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Abstract

This research study characterised multiscale models of infectious disease dynamics. This was achieved by

establishing when it is appropriate to implement particular mathematical methods for different multiscale

models. The study of infectious disease systems has been elucidated ever since the discovery of mathe-

matical modelling. Due to the vast complexities in the dynamics of infectious disease systems, modellers

are increasingly gravitating towards multiscale modelling approach as a favourable alternative. Among the

diseases that have persistently plagued most developing countries are vector-borne diseases like Malaria

and directly transmitted diseases like Foot-and-Mouth disease (FMD). Globally, FMD has caused major

losses in the economic sector (particularly agriculture) as well as tourism. On the other hand, Malaria

remains amongst the most severe public health problems worldwide with millions of people estimated

to live in permanent risk of contracting the disease. We developed multiscale models that can describe

both local transmission and global transmission of infectious disease systems at any hierarchical level

of organization using FMD and Malaria disease as paradigms. The first stage in formulating the multi-

scale models in this study was to integrate two submodels namely: (i) the between-host submodel and

(ii) within-host submodel of an infectious disease system using the nested approach. The outcome was a

system of nonlinear ordinary differential equations which described the local transmission mechanism of

the infectious disease system. The next step was to incorporate graph theoretic methods to the system of

differential equations. This approach enabled modelling the migration of humans/animals between com-

munities (also called patches or geographical distant locations) thereby describing the global transmission

mechanism of infectious disease systems. At whole organism-level we considered the organs in a host as

patches and the transmission within-organ scale as direct transmission represented by ordinary differential

equations. However, at between-organ scale there was movement of pathogen between the organs through

the blood. This transmission mechanism called global transmission was represented by graph-theoretic

methods. At macrocommunity-level we considered communities as patches and established that at within-

community scale there was direct transmission of pathogen represented by ordinary differental equations

and at between-community scale there was movement of infected individuals. Furthermore, the systems

of differential equations were extended to stochastic differential equations in order to incorporate random-

ness in the infectious disease dynamics. By adopting a cocktail of computational and analytical tools we

sufficiently analyzed the impact of the transmission mechanisms in the different multiscale models. We

established that once we used a graph-theoretic method at host level it would be difficult to extend this

to community level. However, when we used different methods then it was easy to extend to community

level. This was the main aspect of the characterization of multiscale models that we investigated in this

thesis which has not been done before. We also established distinctions between local transmission and

global transmission mechanisms which enable us to implement intervention strategies targeted torwards

both local transmission such as vaccination and global transmission such as travel restrictions. In spite of

the fact that the results collected in this study are restricted to FMD and Malaria, the multiscale modelling

frameworks established are suitable for other directly transmitted diseases and vector-borne diseases.
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Chapter 1

Introduction

1.1 Background

This thesis characterises multiscale models of infectious disease systems. Previously, infectious disease

dynamics have been modelled in an effort to prevent, control and eradicate these diseases. However, there

is need to look at some characteristic features of multiscale models that are common and try to understand

them. Therefore, this thesis looks at these aspects and characterises the multiscale models of infectious

disease systems. Some of the issues that need to be characterised are that modellers have understood how

to use ordinary differential equation methods and also how to use graph-theoretic methods. However, they

have not been able to establish when is it appropriate to use graph-theoretic methods. This is a new idea

that has not been characterised and we address that issue in this thesis. Another issue which needs to be

characterised is that at community level there is local transmission or exchange of pathogen that occurs

within the community. This happens due to direct contact between an infected individual and a suscep-

tible individual (called direct transmission) or contact between the pathogen and a susceptible individual

(called environmental transmission). This local transmission or exchange of pathogen is modelled using

ordinary differential equations methods. However, at between-community level it is difficult to represent

the contact of communities directly. Therefore, individuals have to move between communities and this

is how contact is achieved. This movement of individuals is global transmission or global exchange of

pathogen and can be represented using the graph-theoretic approach. This aspect is a new idea that has

not been characterised and we address it in this thesis. Over the years, some progress has been made

in developing multiscale models. However, there is need to look at general features of these multiscale

models. Some of the characterisations that have been established include the categorization of multiscale

models [2]. However, mathematically we need to establish which methods are appropriate for the differ-

ent multiscale models. There are mathematical models that have been used but the challenge with all this
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information is that there has not been any systematic characterisation.

Previously, the study of the dynamics of diseases primarily focused on two fundamental ideas, the causa-

tion theory of infectious disease and transmission theory of infectious disease [3]. The causation theory

of infectious disease is associated with a group of ideas that have been sequentially upgraded to clarify

the causes of infectious diseases and considers the infectious disease as systems [3]. On the other hand,

the transmission mechanism theory of infectious disease affirms that the dynamics of infectious diseases

has the prominent process being transmission. The exchange of pathogens involved in the transmission

of an infectious disease system consists of local transmission or global transmission for different scales

(microscale and macroscale) and levels of organisation of infectious disease systems [4]. The transmis-

sion mechanisms developed from the traditional SIR-type models (including their variations) to the recent

multiscale models have been formulated separately, that is, local transmission [5–7] or global transmis-

sion [8–13]. It is of paramount importance to formulate a modelling framework that incorporates both the

local and global transmission mechanisms to characterise multiscale models of infectious disease systems.

Furthermore, it is important to be able to decide when it is appropriate to implement the graph-theoretic

methods to describe global transmission. Some of the key factors that contribute to the transmission of

infectious disease systems include movement of people, goods and animals. Mathematical models have

been developed to address various aspects concerning the transmission dynamics of infectious disease

systems. Some aspects of infectious diseases have already been established in terms of how they are

transmitted and include Vector-borne transmission mechanism models, Direct transmission mechanism

models and Environmental transmission mechanism models.

(a) Environmental transmission disease systems
The following are various kinds of environmental transmission disease systems:

(i) Type I environmental transmission disease systems : At within-host scale there is no replication

of pathogen ( for example, Schistosomiasis) [1].

(ii) Type II environmental transmission disease systems: Replication of the pathogen takes place

strictly at the within-host scale (for example, FMD as well as Influenza) [1].

(iii) Type III environmental transmission disease systems: Replication of pathogen takes place at

the within-host scale as well as at the between-host scale (for example, Cholera as well as

Anthrax) [1].

(b) Vector-borne transmission disease systems
The following are various kinds of vector-borne transmission disease systems:

(i) Type I vector-borne transmission disease systems: The pathogen has a component of its life cycle

outside the hosts. Examples of diseases of this kind include Amebiasis, Cryptosporidiosis and

Giardiasis [14].
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(ii) Type II vector-borne transmission disease systems: The pathogen life cycle is intrinsic to the

two hosts. Examples of diseases of this type include Malaria, Chikungunya and Zika [14].

This aspect of the transmission mechanisms of infectious disease systems has been characterised but it

is not enough to systematically characterise multiscale models of infectious disease systems. This thesis

seeks to establish the appropriate methods for different multiscale models to give different results.

Infectious disease systems result from interactions of three subsystems namely: host, pathogen and envi-

ronment [1] which have been recently termed the epidemiological triad [15]. Nevertheless, the traditional

compartmental SIR-type models that have previously been developed focus on the transmission mecha-

nism of pathogen for host populations without modelling the pathogen dynamics explicitly. [15]. The

compartmental models of SIR type are inadequate to distinguish transmission processes at between-host

scale (where the pathogen is transmitted from a vector, another host or a contaminated environment) and

within-host infection process (where pathogens invade host, replicate and cause clinical symptoms). In

order to address this flaw mathematical modellers have turned to a novel modelling approach called the

multiscale modelling approach [1, 2, 4–6, 9, 14, 16–18]. Multiscale modelling approach involves numer-

ous models that coupled collectively at different scales are used simultaneously to describe a complex

system. In relation to multiscale modelling, a theory was recently developed that encorporates both trans-

mission and replication called the theory of replication-transmission relativity[1].

Some of the characterisation that have been done involve the categorization of multiscale models of in-

fectious disease systems. There are five such categories of multiscale models of infectious disease system

that have been identified namely: (i) Individual-based multiscale models (IMSMs), (ii) Coupled multiscale

models (CMSMs), (iii) Nested multiscale models (NMSMs), (iv) Embedded multiscale models (EMSMs),

and (v) Hybrid multiscale models (HMSMs) [2]. We now highlight these categories of multiscale models

that have been used to characterise these multiscale models of infectious disease systems below.

(i) Individual-based multiscale models (IMSMs): This category of multiscale models incorporates het-

erogeneity (that is to say, (i) heterogeneity in host susceptibility to infection, (ii) heterogeneity in the

ability of hosts to transmit pathogens to other hosts, (iii) heterogeneity in host immune response,

(iv) heterogeneity in host behaviour) into the multiscale model. However, this heterogeneity in-

creases the burden of computation to solve the multiscale model. The main flaw of IMSMs is that

even though they can describe the microscale explicitly, they are unable to describe the macroscale

for each level of organisation of an infectious disease used as a level of observation. The microscale

submodel results are normally converted by summing up, averaging, or carrying out some statistical

analysis of them into macroscale variables for interpretation at that scale. Another advantage of im-

plementing the IMSMs over the other categories of multiscale models (NMSMs, HMSMs, CMSMs

and EMSMs) is that they require minimal mathematical expertise [4].
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(ii) Coupled multiscale models (CMSMs): This category of multiscale models incorporates multiple

levels of organisation of infectious disease system, multiple host species such as vector borne dis-

eases, multiple pathogen species/strains, multiple communities, multiple organs. Models in this

category are developed using the other four categories of multiscales (NMSMs, HMSMs, IMSMs

and EMSMs) as submodels. Typical examples of coulped multiscale models include malaria in

[19], Guinea worm in [20] and human onchocerciasis in [4]. The coupled multiscale models we

developed by implementing either (i) a cocktail of a nested multiscale model for the host where

the pathogen has a replication cycle at within-host scale and an embedded multiscale model for the

host where pathogen does not have a replication cycle at within-host scale as in malaria [19] or a

cocktail of embedded multiscale models where pathogen does not have replication at within-host in

both hosts (human host and vector host) as in human onchocerciasis in [4].

(iii) Nested multiscale models (NMSMs): This category of multiscale models are developed based on

the presumption that there is only unidirectional flow of information. Nested multiscale models

facilitate simple reduction of the dimensions of the multiscale model, for example through slow and

fast time-scale analysis, making it easier to analyze the multiscale model. An example of nested

multiscale models includes HIV/AIDS in humans at host level [21]. Nested multiscale models

are usually used for infectious disease systems in which the pathogen has replication cycle at the

within-host scale.

(iv) Embedded multiscale models (EMSMs): This category of multiscale models are developed for in-

fectious disease systems where the pathogen does not have a replication cycle at microscale. An

example of these infectious disease systems is soil transmitted helminths infections such as hook-

worm [1]. For these infectious disease systems, the pathogen load at the within-host scale in-

creases through super-infection (that is, repeated infection before the host recovers from an infec-

tious phase).

(v) Hybrid multiscale models (HMSMs): This category of multiscale models incorporates freedom

to describe the microscale and the macroscale using different mathematical representations for

each level of organisation of an infectious disease system. Hence, HMSMs take the form of ei-

ther NMSMs or EMSMs except that in this case the microscale and the macroscale have different

mathematical formulations. Some examples of such paired formalisms include (i) deterministic/s-

tochastic, (ii) discrete time/continuous time, (iii) ODE/PDE [4].

The characterisation of the categories of multiscale models has made major contributions in elucidating

various aspects. This categorisation integrated the within-host scale and between-host scale of infectious

disease systems resulting in immuno-epidemiological models. However, this is not enough to establish

appropriate mathematical methods for different multiscale models of infectious disease systems.

Another aspect of infectious diseases that has been characterised in terms of the levels of organisation

of infectious disease systems includes the cell level, tissue level, organ level, microecosystem level, host

level, community level and macrocommunity level as indicated in Figure 1.1.
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Figure 1.1: Conceptual diagram of the seven hierarchical levels of organization of an infectious disease
system and the associated macroscale and microscale for each hierarchical level adopted from [1].

(a) Cell level consists of two scales namely: within cell as well as between cell. For levels of observa-

tion numerous cells are involved including epithelial cells in the case of FMD or red blood cells in

the case of Malaria.

(b) Tissue level consists of two scales namely: the within tissue as well as between tissue. For lev-

els of observation numerous forms of tissues can be examined that comprise granuloma [22] for

Tuberculosis or Microabscess [23] caused by some bacterial infections.

(c) Organ level consists of two scales namely: within organ as well as between organ. For levels of

observation numerous forms of organs can be examined that include the brain, kidney, lung, blood,

stomach and heart [1].
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(d) Microecosystem level consists of two scales namely: the within-micro ecosystem scale (microscale)

and the between-microecosystem scale (macroscale). At this level we develop models of the evolu-

tion as well as the ecology disease systems [4].

(e) Host level contains two scales namely: within host as well as between host scale. When formulating

multiscale models of infectious disease dynamics numerous hosts can be examined that include

vertebrate host in the case of humans and vector host in the case of mosquitoes. In order to formulate

the multiscale models of infectious disease systems at this level of organization we use the host level

as the level of multiscale observation [1].

(f) Community level consists of two scales namely: within community as well as between-community.

For levels of observation different forms of communities are used that include districts, provinces

and countries.

(g) Macroecosystem level consists of three fundamental sub-levels including local community, national

and regional level. Each of the sub-levels can be regarded as an ecosystem [4].

This aspect of multiscale models has been characterised to give new insights on infectious disease sys-

tems. However, there is need to establish the methods that are appropriate to extend the various multiscale

models to higher levels for example, from host level to community level. Furthermore, there is need to

group these levels of organisation to three levels in order to characterise the multiscale models.

These levels of organisation of multiscale models can be further grouped into three levels namely: primary

level, secondary level and tertiary level. The traditional ODEs have been used to model direct transmis-

sion of pathogen at cell level, tissue level or host level of infectious disease systems. Multiscale models

of infectious disease systems can be characterised to establish some aspects that enable well informed

decision making and implementation of various interventions.

1.2 Characterisation of multiscale models

This thesis chacterises multiscale models. There are certain aspects that arise when we consider various

levels of organisation of infectious disease systems. These levels of organisation can be grouped into three

main levels namely: primary level, secondary level and tertiary level of multiscale cycle.

(i) Primary level of multiscale cycle: This level constitutes the cell level, tissue level and host level.

There is strictly local exchange of pathogen or local transmission. The transmission can be direct

transmission which occurs when there is direct contact between an infected cell/tissue/host and

a susceptible cell/tissue/host or the transmission can be environmental transmission which occurs

when there is contact between the pathogen and a susceptible cell/tissue/host. At the primary levels

of multiscale observation the pathogens transmitted are either single pathogen species or single

pathogen strain at single community.
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(ii) Secondary level of multiscale cycle: This level constitutes the microcommunity level and macro-

community level. At organ level, the within-organ level constitutes local transmission similar to

the primary level, that is, direct transmission or environmental transmission which can be modelled

using Ordinary differential equations (ODEs). However, at between-organ it is difficult to represent

direct contact between organs. Therefore the pathogen is moved through blood to other organs. This

transport of blood is global transmission which can be modelled using graph-theoretic approach. At

community level, the within-community level constitutes local transmission as in the primary level

which is through direct contact. Therefore, the ODEs are used to model this local transmission or

local exchange of pathogen. However, at between-community level it is difficult to represent the

contact of communities directly. Therefore, individuals have to move between communities and this

is how contact is achieved at community level. This movement of individuals is global transmission

or global exchange of pathogen. This global transmission can be represented using graph-theoretic

approach. My thesis wants to characterise this aspect which has not been investigated before to

establish when it is appropriate to use graph-theoretic methods. At the secondary level of multi-

scale observation the pathogens transmitted are single pathogen species or single pathogen strains

at multiple communities. Therefore, when we consider only one community then we have strictly

local transmission at primary level.

(iii) Tertiary level of multiscale cycle: This level constitutes the microecosystem level and macroecosys-

tem level. The transmission occurs in a single community as at the primary level of multiscale

observation or in multiple communities as at the secondary level of multiscale observation. In other

words, in a single community there is direct contact between infectedes and susceptibles resulting in

local transmission or local exchange of pathogen as at primary level. This local transmission or local

exchange of pathogen is represented by ODE methods. However, in the case of multiple communi-

ties there is movement of individuals between the communities which describes global transmission

or global exchange of pathogen. This movement is represented by implementing graph-theoretic

approach. This is a new idea that has not been investigated before and my thesis wants to char-

acterise this aspect to establish when it is appropriate to use graph-theoretic methods. The only

difference between the tertiary level of multiscale observation and other levels is that at the tertiary

level of multiscale observation there are multiple pathogen species or multiple host species whereas

the primary level of multiscale observation and the secondary level of multiscale observation have

single pathogen species or single host species.

A study was conducted to characterise patterns of sexual contacts in Britain and Zimbabwe [24]. In

Britain, the dynamics of an STI like HIV was restricted to people with risk behaviours (prostitutes). The

population of prostitutes tends to be much smaller than the general population in any location. This

means that there was a sexual contact network with a few nodes (prostitutes) having many connections

(high degree distribution) whereas the majority of nodes had few connections. However, a key aspect

that was not addressed is that these nodes could be cells, tissues or whole organisms at primary level that

are directly transmitting pathogen (local transmission). Therefore, there is need to investigate if this can
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be extended to community level to describe global transmission. This is a new idea that has not been

addressed before and is investigated in chapter 2 and chapter 5.

In [25], a study was conducted to characterise the dynamics of FMD in pigs. Furthermore, in [7], a model

was formulated to investigate the dynamics of the FMDV in cattle. The transmission mechanism of both

these models were single scale, that is, local transmission. However, a key aspect that was not addressed

is that at the primary level we have cells level, tissues level or whole organisms level that are directly

transmitting pathogen (local transmission). Therefore, there is need to investigate if this can be extended

to community level to describe global transmission. This is a new idea that has not been addressed before

and is investigated in chapter 3.

In[26], a model was developed to characterise the impact of the movement of people on the burden of

Malaria disease. In order to illustrate the transmission dynamics of Malaria between various patches

an SIR model was formulated. It is important to note that the transmission mechanism in that model

was global transmission or global exchange of pathogen. However, an aspect that was not addressed

is that there are two transmission modes at the community level namely: local transmission and global

transmission. Within the community there is exchange of pathogen when infected cells/tissues/hosts are in

direct contact with susceptible cells/tissues/hosts or when the pathogen is in direct contact with susceptible

cells/tissues/hosts. This local transmission is modelled using ODEs methods. At between-community

level there is movement of infected individuals between the communities resulting in global transmission

or global exchange of pathogen. This movement of infected individuals is modelled using graph-theoretic

methods. This is a new aspect that has not been addressed and it is investigated in chapter 4 and chapter

6. Furthermore, this community level can be extended to macroecosystem level when there are multiple

pathogen species or multiple pathogen strains. This is a new idea that has not been investigated before.

1.3 Classification of individual-based network modelling multiscale mod-
els

We have already stated the five categories of multiscale models for disease dynamics which include Cou-

pled, Nested, Individual-based, Embedded and Hybrid multiscale models [2]. Individual-based multiscale

models are further classified into four classes namely: Hybrid, Simulation, Network and Empirical data

modelling individual-based multiscale models [2, 18]. Network models can formulated through various

network modelling techniques that include lattice, random, small-world, spatial, and scale-free [27]. Be-

low are the five network-based techniques:

(i) Lattice networks are characterised by high clustering (due to the localized nature of connections)

and long path lengths [28], and can be one-dimensional to form rings or two-dimensional to form

grids [29]. Disease spread is considered to be slowest on regular lattices than on the other networks

[29]. The main advantage of using a lattice network is that it naturally takes into account spatial

separation of sites [30].
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(ii) Random networks can be identified by short path length as well as low clustering [28]. Epidemics on

random networks spread faster than the other networks except scale-free networks where pathogen

spread is extremely rapid [29].

(iii) Small-world networks can be identified by short path lengths as well as high clustering [28]. They

are generated from regular lattices by rewiring the edges described in [31], where each edge has a

probability of being reconnected to a different vertex [29]. Due to high clustering the majority of

infections occur locally [27].

(iv) Scale-free networks- Epidemic spread is considered to be fastest on scale-free networks [29] com-

pared to other networks. These networks can be identified by a power-law decay formed due to

preferential attachment [24, 32], that is, linking to the most highly connected existing nodes. A va-

riety of social, biological and communication systems [33–35] have been adequately described by

some complex networks where nodes represent individuals (computers) and links show interactions

among them, for example, internet and world-wide-web [36, 37].

(v) Spatial networks are considered to be one of the most flexible forms of networks on which it is

possible to formulate a variety of other networks [27]. The strength of infection depends on the

geographical distance between two individuals or nodes.

This aspect of multiscale models has been characterised by outlining various features of network-based

models [27, 36, 37]. However, there is need to establish when it is appropriate to use the graph-theoretic

approach. This issue is addressed in this thesis.

 

𝑋𝑖 
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Figure 1.2: The diagram represents the dynamics of infectious disease systems like Foot-and-Mouth disease or
Malaria at macrocommunity-level. At macrocommunity-level the communities are considered as patches and there is

exchange of pathogen between the communities through global transmission (transport) of infection.
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Figure 1.2 represents the dynamics of infectious disease systems like Foot-and-Mouth disease or Malaria

at macrocommunity-level. At macrocommunity-level the communities are considered as patches and there

is exchange of pathogen between the communities through global transmission (transport) of infection.

1.4 Stability Theory of Differential Equations

Stability theory of differential equations has been implemented to characterise numerous aspects of in-

fectious disease systems. Stability theory addresses the stability of solutions of differential equations and

of trajectories of dynamical systems under small perturbations of initial conditions [38]. The heat equa-

tion, for example, is a stable partial differential equation because small perturbations of initial data lead

to small variations in temperature at a later time as a result of the maximum principle. Stability theory of

differential equations was explored by LaSalle who implemented nonautonomous systems for Lyapunov

functions to establish their stability [39]. However, there were challenges encountered in the analysis of

stability using Lyapunov’s direct approach [40]. One of the main problems with using the Lyapunov the-

ory is developing a suitable Lyapunov function. These difficulties were resolved with the application of

the fixed point theory. The ideas of stability can be classified into various groups which include Lyapunov

stability, Poincare stability and Laplace stability. In the case of Laplace stability, a system is considered to

be stable if all the solutions of the differential equations are bounded as time t goes to infinity. In the case

of Lyapunov stability, solutions which are initially close together should always remain close together in

the future as functions of time [41, 42]. In the case of Poincare stability, a trajectory Ω is stable (orbital

stability) if neighbouring half paths which are once near Ω will remain near Ω. The Center manifold the-

ory simplifies dynamical systems to reduce the dimensions of the system, at least near equilibria [43]. The

use of center manifold theorem ensures the local stability of the endemic equilibrium of disease systems

[44–48]. Furthermore, the theorem establishes the existence of backward bifurcation in the dynamical

system. Birfucation theory addresses the changes of behaviour of dynamical systems due to perturbation

of some parameters of these dynamical systems [49, 50].

1.5 Stochastic Differential Equations

Stochastic differential equations have been used previous to characterise different aspects of infectious

disease dynamics. A stochastic differential equation (SDE) is a differential equation in which one or more

of the terms is a stochastic process, that results in a solution which is also a stochastic process. Stochastic

differential equations are used to model various phenomena such as stock prices or physical systems

subject to thermal fluctuations [51]. Usually, SDEs have a variable which describes random white noise

calculated as the derivative of Brownian motion or the Wiener process. However, other types of random

behaviour are possible, such as jump processes [51, 52]. SDEs have been used in the study of numerous

infectious disease systems to incorporate the randomness effect of infection dynamics due to the random

white noise [53–56].
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1.6 Numerical Simulation Method

Numerical simulation methods have been used to characterise some features of infectious disease dy-

namics. Numerical simulation methods can be implemented when analytical methods cannot be used to

establish the solutions of a dynamical system. Examples of numerical simulation methods for ordinary dif-

ferential equations include Euler’s method, Backward Euler method, Trapezoidal method, Taylor method

and Runge-Kutta method [57, 58]. Numerical simulation methods for stochastic differential equations

include Monte Carlo simulation method, Euler-Maruyama method and Milstein method [59–63]. The

simplest numerical method for solving the initial value problem is the Euler’s method. Euler’s method is

not an efficient numerical method, however, numerous ideas centred on numerical solutions of differential

equations are introduced using this approach. The Backward Euler method is similar to Euler’s method

in that it is of first order accuracy, however, the main difference between the two methods is that Euler’s

method uses forward difference approximation where as the Backward Euler’s method uses backward dif-

ference approximation. The main setback of both the Euler method and the backward Euler method is the

low convergence order. The Trapezoidal method has a higher convergence order and is useful in solving

initial value problems. The Taylor method is conceptually simpler to work with, however, it is tedious

and time-consuming to have to calculate the higher-order derivatives. In order to avoid the need for the

higher-order derivatives, the Runge-Kutta methods evaluate the function at more points, at the same time

attempting to maintain the accuracy of the Taylor approximation. Monte Carlo simulation methods are

numerical methods in which random numbers are implemented to perform computational experiments.

