0.024 and ,uY = 0.24. From these results we can ob-
serve that as the natural death rate of mosquitoes increases, there is a remarkable reduction in the infected
mosquito population in patch 1. Furthermore, there is no significant change on the remaining model vari-
ables. These results indicate that interventions such as indoor residual spraying (IRS) can be implemented
to increase the natural death rate of mosquitoes minimizing the transmission of malaria infection in the

community.

6.5.2.3 Influence of between-community scale parameters on the Malaria multiscale model dy-

namics

In this subsection, we demonstrate by implementing numerical simulations the impact of between-community
scale parameters on the individual-based multiscale model (6.2.1) variables. Figure 6.9 demonstrates the
impact of variation of between-community scale parameter ¢{2 (which is migration rate between two
patches) on the Malaria multiscale model variables I/ (t), PV (t), I} (t), GH (¢).

Figure 6.9 represents the graphs of numerical results of the multiscale model system (6.2.1) demonstrating

the progression in time of (a) infected humans in patch 1, [ fI , (b) infected humans in patch 2, I2H , (©)
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Figure 6.9: Graph of numerical results of the multiscale model system (6.2.1) demonstrating the progression in time

of (a) infected humans in patch 1, I 1H , (b) infected humans in patch 2, I. f , (¢) community gametocyte load in patch
1,GY, @) community gametocyte load in patch 2, G# | for different values of the migratrion rate of infected humans
from patch 2 to patch 1, 1is : 1o = 0.005, 11, = 0.05, 91y = 0.5

community gametocyte load in patch 1, G{I , (d) community gametocyte load in patch 2, Gf for different
values of the migratrion rate of infected humans from patch 2 to patch 1, @Z){Q: @ZJ{2 = 0.005, ¢{2 = 0.05,
wfz = 0.5. From these results we can see that as rate of migration of infected humans from patch 2 to patch
1 increases, there is noticeable increase in the population of infected human population in patch 1 and the
community gametocyte load in patch 1. Furthermore, there is a decrease in the infected human population
in patch 2 and the community gametocyte load in patch 2. These results indicate that interventions such as
border screening of the human populations during migration can be implemented to minimize the rate of
migration of infected individuals and therefore reducing global transmission of Malaria infection between

different communities.

Figure 6.10 represents the graphs of numerical results of the multiscale model system (6.2.1) demonstrat-
ing the progression in time of (a) infected mosquitoes in patch 1, I Y , (b) infected mosquitoes in patch 2,
I;f , (c) community sporozoite load in patch 1, Plv , (d) community sporozoite load in patch 2, PQV for dif-
ferent values of the migratrion rate of infected humans from patch 2 to patch 1, ¢{2 : 1/1{2 = 0.005, ¢{2 =
0.05, ¢{2 = 0.5. From these results we can see that as rate of migration of infected humans from patch 2
to patch 1 increases, there is a small increase in the population of infected mosquito population in patch 1
and the community sporozoite load in patch 1. Furthermore, there is no change in the infected mosquito
population in patch 2 and these is a decrease in the community sporozoite load in patch 2. These re-
sults indicate that interventions such as border screening of the human populations during migration can
be implemented to minimize the rate of migration of infected individuals and therefore reducing global

transmission of malaria infection between different communities.
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Figure 6.10: Graph of numerical results of the multiscale model system (6.2.1) demonstrating the progression in

time of (a) infected mosquitoes in patch 1, I 1V , (b) infected mosquitoes in patch 2, I. 2V , (c) community sporozoite load
in patch 1, PV, (d) community sporozoite load in patch 2, P) for different values of the migratrion rate of infected
humans from patch 2 to patch 1, 1/){2 : 1/1{2 = 0.005, wfg = 0.05, 1/){2 =0.5

6.6 Incorporating sochasticity into the multiscale model

The multiscale model system (6.2.1) does not take into account the inherent randomness that is associated
with Malaria infection. In this section we investigate the effect of the introduction of environmental noise
into the multiscale model system (6.2.1). Therefore we present a multiscale model system of stochastic
differential equations for modelling Malaria infection obtained when we perturb the multiscale model

system (6.2.1) by a Wiener process.