The numerical solutions of stochastic differential equations can be observed as a kind of Monte Carlo

calculation in which the entire system is simulated many times. The Euler-Maruyama method is one of

the simplest numerical approximations for the stochastic differential equation. This is achieved when we

truncate Ito’s formula of the stochastic Taylor series after the first order terms. Another numerical ap-

proximation method for stochastic differential equations is the Milstein method. We obtain the Milstein

method if we truncate the stochastic Taylor series after second order terms. In this study we implemented

the Milstein method for the numerical simulation of SDEs and the fourth order Runge-Kutta method for

the numerical simulation of Ordinary differential equations.

1.7 Mathematical models of infectious disease systems

Numerous models have been developed over the years to characterise different aspects of infectious dis-

ease systems. Spatial explicit models were characterised to provide a good description of cholera epi-

demics [10]. In [10], transmission was mediated by water, hence direct contacts between individuals were

less important for disease transmission, where as a crucial role was played by spatial connectivity. The

analysis proposed in this paper was based on spatially explicit models that explicitly account for the en-

vironmental matrix along which the disease can spread (e.g. river networks and water reservoirs). Nodes

represented water reservoirs and human communities (cities, towns and villages) in which the disease
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can grow. The edges represented links between the communities, typically hydrological links. An ex-

tension of the study was done by [64] were they took into account long-distance dissemination of the

pathogen Vibrio cholerae due to host mobility. Other models have been characterised incorporating the

optimal control of numerous infectious disease systems like Malaria and Ebola virus [65–68]. Complex

networks were characterised to model communication systems [53]. Epidemics on the internet [69] have

become more diverse [70] and include computer viruses and computer worms [71]. The internet can be

considered as a high traffic network in which data sources and sinks are interconnected by a network

routers. The scale-free network was characterised on telephone network traffic to model the behaviour of

telephone users [72]. Each user had a fixed set of acquaitances with whom the user may communicate,

and the number of acquaintances followed a power-law distribution. The vanishing epidemic threshold

for viruses spreading on scale-free networks showed that traditional methods applied to reduce a virus

spreading rate cannot succeed in eradicating an epidemic [73]. Bias was placed on curing or vaccinating

the highly connected nodes (hubs) which can restore a finite epidemic threshold and eradicate or control

a virus [74]. Many diseases required 80% - 100% immunization. Similarly for internet, in order to stop

computer viruses required almost 100% immunization [74]. Spatial models were characterised to repre-

sent spreading patterns of infectious diseases involving human mobility [75] in the airline transportation

[9]. Multi-scale networks obtained here were integrated into the global epidemic and mobility (GLEaM)

model, a computational platform that uses a metapopulation stochastic model on a global scale to simulate

the large-scale spreading of influenza-like illnesses [11, 76]. It can be noted that the global epidemic be-

havior was governed by the long-range airline traffic that determines the arrival of infectious individuals

on a worldwide scale [12]. However, at the local level, the short-range epidemic coupling induced by

commuting flows created a synchrony between neighboring regions and a local diffusive pattern with the

epidemic flowing from subpopulations with major hubs into the neighboring subpopulations [77]. These

results clearly showed that the level of detail on the mobility networks can be chosen according to the scale

of interest. There are numerous models that have been characterised in order to control and eliminate the

spread of Foot-and-Mouth disease over the years [78]. In [25], a study was carried out to investigate the

early viral dynamics of foot-and-mouth disease within infected pigs. A within-host model was developed

to investigate whether individual variation can be explained by the effect of the initial dose of foot-and-

mouth disease virus. In [7], a within-host model was developed to investigate the within-host dynamics of

the foot-and-mouth disease virus in cattle using previously published data. The transmission mechanism

for both these models were single scale, that is, local transmission. In [79], a stochastic farm-based model

was characterised in France and depended upon the spatial distance between the numerous farms in that

country, on species of animals and the animal farm’s status at any particular day. Simulations of the model

under study showed local disease transmission when movement of animals was limited. The other control

strategies put in place were culling and vaccination. In [80], a mathematical modelling framework was

characterised based on geographically aligned data sources and with appropriate flexibility that partitions

the modelling of disease spread into two distinct but coupled levels. First was a top-level stochastic simu-

lation with patches (or nodes) interacting via a contact network defined on a lattice consisting of all short-

and long-distance interactions [81] relevant for disease transmission. Within each node was a ”hidden”
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second level, internal to a patch, where disease spread followed the standard mean-field SIR-like ordinary

differential equations. They made use of U.S. county-level aggregated data on animal populations and

parameters from literature to simulate epidemic spread of two different animal diseases agents: foot-and-

mouth disease and highly pathogenic avian influenza. The mitigation strategies evaluated were quarantine,

culling and movement controls. However, the overall efficacy of mitigation and movement controls was

largely uncertain. Geography and the spatial clustering of animals [82] even at a regional level are key

to consider for developing mitigation strategies and applying available resources. In [83], an event-driven

multiscale network-based hybrid model was characterised that used a deterministic equation-based model

(EBM) to model within-herd spread of foot-and-mouth disease and a stochastic, spatially-explicit agent-

based model (ABM) to model between-herd spread and control. The meta-population under investigation

was heterogeneous, thereby indicating the multiple species of domestic cloven-hoofed animals that are

susceptible to foot-and-mouth disease. The network through which the meta-population sites could be

linked was multi-layered, thereby indicating how foot-and-mouth disease spreads via direct contact, indi-

rect contact and aerosols [84]. In [85], a model was characterised based on the Ross-Macdonald model

taking into account the rate of immigration and emigration of humans among Q patches. This model ex-

plored the way that prevalence and reproduction number (the two important measures of mosquito-borne

pathogen transmission) display a complex non-monotonic relationship as a result of spatial heterogeneity

in mosquito density and human mobility. The heterogeneity in mosquito density and mosquito bionomic

patterns affecting vectorial capacity drive spatially heterogeneous bitting patterns, while human mobility

connected isolated areas that can have very different mosquito populations. Results suggested that the re-

lationship between reproduction number and prevalence was intertwined with the interaction between host

movement and the degree of spatial heterogeneity in a region. Furthermore, transmission heterogeneity

generally promotes persistence in host-parasite systems. In [86], a model was characterised to investigate

the efficacy of border screening and local level disease control in the presence of human migrations dur-

ing an epidemic. Results showed that when border screening fails, then other control measures can be

implemented that include treating or isolating infectious people and controlling the mosquito population.

Furthermore, the conditions of the efficacy of border screening and local treatment in each settlement were

established. In [19], a coupled multiscale model was characterised with the aim of informing policy and

guide malaria control and elimination. The formulation of this model was based on the integration of four

submodels into a single coupled multiscale model. The model described the mechanics of malaria trans-

mission in terms of the major components of the complete malaria parasite life-cycle. In [26], a model

was characterised to assess the impact of human mobility on the burden of malaria disease in South Sudan.

an SIR-type model was formulated that describes the transmission dynamics of malaria disease between

multiple patches. The model developed was a system of stochastic differential equations consisting of

ordinary differential equations perturbed by a stochastic Wiener process. Results showed that the disease

tends to persist in the low transmission patches when there is human inflow in these patches.

To the best of my knowledge there is no model that was characterised to establish when is it appropriate to

implement the graph-theoretic methods. Furthermore, There is no model that has been characterised that
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established the mathematical methods that enable multiscale models to be extended to higher levels.

Modellers have understood how to implement graph-theoretic methods as well as ODE methods. However,

they have not been able to establish when it is appropriate to use graph-theoretic methods. This is the major

aspect of characterization that we are investigating in this thesis which has not been done before. An

advantage of this characterisation is that when we make these distinctions between local transmission and

global transmission then we are able to implement interventions targeted torwards global transmission

such as travel restrictions to prevent global transmission. On the other hand, the interventions targeted

torwards local transmission include wearing of masks and sanitizing (in case of Coronavirus). Therefore,

this study is seeking to address these aspects and we implement Foot-and-Mouth disease and Malaria

disease as examples.

1.8 Research Limitation

The models used in this study offer insights into the multiscale character of infectious disease dynamics,

however, there are some notable limitations of these models. The use of Individual-based multiscale mod-

els in this study incorporates heterogeneity (for example, heterogeneity in host susceptibility to infection,

heterogeneity in the ability of hosts to transmit pathogens to other hosts and heterogeneity in host immune

response) into the multiscale models. However, the incorporation of heterogeneity into the multiscale

model comes at the cost of increased computational burden in solving the multiscale model. The major

weakness of Individual-based multiscale models is that although they can represent the microscale explic-

itly, they do not explicitly represent the macroscale for each level of organization of an infectious disease

used as the level of multiscale observation in the development of the multiscale models. Furthermore,

the bifurcation analysis in multi-patch models for the entire population is difficult to perform because for

each patch i there is a corresponding reproduction number R0i. However, the overall R0 for the entire

population cannot be used explicitly to perform the bifurcation analysis.

1.9 Problem Statement

Multiscale models have been characterised to address various aspects of infectious disease systems. These

infectious diseases are a serious challenge on humans and animals across the world with the greatest

impact being in developing countries. In most developing countries where livestock and crop production

are important for subsistence agriculture, outbreaks of infectious diseases have severe impact on economic

growth and food security. Amongst these diseases is Foot and Mouth disease [87]. A body of literature

indicates that globally, FMD has caused major losses in the economic sector (agriculture in particular)

as well as tourism [88]. On the other hand, Malaria is amongst the most severe public health problems

globally [89]. The majority of all malaria cases come from sub-Saharan Africa and over $12 billion is used

annually on malaria in Africa. Researchers have established the basis of ordinary differential equation
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methods and also graph-theoretic methods. However, they have not established when it is appropriate to

use these mathematical methods for the multiscale models.

The implementation of mathematical models has been essential to acquire understanding of numerous fea-

tures of infectious diseases, particularly foot-and-mouth disease and malaria. This understanding gained

can help us to implement intervention measures. Present modelling frameworks established from com-

partmentalizing hosts into SIRS type models (and their variations) and graph-theoretic methods have been

used to give insights of local transmission mechanisms and global transmission mechanisms of FMD and

Malaria separately. However, to the best of my knowledge there is no model that has been characterised

which establishes when it is appropriate to use graph theoretic methods for various multiscale models.

The latest work that has been done which is more appropriate in modelling the progression of infectious

disease systems based on replication-transmission relativity theory is the multiscale modelling appproach.

The multiscale modelling of global transmission mechanisms of infectious diseases is better achieved

through the use of graph theoretic methods while the standard SIR models address the local transmission

mechanisms. Furthermore, this study establishes the mathematical methods that make it possible for mul-

tiscale models to be extended to higher levels of organisation. The mathematical framework we propose

characterises the local transmission and global transmission mechanisms of infectious disease dynamics.

Our main ideas are centred on developing a multiscale modelling approach in tandem with graph theoretic

methods at different levels of organisation. Nodes represent communities (geographical distant locations)

while possible transmission of pathogen (transport of infected individuals) is represented by edges. Fi-

nally, in this study, we seek to establish when it is appropriate to use particular mathematical methods for

different multiscale models.

1.10 Aim and Objectives of study

The main aim of the study is to characterise multiscale models in order to establish appropriate mathemat-

ical methods for these multiscale models at different levels of organisation.

The main objectives of this study are to:

• characterise a host-level individual-based multi-scale network model of directly transmitted viral

diseases with special consideration to Foot-and-Mouth disease.

• characterise a host-level differential equation average-based model of directly transmitted viral

diseases with application to FMD. The within-cattle submodel is unidirectionally coupled to the

between-cattle transmission dynamics submodel.

• characterise a macrocommunity-level multiscale multi-patch model for FMD extended from the

host-level average-based model.
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• characterise a whole organism-level multiscale model of a vector-borne diseases with application to

Malaria infection.

• characterise a macrocommunity-level multiscale multi-patch model of a vector-borne disease with

special consideration to Malaria.

1.11 Stucture of the Study

The thesis is structured as follows.

(i) In Chapter 2, we characterise the spread of the Foot-and-Mouth disease virus taking into account

both the dynamics of Foot-and-Mouth disease viral growth at within-host scale (microscale) and the

interactions (direct contact) between individuals at between-host scale (macroscale). We implement

an individual-based network modelling multiscale model of Foot-and-Mouth disease at host-level

and establish if this model can be extended to higher levels using graph-theoretic methods.

(ii) In Chapter 3, we characterise the spread of the Foot-and-Mouth disease virus taking into account

both the dynamics of Foot-and-Mouth disease viral growth at within-host scale (microscale) and the

interactions (direct contact) between individuals at between-host scale (macroscale). We implement

a nested modelling multiscale model approach of Foot-and-Mouth disease at host-level and estab-

lish if this model can be extended to higher levels using graph-theoretic methods.

(iii) In Chapter 4, we characterise the spread of the Foot-and-Mouth disease taking into account both the

dynamics of Foot-and-Mouth disease at within-community scale (microscale) and the interactions

(direct contact) between communities at between-community scale (macroscale). We implement a

nested modelling multiscale model of Foot-and-Mouth disease from Chapter 3 together with graph

theoretic method at community-level and establish if this model can be further extended to higher

levels of organisation using graph-theoretic methods.

(iv) In Chapter 5, we characterise the spread of Malaria disease taking into account both the dynam-

ics of plasmodium parasite at within- whole organism scale (microscale) and the interactions (direct

contact) between whole organism at between-whole organism scale (macroscale). We implement an

individual-based network modelling multiscale model of Malaria disease at whole organism-level

and establish if this model can be extended to higher levels of organisation using graph-theoretic

methods.
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(v) In Chapter 6, we characterise the spread of Malaria disease taking into account both the dynamics

of Malaria disease at within-community scale (microscale) and the interactions (direct contact) be-

tween communities at between-community scale (macroscale). We implement a coupled modelling

multiscale model of Malaria disease together with graph theoretic method at community-level and

establish if this model can be extended to higher levels of organisation using graph-theoretic meth-

ods.

(vi) In Chapter, 7 we give conclusions and directions for future research.



Chapter 2

Host-level Multiscale Network-based model
for Foot-and-Mouth disease in the cattle
population

2.1 Introduction

The study of infectious disease dynamics at each hierarchical level of organisation has made enormous

contributions in grasping, hypothesizing and interpreting the dynamics of numerous infectious diseases.

The implementation of multiscale models enables us to express infectious disease systems at different

scales giving new insights into the dynamics of these infectious disease systems [1, 2, 4, 14, 17, 18].

This chapter seeks to establish whether the model we present can be extended to a higher level (commu-

nity level) since this is a critical level for the control and eradication of infectious diseases. We charac-

terise this multiscale model by investigating some aspects that distinguish multiscale models of infectious

disease systems. We formulate an individual-based network modelling multiscale model for directly-

transmitted disease systems at host-level using network modelling techniques. The model we develop

characterises the spread of Foot-and-Mouth disease virus taking into account both the dynamics of Foot-

and-Mouth disease viral growth at within-host scale (microscale) and the interactions between individuals

at between-host scale (macroscale). Therefore, we investigate the impact of the variation in transmission

of Foot-and-Mouth disease virus both at within-cattle scale and between-cattle scale.

Foot-and-Mouth disease is a viral disease caused by a virus called Foot-and-Mouth disease virus. It

affects animals with cloven-hoofs like cattle as well as certain wildlife animals. The fundamental varieties



Chapter 2 19

of the virus include SAT1, SAT2, SAT3, O, C, A and Asia1. The various transmission routes include

air-borne spread, animal-to-animal contact and contamination of the environment [90]. In cattle FMDV

usually gains entry through the epithelial cells of the respiratory tract. FMDV is able to replicate rapidly

in the tissues of the upper respiratory system making it a site of persistence [91]. Early upon infection

there is detectible antibody response (IgA, IgM and IgG) in the secretion of the upper respiratory tract

[92]. Spread of Foot-and-Mouth disease virus between cattle and between pigs is usually rapid so that

frequently 90% of the animals may be showing signs [93]. The latent period varies between 2 and 14

days. The formation of painful blisters in epithelial sites of the mouth as well as on the feet can result

in debilitation of the animal. Typical control measures of foot-and-mouth disease include movement

restriction; quarantine; vaccination; educational awareness and culling of detected infected animals [94].

Vaccination is increasingly being accepted as a far-reaching tool in controlling FMD [95, 96]. Different

approaches to manage FMD have been developed depending on the stage of the disease [97]. Laboratory

diagnosis of any suspected case of FMD includes virus isolation, genome identification techniques such

as polymerase chain reaction (PCR) assays and serological tests such as the virus neutralization test.

There is no specific treatment for FMD, however available treatment includes mouth washing with sodium

bicarbonate, foot washing with copper sulphate as well as antibiotics for lesions. Vaccination of ruminants

may stop disease but may not stop infection hence vaccines have being used as a second line of defence

[93]. There are presently only three interventions practiced in sub-Saharan Africa against FMD [98].

Within Africa FMD is considered to be the sole most paramount animal disease having a negative impact

on trade [98]. Morbidity is high and mortality is very low, although high mortality of young stock can

occur [99]. This disease is an environmentally-transmitted disease that is important to both domestic and

wildlife livestock and has been reported both locally and globally.

2.2 The mathematical model

The formulation of this model involves differential equations illustrating the initial transmission of FMDV

taking into account immune response and then placing the cattle population in a spatial network. Earlier

work was done by Howey [7], who investigated the dynamics of this disease in cattle. For each individual

i there is interplay between antibody, Ai, virions in blood, Vi, interferon, Ii, uninfected epithelial cells,

Ui, infected epithelial cells, Fi, non-infectious material denoted by Ji, virus-antibody complexes, Ci and

protected cells, Pi. Given below is the set of differential equations:
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dVi
dt

= ζFi − φAωVi +
n∑

i=1,i 6=j
βijVj , .......(1)

dFi
dt

= εUiVi − ζFi, ...........................(2)

dUi
dt

= −κUi
(
Ii −

µ

ξ

)
, ....................(3)

dPi
dt

= κUi

(
Ii −

µ

ξ

)
, ......................(4)

dIi
dt

= µ− ξIi + φU (U)ηCi, .............(5) (2.2.1)

dAi
dt

= φV (V, J)φA, ..........................(6)

dCi
dt

= φAω(Vi + Ji)− σCi, ..............(7)

dJi
dt

= γζFi − φAωJi ........................(8)

where

βij = β (1− δij) e−α|i−j|,

δij is Kronecker’s delta, β andα are non-negative. Small values ofα implies a widespread influence of infection while bigger val-

ues of α implies local spread. The elements βji of the transmission matrix B, representing the strength of transmission from j to i

depend on spatial factors. β represents the overfall strength of transmission [100]. All the parameters in the multiscale model sys-

tem (2.2.1) are constant. We consider non-negative initial conditions {Vi(0) ≥ 0, Fi(0) ≥ 0, Ui(0) ≥ 0, Pi(0) ≥ 0, Ii(0) ≥ 0,

Ai(0) ≥ 0, Ci(0) ≥ 0, Ji(0) ≥ 0} ∀t ≥ 0, i = 1, ..., n. Furthermore, φU (U) = 1 whenever U ≥ 0.01 and φU (U) = 0

otherwise; Vi(t) = 0 for t in [0, τ) and Vi(τ) = 1 (τ being the time at which virus replication is observable); φV (V, J) = 1

whenever V + J ≤ 0.1 and φV (V, J) = 0 otherwise. The antibody is modelled by φA due to initial abundance of virus so that

produced antibody is immediately used and the levels do not increase until the virus is sufficiently cleared.

Equation 1 of model (2.2.1) represents the concentration of infectious virion in blood. The first term on

the right hand side represents the infected epithelial cells that burst to release more infectious virion in

the blood. The second term is the infectious virion cleared as it complexes with antibody. The third term

describes the rate of growth of the viral population due to external sources of the virus. The Equation 2 of

model (2.2.1) represents the infected epithelial cells created at a rate of ε. The last part of Equation 2 is the

infected epithelial cells which burst to become infectious virion. Equation 3 of model (2.2.1) represents

proportion of the uninfected epithelial cells that become protected by interferon from infection when inter-

feron is above background level, µ/ξ. Equation 4 of model (2.2.1) represents the proportion of protected

epithelial cells. These cells are recruited from uninfected cells when interferon is above background level,

µ/ξ. Equation 5 of model (2.2.1) represents interferon which is produced at rate, η, corresponding to

the virus-antibody complexes, C. Equation 6 of model (2.2.1) represents antibody production in relation

to the virus that must be neutralized. Equation 7 of model (2.2.1) represents infectious virion and non-

infectious material that has been neutralized by antibody. The last part of Equation 7 is the clearance of
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viral-antibody complex. In Equation 8 of model (2.2.1) the first part is the recruitment of non-infectious

material from infected cells. The second part is the non-infectious material that is neutralized by antibody.
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Figure 2.1: Schematic diagram of foot-and-mouth disease dynamics in a network. For each individual i there is

interplay between antibody, Ai, virions in blood, Vi, interferon, Ii, uninfected epithelial cells, Ui, infected epithelial

cells, Fi, non-infectious material denoted by Ji, virus-antibody complexes, Ci and protected cells, Pi.

Table 2.1: Description of individual-based model variables for the ith individual.

Variable Description Units Initial value
Fi Infected cells TCID50 ml−1 0
Ci Virus-antibody complexes TCID50 ml−1 equiv. 0
Pi Protected cells Cell 0
Ui Uninfected cells Cell 1
Ai Antibody LPBE-titre 0
Vi Conc. of virions in blood TCID50 ml−1 0
Ji Non-infectious material TCID50 ml−1 equiv. 0
Ii Interferon IU ml−1 µ

ξ

2.2.1 Feasible region of the model

The model that we formulate has to be biologically meaningful. Therefore, we establish the non-negativity

and boundedness of all the state variables as well as their solutions, respectively, in the region Φ, where

Φ =
{

(Ui, Vi, Fi, Pi, Ii, Ai, Ci, Ji) ∈ R8
+

}
, i = 1, .., n (2.2.1)
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2.2.1.1 Positivity of solutions

Theorem 2.1. A non-negative solution (Vi(t), Fi(t), Ui(t), Pi(t), Ii(t), Ai(t), Ci(t), Ji(t)) exists for all

t ≥ 0

Proof. The positivity of solutions of the multiscale model system (2.2.1) is proved using the integrating

factor technique. We consider (1) in the multiscale model system (2.2.1)

dVi
dt

= ϑFi − φAωVi +
n∑

i=1,i 6=j
βijVj (2.2.2)

We re-write (2.2.2) as follows

dVi
dt

+ φAωVi = ϑFi +

n∑
i=1,i 6=j

βijVj (2.2.3)

The integrating factor for (2.2.3) is

Integrating factor (IF) = e
∫ t
0 φAωds = eφAωt (2.2.4)

When we multiply (2.2.3) by the integrating factor eφAωt to get

eφAωt
dVi
dt

+ eφAωtφAωVi = eφAωt

ϑFi +
n∑

i=1,i 6=j
βijVj

 (2.2.5)

From the product rule we obtain

d

dt
(eφAωt.Vi) = eφAωt

ϑFi +
n∑

i=1,i 6=j
βijVj

 (2.2.6)

We integrate both sides of (2.2.6) with respect to t and obtain

eφAωt.Vi(t) = eφAω(0).Vi(0) +

∫ t

0
eφAωs

ϑFi(s) +

n∑
i=1,i 6=j

βijVj(s)

 ds (2.2.7)

Dividing both sides of (2.2.7) by the integrating factor eφAωt we get

Vi(t) = e−φAωt.

Vi(0) +

∫ t

0
eφAωs

ϑFi(s) +

n∑
i=1,i 6=j

βijVj(s)

 ds

 ≥ 0 (2.2.8)
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Similarly, the results for (2), (5), (7) and (8) of the multiscale model system (2.2.1) can also be obtained

by the integrating factor technique.

We now consider (3) of the multiscale model system (2.2.1)

dUi
dt

= −κUi
(
Ii −

µ

ξ

)
(2.2.9)

Positivity of the solution of (3) of the multiscale model system (2.2.1) is proved using the separation of

variables as follows

1

Ui
dUi = −κ

(
Ii −

µ

ξ

)
dt (2.2.10)

We integrate both sides of (2.2.10) with respect to t to get

∫ t

0

1

Ui
dUi = −κ

∫ t

0

(
Ii(s)−

µ

ξ

)
ds (2.2.11)

Integrating the left side gives

ln
Ui(t)

Ui(0)
= −κ

∫ t

0

(
Ii(s)−

µ

ξ

)
ds (2.2.12)

Removing ln we have the following result

Ui(t) = Ui(0)exp

{
−κ
∫ t

0

(
Ii(s)−

µ

ξ

)
ds

}
≥ 0 (2.2.13)

Positivity of (4) of the multiscale model system (2.2.1) is proved by integrating both sides of (2.2.14).

dPi
dt

= κUi

(
Ii −

µ

ξ

)
(2.2.14)

This gives

∫ t

0
dPi =

∫ t

0
κUi(s)

(
Ii(s)−

µ

ξ

)
ds (2.2.15)

We get the following result

Pi(t) = Pi(0) +

∫ t

0
κUi(s)

(
Ii(s)−

µ

ξ

)
ds ≥ 0 (2.2.16)

since the protected cells Pi are recruited from uninfected cells when interferon Ii is above background

level,
µ

ξ
, that is, Ii(t) >

µ

ξ
. Similarly, the result of (6) of the multiscale model system 2.2.1 is a positive

solution since both φV (V, J) and φA are positive constants.
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Consequently, Vi(t) ≥ 0, Fi(t) ≥ 0, Ui(t) ≥ 0, Pi(t) ≥ 0, Ii(t) ≥ 0, Ai(t) ≥ 0, Ji(t) ≥ 0 and Ci(t) ≥ 0

for all time t > 0.

2.2.1.2 Boundedness of solutions

We show that all eight equations are ultimately bounded for t ≥ 0. From the third equation, the viral in-

fection reduces the population of the uninfected cells so that at the onset of the infection, the population of

uninfected cells must be greater or equal to the total cell population at t > 0. The population of uninfected

cells is also reduced as a proportion of the cells become protected. The fifth equation reduces to
µ

ξ
while

the remaining equations reduce to zero at disease-free equilibrium.

This leaves (3) of the multiscale model system (2.2.1) given by

dUi
dt

= −κUi
(
Ii −

µ

ξ

)
(2.2.17)

Ui(t) = Ui(0)exp

{
−κ
∫ t

0

(
Ii(s)−

µ

ξ

)
ds

}
(2.2.18)

Initially, the interferons equal to
µ

ξ
. However, when the interferons are above background level, that is,

µ

ξ

is implies that
(
Ii(s)−

µ

ξ

)
> 0. Therefore, from (2.2.18) we have

lim
t→∞

supUi(t) ≤ lim
t→∞

supUi(0) = Ui(0) = Ni (2.2.19)

Thus, the multiscale model system (2.2.1) is bounded above by Ni and bounded below by 0. Since the

multiscale model system (2.2.1) is positive and bounded, it is well-posed (epidemiologically and mathe-

matically) in the region Φ.

2.3 Determination of disease free equilibrium and its stability

2.3.1 The disease-free equilibrium point

In order to establish the disease-free equilibrium point of the multiscale model system in the disease

compartment we set the right-hand side of the equations of multiscale model system (2.2.1) to zero. When

the equilibrium is disease-free then infectious virions in the blood of an individual will not exist resulting

no transmission of infection. Therefore, the disease-free equilibrium of the multiscale model system

(2.2.1) is given by
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E0 =
(
U0
i , V

0
i , F

0
i , P

0
i , I

0
i , A

0
i , C

0
i , J

0
i

)
=

(
Ni, 0, 0, 0,

µ

ξ
, 0, 0, 0

)
, i = 1, ..., n (2.3.1)

where Ni, a constant, is the initial number of uninfected epithelial cells. A0
i = 0 since this is the time

during which virus replication is not yet observable.

2.3.2 The model reproductive number

The reproductive number, R0 is described as the average number of secondary infections generated by

an infectious individual host brought into an entirely susceptible population [101, 102]. It is an impor-

tant parameter which helps to examine outbreak of disease. For the vast majority of disease outbreaks,

if R0 < 1, this implies that the outbreak dies out, while when R0 > 1, this implies that the outbreak

persists. For FMDV infection in cattle, R0 describes the anticipated number of cattle FMDV infections

generated by an individual animal throughout the whole cycle of virulence of the animal placed in a to-

tally susceptible cattle population. Hence, R0 quantifies transmission of FMDV from animal to animal.

In order to evaluate the basic reproductive number we implement the next generation operator approach

[101]. The multiscale model system (2.2.1) can be expressed as follows:



dX

dt
= f(X,Y, Z),

dY

dt
= g(X,Y, Z),

dZ

dt
= h(X,Y, Z),

(2.3.1)

where

X = (Ui, Pi)

Y = (Ji, Ci)

Z = (Fi, Vi).

The elements of X stand for the number of susceptibles as well as other groups of non-infectious indi-

viduals. The elements of Y stand for the number of infected individuals who are unable to transmit the
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disease. The elements of Z stand for the number of infected individuals able to transmit the disease. We

define g̃(X∗, Z) from [101] by

g̃(X∗, Z) =
εU0

i Vi
ζ

Suppose A = DZh(X∗, g̃(X∗, 0), 0) so that A is expressed as A = M −D.

Then from (1) and (2) of multiscale model system (2.2.1) A becomes

A =


n∑
i 6=j

βij − φA(t)ω ζ

εU0
i −ζ

 (2.3.2)

with

M =


n∑
i 6=j

βij 0

εU0
i 0

 (2.3.3)

and

D =

[
φA(t)ω ζ

0 −ζ

]
(2.3.4)

Therefore, the inverse of matrix D is

D−1 =


1

φA(t)ω

1

φA(t)ω

0
1

ζ

 (2.3.5)

When we multiple M and D−1 we get

MD−1 =


n∑
i 6=j

βij 0

εU0
i 0




1

φA(t)ω

1

φA(t)ω

0
1

ζ

 (2.3.6)

This simplifies to

MD−1 =


∑n

i 6=j βij + εU0
i

φA(t)ω
0

εU0
i

ζ
0

 (2.3.7)
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R0 is the spectral radius (dominant eigenvalue) of MD−1 and so we have the following expression

R0 = ρ
(
MD−1

)

R0i =

∑n
i 6=j βij + εU0

i

φA(t)ω
(2.3.8)

R0 = max {R0i} (2.3.9)

Therefore, the reproductive number R0, is composed of microscale and macroscale disease parameters

ε, ω and βij respectively. When we refer to the formulation for R0 from Equation (2.3.8) we can gather

the following.

(i) The macroscale transmission parameter, βij from Equation (2.3.8) representing the strength of trans-

mission between individuals j and i due to their separation distance contribute to the spread of FMD

infection. The constant α controls the strength of transmission such that when α is small then the

probability of transmission βij from j to i is high and for bigger values of α the transmission be-

tween individuals is low.

(ii) The microscale transmission parameters ε, the infection rate of epithelial cells as well as ω, which

controls rate of clearance of virus from Equation (2.3.8) have an effect on the spread of virus. The

immune response, including ω, helps to reduce FMDV transmission.

Therefore, it can be concluded that both macroscale and microscale factors have an impact on the spread

of FMDV.

2.3.3 Local Stability of the disease free equilibrium (DFE)

In this section we establish the local stability of disease-free equilibrium of the multiscale model system

(2.2.1).

E0 =
(
U0
i , V

0
i , F

0
i , P

0
i , I

0
i , A

0
i , C

0
i , J

0
i

)
=

(
Ni, 0, 0, 0,

µ

ξ
, 0, 0, 0

)
, i = 1, ..., n (2.3.1)

where Ni, a constant, is the initial number of uninfected epithelial cells.

The Jacobian matrix of the multiscale model system (2.2.1) can be calculated at the disease-free equilib-

rium state to give:
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J(E0) =



d2 d6 0 0 0 0 0 0

d7 −d6 0 0 0 0 0 0

0 0 0 0 −d4 0 0 0

0 0 0 0 d4 0 0 0

0 0 0 0 −d8 0 d3 0

0 0 0 0 0 0 0 0

d1 0 0 0 0 0 −d9 d1

0 d5 0 0 0 0 0 −d1


(2.3.2)

where 

d1 = φAω,

d2 = −φAω +

n∑
i 6=j

βij ,

d3 = φU (U)η,

d4 = κNi,

d5 = γζ,

d6 = ζ,

d7 = εNi,

d8 = ξ,

d9 = σ

(2.3.3)

In order to establish the stability of the disease-free-equilibrium we evaluate the eigenvalues of the Jaco-

bian matrix (2.3.2). Given below is the characteristic equation for the eigenvalues.

λ3 (−d8 − λ) (−d9 − λ) (−d1 − λ) [(d2 − λ) (−d6 − λ)− d6d7] = 0 (2.3.4)

We have three zero eigenvalues and λ1 = −d8, λ2 = −d9, λ3 = −d1. We now consider the remaining

expression
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[(d2 − λ) (−d6 − λ)− d6d7] = 0 (2.3.5)

The equation above gives the eigenvalues

λ0 =
− (d6 − d2)±

√
(d6 − d2)2 + 4d6d1 (R0 − 1)

2
(2.3.6)

Therefore, the two eigenvalues are

λ01 =

−
[
(d6 − d2)−

√
(d6 − d2)2 + 4d6d1 (R0 − 1)

]
2

(2.3.7)

and

λ02 =

−
[
(d6 − d2) +

√
(d6 − d2)2 + 4d6d1 (R0 − 1)

]
2

, (2.3.8)

Therefore, the eigenvalues of the characteristic equation are

λ1 = 0,

λ2 = 0,

λ3 = 0,

λ4 = −d8,

λ5 = −d9,

λ6 = −d1,

λ7 =

−
[
(d6 − d2)−

√
(d6 − d2)2 + 4d6d1 (R0 − 1)

]
2

,

λ8 =

−
[
(d6 − d2) +

√
(d6 − d2)2 + 4d6d1 (R0 − 1)

]
2

If R0 < 1, then this implies λ7 < 0. Therefore, all eigenvalues of the multiscale model system (2.2.1)

will be zero or negative. Due to the existence of zero eigenvalues, further analysis on the stability of E0

is performed by implementing the center manifold theorem in section (2.4.3). From the proof of Theorem

2.6 the analysis establishes that the disease-free equilibrium point E0, of the model system (2.2.1) is

locally asymptotically stable whenever R0 < 1 and unstable otherwise. This result is summarized as

follows.
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Theorem 2.2. The disease-free equilibrium point E0, of the multiscale model system (2.2.1) is locally

asmptotically stable wheneverR0 < 1 and unstable otherwise.

2.3.4 Global stability of the disease-free equilibrium

To determine the global stability of DFE of the multiscale model system (2.2.1), we use (Theorem 2) in

[103] to establish that the DFE is globally asymptotically stable whenever R0 < 1 and unstable when

R0 > 1. In this section, we write down two conditions that when satisfied, also warrant the global

asymptotic stability of the disease free state. Therefore, writing the multiscale model system (2.2.1) in the

following way we get:


dX

dt
= F (X,Z),

dZ

dt
= G(X,Z), G(X, 0) = 0

(2.3.1)

where X = (Ui, Pi) stands for all uninfected components and Z = (Vi, Fi, Ii, Ai, Ci, Ji) stands for all

infected and infectious components;

U0 = (X∗; 08) whereX∗ =

(
Ni,

µ

ξ

)
, i = 1, ..., n (2.3.2)

stands for the disease-free equilibrium of the multiscale model system (2.2.1). In order to ensure that the

equilibrium is globally asymptotic stable, the conditions (H1) and (H2) below should be satisfied [101]:

(H1) For
dX

dt
= F (X, 08), X∗ is globally asymptotically stable (g.a.s);

(H2) G(X,Z) = AZ − Ĝ(X,Z), Ĝ(X,Z) ≥ 0 for (X,Z) ∈ R8
+, A ∈M(6× 6)

where the Jacobian A =
∂G

∂Z
= DZG(X∗, 08) is an M -matrix (the off diagonal elements of A are non-

negative) and R8
+ is the region where the model makes biological sense.

Here we have

F (X, 08) =

−κUi
(
Ii −

µ

ξ

)
κUi

(
Ii −

µ

ξ

)
 (2.3.3)

Interferon production, Ii is stopped when most of the uninfected cells are protected.

Therefore, we can deduce from (2.3.3) that X∗ =

(
Ni;

µ

ξ

)
is globally asymptotically stable.
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G(X,Z) =



ζFi − φA(t)ωVi +

n∑
i 6=j

βijVj

εUiVi − ζFi
µ− ξIi + φU (U)ηCi

φV (V, J)φA

φAω(Vi + Ji)− σCi
ωζFi − φAωJi


(2.3.4)

A =



n∑
i 6=j

βij − φA(t)ω ζ 0 0 0 0

εNi −ζ 0 0 0 0

0 0 −ξ 0 φU (U)η 0

0 0 0 0 0 0

φAω 0 0 0 −σ φAω

0 γζ 0 0 0 −φAω


(2.3.5)

Therefore we have

G(X,Z) =



ζFi − φA(t)ωVi +

n∑
i 6=j

βijVj

εUiVi − ζFi
µ− ξIi + φU (U)ηCi

φV (V, J)φA

φAω(Vi + Ji)− σCi
ωζFi − φAωJi


=



n∑
i 6=j

βij − φA(t)ω ζ 0 0 0 0

εNi −ζ 0 0 0 0

0 0 −ξ 0 φU (U)η 0

0 0 0 0 0 0

φAω 0 0 0 −σ φAω

0 γζ 0 0 0 −φAω


Z−Ĝ(X,Z)

(2.3.6)

Ĝ(X,Z) =



Ĝ1(X,Z)

Ĝ2(X,Z)

Ĝ3(X,Z)

Ĝ4(X,Z)

Ĝ5(X,Z)

Ĝ6(X,Z)


=



0

εNiVi − εUiVi
0

0

0

0


(2.3.7)
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=



0

εVi(Ni − Ui)
0

0

0

0


(2.3.8)

The result clearly shows that A is an M -matrix, as it has non-negative off diagonal elements. Since

0 ≤ Ui ≤ Ni, then it implies that Ĝ(X,Z) ≥ 0. It is also clear that the disease-free equilibrium point

X∗ =

(
Ni;

µ

ξ

)
is globally asymptotically stable (GAS) equilibrium of

dX

dt
= F (X, 0). Hence, the

disease-free equilibrium E0 = (X∗, 08) is globally asymptotically stable.

Theorem 2.3. The disease-free equilibrium of the multiscale model system (2.2.1) is globally asymptoti-

cally stable ifR0 ≤ 1 and the assumptions (H1) and (H2) are satisfied.

Remark 2.4. This result rules-out the existence of backward bifurcation in this model setting since the

disease-free equilibrium is globally-asymptotically stable whenR0 ≤ 1.

2.4 The endemic equilibrium and its stability

At the endemic equilibrium the cattle population is invaded by the FMD virus. The endemic equilibrium

is given as follows:

E∗ = (U∗i , V
∗
i , F

∗
i , P

∗
i , I
∗
i , A

∗
i , C

∗
i , J

∗
i ) , i = 1, ..., n (2.4.1)

satisfies
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

0 = ζF ∗i − φAωV ∗i +
n∑

i=1,i 6=j
βijV

∗
j ,

0 = εU∗i V
∗
i − ζF ∗i ,

0 = −κU∗i
(
I∗i −

µ

ξ

)
,

0 = κU∗i

(
I∗i −

µ

ξ

)
,

0 = µ− ξI∗i + φU (U)ηC∗i ,

0 = φV (Vi, Ji)φA(t),

0 = φAω(V ∗i + J∗i )− σC∗i ,

0 = γζF ∗i − φAωJ∗i

(2.4.2)

for all U∗i , V
∗
i , F

∗
i , P

∗
i , I
∗
i , A

∗
i , C

∗
i , J

∗
i > 0, i = 1, ..., n.

2.4.1 The endemic equilibrium

The endemic value of the proportion of uninfected cells is given by

U∗i =
φAωV

∗
i −

∑n
i=1,i 6=j βijV

∗
j

εV ∗i
(2.4.1)

We deduce from Equation (2.4.1) that the equilibrium state associated with the proportion of uninfected

cells is proportional to the rate at which virus is cleared, the amount of antibody produced, the strength

of transmission between individuals within a spatial network as well as the rate of infection of cells in the

blood. The endemic value of infected cells is expressed as follows:

F ∗i =
φAωV

∗
i −

∑n
i=1,i 6=j βijV

∗
j

ϑ
(2.4.2)

We deduce from Equation (2.4.2) that the equilibrium state related to the infected cells corresponds to

the rate of infected cells bursting, the amount of antibody produced, the strength of transmission between
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individuals within a spatial network, the rate of infection of cells in the blood and to the clearance rate of

virus. The endemic value of the non-infectious material is given by

J∗i =
γζF ∗i
φAω

(2.4.3)

We deduce from Equation (2.4.3) that the equilibrium state associated with the non-infectious material

from the burst infected cells is proportional to the rate at which the virus is cleared, the amount of antibody

produced and the rate of infected cells bursting. The endemic value of the virus-antibody complex is given

by

C∗i =
φAω(V ∗i + J∗i )

σ
(2.4.4)

We deduce from Equation (2.4.4) that the equilibrium state related to virus-antibody complex corresponds

to the amount of antibody produced, the rate of clearance of virus-antibody complexes and the clearance

rate of the virus. The endemic value of virions in blood is given by

V ∗i =
ζF ∗i
εU∗i

(2.4.5)

We deduce from Equation (2.4.5) that the equilibrium state associated with virions in blood corresponds

to the rate of bursting of infected cells as well as the rate of infection of cells from the blood. The endemic

value of the interferon is given by

I∗i =
µ

ξ
+
φU (U)ηC∗i

ξ
(2.4.6)

We deduce from Equation (2.4.6) that the equilibrium state associated with the background production

of interferon, background clearance of interferon as well as production rate of interferon. Therefore, the

endemic equilibrium of the multiscale model system (2.2.1) given by Equations (2.4.1)-(2.4.6) depend on

both microscale and macroscale parameters.

2.4.2 The Existence of the Endemic Equilibrium State

This section gives some solutions regarding the existence of an endemic equilibrium for the multiscale

model system (2.2.1) implementing the threshold parameter,R0.

Theorem 2.5. The multiscale model system (2.2.1) formulated in terms of proportions has at least one

endemic equilibrium solution given by

E∗ = (U∗i , V
∗
i , F

∗
i , P

∗
i , I
∗
i , A

∗
i , C

∗
i , J

∗
i ) , i = 1, ..., n (2.4.1)
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with U∗i , V
∗
i , F

∗
i , P

∗
i , I
∗
i , A

∗
i , C

∗
i , J

∗
i all non-negative for all i = 1, ..., n, whose existence and properties

are determined by the threshold parameterR0 where

R0i =

∑n
i 6=j βij + εU0

i

φAω
(2.4.2)

Proof. Let E∗ = (U∗i , V
∗
i , F

∗
i , P

∗
i , I
∗
i , A

∗
i , C

∗
i , J

∗
i ) , i = 1, ..., n be a constant solution of the multiscale

model system (2.2.1). We can simply present U∗i , F
∗
i , P

∗
i , I
∗
i , A

∗
i , C

∗
i , J

∗
i , i = 1, ..., n in terms of V ∗i in

the form



U∗i =
φAω(1−R0i) + εU0

i

ε
,

F ∗i =
V ∗i [φAω(1−R0i) + εU0

i ]

ζ
,

I∗i =
µσ + φU (U)η(V ∗i φAω + γV ∗i [φAω(1−R0i) + εU0

i ])

ξσ
,

C∗i =
V ∗i φAω + γV ∗i [φAω(1−R0i) + εU0

i ]

σ

(2.4.3)

We substitute the equations in (2.4.3) into the expression for Vi to give the following:

dVi
dt

= ζFi − φAωVi +
n∑
i 6=j

βijVj (2.4.4)

= V ∗i [φAω(1−R0i) + εU0
i ]− φAωV ∗i +

n∑
i 6=j

βijV
∗
j

= V ∗i [φAω(1−R0i) + εU0
i − φAω +

n∑
i 6=j

βij ] (2.4.5)

where V ∗i 6= 0

Consequently, there exists one unique endemic equilibrium for the multiscale model system (2.2.1) when-

everR0 > 1.
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2.4.3 Local stability of the Endemic Equilibrium

In this section we find the local asymptotic stability of the endemic steady state of the multiscale model

system (2.2.1) through the implementation of the center manifold theory detailed in [101]. Therefore, by

applying the theory we change variables of the multiscale model system (2.2.1). We now set Vi = x1,

Fi = x2, Ui = x3, Pi = x4, Ii = x5, Ai = x6, Ci = x7 and Ji = x8. We also apply the vector

notation x = (x1, x2, x3, x4, x5, x6, x7, x8)T so that the multiscale model system (2.2.1) can be expressed

as follows:

dx
dt

= f(x, ε∗) (2.4.1)

where

f = (f1, f2, f3, f4, f5, f6, f7, f8) (2.4.2)

Therefore, the multiscale model system (2.2.1) can be rewritten as

dx1

dt
= f1 = ζx2 − φAωx1 +

∑
i 6=j

βijx1,

dx2

dt
= f2 = εx3x1 − ζx2,

dx3

dt
= f3 = −κx3

(
x5 −

µ

ξ

)
,

dx4

dt
= f4 = κx3

(
x5 −

µ

ξ

)
,

dx5

dt
= f5 = µ− ξx5 + φU (U)ηx7, (2.4.3)

dx6

dt
= f6 = φV (V, J)φA,

dx7

dt
= f7 = φAω(x1 + x8)− σx7,

dx8

dt
= f8 = γζx2 − φAωx8

The approach encompasses calculating the Jacobian matrix of the multiscale system (2.4.3) at the disease-

free equilibrium E0 signified by J(E0). The matrix corresponding to the multiscale system (2.4.3) evalu-

ated at the disease-free equilibrium is given by
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J(E0) =



d2 d6 0 0 0 0 0 0

d7 −d6 0 0 0 0 0 0

0 0 0 0 −d4 0 0 0

0 0 0 0 d4 0 0 0

0 0 0 0 −d8 0 d3 0

0 0 0 0 0 0 0 0

d1 0 0 0 0 0 −d9 d1

0 d5 0 0 0 0 0 −d1


(2.4.4)

where 

d1 = φAω,

d2 = −φAω +

n∑
i=1,i 6=j

βij ,

d3 = φU (U)η,

d4 = κNi,

d5 = γζ,

d6 = ζ,

d7 = ε∗Ni,

d8 = ξ,

d9 = σ

(2.4.5)

By making the use of of an approach similar to the one in section (2.3.3), we can obtain the basic repro-

ductive number of the multiscale system (2.4.3) given by

R0i =

∑n
i=1,i 6=j βij + ε∗U0

i

φAω
(2.4.6)

Setting ε = ε∗ as the bifurcation parameter and also, letting R0 = 1 and determining ε∗ in (2.4.6), this

gives
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ε∗ =
φAω −

∑n
i=1,i 6=j βij

U0
i

(2.4.7)

We can highlight that the linearized system of the transformed equations (2.4.3) with bifurcation point ε∗

has a simple zero eigenvalue. Consequently, the center manifold theory [101] can be utilized to examine

the dynamics of the multiscale system (2.4.3) close to ε∗.

Theorem 2.6. Consider the following general system of ordinary differential equations with parameter φ:

dx

dt
= f(x, φ) (2.4.8)

f : Rn × R→ R. f : C2
(
R2 × R

)
.

where 0 is an equilibrium of the system, that is, f(0, φ) = 0 for all φ, and assume that

(A1) A = Dxf(0, 0) = ((∂fi/∂xj)(0, 0)) is a linearization matrix of the multiscale system (2.4.3)

around the equilibrium 0 with φ evaluated at 0. Zero is a simple eigenvalue of A, and other eigen-

values have negative real parts.

(A2) matrix A has a right eigenvector u and a left eigenvector v corresponding to the zero eigenvalues.

Let fk be the kth component of f and



a =

n∑
k,i,j=1

ukvivj
∂2fk
∂xi∂xj

(0, 0),

b =
n∑

k,i,j=1

ukvi
∂2fk
∂xi∂φ

(0, 0),

(2.4.9)

The local dynamics of (2.4.8) around 0 are totally governed by a and b and are summarized as follows.