dWgn and dW;n represent the white noise and og# and o represent the intensity of the noise. This is a
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standard technique that has been implemented in stochastic population modelling and therefore introduc-
ing stochasticity into the multiscale model system (6.2.1) (see [109, 153—155]). This section focuses on the
investigation of the effect of migration on the SDE multiscale model system (6.6.1) for Malaria infection.
Figure (6.11) (a)-(c) show the graphs of numerical results of the model system (6.6.1) demonstrating the
variation in time of the infected human populations fI and I f in patch 1 and patch 2 respectively for dif-
ferent migration rates of infected humans from patch 2 to patch 1, ¥ly: ¥ly = 0.05, 91y = 0.5,91, = 0.9.
From these results we can see that as the rate of migration of infected humans 17, from patch 2 to patch
1 increases, there is noticeable increase in the pupolation of infected human population in patch 1. There-
fore, these results indicate that interventions such as border screening of people during migration can help

to control the spread of infection globally.
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Figure 6.11: (a) shows the graphs of numerical results of the multiscale model system (6.6.1) demonstrating the
variation in time of the infected human populations [ f{ and 12H in patch 1 and patch 2 respectively for the migration
rate of infected humans from patch 2 to patch 1, 1/1{2 = 0.05. (b) shows the graphs of numerical results of the
multiscale model system (6.6.1) demonstrating the variation in time of the infected human populations I T and 17
in patch 2 and patch 1 respectively for the migration rate of infected humans from patch 2 to patch 1, 1/1{2 = 0.5.
(c) shows the graphs of numerical results of the multiscale model system (6.6.1) demonstrating the variation in time
of the infected human populations I H and I in patch 1 and patch 2 respectively for the migration rate of infected

humans from patch 2 to patch 1, wa =0.9.
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6.7 Summary

In this chapter, we characterised a coupled modelling multiscale model of Malaria at macrocommunity-
level, with the main objective of investigating the role of migration on the multiscale dynamics of Malaria
in humans. By mathematical analysis the model was determined to be epidemiologically and mathemati-
cally sound. The analysis of sensitivity of the Malaria indicator Ry, in relation to the variation of Malaria
model parameters was carried out by implementing Latin Hypercube Sampling and Partial Rank Correla-
tion Coefficients (PRCCs). Applying the model parameter values we carried out the numerical simulations
to demonstrate the impact of six Malaria disease transmission parameters (Géﬁ, ,uY, ,u{{ , PO‘{, o/f, «7) on
the multiscale model variables I (t), I2(t), PV (t), Py (t), I} (), I3 (t), G (t), G (t) for the two-
patch model. These parameters were only selected because they were significantly responsive to Rg. The
results of sensitivity analysis of R indicated that the variation of the within-host scale parameters in
particalar the rate at which gametocytes develop and become infectious, a? have significant effect on the
transmission risk of Malaria in humans at macrocommunity-level and this is confirmed by the Tornado plot
in Figure 6.2. Results from Tornado plot in Figure 6.2 also confirmed that the migration rate of infected
humans from patch 1 from patch 2, 1[){2 has some impact on Rg. Figure 6.9-Figure 6.11 demonstrate the
variation in the rate of migration of infected human population from patch 2 to patch 1. Results show that

an increase in the rate of migration leads to an increase of infected humans in the receiving patch 1.

In conclusion, we established that the model we characterised in this chapter can not be extended to
macroecosystem level using graph-theoretic approach. Furthermore, we established that the global trans-
mission of Malaria can be described using graph-theoretic approach. In addition, we established that the
distinction between local transmission and global transmission mechanisms of infectious diseases informs
us on the appropriate interventions at community level from calculations of the reproduction number. Fi-
nally, the model presented has a secondary level multiscale cycle with both local exchange and global

exchange of pathogen.
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Chapter 7

Conclusions and directions for future

research

7.1 Conclusions

In this thesis, we characterised multiscale models based on vector-borne diseases and directly transmitted
diseases with Malaria and FMD as paradigms respectively. Initially, we characterised the host level model
of FMD using graph-theoretic methods in chapter 2 and chapter 5. We characterised the host level model
of FMD in chapter 3 using the nested approach. However, the major challenge was whether we can extend
this to community level in chapter 4 since it incorporates local transmission and global transmission. In
chapter 4 there are elements of chapter 2 and chapter 3 since it has a host level at each community. My
investigation involved establishing this new idea that we can not extend chapter 2 further into a graph-
theoretic model at community level. The best way forward is to extend chapter 3 into community level.
In chapter 3 the scale of observation is the whole organism scale. In chapter 4 we have a combination of
whole organism scale represented in chapter 3 and macrocommunity scale. These scales of observation
are the aspects characterised and this was better represented using different methods. Having established
this knowledge we then used it for Malaria in chapter 6. We implemented an equivalent of chapter 3 which

was a whole-organism scale and extended it to a graph-theoretic at community level in chapter 6.

In Chapter 2 we characterised an individual-based network modelling multiscale model of FMD at host-
level. The derivation of the model is achieved by first developing a within-cattle model and then embed-
ding the model into a spatial network of N cattle. Thus, in order to describe the whole disease dynam-

ics we implemented explicitly the within-cattle model. Through mathematical analysis the model was
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determined to be epidemiologically and mathematically sound. The analysis of sensitivity of the FMDV
indicator R, in relation to the variation of FMD model parameters was carried out by implementing Latin
Hypercube Sampling and Partial Rank Correlation Coefficients (PRCCs). Applying the model parameter
values we carried out the numerical simulations to demonstrate the impact of five FMD transmission pa-
rameters (/3;;, U°, ¢, w, €) on the model variables V;, F;, U;, P;, I;, A;, C;, J;. These parameters were only
selected because they were significantly responsive to /Rg. In view of the fact that Ry was responsive
to the transmission rate between the cattle, 3;; (the between-host level parameter) it implied that FMD
interventions such as quarantines would be more effective to control the spread of FMD infection at the
beginning of the outbreak. Furthermore, since R was significantly responsive to the rate of production
of antibodies, ¢ 4 and rate at which FMDV virus is cleared, w this implied that FMD interventions such
as vaccination (which increases the rate of antibody production and clearance of FMDV virus) would be
more effective to control the spread of FMD infection at the beginning of outbreak. The inclusion of a
stochastic model enabled us to capture randomness of disease spread. The application of this method may

be relevant in managing FMD and can be generalized to numerous directly transmitted diseases.

In Chapter 3 we characterised a nested modelling multiscale model centred on combining two sub-models
namely: (i) the within-cattle scale and (ii) between-cattle scale sub-models for FMDV dynamics. Hence,
we established a uni-directionally coupled multiscale model in which the within-cattle scale submodel is
uni-directionally coupled to the between-cattle scale FMDV transmission dynamics submodel. By per-
forming mathematical analysis the model was determined to be epidemiologically and mathematically
sound. Therefore, the analysis of sensitivity of the FMDV metric Rg and the endemic value of the com-
munity viral load V{3, in relation to the variation of FMD multiscale model parameters was carried out by
implementing Latin Hypercube Sampling and Partial Rank Correlation Coefficients (PRCCs). Applying
the model parameter values we carried out the numerical simulations to demonstrate the impact of five
FMD disease transmission parameters (¢, ugc, Vo, ac, A¢) on the model variables Sc(t), Io(t), Vo(t).
These parameters were only selected because they were significantly responsive to R and V5. In view of
the fact that Ry was responsive to the rate of infection of susceptible cattle, S and birth rate of suscepti-
bles, A¢ this implied that FMD interventions such as vaccination would be more effective in preventing
the spread of FMD disease infection at the beginning of the outbreak. Randomness of disease dynamics

was highlighted by implementing a stochastic model.