(i) a > 0 and b > 0. When φ < 0 with |φ| � 1, 0 is locally asymptotically stable, and there exists

a positive unstable equilibrium: when 0 < φ � 1, 0 is unstable and there exists a negative and
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locally asymptotically stable equilibrium.

(ii) a < 0 and b < 0. When φ < 0 with |φ| � 1, 0 is unstable, when 0 < φ � 1, 0 is asymptotically

stable, and there exists a positive unstable equilibrium.

(iii) a > 0 and b < 0. When φ < 0 with |φ| � 1, 0 is unstable, and there exists a locally asymptotically

stable negative equilibrium; when 0 < φ � 1, 0 is stable and a positive unstable equilibrium ap-

pears.

(iv) a < 0 and b > 0. When φ changes from negative to positive, 0 changes its stability from stable to

unstable. Correspondingly a negative unstable equilibrium becomes positive and locally asymptot-

ically stable.

To implement Theorem 2.6, the following calculations are neccessary (note that ε∗ is the bifurcation pa-

rameter instead of φ in Theorem 2.6).

WhenR0 = 1, we can demonstrate that the Jacobian matrix of the multiscale system (2.4.3) at ε∗ (denoted

by Jε∗) has a right eigenvector corresponding to the zero eigenvalue expressed below:

u = (u1, u2, u3, u4, u5, u6, u7, u8)T , (2.4.10)

such that



d2 d6 0 0 0 0 0 0

d7 −d6 0 0 0 0 0 0

0 0 0 0 −d4 0 0 0

0 0 0 0 d4 0 0 0

0 0 0 0 −d8 0 d3 0

0 0 0 0 0 0 0 0

d1 0 0 0 0 0 −d9 d1

0 d5 0 0 0 0 0 −d1





u1

u2

u3

u4

u5

v6

v7

v8


=



0

0

0

0

0

0

0

0


(2.4.11)

where
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

u1 = 1,

u2 = 1,

u3 = 0,

u4 = u4 > 0,

u5 = 0,

u6 = u6 > 0

u7 = 0,

u8 =
γζ

φAω

(2.4.12)

Furthermore, the left eigenvector of the jacobian matrix in (2.4.4) corresponding to the zero eigenvalue at

ε∗ such that

[
v1 v2 v3 v4 v5 v6 v7 v8

]



d2 d6 0 0 0 0 0 0

d7 −d6 0 0 0 0 0 0

0 0 0 0 −d4 0 0 0

0 0 0 0 d4 0 0 0

0 0 0 0 −d8 0 d3 0

0 0 0 0 0 0 0 0

d1 0 0 0 0 0 −d9 d1

0 d5 0 0 0 0 0 −d1


=
[
0 0 0 0 0 0 0 0

]
(2.4.13)

and satisfying the condition v.u = 1.

From (2.4.13) we obtain:

v = (v1, v2, v3, v4, v5, v6, v7, v8)T , (2.4.14)

where



Chapter 2 41



v1 =
[− (d1d6 + d5d7) ζφAω + d6 (d2 + d7) γζε∗Ni]

[− (d1d6 + d5d7) ζφAω + (d2d5 − d1d6) ε∗NiφAω + d6 (d2 + d7) γζε∗Ni]
,

v2 =
[(d2d5 − d1d6) ε∗NiφAω]

[− (d1d6 + d5d7) ζφAω + (d2d5 − d1d6) ε∗NiφAω + d6 (d2 + d7) γζε∗Ni]
,

v3 = v3 > 0,

v4 = 0,

v5 = 0

v6 = 0,

v7 = 0,

v8 = 0

(2.4.15)

When we determine the dot product v.u = 1 we obtain

v.u = v1.u1 + v2.u2

=

(
[− (d1d6 + d5d7) ζφAω + d6 (d2 + d7) γζε∗Ni]

[− (d1d6 + d5d7) ζφAω + (d2d5 − d1d6) ε∗NiφAω + d6 (d2 + d7) γζε∗Ni]

)

+

(
[(d2d5 − d1d6) ε∗NiφAω]

[− (d1d6 + d5d7) ζφAω + (d2d5 − d1d6) ε∗NiφAω + d6 (d2 + d7) γζε∗Ni]

)

=

(
[− (d1d6 + d5d7) ζφAω + (d2d5 − d1d6) ε∗NiφAω + d6 (d2 + d7) γζε∗Ni]

[− (d1d6 + d5d7) ζφAω + (d2d5 − d1d6) ε∗NiφAω + d6 (d2 + d7) γζε∗Ni]

)

= 1

(2.4.16)

We now calculate the parameters of bifurcation a and b, by determining the value of the nonzero second-

order mixed derivatives of F in regard to the variables and ε∗ to get the signs of a and b. The sign of a

corresponds to, the following nonvanishing partial derivatives of F:
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
∂2f2

∂x3∂x1
=

∂2f2

∂x1∂x3
= ε∗

∂2f4

∂x3∂x5
=

∂2f4

∂x5∂x3
= κ

(2.4.17)

Similarly, the sign of b corresponds to the following non-vanishing partial derivatives of F:

∂2f2

∂x1∂ε∗
= x3 = Ni (2.4.18)

Substituting expression (2.4.12), (2.4.15) and (2.4.17) into (2.4.9), we get


a = 2u2v3v1

∂2f2

∂x3∂x1

= 2
[− (d1d6 + d5d7) ζφAω + d6 (d2 + d7) γζε∗Ni]

[− (d1d6 + d5d7) ζφAω + (d2d5 − d1d6) ε∗NiφAω + d6 (d2 + d7) γζε∗Ni]
ε∗v3

(2.4.19)

On the other hand, when we substitute expressions (2.4.12), (2.4.15) and (2.4.18) into (2.4.9), we get


b = u2v1

∂2f2

∂x1∂ε∗

=
[− (d1d6 + d5d7) ζφAω + d6 (d2 + d7) γζε∗Ni]

[− (d1d6 + d5d7) ζφAω + (d2d5 − d1d6) ε∗NiφAω + d6 (d2 + d7) γζε∗Ni]
Ni

(2.4.20)

When d2d5 > d1d6 then a > 0 and b > 0. It follows that the foot-and-mouth disease model (2.4.3)

exhibits a backward bifurcation whenever the threshold parameter R0 crosses unity. This shows the co-

existence of disease-free and endemic equilibrium at R0 slightly less than unity. Implementing Theorem

2.6, item (i), enables us to establish the following result which is only valid forR0 > 1 but near 1. When

forward bifurcation occurs, the condition R0 < 1 is usually a necessary and sufficient condition for dis-

ease eradication, however, it is no longer sufficient when a backward bifurcation occurs. In the case of

backward bifurcation there exists a subcritical transcritical bifurcation atR0 = 1 and a saddle-node bifur-

cation at R0 = Rsn0 < 1. On the other hand, when d2d5 < d1d6 then a < 0 and b < 0. Implementing

Theorem 2.6, item (ii), enables us to establish the following result which is only valid forR0 > 1 but near

1.

Theorem 2.7. The FMD endemic steady state of model system (2.2.1) guaranteed by theorem 2.6 is locally

asymptotically stable forR0 > 1 near 1.
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2.5 Numerical analysis

This section presents computer simulations for the multiscale model system (2.2.1)’s behaviour performed

using Python program version 3.6 on the Windows 10 operation system. The numerical simulations of

the multiscale model system (2.2.1) were carried out to explain some of the systematic results that we

got. We used the estimated parameter values presented in Table 2.2 for sensitivity and numerical analysis.

A certain amount of the parameter values implemented in the simulations are results from publications

and the others are estimates. The following are initial conditions implemented for these simulations:

Vi(0) = 0, Fi(0) = 0, Ui(0) = 500, Pi(0) = 0, Ii(0) =
µ

ξ
,Ai(0) = 0, Ci(0) = 0, Ji(0) = 0 for each

individual i. We considered a population of n = 100 individuals in a spatial network.

Symbol Description Value Unit Source
ε Rate of infection of cells from the blood 0.03 TCID50mlday−1 [7]
ζ Bursting rate of infected cells 0.23 day−1 [7]
γ Non-infectious material per TCID50ml−1 0.01 None [7]
σ Rate of clearance of virus-antibody complexes 0.009 day−1 [7]
η Rate at which interferon is produced per complexes 0.03 TCID−1

50 mlday−1 [7]
κ Protection rate of uninfected cells 0.001 cell−1day−1 [7]
µ Interferon rate of production 0.06 IU ml−1 day−1 [7]
ξ Interferon rate of clearance 0.056 day−1 [7]
φA Production rate of antibody 10 LPBE-titre day−1 [7]
βij Transmission rate of FMDV virus between hosts 0.5 Estimate
ω Clearance rate of virus 0.06 LPBE-titre−1 [7]

Table 2.2: Model parameter values corresponding to the transmission dynamics of FMD.

2.5.1 Sensitivity Analysis

This section presents the analysis of sensitivity for the FMDV transmission indicators obtained from the

multiscale model to the model parameters. The transmission indicator we consider is the basic reproduc-

tive number, R0 that generally describes the dynamics for a disease at the beginning of an infection. For

any particular epidemic model that illustrates the disease dynamics within a particular population, a sen-

sitivity analysis study is important to perform since it enables us to establish model parameters which can

be marked for control, elimination as well as eradication of disease. Therefore, the analysis of sensitivity

of the FMDV metricR0, in relation to the variation of FMD multiscale model parameters is carried out by

implementing Latin Hypercube Sampling and Partial Rank Correlation Coefficients (PRCCs). In order to

explore the influence of each model parameter on the basic reproduction number, R0 we perfomed 1000

simulations per run. The results of sensitivity ofR0 to the model parameters are presented by the Tornado

plot, Fig. 2.2

According to the sensitivity analysis results of R0 to the multiscale model system (2.2.1)’s parameters

obtained in Fig. 2.2, we deduce these outcomes:
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Figure 2.2: Tornado plot of partial rank correlation coefficients (PRCCs) of the multiscale model param-
eters that impact the FMDV transmission indicatorR0

(a) The multiscale model system (2.2.1)’s parameters have both positive PRCCs and negative PRCCs.

This implies that parameters with positive PRCCs will increase the value of R0 as they are in-

creased, where as parameters with negative PRCCs will decrease the value for R0 as they are in-

creased. For example, an increase in a parameter like rate of infection of cells from the blood, ε at

the within-host level will consequently increase the value of R0, and also increasing a parameter

like rate at which virus is cleared, ω leads to decrease inR0.

(b) The FMDV transmission metric R0 is extremely sensitive to five of the disease parameters of the

multiscale model system (2.2.1), ( βij , U0, φ, ω, ε). We note that R0 indicates spread of FMDV

during the beginning of the outbreak. The following conclusions regarding sensitivity of R0 to the

FMDV multiscale model system (2.2.1)’s parameters can be established.

(i) SinceR0 is significantly sensitive to (βij , U0, φ, ω, ε), this implies that caution must be applied

on the accuracy of these five FMDV multiscale model system (2.2.1)’s parameters during the

collection of data if the effectiveness and usefulness of the FMDV multiscale model system

(2.2.1) is to be intensified.
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(ii) In view of the fact that R0 is responsive to the transmission rate between the cattle, βij (the

between-host level parameter) it implies that FMD interventions such as quarantines would be

more effective to control the spread of FMD infection at the beginning of the outbreak.

(iii) SinceR0 is significantly sensitive to the initial susceptible epithelial cells, U0 (the within-host

level parameter) and the rate of infection of cells from the blood, ε this implies that FMD

interventions such as vaccination (which reduces susceptible epithelial cells within the cattle)

would be more effective to control the spread of FMD infection at the beginning of outbreak.

(iv) SinceR0 is significantly sensitive to the rate of production of antibodies, φA and rate at which

FMDV virus is cleared, ω this implies that FMD interventions such as vaccination (which in-

creases the rate of antibody production and clearance of FMDV virus) would be more effective

to control the spread of FMD infection at the beginning of outbreak.

2.5.1.1 Influence of within-host scale parameters of the FMD multiscale model dynamics

In this section, we demonstrate by implementing numerical simulations the impact of within-host scale

parameters

Figure 2.3: Graphs of numerical results of the model system (2.2.1) demonstrating the advancement with time of (a)

concentration of virions in the blood for individual 1, V1, (b) concentration of virions in the blood for individual 2,

V2, (c) infected cells for individual 1, F1, (d) infected cells for individual 2, F2 for variant values of infection rate of

cells from the blood for individual 1, ε1 : ε1 = 0.003, ε1 = 0.03 and ε1 = 0.3
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Figure 2.3 represents the graphs of numerical results of model system (2.2.1) demonstrating the progres-

sion in time of (a) concentration of virions in the blood for individual 1, V1, (b) concentration of virions in

the blood for individual 2, V2, (c) infected cells for individual 1, F1, (d) infected cells for individual 2, F2

for variant values of infection rate of cells from the blood for individual 1, ε1 : ε1 = 0.003, ε1 = 0.03 and

ε1 = 0.3. From these results we can see that as the rate of infection of cells from the blood for individual

1, ε1 increases, there is significant increase in the concentration of virions in the blood for individual 1,

concentration of virions in the blood for individual 2, infected cells for individual 1, infected cells for

individual 2. These results reflect that interventions such as vaccination of cattle will reduce the rate of

infection of cells from the blood leading to a reduced risk of transmission of FMD for the individual in

the community.

Figure 2.4: Graphs of numerical results of the model system (2.2.1) demonstrating the advancement with time of

(a) concentration of virions in the blood for individual 1, V1, (b) concentration of virions in the blood for individual

2, V2, (c) infected cells for individual 1, F1, (d) infected cells for individual 2, F2 for variant values of rate at which

virus is cleared for individual 1, ω1 : ω1 = 0.006, ω1 = 0.06 and ω1 = 0.6

Figure 2.4 demonstrates the impact of variation of rate at which virus is cleared, ω1 : ω1 = 0.006, ω1 =

0.06 and ω1 = 0.6 on the within-host scale variables Vi, Fi, Ui, Pi, Ii, Ai, Ci, Ji. The outcomes demon-

strate that a decrease in ω is related to an increment in the within-cattle scale variables (Vi, Fi, Ii, Ci, Ji).

An increment in the within-cattle scale variables like Vi and Fi implies that there is an increase in FMDV

shedding into the environment and an increase in the strength of transmission of FMDV , β, throughout the

cattle population. The within-host scale variables Ii, Ci, Ai represent the early immune response which
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intensifies as rate at which virus is cleared decreases.

2.5.1.2 Influence of between-host scale parameters of the FMD multiscale model dynamics

Figure 2.5: Graphs of numerical results of the model system (2.2.1) demonstrating the advancement with time of

all model variables for variant values of rate of transmission of virus from individual 2 to individual 1, β21 : β21 =

0.003, β21 = 0.03 and β21 = 0.3

Figure 2.5 represents the graphs of numerical results of the model system (2.2.1) demonstrating the ad-

vancement with time of all model variables for variant values of rate of transmission of virus from indi-

vidual 2 to individual 1, β21 : β21 = 0.003, β21 = 0.03 and β21 = 0.3. Results indicate that as the rate of

transmission of virus from individual 2 to individual 1 increases, there is an increase in the within-cattle

scale variables like V1 and F1.
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2.5.1.3 Network of cattle population

Figure 2.6: The diagram represents the network degree distribution in the cattle population

In Figure 2.6 the diagram represents a network of a population of 50 cattle that has been generated using

age-dependent data. The size of each node represents the number of contacts of cattle in the network. The

nodes that have the same colour represent cattle of the same age group.
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Figure 2.7: The diagram represents the network degree distribution in the cattle population
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2.6 Effects of stochasticity on the model

In this section we introduce a white noise (dWQ/dt) (that is, W(t) is a Brownian motion), where Q =

{Vi, Fi, Ui, Pi, Ii, Ai, Ci, Ji}, into multiscale model system (2.2.1) which becomes

dVi =

ζFi − φA(t)ωVi +

n∑
i 6=j

βijVj

 dt+ σV VidWV (t),

dFi = [εUiVi − ζFi] dt+ σFFidWF (t),

dUi =

[
−κUi

(
Ii −

µ

ξ

)]
dt+ σUUidWU (t),

dPi =

[
κUi

(
Ii −

µ

ξ

)]
dt+ σPPidWP (t),

dIi = [µ− ξIi + φU (U)ηCi] dt+ σIIidWI(t),

dAi = [φV (V, J)φA(t)] dt+ σAAidWA(t),

dCi = [φA(t)ω(Vi + Ji)− σCi] dt+ σCCidWC(t),

dJi = [γζFi − φA(t)ωJi] dt+ σJJidWJ(t)

(2.6.1)

We set W (t) = WV (t),WF (t),WU (t),WP (t),WI(t),WA(t),WC(t),WJ(t) an 8-dimensional Wiener

process that is defined on this probability space. Further, the constants σV , σF , σU , σP , σI , σA, σC , σJ
are non-negative and describe the intensities of the stochastic pertubations. Let us assume that the com-

ponents of the 1-dimensional Wiener process Wi are mutually independent. It can be shown that the SDE

model (2.6.1) has at least a unique global solution in order for the model to have meaning and also that

the solution will always remain positive whenever the initial conditions are positive. Let us consider the

following proposition.

Proposition 2.8. For model (2.6.1) and any initial value in R8
+, there is a unique solution

L = (Vi, Fi, Ui, Pi, Ii, Ai, Ci, Ji) where i = 1, ..., n of the system (2.6.1) for t ≥ 0 which will remain in

R8
+ with probability one.
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Figure 2.8: Graphs of numerical results of infectious virions in blood in the 1st individual, V1 of the

multiscale SDE model system (2.6.1) with the ODE multiscale model system (2.2.1) solutions. For the

SDE dt = 0.01 and σ = 0.3

Figure 2.8 demonstrates the graphs of numerical results of infectious virions in blood in the 1st individual,

V1 of the multiscale SDE model system (2.6.1) with the ODE multiscale model system (2.2.1) solutions.

For the SDE dt = 0.01 and σ = 0.3. The solution for the stochastic multiscale model is obtained using

the Milsten method.

Figure 2.9: Graphs of numerical results of the infected cells in the 1st individual, F1 of the multiscale SDE
model system (2.6.1) with the ODE multiscale model system (2.2.1) solutions. For the SDE dt = 0.01

and σ = 0.3
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Figure 2.9 demonstrates the graphs of numerical results of the infected cells in the 1st individual, F1 of

the multiscale SDE model system (2.6.1) with the ODE multiscale model system (2.2.1) solutions. For

the SDE dt = 0.01 and σ = 0.3 The solution for the stochastic multiscale model is obtained using the

Milsten method.

Figure 2.10: Graphs of numerical results of the Virus-antibody complex in the 1st individual, C1 of the
multiscale SDE model system (2.6.1) with the ODE multiscale model system (2.2.1) solutions. For the

SDE dt = 0.01 and σ = 0.3

Figure 2.10 demonstrates the graphs of numerical results of the Virus-antibody complex in the 1st indi-

vidual, C1 of the multiscale SDE model system (2.6.1) with the ODE multiscale model system (2.2.1)

solutions. For the SDE dt = 0.01 and σ = 0.3 For the SDE dt = 0.01 and σ = 0.3. The solution for the

stochastic multiscale model is obtained using the Milsten method.

Figure 2.11 demonstrates the graphs of numerical results of the non-infectious material in the 1st indi-

vidual, J1 of the multiscale SDE model system (2.6.1) with the ODE multiscale model system (2.2.1)

solutions. For the SDE dt = 0.01 and σ = 0.3. The solution for the stochastic multiscale model is

obtained using the Milsten method.
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Figure 2.11: Graphs of numerical results of the non-infectious material in the 1st individual, J1 of the
multiscale SDE model system (2.6.1) with the ODE multiscale model system (2.2.1) solutions. For the

SDE dt = 0.01 and σ = 0.3

2.7 Summary

In this chapter, we characterised an individual-based network modelling multiscale model of foot-and-

mouth disease at host-level. The derivation of the model is achieved by first developing a within-cattle

model and then embedding the model into a spatial network of N cattle. Thus, in order to describe

the whole disease dynamics we implemented explicitly the within-cattle model. Through mathematical

analysis the model was determined to be epidemiologically and mathematically sound. The analysis of

sensitivity of the FMDV indicator R0, in relation to the variation of FMD model parameters was carried

out by implementing Latin Hypercube Sampling and Partial Rank Correlation Coefficients (PRCCs). Ap-

plying the model parameter values we carried out the numerical simulations to demonstrate the impact

of five FMD transmission parameters (βij , U0, φ, ω, ε) on the model variables Vi, Fi, Ui, Pi, Ii, Ai, Ci, Ji.

These parameters were only selected because they were significantly responsive toR0. In view of the fact

thatR0 was responsive to the transmission rate between the cattle, βij (the between-host level parameter)

it implied that FMD interventions such as quarantines would be more effective to control the spread of

FMD infection at the beginning of the outbreak. Furthermore, since R0 was significantly responsive to

the rate of production of antibodies, φA and rate at which FMDV virus is cleared, ω this implied that FMD

interventions such as vaccination (which increases the rate of antibody production and clearance of FMDV

virus) would be more effective to control the spread of FMD infection at the beginning of outbreak. The

inclusion of a stochastic model enabled us to capture randomness of disease spread. The application of

this method may be relevant in managing foot-and-mouth disease and can be generalized to numerous

directly transmitted diseases.
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In conclusion, we established that we cannot extend the individual-based network model to a higher

level of organisation using graph-theoretic method. Instead we could use different methods to extend

the individual-based network modelling multiscale model to a higher level. Furthermore, we established

that there is a primary level multiscale cycle of FMD dynamics.
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Host-level Multi-scale model of
Foot-and-Mouth disease in cattle

3.1 Introduction

Infectious disease sytems have been considered as complex systems since they exhibit multilevel and mul-

tiscale nature. The use of multiscale models enables the integration of multiple scales involved in disease

dynamics. In this chapter, we present a nested approach that integrates within-host and between-host

scales of a disease system having a cycle for pathogen replication at the within-host scale for FMD in cat-

tle. In other words, we characterise the host level model of FMD in cattle using the nested approach. We

characterise the effect of the variation on within-cattle and between-cattle parameters on FMD dynamics.

Hence, we are able to establish if the nested approach is applicable to modelling the multiscale dynamics

of infectious diseases with within-cattle scale replication-cycle using FMD as a paradigm. In the case of

environmentally-transmitted disease systems at host-level, the within-cattle scale and between-cattle scale

are used as the key ingredients in developing multiscale models. For FMD in cattle as an environmentally-

transmitted disease system, the within-cattle scale involves the interaction of FMD virus with the suscep-

tible epithelial cells and other immune response cells within the infected cattle. The within-host scale for

each individual will determine how the individual animal will transmit the virus into the environment, thus

spreading the disease at cattle population-level. Transmission at this scale can be altered by interventions

such as vaccination. The between-host scale involves the transmission of FMD virus between the cattle

and their physical environment. This occurs through direct contact with infected animals and through

fomites [90]. Transmission at the between-host scale can be altered through control measures such as

movement restrictions, quarantine ,etc [94].
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Numerous models in the literature have been formulated to investigate the dynamics of FMD infection in

cattle with the aim of controlling, eliminating and eradicating this disease using single-scale modelling

approach [7, 25]. However, to date, there is very limited literature on the modelling of FMD dynamics at

multiscale. To the best of our knowledge the nested multiscale modelling approach we present is a novel

method implemented in formulating the dynamics of FMD in cattle.

3.2 Derivation of the Nested Multiscale Model for the Dynamics of FMD

We consider the between-cattle scale sub-model and the within-cattle scale sub-model to formulate a

multiscale model of infectious diseases at host-level. We establish a nested multiscale model that combines

the between-cattle sub-model related to the dynamics of FMD disease spread and the within-cattle scale

sub-model related to the replication dynamics of FMD virus within infected cattle. In section (3.2.1.1) we

present the two sub-models for FMD transmission dynamics at two scales, the between-cattle scale and

the within-cattle scale and then combine the two sub-models into a multiscale model in section (3.2.1.2).

3.2.1 Development of the Multiscale model for FMD transmission dynamics

3.2.1.1 The two sub-models of FMD transmission dynamics

(1) Between-cattle scale FMDV transmission dynamics. This submodel is demonstrated using the SI

model and tracks the dynamics of two cattle populations namely suscepible cattle (SC) and infected

cattle population,IC . The total cattle population is given by NC = SC + IC . The following

assumptions are now considered for this sub-model.

(i) Infected cattle population can naturally recover from FMD virus infection.

(ii) Transmission parameter β̂C is a function of the number of infected cattle so that β̂C = β̂C(IC).

(iii) The dynamics of SC and IC are both considered to take place at slow time scale, t in com-

parison to the within-cattle scale FDMV transmission dynamics sub-model variables so that

SC = SC(t) and IC = IC(t).