In Chapter 4 we characterised a nested modelling multiscale model of FMD at community-level, with the
main objective of investigating the role of migration on the multiscale model dynamics of FMD in cattle.
Through mathematical analysis the model was determined to be epidemiologically and mathematically
sound. The analysis of sensitivity of the FMDV indicator R, in relation to the variation of FMD model
parameters was carried out by implementing Latin Hypercube Sampling (LHS) and Partial Rank Correla-
tion Coefficients (PRCCs). Applying the model parameter values we conducted the numerical simulations

to demonstrate the impact of six FMD transmission parameters (/No, ug‘; Vo2, ac,, a2, @D{Q) on the
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multiscale model variables S¢, (t), Ic,(t), Vi, (t). These parameters were only selected because they are
significantly sensitive to Ry. The results from analysis of sensitivity of Ry indicated that the variation of
the within-community scale parameters in particular the amount of FMD virus available for excretion in
patch 2, Ny have a huge impact on the transmission risk of FMD in cattle at community-level and this was
confirmed by the Tornado plot in Figure 4.2. Results from Tornado plot in Figure 4.2 also confirmed that
the migration rate of infected cattle from patch 1 from patch 2, 1/1{2 has an impact on R¢. Figure (4.8) and
Figure 4.13-Figure 4.15 demonstrate the variation in the rate of migration of infected cattle population
from patch 1 to patch 2. Results show that an increase in the rate of migration lead to an increase of in-
fected cattle population in the receiving patch 2. Furthermore, Figure 4.3 - Figure 4.7 showed the impact
in the variation of the parameter values (aa, ,ugg, Vo2, ac,, N2) on the model variables (S¢, , Ic,, Ve,). In
addition, Figure 4.9- Figure 4.12 described the graphs of the stochastic models in comparison to the ODE

multiscale models.

In Chapter 5 we characterised an individual-based network modelling multiscale model of Malaria at
Whole organism-level. The mathematical model we developed consisted of the within-human malaria
parasite dynamics and within-mosquito malaria parasite dynamics where the humans were connected by
a spatial network of n individuals. The framework separated between-organ spread dynamics (inflow and
outflow) and the within-organs infection dynamics (replication) for the whole transmission-replication
loop. The model demonstrated the time progression of within infected mosquito host as well as within
the infected human host. The populations in the infected human host included the erythrocytes infected
by gametocytes G?, free merozoites in blood Mz-h, susceptible erythrocytes R?, erythrocytes infected by
merozoites R;". In addition, the populations in the infected mosquito include the sporozoites, P, ga-
metes, G}, infected erythrocytes, G, oocysts, O, zygotes. Z;. Through mathematical analysis the
model was determined to be epidemiologically and mathematically sound. The analysis of sensitivity
of the Malaria indicator R, in relation to the variation of Malaria model parameters was carried out by
implementing Latin Hypercube Sampling (LHS) and Partial Rank Correlation Coefficients (PRCCs). The
results from analysis of sensitivity of R indicated that variation of the between-organ scale parameters in
particalar the transmission rate of Malaria parasite through blood, ﬁjhi had significant effect on the trans-
mission risk of Malaria in humans at whole organism-level and this is confirmed by the Tornado plot in
Figure 5.3. Furthermore, Figure 5.4 - Figure 5.7 showed the impact in the variation of four parameters
(Al N™ i, thi) on the variables (R?, R M!Gh GY, G, 7Y, Of,Pf). In addition, Figure 5.9-

Figure 5.11 shows the graphs of the stochastic models in comparison to the ODE multiscale models.

In Chapter 6 we characterised a coupled modelling multiscale model of Malaria at macrocommunity-level,
with the main objective of investigating the role of migration on the multiscale dynamics of Malaria in
humans. By mathematical analysis the model was determined to be epidemiologically and mathematically

sound. The analysis of sensitivity of the Malaria indicator R, in relation to the variation of Malaria model
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parameters was carried out by implementing Latin Hypercube Sampling and Partial Rank Correlation Co-
efficients (PRCCs). Applying the model parameter values we carried out the numerical simulations to
demonstrate the impact of six Malaria disease transmission parameters (G2, i, u?, P}j, o', a¥) on the
multiscale model variables I (t), IZ (t), PV (t), Py (t), I} (t), 1Y (t), G (t), GL (t) for the two-patch
model. These parameters were only selected because they were significantly responsive to Rg. The results
of sensitivity analysis of R indicated that the variation of the within-host scale parameters in particalar
the rate at which gametocytes develop and become infectious, o/f have significant effect on the transmis-
sion risk of Malaria in humans at macrocommunity-level and this is confirmed by the Tornado plot in
Figure 6.2. Results from Tornado plot in Figure 6.2 also confirmed that the migration rate of infected
humans from patch 1 from patch 2, w{Q has some impact on Rg. Figure 6.9-Figure 6.11 demonstrate the
variation in the rate of migration of infected human population from patch 2 to patch 1. Results show that

an increase in the rate of migration leads to an increase of infected humans in the receiving patch 1.

In conclusion, we established that once you have used a graph-theoretic method at host level it will be
difficult to extend this to community level. However, when we used different methods then it was easy to
extend to community level. This is the major aspect of characterization that we investigated in this thesis
which has not been done before. We also established that at organ level, the within-organ level constitutes
local transmission mechanism, that is, direct transmission or environmental transmission which can be
modelled using ODEs. However, at between-organ it was difficult to represent direct contact between
organs. Therefore the pathogen is moved through blood to other organs. This transport of blood (global
transmission) was modelled using graph-theoretic approach. At community level, the within-community
level constitutes local transmission through direct contact or environmental transmission. Therefore, the
ODEs are used to model this local transmission or local exchange of pathogen. However, at between-
community level it was difficult to represent the contact of communities directly. Therefore, individuals
moved between communities to achieve contact at community level. This movement of individuals is
global transmission or global exchange of pathogen. This global transmission was represented using
graph-theoretic approach. Furthermore, we also established distinctions between local transmission and
global transmission mechanisms which enabled us to implement interventions targeted towards global

transmission such as travel restrictions.

7.2 Future Research Directions
The focus of this study was to characterise multiscale models using different mathematical methods at
various levels of organisation with FMD and Malaria as paradigms. Therefore, the following aspects can

be considered for future research directions:

(1) It is important to characterise the individual-based network modelling multiscale modelling and

nested modelling approaches if they accurately predict the dynamics of infectious disease systems
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to the existing empirical data.

(2) The multiscale models we characterised used single pathogen species or single pathogen strain and

so they can be extended to incorporated multiple pathogen species or multiple pathogen strains

(3) The multiscale models characterised in Chapter 4 and Chapter 6 did not consider other factors that
impact the dynamics of disease systems like climate variations. Therefore, these factors are essential

in determining the dynamics of FMD and Malaria.

(4) The multiscale models characterised in this study can be broadened to encorporate mediations that

target microscale and macroscale disease dynamics.

(5) The multiscale models characterised in Chapter 4 and Chapter 6 took migration of cattle and humans
respectively into account. However, they did not keep track of where a particular person is birthed
and often stays as well as the patch where a person is at a particular period. Thus, this is imperative

in modelling infectious disease systems like Corona virus.
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Appendix A

7.3 Some graph theoretical terminology

(A.1) A directed graph or digraph G = (V, E) contains a set V' = 1,2, ..., n of vertices and a set E of
arcs (1, j) leading from the initial vertex 7 to vertex j.

(A.2) A subgraph H of G is said to be spanning if H and G have the same vertex set.

(A.3) A digraph G is weighted if each arc j, i is assigned a positive weight a;;. In our convention, a;; > 0

if and only if there exists an arc from vertex j to vertex ¢ in G.
(A.4) The weight w(H) of a subgraph H is the product of the weights on all its arcs.

(A.5) A directed path P in G is a subgraph with distinct vertices ¢1, i9, ..., i, such that its set of arcs is

{(ig,tk+1 : k=1,2,...,m — 1)}. If iy, = 41, we call P a directed cycle.
(A.6) A connected subgraph 7T is a free if it contains no cycles, directed or undirected.

(A.7) A tree T is rooted at vertex 4, called the root, if i is not a terminal vertex of any arcs, and each of

the remaining vertices is a terminal vertex of exactly one arc.

(A.8) Given a weighted digraph G with n vertices, define the weight matrix A = (a;;) whose entry

nxn

a;; equals the weight of arc (j,1) if it exists, and O otherwise. We denote a weighted digraph as

(G, A).