From these assumptions we have the following sub-model for the between-cattle scale FMDV trans-

mission dynamics.

Between-cattle sub-model:



dSC
dt

= ΛC − β̂C (IC)SC − µSCC SC + δCIC

dIC
dt

= β̂C (IC)SC − (δC + µICC )IC

(3.2.1)
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The first equation in the sub-model (3.2.1) represents the susceptible cattle dynamics. This popula-

tion is presumed to have increments through birth at a rate of ΛC and at a constant rate of δC due to

the recovered. The population decays through FMD infection of the susceptible cattle β̂C (IC) and

natural death at a rate µSCC . The second equation in the sub-model (3.2.1) represents the dynam-

ics of FMDV infected cattle. The population increases when susceptible cattle are infected. The

population decays through natural death rate, µICC and mortality rate induced by FMD, δC .

(2) Within-cattle scale FMDV dynamics. The sub-model describes the interplay between antibody, A,

virions in blood, V , interferon, I , uninfected epithelial cells, U , infected epithelial cells, F , non-

infectious material denoted by J , virus-antibody complexes, C and protected cells, P . The within-

cattle scale sub-model was initially developed by Howey [7]. Here we make the following assump-

tions:

(i) The within-cattle scale disease dynamics happen at fast time scale, s in comparison to the

between-cattle scale FMDV sub-model variables so that V = V (s), F = F (s), U = U(s),

P = P (s), I = I(s), A = A(s), C = C(s) and J = J(s).

(ii) The within-cattle scale viral load V = V (s) is a proxy for the individual cattle infectiousness.

Below is the within-cattle scale sub-model.

dV (s)

ds
= ζF (s)− φAωV (s), ..............................(1)

dF (s)

ds
= εU(s)V (s)− ζF (s), ............................(2)

dU(s)

ds
= −κU(s)

(
I(s)− µ

ξ

)
, .........................(3)

dP (s)

ds
= κU(s)

(
I(s)− µ

ξ

)
, ............................(4) (3.2.2)

dI(s)

ds
= µ− ξI(s) + φU (U)ηC(s), ...................(5)

dA(s)

ds
= φV (V, J)φA, .......................................(6)

dC(s)

ds
= φAω(V (s) + J(s))− σC(s), ...............(7)

dJ(s)

ds
= γζF (s)− φAωJ(s), ............................(8)

3.2.1.2 Integrating the two sub-models of FMDV transmission dynamics to form a single multi-
scale model

In order to formulate the model, the individual infectiousness V , connects the within-cattle scale to the

between-cattle scale whereas exposure β̂C(IC), connects between-catle scale to within-cattle scale, [17].
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The within-cattle scale sub-model is unidirectionally coupled to the between-cattle scale FMDV transmis-

sion dynamics sub-model. In order to integrate the two sub-models shown in subsubsection (3.2.1.1) we

make inferences about the association between the independent variables of the within-cattle virus pop-

ulation dynamics, A and V , and the parameters of the between-cattle scale viral transmission dynamics

sub-model, β̂C(IC) and δ̂C . Next we apply the concept of ecosystems to the within-cattle FMDV dynam-

ics in which case we take into consideration FMDV infected cattle as individual microbial ecosystems

that are unevenly distributed and homogeneous [104–106]. Let us consider the following derivations and

assumptions.

(1) Taking FMDV into consideration, when the cattle host is taken as an ecosystem [104–106], then the

cattle host death or survival can be regarded as an appropriate indicator of the emanant ecosystem

property due to FMDV and antibody interplay within an infected animal. Therefore, we make the

presupposition that the disease induced death rate of cattle in the between-cattle scale sub-model

(3.2.1) is an emanant ecosystem property due to FMDV and is a function of the within-cattle scale

FMDV and antibody dynamics such that δ̂C will become δ̂C = δ̂C(V,A).

(2) Additionally, we make the assumption that the parameter of transmission in the between-cattle

scale FMDV spread dynamics sub-model, β̂C(IC), is a function of the between-cattle scale in-

fected cattle IC(t) and the within-cattle scale virus V resulting in β̂C(IC) being rewritten as β̂C =

β̂C(V (s)IC(t)). Furthermore, the quantity V (s)IC(t) is a new variable at between-cattle scale

that is replaced by VC(t) to give VC(t) = V (s)IC(t). In this case VC(t) is the total infectious

resevoir of cattle in the community which we shall call CVL. With reference to CVL, the transmis-

sion parameter β̂C , for between-cattle scale FMD virus transmission dynamics sub-model becomes

β̂C = β̂C(VC(t)). In addition, we presume a Holling type II functional form of the function β̂C(VC)

such that the force of infection, represented by λC(t), related to FMDV infectivity to cattle at com-

munity scale is

λC(t) = β̂C(VC(t)) =
βCVC(t)

V0 + VC(t)
(3.2.3)

where βC is the exposure to CVL per unit through contact and VC is the CVL at the time of contact whilst

λC [VC(t)] =
VC(t)

V0 + VC(t)
(3.2.4)

is probability that random contact with an animal in a community will infect the animal with FMDV in

the community. From expressions (3.2.3) and (3.2.4), V0 is the community FMD viral load that produces

50% chance of getting an individual animal infected with FMD virus after random contact in a community

infected. When we look at the sub-model system (3.2.2), the differential equation of V (s) is

dV (s)

ds
= ζF (s)− φAωV (s) (3.2.5)
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Additionally, when we apply the ecosystems concepts from [104–106] to the within-cattle population

dynamics of FMD virus, we make the assumption that infected cattle in a certain community are small

unevenly distributed and homogeneous habitats where FMDV survives and replicates until it becomes

infectious to susceptible cattle. The rate of change of CVL VC , in the whole commumity that is composed

of IC(t) is given by

dVC
dt

= V (s)αIC(t)− α̂C(V,A)VC (3.2.6)

where α̂C(V,A) is the community wide elimination rate of the total infectious reservoir of cattle VC . The

between-cattle scale FMDV transmission dynamics sub-model can be expressed as



dSC(t)

dt
= ΛC − λC(t)SC(t)− µCSCSC(t) + dCIC(t)

dIC(t)

dt
= λC(t)SC(t)− (δ̂C(V,A) + dC + µC

IC )IC(t)

dVC(t)

dt
= V (s)αIC(t)− α̂C(V,A)VC(t)

(3.2.7)

The complete model for FMD virus transmission dynamics from animal-to-animal is given by
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

dV (s)

ds
= ζF (s)− φAωV (s),

dF (s)

ds
= εU(s)V (s)− ζF (s),

dU(s)

ds
= −κU(s)

(
I(s)− µ

ξ

)
,

dP (s)

ds
= κU(s)

(
I(s)− µ

ξ

)
,

dI(s)

ds
= µ− ξI(s) + φU (U)ηC(s),

dA(s)

ds
= φV (V, J)φA,

dC(s)

ds
= φAω(V (s) + J(s))− σC(s),

dJ(s)

ds
= γζF (s)− φAωJ(s)

dSC(t)

dt
= ΛC − λC(t)SC(t)− µCSCSC(t) + dCIC(t)

dIC(t)

dt
= λC(t)SC(t)− (δ̂C(V,A) + dC + µC

IC )IC(t)

dVC(t)

dt
= V (s)αIC(t)− α̂C(V,A)VC(t)

(3.2.8)

The new multiscale model in (3.2.8) is called nested multiscale model [2]. This approach enables us to

scale up from within-cattle FMD viral dynamics to between-cattle FMD viral spread.

Table 3.1: Description of between-host scale model variables.

Variable Description
SC(t) Susceptible cattle
IC(t) Infectious cattle
VC(t) Community viral load
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Figure 3.1: A schematic diagram of the complete multiscale model of FMDV transmission dynamics.
Note that δC stands for δ̂C(V,A) and αC stands for α̂C(V,A).

Table 3.2: Description of within-host model variables

Variable Description Units Initial value
F Infected cells TCID50 ml−1 0
C Virus-antibody complexes TCID50 ml−1 equiv. 0
P Protected cells Cell 0
U Uninfected cells Cell 1
A Antibody LPBE-titre 0
V Conc. of virions in blood TCID50 ml−1 0
J Non-infectious material TCID50 ml−1 equiv. 0
I Interferon IU ml−1 µ

ξ

3.2.1.3 The simplified model of FMDV transmission dynamics

Due to time-scale discrepancy between the within-cattle scale submodel time-scale and the between-cattle

scale submodel time-scale, we apply a slow and fast time-scale analysis. From the within-cattle sub-

model (3.2.2) we can re-write the model system (3.2.2) using the slow time scale t by assuming a relation

between the fast and slow time-scales to be t = εs where 0 < ε� 1, so that the within-cattle scale FMD

virus spread dynamics sub-model can be re-written in terms of the slow time-scale as follows:
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

ε
dV (t)

dt
= ζF (t)− φAωV (t),

ε
dF (t)

dt
= εU(t)V (t)− ζF (t),

ε
dU(t)

dt
= −κU(t)

(
I(t)− µ

ξ

)
,

ε
dP (t)

dt
= κU(t)

(
I(t)− µ

ξ

)
,

ε
dI(t)

dt
= µ− ξI(t) + φU (U)ηC(t),

ε
dA(t)

dt
= φV (V, J)φA,

ε
dC(t)

dt
= φAω(V (t) + J(t))− σC(t),

ε
dJ(t)

dt
= γζF (t)− φAωJ(t)

(3.2.9)

From the within-cattle scale model system (3.2.9), ε is represents the fast time-scale of the within-cattle

scale submodel in comparison to the slow time-scale of the between-cattle scale FMD viral spread dynam-

ics sub-model. Since 0 < ε� 1, we let ε = 0 so that the within-cattle scale FMD viral spread dynamics

sub-model becomes independent of time and we obtain the following result.
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

ζF̃ − φAωṼ = 0,

εŨ Ṽ − ζF̃ = 0,

−κŨ
(
Ĩ − µ

ξ

)
= 0,

κŨ

(
Ĩ − µ

ξ

)
= 0,

µ− ξĨ + φU (U)ηC̃ = 0,

φV (V, J)φA = 0,

φAω(Ṽ + J̃)− σC̃ = 0,

γζF̃ − φAωJ̃ = 0

(3.2.10)



Ṽ =
ζR0F̃

εU0

F̃ =
εU0

ζR0
Ṽ

Ũ = U0

Ĩ =
µ

ξ

J̃ =
γεU0

φAωR0
Ṽ

C̃ =

[
φAωR0 + γεU0

]
σR0

Ṽ

(3.2.11)

where

R0 =
εU0

φAω
(3.2.12)
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R0 represents the control reproduction number of the within-cattle scale. It is defined as the number of

secondary infections generated by an infected individual when introduced into a population where pro-

portions are protected (that is, not a completely susceptible population). Therefore, the slow and fast

time-scale analysis results in the within-cattle scale submodel system (3.2.2) being condensed to algebraic

equations as illustrated in (3.2.10) which can be resolved to get some values as described by the expres-

sions in equation (3.2.11) which have an effect on the variables and parameters of the between-cattle scale

submodel as shown below:



dSC(t)

dt
= ΛC − λC(t)SC(t)− µCSCSC(t) + dCIC(t)

dIC(t)

dt
= λC(t)SC(t)− (δ̂C(Ṽ , Ã) + dC + µC

IC )IC(t)

dVC(t)

dt
= Ṽ (s)αIC(t)− α̂C(Ṽ , Ã)VC(t)

(3.2.13)

Therefore

N = Ṽ , δC = δ̂C(Ṽ , Ã), αC = α̂C(Ṽ , Ã). (3.2.14)

Consequently, the full multi-scale model (3.2.8) of FMD virus transmission dynamics is simplified to

become



dSC(t)

dt
= ΛC −

βCVC(t)

V0 + VC(t)
SC(t)− µCSCSC(t) + dCIC(t)

dIC(t)

dt
=

βCVC(t)

V0 + VC(t)
SC(t)− (δC + dC + µC

IC )IC(t)

dVC(t)

dt
= NαIC(t)− αCVC(t)

(3.2.15)

where

N =
ζR0F̃

εU0
, R0 =

εU0

φAω
(3.2.16)
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3.3 Mathematical Analysis of the Baseline multi-scale model of Foot-and-
Mouth disease dynamics

3.3.1 Positivity of solutions

Theorem 3.1. A non-negative solution (SC(t), IC(t), VC(t)) exists for all t ≥ 0

Proof. The positivity of the solutions of the model system (3.2.15) is proved using the integrating factor

technique. We consider the first equation in the multiscale model system

dSC(t)

dt
= ΛC −

βCVC(t)

V0 + VC(t)
SC(t)− µCSCSC(t) + dCIC(t) (3.3.1)

We re-write equation (3.3.1) as follows

dSC(t)

dt
+

[
βCVC(t)

V0 + VC(t)
+ µC

SC

]
SC(t) = ΛC + dCIC(t) (3.3.2)

The integrating factor for equation (3.3.2) is

Integrating factor (IF) = e
∫ t
0

[
βCVC (s)

V0+VC (s)
+µC

SC

]
ds

= e

(
βC+µ

SC
C

)
t−βCV0 ln

∣∣∣ V0+VC (t)

V0+VC (0)

∣∣∣ (3.3.3)

We multiple equation (3.3.2) by the integrating factor e
(
βC+µ

SC
C

)
t−βCV0 ln

∣∣∣ V0+VC (t)

V0+VC (0)

∣∣∣ to get

e

(
βC+µ

SC
C

)
t−βCV0 ln

∣∣∣ V0+VC (t)

V0+VC (0)

∣∣∣
.
dSC(t)

dt
+ e

(
βC+µ

SC
C

)
t−βCV0 ln

∣∣∣ V0+VC (t)

V0+VC (0)

∣∣∣
.

[
βCVC(t)

V0 + VC(t)
+ µC

SC

]
SC(t)

= e

(
βC+µ

SC
C

)
t−βCV0 ln

∣∣∣ V0+VC (t)

V0+VC (0)

∣∣∣
. [ΛC + dCIC(t)] (3.3.4)

From the product rule we obtain

d

dt

[
e

(
βC+µ

SC
C

)
t−βCV0 ln

∣∣∣ V0+VC (t)

V0+VC (0)

∣∣∣
.SC(t)

]
= e

(
βC+µ

SC
C

)
t−βCV0 ln

∣∣∣ V0+VC (t)

V0+VC (0)

∣∣∣
. [ΛC + dCIC(t)] (3.3.5)

Dividing both sides by the integrating factor we get

SC(t) = e
−
{(
βC+µ

SC
C

)
t−βCV0 ln

∣∣∣ V0+VC (t)

V0+VC (0)

∣∣∣}
.

∫ t

0
e

(
βC+µ

SC
C

)
s−βCV0 ln

∣∣∣V0+VC (s)

V0+VC (0)

∣∣∣
. [ΛC + dCIC(s)] ds ≥ 0

(3.3.6)
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Similarly, positivity of the other two equations of multiscale model system (3.2.15) is proved using the

integrating factor technique. Consequently, SC(t) ≥ 0, IC(t) ≥ 0, VC(t) ≥ 0 for all time t > 0.

3.3.2 Boundedness of Solutions

Letting NC(t) to represent the total number of cattle population and adding the first and second equation

of the multiscale model system (3.2.15), we get

dNC

dt
= ΛC − µCNC(t)− δCIC(t) (3.3.1)

so that

dNC

dt
≤ ΛC − µCNC(t) (3.3.2)

This means that

lim
t→∞

sup(NC(t)) ≤ ΛC
µC

(3.3.3)

Since NC(t) is the sum of the state variables for susceptible cattle and infected cattle then each of the

individual state variables is less or equal to
ΛC
µC

. Implementing the third equation of the model system

(3.2.15) we get the following inequality

dVC(t)

dt
≤ NαΛC

µC
− αCVC (3.3.4)

since IC(t) ≤ ΛC
µC

. Therefore, the solution of equation (3.3.4) can be obtained by using a suitable inte-

grating factor eαCt to get

VC(t) ≤ NαΛC
αCµC

+ C1e
−αCt (3.3.5)

This implies that

lim
t→∞

sup(VC(t)) ≤ NαΛC
αCµC

(3.3.6)

Letting

Ω =
{

(SC ; IC ;VC) ∈ R3
+ : 0 ≤ SC + IC ≤ K1, 0 ≤ VC ≤ K2

}
(3.3.7)

where the constants K1 and K2 are such that
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
K1 =

ΛC
µC

,

K2 =
NαΛC
αCµC

> 0

(3.3.8)

Therefore, Ω is a positively invariant and attracting region, since all the solutions that start in Ω will

remain in Ω for all t ≥ 0. Consequently, we can conclude that the multiscale model system (3.2.15) is

mathematically and epidemiologically well-posed.

3.4 Determination of disease-free equilibrium and its stability

3.4.1 The disease-free equilibrium point

In this section we establish the disease-free equilibrium point of the multiscale model system by letting

the right-hand side of the multi-scale model system (3.2.15) to zero and assume IC = VC = 0. When

the equilibrium is disease-free, FMD virus does not exist and therefore no spread in the cattle population.

Thus, the multi-scale model system (3.2.15) has a disease-free equilibrium illustrated by

E0 =
(
S0
C , I

0
C , V

0
C

)
=

(
ΛC
µCSC

, 0, 0

)
(3.4.1)

We now consider the reproductive number,R0 which is an important parameter in epidemic models.

3.4.2 The Disease-free equilibrium state and Its Stability

3.4.2.1 The model reproductive number

The multiscale model system (3.2.15) can be expressed as follows:



dX

dt
= f(X,Z),

dZ

dt
= h(X,Z),

(3.4.1)

where

X = SC
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Z = (IC , VC)

The elements of X stand for the number of susceptibles as well as other groups of non-infectious individ-

uals. The elements of Z stand for infected individuals able to transmit the disease. Let us define g̃(X∗, Z)

from [101] as follows:

g̃(X∗, Z) =



βCVC(t)

V0 + VC(t)
SC(t)− (δC + dC + µC

IC )IC(t)

NαIC(t)− αCVC(t)

 (3.4.2)

A matrix

A =

−(δC + dC + µC
IC )

βCΛC
V0µCSC

Nα −αC

 (3.4.3)

Therefore

M =

 0
βCΛC
V0µCSC

Nα 0

 (3.4.4)

D =

[
(δC + dC + µC

IC ) 0

0 αC

]
(3.4.5)

D−1 =


1

(δC + dC + µCIC )
0

0
1

αC

 (3.4.6)

MD−1 =

 0
βCΛC

V0µCSCαC
Nα

(δC + dC + µCIC )
0

 (3.4.7)

ThenR0 = ρ
(
MD−1

)
Hence, the basic reproduction number of the model system (3.2.15) is expressed as follows.

{
∴ R0 =

√
NαβCΛC

V0µCSCαC(δC + dC + µCSC )
(3.4.8)
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3.4.2.2 Local Stability of the disease-free equilibrium (DFE)

In relation to Theorem 2 of [103], R0 < 1, the disease-free equilibrium is locally asymptotically stable

and there cannot be an outbreak. We ascertain the local stability of the disease-free-equilibrium, E0 of the

multi-scale model system (3.2.15) by establishing the Jacobian matrix of the system at the disease-free

equilibrium.

(i) In the case when the community viral load is an extended state of host infectiousness the shedding

of FMDV virus (Nα) into the blood is put into the D matrix instead of the M matrix, such that the

matrices M and D become:

Me =

0
βCΛC
V0µCSC

0 0

 (3.4.9)

De =

[
(δC + dC + µC

IC ) 0

−Nα αC

]
(3.4.10)

and the next generation matrix Ae is given by

Ae = MeD
−1
e =

 NαβCΛC
V0µCSCαC(δC + dC + µCIC )

βCΛC
V0µCSCαC

0 0

 (3.4.11)

Consequently,Re0 = ρ(MeD
−1
e ). Therefore, we have the following expression.

{
Re0 =

NαβCΛC
V0µCSCαC(δC + dC + µCSC )

= R0Cc.R0cC (3.4.12)

where R0Cc is the cattle-to-community partial reproductive number and R0cC is the community-to-

cattle partial reproductive number.

(ii) In the case when the community is taken as a reservoir of the infective FMDV the shedding rate of

FMDV into the blood (Nα) is put into the M matrix instead of the D matrix, such that the matrices

M and D become

Mr =

 0
βCΛC
V0µCSC

Nα 0

 (3.4.13)

Dr =

[
(δC + dC + µC

IC ) 0

0 αC

]
(3.4.14)
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and the next generation matrix Ar is given by

Ar = MrD
−1
r =

 0
βCΛC

V0µCSCαC
Nα

(δC + dC + µCIC )
0

 (3.4.15)

Therefore,Rr0 = ρ(MrD
−1
r ) which becomes

{
∴ Rr0 =

√
NαβCΛC

V0µCSCαC(δC + dC + µCIC )
=
√
R0Cc.R0cC (3.4.16)

Wherefore, the multi-scale model system (3.2.15) has two reproductive numbers which are given by:



Re0 =
NαβCΛC

V0µCSCαC(δC + dC + µCIC )
= R0Cc.R0cC

and

Rr0 =

√
NαβCΛC

V0µCSCαC(δC + dC + µCIC )
=
√
R0Cc.R0cC

(3.4.17)

The two partial basic reproductive numbersRe0 andRr0 given by equation (3.4.17) are explained below:

(a) Suppose that a newly infected animal invades a FMD disease-free community. The individual is

still present and infectious and the expected amount of infectious reservoir contributed to the total

infectious reservoir of cattle in the community (CVL) by this infected individual animal during the

total period of infectiousness is approximately

R0Cc =
Nα

(δC + dC + µCIC )
(3.4.18)

In the equation (3.4.18) above the quantity depends on the average FMD viral load in the individual

animal’s body N which is passed into the blood at a rate α of an infected individual animal, where

it becomes infectious to other cattle that it comes into contact with during the individual animal’s

total infectiousness period. N is a parameter which is explained in this study as the endemic value

of the within-cattle scale FMD viral load Ṽ which we have already obtained from the within-cattle

FMD dynamics sub-model (3.2.2) as

N =
ζR0F̃

εU0
, R0 =

εU0

φAω
(3.4.19)
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From the equation (3.4.18) for R0Cc,
Nα

(δC + dC + µCIC )
is elucidated as the rate illustrating the

contribution of an infected individual to the CVL (the total infectious reservoir of cattle in the com-

munity) for the duration of the animal’s total infectiousness period. On the other hand,
1

(δC + dC + µCIC )
is the average lifespan of a FMD infected individual animal.

(b) Equivalently, we suppose that a single infectious dose of FMD virus invading FMD viral load-free

community with susceptible cattle at equilibrium. This infectious dose is still present and infectious

and the expected number of infected cattle coming from each infectious dose of FMD virus is

approximately

R0cC =
βCΛC

µSCC αCV0

(3.4.20)

The partial reproductive numberR0cC in equation (3.4.20) above relies on susceptible cattle supply Λ, the

susceptible animal’s average lifespan
1

µSCC
, the susceptible cattle contact rate with the infectious reservoir

of cattle, βC , the average time it takes to suppress the infectious reservoir of cattle in the community to be-

low detection levels
1

αC
and the susceptibility coefficient to FMDV infection in the community

1

V0
where

V0 is the CVL that leads to 50% chance for the cattle getting infected. Consequently, we can conclude that

R0 is consisting of between-cattle scale FMD disease parameters and within-cattle scale FMD disease

parameters. Due to it’s straightforwardness we will useR0 = Re0 as the basic reproductive number of the

multiscale model system (3.2.15).

Lemma 3.2. The matrix (M −D) has a real spectrum. Moreover, if ρ
(
MD−1

)
< 1, all eigenvalues of

(M −D) are negative.

3.4.2.3 Local Stability of the Foot-and-Mouth Disease-free state

In this subsection, we establish the local stability of DFE for the multiscale model system (3.2.15) by

linearizing the three equations of model system (3.2.15) to get the following Jacobian matrix given as

J(E0) =


−µC dC −βCΛC

V0µC

0 −(δC + dC + µICC )
βCΛC
V0µC

0 Nα −αC

 (3.4.21)

We investigate stability of DFE by calculating the eigenvalues of the Jacobian matrix in (3.4.21) at the

DFE. The characteristic equation for eigenvalues is given by
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(−µC − λ)
[
λ2 + π1λ+ π2

]
= 0 (3.4.22)

where


π1 = δC + dC + µICC + αC ,

π2 = αC

(
δC + dC + µICC

) (
1−R2

0

) (3.4.23)

From equation (3.4.22) it can be seen that one of the eigenvalues is λ = −µC . Considering the remaining

eigenvalues of the polynomial

P (λ) = λ2 + π1λ+ π2 = 0 (3.4.24)

we apply the Routh-Hurwitz Criterion. We define the following matrices as the coefficients (πs ) of the

characteristic polynomial P (λ) in equation (3.4.24)

H1 = (π1) , H2 =

(
π1 1

0 π2

)
(3.4.25)

Evaluating the determinant of H1, we get

det (H1) = |π1| = π1 = δC + dC + µICC + αC > 0 (3.4.26)

The determinant of H2 is given by

det(H2) =

∣∣∣∣∣π1 1

0 π2

∣∣∣∣∣ = π1π2 = φC
(
1−R2

0

)
> 0 whenever R0 < 1 (3.4.27)

All the coefficients π1 and π2 of the polynomial P (λ) in the equation (3.4.24) are greater than zero

whenever R0 < 1. In addition, all the determinants of matrices H1 and H2 are positive if and only if

R0 < 1. Therefore, all the roots of the polynomial P (λ) are either negative or have negative real parts.

Consequently, the DFE point of the model system is locally asymptotically stable ifR0 < 1.

Theorem 3.3. The disease-free equilibrium point E0 of the multi-scale model system (3.2.15) is locally

asymptotically stable wheneverR0 < 1 and unstable otherwise.
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3.4.2.4 Global Stability of the Disease-Free Equilibrium

We establish the global stability of DFE of the model system (3.2.15) by using a next generation operator

[101]. We identify two conditions that warrant the global asymptotic stability of the disease-free state.

The model system (3.2.15) can be written as follows:


dX

dt
= F (X,Z),

dZ

dt
= G(X,Z), G(X, 0) = 0

(3.4.28)

where X = SC stands for all uninfected components and Z = (IC , VC) stands for all infected and

infectious components;

E0 =
(
S0
C , I

0
C , V

0
C

)
=

(
ΛC
µCSC

, 0, 0

)
(3.4.29)

denotes the disease-free equilibrium of the system. To warrant global asymptotic stability, the conditions

(H1) and (H2) below must be met [101]:

(H1) For
dX

dt
= F (X, 0), X∗ is globally asymptotically stable (g.a.s);

(H2) G(X,Z) = AZ − Ĝ(X,Z), Ĝ(X,Z) ≥ 0 for (X,Z) ∈ Ω,

where the Jacobian A =
∂G

∂Z
= DZG(X∗, 0) is an M -matrix (the off diagonal elements of A are

nonnegative) and Ω is the region where the model makes biological sense.

dX

dt
= F (X,Z) = ΛC −

βCVC
V0 + VC

SC − µSCC SC + dCIC (3.4.30)

At the disease-free equilibrium Z = 0

F (X, 0) = ΛC − µSCC SC (3.4.31)

Since Ω is an invariant set for model system (3.2.15) and in view of Theorem 3.3, it is sufficient to show

that for all E0 ∈ Ω

lim
t→∞

VC(t) = 0, lim
t→∞

IC(t) = 0 and lim
t→∞

SC(t) = S0
C (3.4.32)
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with S0
C as in (3.4.29). From the first equation of model system (3.2.15) it follows that

dSC(t)

dt
≤ ΛC − µSCC SC(t) (3.4.33)

It is easy to see that S0
C is a global asymptotically stable equilibrium for the comparison equation

dy(t)

dt
= ΛC − µSCC y(t) (3.4.34)

Then, for any ε > 0, there exists t̄ > 0, such that for all t ≥ t̄, it holds

SC(t) ≤ S0
C + ε (3.4.35)

Hence

lim
t→∞

supSC(t) ≤ S0
C (3.4.36)

Now, from (3.4.36) and the second and third equations of the model system (3.2.15) we have that for t ≥ t̄



dIC(t)

dt
≤ βCVC(t)

V0 + VC(t)

(
S0
C + ε

)
− (δC + dC + µC

IC )IC(t)

dVC(t)

dt
= NαIC(t)− αCVC(t)

(3.4.37)

Let us now consider the comparison system

dw1(t)

dt
=

βCw2(t)

V0 + w2(t)

(
S0
C + ε

)
− (δC + dC + µC

IC )w1(t)

dw2(t)

dt
= Nαw1(t)− αCw2(t), w1(t̄) = IC(t̄), w2(t̄) = VC(t̄)

(3.4.38)

that we can re-write as

dw(t)

dt
= (Fε − Vε)w(t) (3.4.39)

where w(t) = (w1(t), w2(t))T and (Fε − Vε) is a matrix in (3.4.3) computed in E0(ε) =
(
S0
C + ε, 0, 0

)
.

Let us note that ifR0 = ρ
(
FV −1

)
< 1, we can choose a sufficiently small ε > 0 such that ρ

(
FεV

−1
ε

)
<
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1. Then by applying Lemma 3.2 to (Fε − Vε) we obtain that it has a real spectrum and all its eigenvalues

are negative. It follows that lim
t→∞

w(t) = 0, whatever the initial conditions are, from which

lim
t→∞

IC(t) = 0, and lim
t→∞

VC(t) = 0 (3.4.40)

Now, for any ε > 0, there exists t̄1 such that for any t ≥ t̄1, IC(t) < ε and VC(t) < ε. So, for t ≥ t̄1 we

have

dSC(t)

dt
≥ ΛC −

βCε

V0 + ε
SC(t)− µSCC SC(t) + εdC (3.4.41)

It is easy to see that
(ΛC + εdC) (V0 + ε)(
βCε+ µSCC

)
(V0 + ε)

is a global asymptotically stable equilibrium for the compar-

ison equation

dy(t)

dt
= ΛC −

βCε

V0 + ε
y(t)− µSCC y(t) + εdC (3.4.42)

Thus, for any χ > 0, there exists t̄2 > 0 such that for all t ≥ t̄2

SC(t) ≥ (ΛC + εdC) (V0 + ε)(
βCε+ µSCC

)
(V0 + ε)

− χ (3.4.43)

Then, for any ε > 0, we have

lim
t→∞

inf SC(t) ≥ (ΛC + εdC) (V0 + ε)(
βCε+ µSCC

)
(V0 + ε)

(3.4.44)

Letting t→∞, we have lim
t→∞

inf SC(t) ≥ S0
C and combining this with (3.4.36) gives us

lim
t→∞

SC(t) = S0
C (3.4.45)

Therefore, E0 =
(
S0
C , 0, 0

)
is a global asymptotically stable equilibrium point satisfying condition H1.

We now establish that condition H2 is satisfied.

dZ

dt
= G(X,Z) =


βCVC
V0 + VC

SC − (δC + dC + µC
IC )IC

NαIC − αCVC

 (3.4.46)
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and G(X, 0) = 0

A = DZG(X0, 0) =

−(δC + dC + µC
IC )

βCΛC
V0µCSC

Nα −αC

 (3.4.47)

AZ =

−(δC + dC + µC
IC )

βCΛC
V0µCSC

Nα −αC

[IC
VC

]
(3.4.48)

=

−(δC + dC + µC
IC )IC +

βCΛC
V0µCSC

VC

NαIC − αCVC

 (3.4.49)

Ĝ(X,Z) =

[
Ĝ1(X,Z)

Ĝ2(X,Z)

]
=


(

ΛC

µSCC V0

− SC
V0 + VC

)
βCVC

0

 (3.4.50)

From (3.4.36) we have SC ≤ S0
C but

SC
V0 + VC

≤ SC
V0

. Therefore
SC

V0 + VC
≤ SC
V0
≤
S0
C

V0
=

ΛC

µSCC V0

Since
ΛC

µSCC V0

≥ SC
V0 + VC

, it follows that Ĝ(X,Z ≥ 0 for all (X,Z) ∈ R3
+ and A is an M-matrix since

the off diagonal elements of A are non-negative. Both conditions H1 and H2 are satisfied and hence E0

is globally asymptotically stable forR0 < 1.

Theorem 3.4. The fixed point

E0 = (X∗, 0) =

(
ΛC
µCSC

, 0, 0

)
, (3.4.51)

of multi-scale model system (3.2.15) is globally asymptotically stable equilibrium if R0 < 1 and condi-

tions H1 and H2 are satisfied.

3.5 The endemic equilibrium and its stability

When the equilibrium is endemic then cattle population is infected by the FMD virus. The multi-scale

model system (3.2.15) has an endemic equilibrium point given by

E∗ = (S∗C , I
∗
C , V

∗
C) (3.5.1)

The three equations of the multi-scale model system (3.2.15) are set to zero on the left-hand side to give
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

0 = ΛC − λ∗CS∗C − µ
SC
C S∗C + dCI

∗
C

0 = λ∗CS
∗
C −

(
δC + dC + µICC

)
I∗C

0 = NαI∗C − αCV ∗C

(3.5.2)

where

λ∗C =
βCV

∗
C

V0 + V ∗C
(3.5.3)

Substituting (3.5.3) into (3.5.2) we get



0 = ΛC −
βCV

∗
C

V0 + V ∗C
S∗C − µ

SC
C S∗C + dCI

∗
C

0 =
βCV

∗
C

V0 + V ∗C
S∗C −

(
δC + dC + µICC

)
I∗C

0 = NαI∗C − αCV ∗C

(3.5.4)

We can simplify (3.5.4) to obtain



[
βCV

∗
C − µ

SC
C (V0 + V ∗C)

V0 + V ∗C

]
S∗C = ΛC + dCI

∗
C

βCV
∗
C

V0 + V ∗C
S∗C =

(
δC + dC + µICC

)
I∗C

V ∗C =
NαI∗C
αC

(3.5.5)

Substituting third equation of (3.5.5) into the first and second equation of (3.5.5) we get
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

[
βCNαI

∗
C − µ

SC
C (V0αC +NαI∗C)

V0αC +NαI∗C

]
S∗C = ΛC + dCI

∗
C

βCNαI
∗
C

V0αC +NαI∗C
S∗C =

(
δC + dC + µICC

)
I∗C

(3.5.6)

From (3.5.6) we equate the first and second equation to S∗C to obtain



S∗C =
(ΛC + dCI

∗
C) (V0αC +NαI∗C)[

βCNαI∗C − µ
SC
C

(
V0αC +NαI∗C

)]

S∗C =

(
δC + dC + µICC

)
(V0αC +NαI∗C)

βCNα

(3.5.7)

Equating the first and second equation in (3.5.7) we get

(ΛC + dCI
∗
C) (V0αC +NαI∗C)[

βCNαI∗C − µ
SC
C

(
V0αC +NαI∗C

)] = S∗C =

(
δC + dC + µICC

)
(V0αC +NαI∗C)

βCNα
(3.5.8)

Simplifying (3.5.8) we have

(ΛC + dCI
∗
C)[

βCNαI∗C − µ
SC
C

(
V0αC +NαI∗C

)] =

(
δC + dC + µICC

)
βCNα

(3.5.9)

Further simplification of (3.5.9) gives

I∗C =
ΛCβCNα− µSCC V0αC

(
δC + dC + µICC

)
[
βCNα

(
δC + dC + µICC

)
+ µSCNα− dCβCNα

] (3.5.10)

Substituting (3.5.10) into (3.5.5) gives
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

S∗C =
αC
(
δC + dC + µICC

) [
V0αC

((
δC + dC + µICC

)(
βC + µSC

C

)
− dCβC

)
+ αCµ

SC
C

(
δC + dC + µICC

)
V0

(
R2

0 − 1
)]

βCNααC
[(
δC + dC + µICC

)(
βC + µSC

C

)
− dCβC

] ,

I∗C =
αCµ

SC
C

(
δC + dC + µICC

)
V0

[
R2

0 − 1
]

Nα
[(
δC + dC + µICC

)
βC + µSC

C

(
δC + dC + µICC

)
− dCβC

]

V ∗C =

[
αCµ

SC
C

(
δC + dC + µICC

)
V0

[
R2

0 − 1
]]

αC
[(
δC + dC + µICC

)
βC + µSC

C

(
δC + dC + µICC

)
− dCβC

]
(3.5.11)

Furthermore, substituting the third equation of (3.5.11) into (3.5.3) gives

λ∗C =
βC

(
αCµ

SC
C

(
δC + dC + µICC

)
V0

[
R2

0 − 1
])

V0αC

[(
δC + dC + µICC

)(
βC + µSCC

)
− dCβC

]
+ βCΛCNα− αCµSCC

(
δC + dC + µICC

)
V0

(3.5.12)

Proposition 3.5. The endemic equilibrium for the multiscale model system (3.2.15) given by equation

(3.5.11) exists ifR0 > 1.

3.5.1 The Existence of the endemic equilibrium state

We now display some findings based on the existence of an endemic equilibrium or constant solution for

model system (3.2.15) by implementing the threshold parameter,R0.

Theorem 3.6. The multiscale model (3.2.15) formulated in terms of proportions has at least one endemic

equilibrium solution given by

E∗ = (S∗C , I
∗
C , V

∗
C) (3.5.1)

with S∗C , I
∗
C , V

∗
C all non-negative, whose existence and properties are determined by the threshold param-

eterR0 given by

R0 =

√
NαβCΛC

V0µCSCαC(δC + dC + µCIC )
(3.5.2)

Proof. Suppose E∗ = (S∗C , I
∗
C , V

∗
C) is a constant solution of the multi-scale model system (3.2.15). We

simply write S∗C , I
∗
C in terms of V ∗C in the form
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

S∗C(V ∗C) =
ΛC(δC + dC + µICC )(V0 + V ∗C)[

βCV ∗C + µSCC (V0 + V ∗C)
]

(δC + dC + µICC ) + dCβCV ∗C

I∗C(V ∗C) =
βCV

∗
CΛC[[

βCV ∗C + µSCC (V0 + V ∗C)
]

(δC + dC + µICC ) + dCβCV ∗C

]
(3.5.3)

Substituting the expression in (3.5.3) in the equation for VC in the multiscale model (3.2.15) which is

given by

dVC
dt

= NαIC − αCVC , (3.5.4)

at the endemic equilibrium we get:

VC [VCA+B] = 0 (3.5.5)

where

A =
[
αCβC(δC + dC + µICC ) + αCµ

IC
C (δC + dC + µICC ) + αCdCβC

]

and

B = αCµ
SC
C (δC + dC + µICC )V0 −NαβCΛC

We note that V ∗C = 0 matches the disease-free equilibrium. Consequently, from equation (3.5.5) we get:

V ∗C =
V0µ

SC
C (δC + dC + µICC )

[
R2

0 − 1
][

(δC + dC + µICC )
[
βC + µSCC

]
+ dCβC

] (3.5.6)

where

R0 =

√
NαβCΛC

V0µCSCαC(δC + dC + µCIC )
(3.5.7)

Therefore, we can establish by deduction from equations (3.5.5) and (3.5.6) that only a single positive

endemic equilibrium point exists forR0 > 1.

Furthermore, inasmuch as R0 > 1 is a component of both the within-cattle scale and the between-cattle
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scale parameters, the expressions from equations (3.5.3), (3.5.4) and (3.5.6) substantiate the unidirectional

coupling structure of the multiscale model system (3.2.15) where the within-cattle scale submodel impact

the between-cattle submodel and not vice versa.

3.5.2 Local stability of the Endemic Equilibrium

In this section we find the local asymptotic stability of the endemic steady state of the multiscale model

system (3.2.15) through the implementation of the center manifold theory detailed in [101]. Therefore,

by applying the theory we change variables of the multiscale model system (3.2.15). We now set SC =

x1, IC = x2 and VC = x3. We also apply the vector notation x = (x1, x2, x3)T so that the multiscale

model system (3.2.15) can be expressed as follows:

dx
dt

= f(x, β∗) (3.5.1)

where

f = (f1, f2, f3) (3.5.2)

Therefore, the model system (3.2.15) can be rewritten as



dx1

dt
= ΛC −

βCx3

V0 + x3
x1 − µSCC x1 + dCx2

dx2

dt
=

βCx3

V0 + x3
x1 −

(
δC + dC + µSCC

)
x2

dx3

dt
= Nαx2 − αCx3

(3.5.3)

where

N =
ζR0F̃

εU0
, R0 =

εU0

φAω

The approach encompasses calculating the Jacobian matrix of the multiscale system (3.5.3) at the disease-

free equilibrium E0 signified by J(E0). The matrix corresponding to the multiscale system (3.5.3) estab-

lished at disease-free equilibrium can be expressed as:
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J(E0) =


−µSCC dC − β

∗ΛC

µSCC V0

0 −
(
δC + dC + µICC

) β∗ΛC

µSCC V0

0 Nα −αC

 (3.5.4)

By making use of an approach similar to the one in section (3.4.2.1), we can obtain the basic reproductive

number of the multiscale system (3.5.3) given by

R0 =
NαβCΛC

V0µCSCαC(δC + dC + µCIC )
(3.5.5)

Setting βC = β∗ as the bifurcation parameter and also, lettingR0 = 1 and determining β∗ in (3.5.3), this

gives

β∗ =
V0µ

SC
C αC(δC + dC + µC

IC )

NαΛC
(3.5.6)

We can highlight that the linearized system of the transformed equations (3.5.3) with bifurcation point β∗

has a simple zero eigenvalue. Consequently, the center manifold theory [101] can be utilized to examine

the dynamics of the multiscale system (3.5.3) close to βC = β∗.

Theorem 3.7. Consider the following general system of ordinary differential equations with parameter

φ:

dx

dt
= f(x, φ) (3.5.7)

f : Rn × R→ R. f : C2
(
R2 × R

)
.

where 0 is an equilibrium of the system, that is, f(0, φ) = 0 for all φ, and assume that

(A1) A = Dxf(0, 0) = ((∂fi/∂xj)(0, 0)) is a linearization matrix of the model system (3.5.3) around

the equilibrium 0 with φ evaluated at 0. Zero is a simple eigenvalue of A, and other eigenvalues

have negative real parts.

(A2) matrix A has a right eigenvector u and a left eigenvector v corresponding to the zero eigenvalues.

Let fk be the kth component of f and
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

a =

n∑
k,i,j=1

ukvivj
∂2fk
∂xi∂xj

(0, 0),

b =
n∑

k,i,j=1

ukvi
∂2fk
∂xi∂φ

(0, 0),

(3.5.8)

The local dynamics of model system (3.5.3) around 0 are totally governed by a and b and are summarized

as follows.

(i) a > 0 and b > 0. When φ < 0 with |φ| � 1, 0 is locally asymptotically stable, and there exists

a positive unstable equilibrium: when 0 < φ � 1, 0 is unstable and there exists a negative and

locally asymptotically stable equilibrium.

(ii) a < 0 and b < 0. When φ < 0 with |φ| � 1, 0 is unstable, when 0 < φ � 1, 0 is asymptotically

stable, and there exists a positive unstable equilibrium.

(iii) a > 0 and b < 0. When φ < 0 with |φ| � 1, 0 is unstable, and there exists a locally asymptotically

stable negative equilibrium; when 0 < φ � 1, 0 is stable and a positive unstable equilibrium

appears.

(iv) a < 0 and b > 0. When φ changes from negative to positive, 0 changes its stability from stable to

unstable. Correspondingly a negative unstable equilibrium becomes positive and locally asymptot-

ically stable.

To implement Theorem 3.7, the following calculations are neccessary (note that β∗ is the bifurcation pa-

rameter instead of φ in Theorem 3.7).

WhenR0 = 1, we can demonstrate that the Jacobian matrix of the multiscale system (3.5.4) at β∗ (denoted

by Jβ∗) has a right eigenvector corresponding to the zero eigenvalue expressed below:


−µSCC dC − β

∗ΛC

µSCC V0

0 −
(
δC + dC + µICC

) β∗ΛC

µSCC V0

0 Nα −αC



u1

u2

u3

 =



0

0

0

0

0


(3.5.9)

with

u = (u1, u2, u3)T (3.5.10)
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where



u1 = −
β∗ΛC

(
δC + µICC

)
µSCC

2
V0

(
δC + dC + µICC

)
u2 = 1

u3 = 1

(3.5.11)

Furthermore, the left eigenvector of the jacobian matrix in (3.5.4) corresponding to the zero eigenvalue at

β∗ and satisfying the condition v.u=1 is written as:

[
v1 v2 v3

]

−µSCC dC − β

∗ΛC

µSCC V0

0 −
(
δC + dC + µICC

) β∗ΛC

µSCC V0

0 Nα −αC

 =
[
0 0 0

]
(3.5.12)

with

v = (v1, v2, v3)T (3.5.13)

where



v1 = 0,

v2 =
Nαβ∗ΛC[

Nαβ∗ΛC + µSCC V0(δC + dC + µICC )
] ,

v3 =
µSCC V0(δC + dC + µICC )[

Nαβ∗ΛC + µSCC V0(δC + dC + µICC )
]

(3.5.14)

The condition v.u=1 can be verified as follows:
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

v.u =����:
0v1.u1 + v2.u2 + v3.u3

=

 Nαβ∗ΛC[
Nαβ∗ΛC + µSCC V0(δC + dC + µICC )

]
 .(1) +

 µSCC V0(δC + dC + µICC )[
Nαβ∗ΛC + µSCC V0(δC + dC + µICC )

]
 .(1)

=

[
Nαβ∗ΛC + µSCC V0(δC + dC + µICC )

]
[
Nαβ∗ΛC + µSCC V0(δC + dC + µICC )

] = 1

(3.5.15)

We now calculate the parameters of bifurcation a and b, by determining the value of the nonzero second-

order mixed derivatives of F in regard to the variables and β∗ to get the signs of a and b. The sign of a

corresponds to, the non-vanishing partial derivatives of F:



∂2f1

∂x3∂x1
=

∂2f1

∂x1∂x3
= −β

∗

V0

∂2f2

∂x3∂x1
=

∂2f2

∂x1∂x3
=
β∗

V0

∂2f1

∂x2
3

=
2β∗ΛC

V 2
0 µ

SC
C

∂2f2

∂x2
3

= −2β∗ΛC

V 2
0 µ

SC
C

(3.5.16)

Similarly, the sign of b corresponds to the non-vanishing partial derivatives of F:



∂2f1

∂x3∂β∗
= − ΛC

µSCC V0

∂2f2

∂x3∂β∗
=

ΛC

µSCC V0

(3.5.17)

Substituting expression (3.5.11), (3.5.14) and (3.5.16) into (3.5.8), we get
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

a = u1v
2
3
∂2f1

∂x2
3

+ u2v
2
3
∂2f2

∂x2
3

=

− β∗ΛC
(
δC + µICC

)
µSC
C

2
V0

(
δC + dC + µICC

)
 µSC

C V0(δC + dC + µICC )[
Nαβ∗ΛC + µSC

C V0(δC + dC + µICC )
]
2(

2β∗ΛC

V 2
0 µ

SC
C

)

+

 µSC
C V0(δC + dC + µICC )[

Nαβ∗ΛC + µSC
C V0(δC + dC + µICC )

]
2(

− 2β∗ΛC

V 2
0 µ

SC
C

)

= −

 µSC
C V0(δC + dC + µICC )[

Nαβ∗ΛC + µSC
C V0(δC + dC + µICC )

]
2(

2β∗ΛC

V 2
0 µ

SC
C

)β∗ΛC
(
δC + µICC

)
+ µSC

C

2
V0

(
δC + dC + µICC

)
µSC
C

2
V0

(
δC + dC + µICC

)
 < 0

(3.5.18)

On the other hand, when we substitute expression (3.5.11), (3.5.14) and (3.5.17) into (3.5.8), we get



b = u1v3
∂2f1

∂x3∂β∗
+ u2v3

∂2f2

∂x3∂β∗

=

− β∗ΛC
(
δC + µICC

)
µSC
C

2
V0

(
δC + dC + µICC

)
 µSC

C V0(δC + dC + µICC )[
Nαβ∗ΛC + µSC

C V0(δC + dC + µICC )
]
(− ΛC

µSC
C V0

)

+

 µSC
C V0(δC + dC + µICC )[

Nαβ∗ΛC + µSC
C V0(δC + dC + µICC )

]
( ΛC

µSC
C V0

)

=

 µSC
C V0(δC + dC + µICC )[

Nαβ∗ΛC + µSC
C V0(δC + dC + µICC )

]
( ΛC

µSC
C V0

)β∗ΛC
(
δC + µICC

)
+ µSC

C

2
V0

(
δC + dC + µICC

)
µSC
C

2
V0

(
δC + dC + µICC

)
 > 0

(3.5.19)

Consequently, a < 0 and b > 0. Implementing Theorem 3.7, item (iv), enables us to establish the follow-

ing result which is only valid forR0 > 1 but near 1.

Theorem 3.8. The endemic equilibrium of the multi-scale model system (3.5.3) guaranteed by Theorem

3.6 is locally asymptotically stable forR0 > 1 near 1.