(A.9) A subgraph Q is unicyclic if it is a disjoint union of rooted trees whose roots form a directed cycle.

Note that every vertex of Q is the terminal vertex of exactly one arc.
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7.4 A combinatorial identity

Let (7, ) be a weighted digraph with n > 2 vertices, where YW = (wj;) is the weighted matrix. A
weight w;; > 0 if the directed arc (7, ¢) from vertex j from vertex ¢ exists, otherwise w;; = 0. Let T; be
the set of all spanning trees of (7, V) rooted at vertex i. For 7 € T;, the weight of 7, denoted by w (T),
is the product of weights on all arcs of 7. Let

(B.1) =Y w(T), i=12..,n
TeT

Then ¢; > 0, and for any family of functions { H;(x;)};_,, the following identity holds

n n
(B.2) > cowiiHi(xi) = Y ciwiiHy(x))
i,j=1 4,j=1

If W = (wj;) is irreducible, then ¢; > 0 fori =1,2,...,n.

Theorem 7.1. Assume n > 2. Let ¢; be given in (B.1). Then the following identity holds:

n

Z CiaijFi]’(ZL’i,l’j) = Z w(Q) Z Fns(l'r,fEs) (741)

i,j=1 QeQ (s,r)EE(CQ))

Here Fij(zi,x),1 < i,j < n, are arbitrary functions, Q is the set of all spanning unicyclic graphs of
(G, A), w(Q) is the weight of Q and Cg denotes the directed cycle of Q

Proof Following the approach by [136], for a spanning tree 7 rooted at vertex ¢

w(T)aij = w(Q), (7.4.2)
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where Q is the unicyclic graph obtained from 7 by adding an arc (j, ) from vertex j to the root vertex i.

Consequently,

w(T)aijFij(a:i,xj) = w(Q)Fij(x,-,xj) ,and (],Z) € E(CQ) (7.4.3)

As we execute this operation in all possible ways to all rooted trees in G, we get all unicyclic graphs in G,
and each unicyclic graph Q is created as many times as the number of arcs in its cycle Cgo. The identity
7.4.1 follows from (B.1) if we reorganize the double sum on the left-hand side as a sum over all unicyclic

graphs in G. O

Proof of (B.2) Using theorem 7.1, we know that both sides of (B.2) are equal to

dw(Q) Y Gl (7.4.4)

Q€Q kEV (Co)

where V (Co) is the vertex set of Co. O
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Theorem 7.2. Consider the following general system of ordinary differential equations with parameter

¢:

dx

f:R"xR—=R. f:C*(R*xR).
where 0 is an equilibrium of the system, that is, f(0,¢) = 0 for all ¢, and assume that

(A1) A = D, f(0,0) = ((0fi/0x;)(0,0)) is a linearization matrix of the multiscale model system
(5.4.3) around the equilibrium 0 with ¢ evaluated at 0. Zero is a simple eigenvalue of A, and other eigen-

values have negative real parts.
(A2) matrix A has a right eigenvector u and a left eigenvector v corresponding to the zero eigenvalues.

Let f;. be the kth component of f and

(7.4.6)
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The local dynamics of multiscale model system (5.4.3) around 0 are totally governed by a and b and are

summarized as follows.

(i) a > 0andb > 0. When ¢ < 0 with |¢| < 1, 0 is locally asymptotically stable, and there exists
a positive unstable equilibrium: when 0 < ¢ < 1, 0 is unstable and there exists a negative and

locally asymptotically stable equilibrium.

(ii)) a < 0and b < 0. When ¢ < 0 with |p| < 1, 0 is unstable, when 0 < ¢ < 1, 0 is asymptotically

stable, and there exists a positive unstable equilibrium.

(iii) a > 0andb < 0. When ¢ < 0 with |¢| < 1, 0 is unstable, and there exists a locally asymptotically
stable negative equilibrium; when 0 < ¢ < 1, 0 is stable and a positive unstable equilibrium

appears.

(iv) a < 0and b > 0. When ¢ changes from negative to positive, O changes its stability from stable to
unstable. Correspondingly a negative unstable equilibrium becomes positive and locally asymptot-

ically stable.
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