3.5.2.1 Bifurcation Analysis

In the Figure 3.2, we obtain a FMD infection-free steady state globally stable when R0 < 1 and unstable

when R0 > 1. Furthermore, it is also clear that a unique stable endemic equilibrium arises from the

bifurcation point R0 = 1 and increases as R0 increases, hence it shows that the FMD infection-free

steady state exists for all R0, while an endemic infection only exists for R0 > 1. Figure 3.2 gives
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forward bifucation and this is consistent with the result from section (3.5.2). This phenomenon involves a

transcritical bifurcation and so we can conclude that the endemic infection only persist forR0 > 1.

Figure 3.2: Bifurcation analysis for the FMD endemic model. Stable FMD infection-free state forR0 < 1; unstable

FMD infection-free state and stable endemic steady state forR0 > 1.

3.5.3 Global stability of the Endemic Equilibrium

In order to establish that the endemic equilibrium E∗ of the multiscale model (3.2.15) is globally asymp-

totically stable, we state the following theorem.

Theorem 3.9. The Endemic Equilibrium E∗ of the multiscale model system (3.2.15) is globally asymp-

totically stable wheneverR0 > 1.

Proof. Suppose we consider a Volterra-type Lyapunov function given by

L1 = L (SC , IC , VC) ,

= κ1 [SC − S∗C ln(SC)] + κ2 [IC − I∗C ln(IC)] + κ3 [VC − V ∗C ln(VC)] (3.5.1)

Derivating L1 gives us
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L̇1 = κ1
dSC
dt

[
1−

S∗C
SC

]
+ κ2

dIC
dt

[
1−

I∗C
IC

]
+ κ3

dVC
dt

[
1−

V ∗C
VC

]
,

= κ1

[
1−

S∗C
SC

] [
ΛC − λCSC − µSCC SC + dCIC

]
+κ2

[
1−

I∗C
IC

] [
λCSC −

(
δC + dC + µICC

)
IC

]
+κ3

[
1−

V ∗C
VC

] [
N̂αIC − αCVC

]
(3.5.2)

Since E∗ is an equilibrium point, the following relations hold,


ΛC = λ∗CS

∗
C + µSCC S∗C − dCI∗C ,

(
δC + dC + µICC

)
=
λ∗CS

∗
C

I∗C

αC =
N̂αI∗C
V ∗C

(3.5.3)

By implementing the relations in (3.5.3), L̇1 becomes

L̇1 = κ1

[
1−

S∗C
SC

] [
λ∗CS

∗
C − µ

SC
C S∗C − dCI∗C − λCSC − µ

SC
C SC + dCIC

]
+κ2

[
1−

I∗C
IC

] [
λCSC −

λ∗CS
∗
C

I∗C
IC

]
+κ3

[
1−

V ∗C
VC

] [
N̂αIC −

N̂αI∗C
V ∗C

VC

]
(3.5.4)

L̇1 = −
κ1µ

SC
C

SC
[SC − S∗C ]2 −

κ1λ
∗
CS
∗2
C

SC
− κ2λCSC

I∗C
IC
− κ3N̂αI

∗
C

VC
V ∗C

−κ3N̂αIC
V ∗C
VC

+

[
κ3N̂α− κ2

λ∗CS
∗
C

I∗C

]
IC + [κ1 + κ2]λ∗CS

∗
C

+ [κ2 − κ1]λCSC + κ1λCS
∗
C + κ3N̂αI

∗
C +

κ1dC
SC

[SC − S∗C ] [I∗C − IC ] (3.5.5)

We choose the value of κ1, κ2 and κ3 such that
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
κ1 = κ2 = 1

κ3N̂α− κ2
λ∗CS

∗
C

I∗C
= 0

(3.5.6)

this gives

κ3 =
λ∗CS

∗
C

N̂αI∗C
(3.5.7)

We substitute the values of κ1, κ2 and κ3 into equation (3.5.5)

L̇1 = −
µSCC
SC

[SC − S∗C ]2 −
λ∗CS

∗2
C

SC
− λCSC

I∗C
IC
− λ∗CS∗C

VC
V ∗C

−λ∗CS∗C
V ∗CIC
VCI∗C

+ 3λ∗CS
∗
C −

dC
SC

[SC − S∗C ] [I∗C − IC ]

= −
µSCC
SC

[SC − S∗C ]2 + λ∗CS
∗
C

[
3−

S∗C
SC
− VC
V ∗C
−
V ∗CIC
VCI∗C

]
+λCSC

[
S∗C
SC
−
I∗C
IC

]
− dC
SC

[SC − S∗C ] [I∗C − IC ] (3.5.8)

From equation (3.5.8), we can see that
S∗C
SC
−
I∗C
IC
≤ 0 because

S∗C
SC

< 1 and
I∗C
IC

> 1. Therefore, by

implementing the arithmetic-geometric mean equality, we obtain L̇1 ≤ 0, which implies that L̇1 is clearly

a Lyapunov function of the multiscale model system (3.2.15). Hence, we can conclude from the LaSalle’s

Invariance Principle that E∗ is globally asymptotically stable.

3.5.4 The Stochastic Differential Equations for the FMDV transmission dynamics

Suppose (Ω;F ;P ) be a complete probability space with filtration {Ft}t≥0 satisfying the usual conditions

(i.e. it is increasing and continuous while {F0}t≥0 contains all P-null sets ). Letting W (t) be the one

dimensional Wiener process or Brownian motion defined on this probability space. We also suppose a∧ b
describe min(a, b) and a ∨ b describe max(a, b).

Theorem 3.10. (Itô’s formula ): Suppose that Xt has Stochastic Differential Equation:

dXt = f(Xt, t)dt+ g(Xt, t)dWt (3.5.1)
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for f, g ∈ C1,2(J ×R×R), assume that F : J ×R→ R is continous and has
∂F

∂t
,
∂F

∂Xt
and

∂2F

∂X2
t

that

exist and are a continuous set F = F (Xt, t), then F has the stochastic differential

dF =
∂F

∂t
dt+

∂F

∂Xt
dXt +

1

2

∂2F

∂X2
t

g2dt, (3.5.2)

dF (Xt, t) =

[
∂F

∂t
+
∂F

∂Xt
f +

1

2

∂2F

∂X2
t

g2

]
dt+

∂F

∂Xt
gdWt (3.5.3)

The equation (3.5.3) is called Itô’s formula or Itô’s chain rule.

The FMD transmission Stochastic model is given by:



dSC(t) =

(
ΛC −

βCVC(t)

V0 + VC(t)
SC(t)− µCSCSC(t) + dCIC(t)

)
dt+ SC(t)σSdWS

dIC(t) =

(
βCVC(t)

V0 + VC(t)
SC(t)− (δC + dC + µC

IC )IC(t)

)
dt+ IC(t)σIdWI

dVC(t) = (NαIC(t)− αCVC(t)) dt+ VC(t)σV dWV

SC(0) = S0, IC(0) = I0, VC(0) = V0

(3.5.4)

where

N =
ζR0F̃

εU0
, R0 =

εU0

φAω
(3.5.5)

Considering the second expression of model system (3.5.4)

dIC(t) =

(
βCVC(t)

V0 + VC(t)
SC(t)− (δC + dC + µC

IC )IC(t)

)
dt+ IC(t)σIdWI (3.5.6)

and

dVC(t) = (NαIC(t)− αCVC(t)) dt+ VC(t)σV dWV (3.5.7)

We can write equation (3.5.6) as follows

dIC(t) =

(
βCNαIC(t)

αC(V0 + VC(t))
SC(t)− (δC + dC + µC

IC )IC(t)

)
dt+ IC(t)σIdWI (3.5.8)
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factoring out IC(t) on the right hand side

dIC(t) = IC(t)

(
βCNα

αC(V0 + VC(t))
SC(t)− (δC + dC + µC

IC )

)
dt+ σIdWI (3.5.9)

this can be simplified to

dIC(t)

IC(t)
=

(
βCNα

αC(V0 + VC(t))
SC(t)− (δC + dC + µC

IC )

)
dt+ σIdWI (3.5.10)

Therefore, the solution of equation (3.5.10) should have the term ln IC(t) and so we set F (I(t), t) =

ln IC(t) and applying Itô’s formula (3.5.3) we obtain

dF (IC(t), t)

=

[
0 +

(
βCNα

αC(V0 + VC(t))
SC(t)− (δC + dC + µC

IC )

)
IC(t)

(
1

IC(t)

)
− 1

2
σ2
I IC(t)2

(
1

IC(t)2

)]
dt

+σIIC(t)

(
1

IC(t)

)
dWI

We can now write

d ln IC(t) =

[(
βCNα

αC(V0 + VC(t))
SC(t)− (δC + dC + µC

IC )

)
− 1

2
σ2
I

]
dt+ σIdWI (3.5.11)

When we integrate both sides we get

ln IC(t) = ln IC(0) =

[(
βCNα

αC(V0 + VC(t))
SC(t)− (δC + dC + µC

IC )

)
− 1

2
σ2
I

]
t

+σI(Wt −W0), W0 = 0

Evidently, the solution of the equation (3.5.10) is

IC(t) = I0exp

{[(
βCNα

αC(V0 + VC(t))
SC(t)− (δC + dC + µC

IC )

)
− 1

2
σ2
I

]
t+ σIWt

}
(3.5.12)

Consequently,

RStoc0 =
NαβCΛC

V0µCSCαC(δC + dC + µCIC )
−

σ2
I

2(δC + dC + µCIC )
(3.5.13)
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The Reproductive number of the stochastic differential multi-scale model (3.5.4) is given by

RStoc0 = R0 −
σ2
I

2(δC + dC + µCIC )
(3.5.14)

where

R0 =
NαβCΛC

V0µCSCαC(δC + dC + µCIC )
(3.5.15)

3.5.5 Existence of Unique Positive Solution

Prior to exploring the dynamics of the SDE multi-scale model for FMDV transmission (3.5.4), it is essen-

tial to prove that the multi-scale SDE model only has a unique global solution and also that the solution

will stay in (0, NC) whenever it starts from there. The general existence-and-uniqueness theorem on SDEs

(see example [107–109]) currently does not relate to this particular stochastic differential equation. There-

fore, it is important to set up a novel theory.

Theorem 3.11. For any given initial value IC(0) = I0 ∈ (0, NC), the SDE (3.5.4) has a unique global

positive solution IC(t) ∈ (0, NC) for all t ≥ 0 with probability one, namely

P {IC(t) ∈ (0, NC) for all t ≥ 0} = 1. (3.5.1)

Proof. Pertaining to the expression (3.5.4) as a stochastic differential equation on R, we can observe that

its coefficients are locally Lipschitz continuous. It has been established (see example [107–109]) that for

any given initial value S0 ∈ (0, NC) there exists a unique maximal local solution IC(t) on t ∈ [0, τe),

where τe is the explosion time. We set k0 > 0 to be sufficiently large for 1/k0 < I0 < NC − (1/k0). For

each integer k ≥ k0, define the stopping time

τk = inf {t ∈ [0, τe) : IC /∈ (1/k,NC − (1/k))} (3.5.2)

where for the duration of this chapter we let inf ∅ =∞, i.e. ∅ is the empty set. Evidently, τk is increasing

as k →∞. Set τ∞ = lim
k→∞

, consequently τ∞ ≤ τe a.s. If we can establish that τ∞ =∞ a.s., then τe =∞
a.s. and IC(t) ∈ (0, NC) a.s. for all t ≥ 0. To put it another way, in order to finish the proof we establish

that τ∞ =∞ a.s. If this statement is false, then there exists a pair of constants T > 0 and ε ∈ (0, 1) such

that

P {τ∞ ≤ T} > ε. (3.5.3)
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Therefore there is an integer k1 ≥ k0 such that

P {τ∞ ≤ T} > ε for all k ≥ k1. (3.5.4)

Let us define a function V : (0, NC) ∈ R+ by

V (x) =
1

x
+

1

NC − x
(3.5.5)

Using the Itô’s formula (3.5.3) we have, for all t ∈ [0, T ] and k ≥ k1,

E (IC (t ∧ τk)) = E
∫ t∧τk

0
LV (I(s)ds), (3.5.6)

where LV : (0, NC)→ R+ is defined by

V (x) =
1

x
+

1

NC − x
, (3.5.7)

By making use of the Itô’s formula we have, for any t ∈ [0.T ] and k ≥ k1,

EV (IC(t ∧ τk)) = V (I0) + E
∫ t∧τk

0
LV (IC(s))ds, (3.5.8)

where LV : (0, NC)→ R is defined by

LV (x) = x

(
− 1

x2
+

1

(NC − x)2

)[
βCNα

αCV0
(NC − x)− (δC + dC + µICC )

]
+ σ2

I

(
1

x3
+

1

(NC − x)3

)
(3.5.9)

It can be surely established that

(δC + dC + µICC )

x
+
βCNα

αCV0
.
NC

NC − x
+ σ2

I

(
1

x
+

1

NC − x

)
≤ GV (x) (3.5.10)

where

G = δC + dC + µICC ∨
βCNα

αCV0
NC + σ2

I .

Substituting equation (3.5.9) into equation (3.5.8), we obtain

EV (IC(t ∧ τk)) ≤ V (I0) + E
∫ t∧τk

0
GV (IC(s))ds ≤ V (I0) +G

∫ t

0
EV (IC(s ∧ τk))ds. (3.5.11)
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The Gronwall inequality yields that

EV (IC(T ∧ τk)) ≤ V (I0)eGT (3.5.12)

Setting Ωk = {τk ≤ T} for k ≥ k1 and, according to (3.5.3), P(Ωk) ≥ ε. Note that for each ω ∈
Ωk, IC(τk, ω) equal either to 1/k or NC − (1/k), therefore V (IC(τk, ω)) ≥ k. Hence, it follows from

(3.5.12) that V (I0)eGT ≥ E[IΩk(ω)V (IC(τk, ω))] ≥ kP(Ωk) ≥ εk. As k → ∞ we have the contradic-

tion

∞ ≥ V (I0)eGT =∞ (3.5.13)

Consequently, we must have τ∞ =∞ a.s., hence completing the proof.

3.6 Numerical analysis

This section presents computer simulations for the multiscale model system (3.2.15)’s behaviour using

Python program version 3.6 on the Windows 10 operation system.

Table 3.3: Description of between-host and within-host model parameters.

Symbol Description Value Source
ΛC Birth rate of susceptible cattle 0.3 day−1 [110]
βC Rate of infection of susceptible cattle 0.05 day−1 [111]
µSC
C Natural mortality rate of susceptible cattle 0.05 year −1 [112]
µICC Natural mortality rate of infected cattle 0.05 year −1 [112]
α Excretion of infectious virions from cells and tissues of cattle into the blood plasma 0.02 day−1 Estimate
dC Per ca-pita rate of loss of immunity 0.001 day−1 [113]
αC Community elimination of total infectious reservoir 0.03 day−1 Estimate
δC Mortality rate of animals due to FMD. 0.055 day−1 [114]
N Number of FMD virus available for excretion 1000 day−1 Assumed
V0 Half saturation constant 2×108virions day−1 Estimate

The numerical simulations of the multiscale model system (3.2.15) were carried out to explain some of

the mathematical results that we obtained. We used the estimated parameter values presented in Table

3.3 for sensitivity and numerical analysis. A certain amount of the parameter values implemented in the

simulations are results from publications and the others are estimates. The following are initial conditions

implemented for these simulations: SC(0) =
ΛC

µSCC
, IC(0) = 0, VC(0) = 0.
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3.6.1 Sensitivity Analysis

This section presents the sensitivity analysis for the FMDV transmission indicators obtained from the

multiscale model to the model parameters. The transmission indicator we consider is the basic reproduc-

tive number, R0 that generally describes the dynamics for a disease at the beginning of an infection and

the endemic value of the community viral load V ∗C . For any particular epidemic model that illustrates

the disease dynamics within a particular population, a sensitivity analysis study is important to perform

since it enables us to establish model parameters which can be marked for control, elimination as well

as eradication of disease. Therefore, the analysis of sensitivity of the FMDV metric R0 and the endemic

value of the community viral load V ∗C , in relation to the variation of FMD multiscale model parameters is

carried out by implementing Latin Hypercube Sampling (LHS) and Partial Rank Correlation Coefficients

(PRCCs). In order to explore the influence of each model parameter on the basic reproduction number,

R0 and the endemic value of the community viral load V ∗C , we perfomed 1000 simulations per run. The

results of sensitivity ofR0 and V ∗C to the model parameters are presented by the Tornado plots, Figure 3.3

and Figure 3.4 respectively. From the sensitivity analysis results of R0 and V ∗C to the multiscale model

system (3.2.15)’s parameters in Figure 3.3 and Figure 3.4, the following deductions are listed below:

 

Figure 3.3: Tornado plot of partial rank correlation coefficients (PRCCs) of the model parameters that
impact the FMD spread indicatorR0

(a) The multiscale model system (3.2.15)’s parameters have both positive PRCCs and negative PRCCs.
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Figure 3.4: Tornado plot of partial rank correlation coefficients (PRCCs) of the model parameters that
influence the FMD transmission metric V ∗C

This implies that parameters with positive PRCCs will increase the value of R0 as they are in-

creased, where as parameters with negative PRCCs will decrease the value for R0 as they are in-

creased. For example, an increase in a parameter like rate of infection of susceptible cattle, βC will

consequently increase the value of R0, and also increasing a parameter like the natural mortality

rate of susceptible cattle, µSCC leads to a decrease in the value ofR0.

(b) The FMD transmission metricsR0 and V ∗C are extremely sensitive to five of the disease parameters

of the multiscale model system (3.2.15), (βC , µ
SC
C , V0, αC ,ΛC) characterizes transmission of FMD

at the beginning of the epidemic. Listed below are deductions based on the sensitivity of R0 to the

FMD multiscale model system (3.2.15)’s parameters.

(i) Since R0 is significantly sensitive to (βC , µ
SC
C , V0, αC ,ΛC), this implies that caution must

be applied on the accuracy of these five FMD multiscale model system (3.2.15)’s parameters

during the collection of data if the effectiveness and usefulness of the FMD multiscale model

system (3.2.15) is to be intensified.

(ii) In view of the fact that R0 is responsive to the rate of infection of susceptible cattle, βC and

birth rate of susceptibles, ΛC this implies that FMD interventions such as vaccination would

be more effective in preventing the spread of FMD infection at the beginning of the outbreak.

(iii) Since R0 is significantly sensitive to the community elimination of total infectious reservoir,

αC , the Half saturation constant, V0 and the natural mortality rate of susceptible cattle, µSCC



Chapter 3 97

this implies that FMD interventions such as vaccination and quarantine would be more effec-

tive to manage the spread of FMD infection at the beginning of the outbreak.

3.6.2 Numerical simulations of the multiscale model of FMD transmission dynamics

This section enables us to implement numerical simulations to substantiate some outcomes obtained from

the sensitivity analysis for R0 and analytical results of the multiscale model. Applying the multiscale

model parameter values obtained from Table 3.3 we conducted numerical simulations. We demonstrated

the impact of five FMD disease transmission parameters (βC , µ
SC
C , V0, αC ,ΛC) on the multiscale model

variables SC(t), IC(t), VC(t). These parameters were only selected because they are significantly sensi-

tive toR0 and V ∗C .

3.6.2.1 The influence of initial inoculum on the between-host scale of FMD infection dynamics

We investigate by implementing numerical simulations of the nested multiscale model system (3.2.15) the

influence of initial inoculum on the between-cattle scale variables for FMD infection dynamics. We can

establish this by varying the initial condition of the infective inoculum V (0) that susceptible cattle can

get through interaction with FMD virus in contaminated environment for different values and determine

its effect on the dynamics of all the three between-cattle variables: SC , IC and VC . The following are

the results of the influence of initial inoculum on the between-cattle scale variables for the FMD infection

dynamics:

(a) Figure 3.5 demonstrates the impact of varying V (0) for different values of the initial value of the

within-cattle FMD viral load V (0): V (0) = 10, V (0) = 1000 and V (0) = 10000 on the between-

cattle variables (SC , IC , VC).

(b) Figure 3.6 demonstrates the impact of varying V (0) for different values of the initial value of the

within-cattle FMD viral load V (0): V (0) = 1000, V (0) = 100000 and V (0) = 1000000 on the

between-cattle variables (SC , IC , VC).

(c) Figure 3.7 demonstrates the impact of varying V (0) for different values of the initial value of the

within-cattle FMD viral load V (0): V (0) = 100000, V (0) = 10000000 and V (0) = 100000000

on the between-cattle variables (SC , IC , VC).

We can observe from the numerical results of all the three Figure 3.5, Figure 3.6 and Figure 3.7 that there is

a similar trend in which as the initial inoculum V (0) increases beyond the minimum infectious dose, there

is a remarkable but minimal changes in the dynamics of the between-cattle scale variables SC , IC , VC .
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Figure 3.5: Graphs of numerical solutions of the multiscale model system (3.2.15) showing propagation

of (a) susceptible cattle population (SC), (b) infected cattle population (IC) and (c) between-cattle com-

munity viral load (VC) for different values of the initial value of the within-cattle FMD viral load V (0):

V (0) = 10, V (0) = 1000 and V (0) = 10000

Figure 3.5 demonstrates graphs of numerical solutions of the multiscale model system (3.2.15) showing

dynamics of (a) susceptible cattle population (SC), (b) infected cattle population (IC) and (c) between-

cattle community viral load (VC) for different values of the initial value of the within-cattle FMD viral

load V (0): V (0) = 10, V (0) = 1000 and V (0) = 10000. Results in Figure 3.5 indicate that an increase

in the initial inoculum from V (0) = 10, V (0) = 1000 and V (0) = 10000 makes a small difference in the

transmission dynamics at the between-cattle scale as the between-cattle scale variables SC , IC , VC change

slightly as the initial inoculum changes.
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Figure 3.6: Graphs of numerical solutions of the multiscale model system (3.2.15) showing propagation

of (a) susceptible cattle population (SC), (b) infected cattle population (IC) and (c) between-cattle com-

munity viral load (VC) for different values of the initial value of the within-cattle FMD viral load V (0):

V (0) = 1000, V (0) = 100000 and V (0) = 1000000

Figure 3.6 shows graphs of numerical solutions of the multiscale model system (3.2.15) showing dynamics

of (a) susceptible cattle population (SC), (b) infected cattle population (IC) and (c) between-cattle com-

munity viral load (VC) for different values of the initial value of the within-cattle FMD viral load V (0):

V (0) = 1000, V (0) = 100000 and V (0) = 1000000. Results in Figure 3.6 indicate that an increase in the

initial inoculum from V (0) = 1000, V (0) = 100000 and V (0) = 1000000 makes a significant difference

in the transmission dynamics at the between-cattle scale as the between-cattle scale variables SC , IC , VC
change significantly as the initial inoculum changes.
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Figure 3.7: Graphs of numerical solutions of the multiscale model system (3.2.15) showing propagation

of (a) susceptible cattle population (SC), (b) infected cattle population (IC) and (c) between-cattle com-

munity viral load (VC) for different values of the initial value of the within-cattle FMD viral load V (0):

V (0) = 100000, V (0) = 10000000 and V (0) = 100000000

Figure 3.7 shows graphs of numerical solutions of the multiscale model system (3.2.15) showing dynam-

ics of (a) susceptible cattle population (SC), (b) infected cattle population (IC) and (c) between-cattle

community viral load (VC) for different values of the initial value of the within-cattle FMD viral load

V (0): V (0) = 100000, V (0) = 10000000 and V (0) = 100000000. Results in Figure 3.7 indicate that an

increase in the initial inoculum from V (0) = 100000, V (0) = 10000000 and V (0) = 100000000 makes a

significant difference in the transmission dynamics at the between-cattle scale as the between-cattle scale

variables SC , IC , VC change significantly as the initial inoculum changes.
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3.6.3 Influence of the between-host parameters on the FMD model

Figure 3.8: Graphs of numerical results of the model system (3.2.15) demonstrating the advancement with time of

(a) Susceptible cattle population, SC , (b) Infected cattle population, IC , (c) Community viral load, VC for variant

values of the birth rate of susceptible cattle, ΛC : ΛC = 20,ΛC = 2000 and ΛC = 200000

Figure 3.8 demonstrates the impact of variation of the birth rate of susceptible cattle, ΛC : ΛC = 20,ΛC =

2000 and ΛC = 200000 on the between-host scale variables (SC , IC , VC). The outcomes demonstrate

that an increase in ΛC is related to an increment in the susceptible cattle population and infected cattle

population.
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Figure 3.9: Graphs of numerical results of the model system (3.2.15) demonstrating the advancement with time of

(a) Susceptible cattle population, SC , (b) Infected cattle population, IC , (c) Community viral load, VC for variant

values of the natural mortality rate of susceptible cattle, µSC
C : µSC

C = 0.000005, µSC
C = 0.005 and µSC

C = 0.05

Figure 3.9 demonstrates the impact of variation of the natural mortality rate of susceptible cattle, µSCC :

µSCC = 0.000005, µSCC = 0.005 and µSCC = 0.05 on the between-host scale variables (SC , IC , VC). The

outcomes demonstrate that an increase in µSCC is related to a reduction in the susceptible cattle population

and infected cattle population. There is no change in the community viral load.



Chapter 3 103

Figure 3.10: Graphs of numerical results of the model system (3.2.15) demonstrating the advancement with time

of (a) Susceptible cattle population, SC , (b) Infected cattle population, IC , (c) Community viral load, VC for variant

values of the half saturation constant, V0 : V0 = 2, V0 = 2000 and V0 = 200000

Figure 3.10 demonstrates the impact of variation of the half saturation constant, V0 : V0 = 2, V0 = 2000

and V0 = 200000 on the between-host scale variables (SC , IC , VC). The outcomes demonstrate that

increments in V0 result in an increase in the susceptible cattle population and reduction in the infected

cattle population. There is no change in the community viral load.
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Figure 3.11: Graphs of numerical results of the model system (3.2.15) demonstrating the advancement with time

of (a) Susceptible cattle population, SC , (b) Infected cattle population, IC , (c) Community viral load, VC for variant

values of the community elimination of total infectious reservoir, αC : αC = 0.0002, αC = 0.2 and αC = 20.

Figure 3.11 demonstrates the impact of variation of the community elimination of total infectious reservoir,

αC : αC = 0.0002, αC = 0.2 and αC = 20 on the between-host scale variables (SC , IC , VC). The

outcomes demonstrate that increments in αC result in an increase in the susceptible cattle population.

Furthermore, there is reduction in the infected cattle population and community viral load.
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Figure 3.12: Graphs of numerical results of the model system (3.2.15) demonstrating the advancement with time

of (a) Susceptible cattle population, SC , (b) Infected cattle population, IC , (c) Community viral load, VC for variant

values of the infection rate of susceptible cattle, βC : βC = 0.0002, βC = 0.2 and βC = 20

Figure 3.12 demonstrates the impact of variation of the infection rate of susceptible cattle, βC : βC =

0.0002, βC = 0.2 and βC = 20 on the between-host scale variables (SC , IC , VC). The outcomes demon-

strate that increments in αC result in an increase in the susceptible cattle population. Furthermore, there

is reduction in the infected cattle population and community viral load.
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3.6.4 Effects of sochasticity on the FMD model

Figure 3.13: Graphs of numerical results of the Susceptible cattle, SC of the multiscale SDE model system

(3.5.4) with the ODE multiscale model system (3.2.15) solutions.

Figure 3.13 demonstrates the graphs of numerical results of the Susceptible cattle, SC of the multiscale

SDE model system (3.5.4) with the ODE multiscale model system (3.2.15) solutions. The solution for the

stochastic multiscale model is obtained using the Milsten method.

Figure 3.14: Graphs of numerical solutions of the Infected cattle, IC of the multiscale SDE model system

(3.5.4) with the ODE multiscale model system (3.2.15) solutions
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Figure 3.14 demonstrates the graphs of numerical results of the Infected cattle, IC of the multiscale SDE

model system (3.5.4) with the ODE multiscale model system (3.2.15) solutions. The solution for the

stochastic multiscale model is obtained using the Milsten method.

Figure 3.15: Graphs of numerical solutions of the Community viral load, VC of the multiscale SDE model

system (3.5.4) with the ODE multiscale model system (3.2.15) solutions.

Figure 3.15 demonstrates the graphs of numerical solutions of the Community viral load, VC of the mul-

tiscale SDE model system (3.5.4) with the ODE multiscale model system (3.2.15) solutions. The solution

for the stochastic multiscale model is obtained using the Milsten method.

3.7 Summary

In this chapter, we characterised a model centred on combining two sub-models namely: (i) the within-

cattle scale and (ii) between-cattle scale sub-models for FMDV dynamics. Hence, we established a uni-

directionally coupled multiscale model in which the within-cattle scale submodel is uni-directionally cou-

pled to the between-cattle scale FMDV transmission dynamics submodel. By performing mathematical

analysis the model was determined to be epidemiologically and mathematically sound. Therefore, the

analysis of sensitivity of the FMDV metric R0 and the endemic value of the community viral load V ∗C ,

in relation to the variation of FMD multiscale model parameters was carried out by implementing Latin

Hypercube Sampling (LHS) and Partial Rank Correlation Coefficients (PRCCs). Applying the model pa-

rameter values we conducted the numerical simulations to demonstrate the impact of five FMD disease

transmission parameters (βC , µ
SC
C , V0, αC ,ΛC) on the model variables SC(t), IC(t), VC(t). These param-

eters were only selected because they were significantly responsive toR0 and V ∗C . In view of the fact that

R0 was responsive to the rate of infection of susceptible cattle, βC and birth rate of susceptibles, ΛC this
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implied that FMD interventions such as vaccination would be more effective in preventing the spread of

FMD disease infection at the beginning of the outbreak. Randomness of disease dynamics was highlighted

by implementing a stochastic model.

In conclusion, we established that the nested multiscale model of FMD can be extended to higher levels of

organisation using graph-theoretic methods. Furthermore, the nested model has a primary level multiscale

cycle with only local exchange of pathogen.
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Community-level Multiscale model for
Foot-and-Mouth disease in cattle

4.1 Introduction

In this chapter, we characterise a multiscale model for FMD at community level using graph-theoretic

method. However, the major challenge is whether we can extend the models in chapter 2 and chapter 3 to

community level in order to characterise the multiscale model which incorporates both local transmission

and global transmission. Therefore, based on the characterisation of the multiscale models we established

that the graph theoretic model in chapter 2 can not be extended to a higher level using the graph-theoretic

method. Thus, we extend the nested multiscale model in chapter 3 to a community level multiscale model.

We seek to characterise the spread of FMDV taking into account both the dynamics of FMD at within-

community scale and the interactions at between-community scale.

At community level, within the community there is direct transmission of FMDV when infected cell-

s/tissues/hosts come into direct contact with susceptible cells/tissues/hosts or environmental transmission

when FMDV comes in contact with susceptible cells/tissues/hosts. This is local transmission that can

be represented by ordinary differential equations. At between-community there is movement of infected

individuals between communities. This movement is global transmission and can be represented using

graph theoretic approach. This is a new aspect that is characterised in this chapter.

Mathematical models are fundamental tools to acquire better understanding into various aspects of envi-

ronmentally transmitted diseases, particularly FMD. These insights have the potential to assist us in im-

plementing interventions. Presently, the modelling frameworks based on compartmentalization of animals

(cattle) into SIRS (and their variations) have been used to give insights of local transmission mechanisms
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or global transmission mechanisms of FMD separately [7, 78, 79, 83, 93, 111, 115–128]. Furthermore,

various mathematical models have been formulated giving insights of transmission mechanisms of FMD

disease at single scale using graph theoretic methods [122, 129, 130] however, to the best of my knowledge

there is no model that characterises local transmission and global transmission of pathogen at macrocom-

munity level using both ordinary differential equations and graph theoretic methods. The latest work that

has been done which is more appropriate in modelling the progression of infectious disease systems based

on replication-transmission relativity theory is the multiscale modelling appproach [1]. The multiscale

modelling of global transmission mechanisms of infectious diseases is better achieved through the use of

graph theoretic methods while the standard SIR models address the local transmission mechanisms. In this

study, the main ideas are centred on developing a multiscale modelling approach in tandem with graph

theoretic methods at macrocommunity level, and nodes represent communities (patches) with possible

transmission represented by edges.

4.2 The mathematical model

The model we formulate is derived from the model in chapter 3 developed using the nested approach in

section (3.2.1.3). To formulate the multi-scale model, assume that the environment under consideration

is divided into n patches, which may be cities, geographic regions or communities. We assume that

there is homogeneity within each patch. We divide the cattle population in patch i into compartments of

susceptible and infective individuals with the number in each compartment represented by SCi and ICi,

respectively, for i = 1, ..., n. Let the total number of individuals in patch i be represented by NCi =

SCi + ICi. Assume that the rates of cattle migration between patches hinges on disease status, and that

the infection status of individuals does not change during migration. The rate of migration of cattle from

patch j to patch i is represented by ψSj,i and ψIj,i for susceptible and infective individuals, respectively,

where ψSi,i = ψIi,i = 0. This framework illustrates a multi-digraph where nodes represent patches and

links represent the rates of migration, described by the nonnegative matrices ΨS = [ψSj,i] and ΨI = [ψIj,i].

These matrices are presumed to be irreducible. We assume the birth rate in patch i for the susceptible

class to be ΛCi individuals per unit time. We also assume that the natural death rate is independent of

disease status with µC
SC
i > 0 and µC

IC
i > 0 for susceptible and infected populations. Once infected,

a susceptible individual (SCi) in patch i harbors FMDV, develops clinical infection and progresses into

the infectious compartment ICi at the rate αCi . Upon recovery, an individual moves to the susceptible

compartment as disease immunity fades at a rate δCi . The death rate induced by FMD is denoted by dCi.

VCi is the total infectious reservoir of cattle in a particular community defined here as community viral

load (CV L).
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

dSCi
dt

= ΛCi −
βCiVCi
V0i + VCi

SCi − µCSCi SCi + δCiICi +

n∑
j=1,j 6=i

ψSCj,i SCj −
n∑

j=1,j 6=i
ψSCi,j SCi

dICi
dt

=
βCiVCi
V0i + VCi

SCi − (δCi + dCi(V,A) + µC
IC
i )ICi +

n∑
j=1,j 6=i

ψICj,i ICj −
n∑

j=1,j 6=i
ψICi,j ICi

dVCi
dt

= NiαiICi(t)− αCi(V,A)VCi

(4.2.1)

where

Ni =
ζF̃R0

εU0

is a composite constant parameter
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Figure 4.1: Multiscale Schematic diagram of a multiscale model system (4.2.1)

of FMD for the cattle population in province i, where ΠQ
i =

n∑
j=1,j 6=i

ψQj,iQj −

n∑
j=1,j 6=i

ψQi,jQi, represents the cattle migration between provinces, with Q ∈ {SC , IC}

We presume that the parameters implemented in the model are all positive and the initial conditions for
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the multiscale model system (4.2.1) are SCi(0) ≥ 0, ICi(0) ≥ 0, VCi(0) ≥ 0.

Table 4.1: Description of between-host scale model variables for ith individual.

Variable Description
SCi(t) Susceptible cattle
ICi(t) Infectious cattle
VCi(t) Community viral load

Table 4.2: Description of within-host model variables in (3.2.2).

Variable Description Units Initial value

F Infected cells TCID50 ml−1 0

C Virus-antibody complexes TCID50 ml−1 equiv. 0

P Protected cells Cell 0

U Uninfected cells Cell 1

A Antibody LPBE-titre 0

V Conc. of virions in blood TCID50 ml−1 0

J Non-infectious material TCID50 ml−1 equiv. 0

I Interferon IU ml−1 µ

ξ

4.2.1 Feasibe region of the model

The model that we formulate has to be biologically meaningful. Therefore, we establish the non-negativity

and boundedness of all the state variables as well as their solutions, respectively, in the region Φ, where

Φ =
{

(SCi , ICi , VCi) ∈ R3n
+

}
, i = 1, ..., n (4.2.1)

4.2.1.1 Positivity of solutions

Theorem 4.1. A non-negative solution (SCi(t), ICi(t), VCi(t)) exists for all t ≥ 0

Proof. The positivity of the solutions of the multiscale model system (4.2.1) can be proved using the

integrating factor technique. Considering the first equation in the multiscale model system

dSCi
dt

= ΛCi −
βCiVCi
V0i + VCi

SCi − µCSCi SCi + δCiICi +
n∑

j=1,j 6=i
ψSCj,i SCj −

n∑
j=1,j 6=i

ψSCi,j SCi (4.2.2)
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We re-write equation (4.2.2) as follows

dSCi
dt

+

 βCiVCi
V0i + VCi

+ µC
SC
i +

n∑
j=1,j 6=i

ψSCi,j

SCi = ΛCi + δCiICi +
n∑

j=1,j 6=i
ψSCj,i SCj (4.2.3)

The integrating factor for equation (4.2.3) is

Integrating factor (IF) = e

∫ t
0

[
βCi

VCi
(s)

V0i+VCi
(s)

+µCi
SC+

∑n
j=1,j 6=i ψ

SC
i,j

]
ds

= e

(
βCi+µ

SC
Ci

+
∑n
j=1,j 6=i ψ

SC
i,j

)
t−βCiV0i ln

∣∣∣∣ V0i+VCi
(t)

V0i+VCi
(0)

∣∣∣∣ (4.2.4)

Multiplying equation (4.2.3) by the integrating factor e

(
βCi+µ

SC
Ci

+
∑n
j=1,j 6=i ψ

SC
i,j

)
t−βCiV0i ln

∣∣∣∣ V0i+VCi
(t)

V0i+VCi
(0)

∣∣∣∣ to

get

e

(
βCi+µ

SC
Ci

+
∑n
j=1,j 6=i ψ

SC
i,j

)
t−βCiV0i ln

∣∣∣∣ V0i+VCi
(t)

V0i+VCi
(0)

∣∣∣∣
.
dSCi
dt

+e

(
βCi+µ

SC
Ci

+
∑n
j=1,j 6=i ψ

SC
i,j

)
t−βCiV0i ln

∣∣∣∣ V0i+VCi
(t)

V0i+VCi
(0)

∣∣∣∣
.

 βCiVCi
V0i + VCi

+ µC
SC
i +

n∑
j=1,j 6=i

ψSCi,j

SCi

= e

(
βCi+µ

SC
Ci

+
∑n
j=1,j 6=i ψ

SC
i,j

)
t−βCiV0i ln

∣∣∣∣ V0i+VCi
(t)

V0i+VCi
(0)

∣∣∣∣
.

ΛCi + δCiICi +
n∑

j=1,j 6=i
ψSCj,i SCj

 (4.2.5)

From the product rule we obtain

d

dt

[
e

(
βCi+µ

SC
Ci

+
∑n
j=1,j 6=i ψ

SC
i,j

)
t−βCiV0i ln

∣∣∣∣ V0i+VCi
(t)

V0i+VCi
(0)

∣∣∣∣
.SCi

]

= e

(
βCi+µ

SC
Ci

+
∑n
j=1,j 6=i ψ

SC
i,j

)
t−βCiV0i ln

∣∣∣∣ V0i+VCi
(t)

V0i+VCi
(0)

∣∣∣∣
.

ΛCi + δCiICi +

n∑
j=1,j 6=i

ψSCj,i SCj

 (4.2.6)

Dividing both sides by the integrating factor we get

SCi(t) = e
−
{(

βCi+µ
SC
Ci

+
∑n
j=1,j 6=i ψ

SC
i,j

)
s−βCiV0i ln

∣∣∣∣ V0i+VCi
(t)

V0i+VCi
(0)

∣∣∣∣}×
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∫ t

0
e

(
βCi+µ

SC
Ci

+
∑n
j=1,j 6=i ψ

SC
i,j

)
t−βCiV0i ln

∣∣∣∣V0i+VCi
(s)

V0i+VCi
(0)

∣∣∣∣
.

ΛCi + δCiICi(s) +
n∑

j=1,j 6=i
ψSCj,i SCj(s)

 ds ≥ 0

(4.2.7)

Similarly, positivity of the other two equations of multiscale model system (4.2.1) is proved using the

integrating factor technique. Consequently, SCi(t) ≥ 0, ICi(t) ≥ 0, VCi(t) ≥ 0 for all time t > 0.

4.2.2 Boundedness of Solutions

Letting NCi(t) to represent the total number of cattle population and adding the first and second equation

of the multiscale model system (4.2.1) and letting NC(t) = NC1(t) +NC2(t) + ...+NCn(t), we get

dNC(t)

dt
= ΛCi − µ

SC
Ci
NCi(t)− δCiICi(t) +

n∑
j=1,j 6=i

ψSCj,i SCj −
n∑

j=1,j 6=i
ψSCi,j SCi +

n∑
j=1,j 6=i

ψICj,i ICj

−
n∑

j=1,j 6=i
ψICi,j ICi ≤

n∑
i=1

ΛCi −min
{
µSCC1

, µSCC2
, ..., µSCCn

}
NC(t) (4.2.1)

Because dNC(t)/dt ≤
n∑
i

ΛCi − min
{
µSCC1

, µSCC2
, ..., µSCCn

}
NC(t), it follows that dNC(t)/dt ≤ 0 if

NC(t) ≥
∑n

i=1 ΛCi

min
{
µSCC1

, µSCC2
, ..., µSCCn

} .

We implement the integrating factor method to (4.2.1). When we re-write (4.2.1) we get

dNC(t)

dt
+ min

{
µSCC1

, µSCC2
, ..., µSCCn

}
N(t) ≤

n∑
i=1

ΛCi (4.2.2)

The integrating factor (IF) is

e
∫ t
0 min

{
µ
SC
C1

,µ
SC
C2

,...,µ
SC
Cn

}
ds

= e
min

{
µ
SC
C1

,µ
SC
C2

,...,µ
SC
Cn

}
t (4.2.3)

We multiply emin
{
µ
SC
C1

,µ
SC
C2

,...,µ
SC
Cn

}
t into (4.2.2) to obtain

e
min

{
µ
SC
C1

,µ
SC
C2

,...,µ
SC
Cn

}
t
.
dNC(t)

dt
+ e

min
{
µ
SC
C1

,µ
SC
C2

,...,µ
SC
Cn

}
t
.min

{
µSCC1

, µSCC2
, ..., µSCCn

}
N(t)
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≤ emin
{
µ
SC
C1

,µ
SC
C2

,...,µ
SC
Cn

}
t
.

n∑
i=1

ΛCi (4.2.4)

From the product rule we have

d

dt

[
e

min
{
µ
SC
C1

,µ
SC
C2

,...,µ
SC
Cn

}
t
.NC(t)

]
≤ emin

{
µ
SC
C1

,µ
SC
C2

,...,µ
SC
Cn

}
t
.
n∑
i=1

ΛCi (4.2.5)

e
min

{
µ
SC
C1

,µ
SC
C2

,...,µ
SC
Cn

}
t
.NC(t) ≤ NC(0) +

[
e

min
{
µ
SC
C1

,µ
SC
C2

,...,µ
SC
Cn

}
t − 1

]
.
∑n

i=1 ΛCi

min
{
µSCC1

, µSCC2
, ..., µSCCn

} (4.2.6)

NC(t) ≤ e−min
{
µ
SC
C1

,µ
SC
C2

,...,µ
SC
Cn

}
t
.NC(0)+e

−min
{
µ
SC
C1

,µ
SC
C2

,...,µ
SC
Cn

}
t
.

[
e

min
{
µ
SC
C1

,µ
SC
C2

,...,µ
SC
Cn

}
t − 1

]
.
∑n
i=1 ΛCi

min
{
µSC
C1
, µSC
C2
, ..., µSC

Cn

} (4.2.7)

NC(t) ≤ e−min
{
µ
SC
C1

,µ
SC
C2

,...,µ
SC
Cn

}
t
.NC(0) +

[
1− e−min

{
µ
SC
C1

,µ
SC
C2

,...,µ
SC
Cn

}
t
]
.
∑n

i=1 ΛCi

min
{
µSCC1

, µSCC2
, ..., µSCCn

} (4.2.8)

This implies that

lim
t→∞

sup(NC(t)) ≤
∑n

i=1 ΛCi

min
{
µSCC1

, µSCC2
, ..., µSCCn

} (4.2.9)

Similarly, we let VC =
n∑
i=1

VCi and IC =
n∑
i=1

ICi . Then from the third equation of model system (4.2.1)

we obtain

dVC
dt

= min {N1α1, ..., Nnαn} IC −min {αC1 , ..., αCn}VC (4.2.10)

dVC
dt
≤ min {N1α1, ..., Nnαn}

∑n
i=1 ΛCi

min
{
µSCC1

, µSCC2
, ..., µSCCn

} −min {αC1 , ..., αCn}VC (4.2.11)

We re-write (4.2.11) to get

dVC
dt

+ min {αC1 , ..., αCn}VC ≤ min {N1α1, ..., Nnαn}
∑n

i=1 ΛCi

min
{
µSCC1

, µSCC2
, ..., µSCCn

} (4.2.12)

The integrating factor (IF) is emin{αC1
,...,αCn}t. Multipying (4.2.12) with the integrating factor

emin{αC1
,...,αCn}t we obtain
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emin{αC1
,...,αCn}t.dVC

dt
+ emin{αC1

,...,αCn}t.min {αC1 , ..., αCn}VC

≤ emin{αC1
,...,αCn}t.min {N1α1, ..., Nnαn}

∑n
i=1 ΛCi

min
{
µSCC1

, µSCC2
, ..., µSCCn

} (4.2.13)

From the product rule we have

d

dt

[
emin{αC1

,...,αCn}t.VC
]
≤ emin{αC1

,...,αCn}t.min {N1α1, ..., Nnαn}
∑n

i=1 ΛCi

min
{
µSCC1

, µSCC2
, ..., µSCCn

}
(4.2.14)

When integrate (4.2.14) we get

emin{αC1
,...,αCn}t.VC ≤ VC(0)+

[
emin{αC1

,...,αCn}t − 1
]

min {αC1 , ..., αCn}
.min {N1α1, ..., Nnαn} .

∑n
i=1 ΛCi

min
{
µSC
C1
, µSC
C2
, ..., µSC

Cn

} (4.2.15)

Dividing both sides by the integrating factor gives

VC ≤ e−min{αC1
,...,αCn}t.VC(0) +

[
1− e−min{αC1

,...,αCn}t
]

min {αC1 , ..., αCn}
.

∑n
i=1 ΛCi .min {N1α1, ..., Nnαn}

min
{
µSCC1

, µSCC2
, ..., µSCCn

}
(4.2.16)

This implies

lim
t→∞

sup(VC(t)) ≤
∑n

i=1 ΛCi .min {N1α1, ..., Nnαn}

min
{
αC1µ

SC
C1
, αC2µ

SC
C2
, ..., αCnµ

SC
Cn

} (4.2.17)

Letting

Φ =
{

(SCi ; ICi ;VCi) ∈ R3
+ : 0 ≤ NC ≤ K1, 0 ≤ VC ≤ K2

}
(4.2.18)

where the constants K1 and K2 are such that



K1 =

∑n
i=1 ΛCi

min
{
µSCC1

, µSCC2
, ..., µSCCn

} ,

K2 =

∑n
i=1 ΛCi .min {N1α1, ..., Nnαn}

min
{
αC1µ

SC
C1
, αC2µ

SC
C2
, ..., αCnµ

SC
Cn

} > 0

(4.2.19)
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Therefore, Φ is a positively invariant and attracting region, since all the solutions that start in Φ will re-

main in Φ for all t ≥ 0. Therefore, the results confirm the non-negativity and boundedness of all the state

variables respectively, in the region Φ. Consequently, we can conclude that the multiscale model system

(4.2.1) is mathematically and epidemiologically well-posed.

Theorem 4.2. The region Φ =
{

(SCi , ICi , VCi) ∈ R3n
+

}
, i = 1, ..., n is positively invariant for the multi-

scale model system (4.2.1) with nonnegative initial conditions in R3n
+ .

4.3 Determination of disease free equilibrium and its stability

From the multiscale model (4.2.1), we have

ΛCi − µCSCi SCi +
n∑

j 6=i=1

ψSCj,i SCj −
n∑

j 6=i=1

ψSCi,j SCi = 0, i = i, 1, 2, ..., n, (4.3.1)

Infact, expressing equation (4.3.1) in the form of matrix system we have,

ΛCi −
�
��

�
��*0

βCiVCi
V0i + VCi

SCi − µCSCi SCi +�
�>

0
δCiICi +

n∑
j 6=i=1

ψSCj,i SCj −
n∑

j 6=i=1

ψSCi,j SCi = 0,

ΛCi − µCSCi SCi +

n∑
j 6=i=1

ψSCj,i SCj −
n∑

j 6=i=1

ψSCi,j SCi = 0,

ΛCi −

µCSCi +
n∑

j 6=i=1

ψSCi,j

SCi +
n∑

j 6=i=1

ψSCj,i SCj = 0 (4.3.2)

From (4.3.2) we obtain the solution

n∑
j=1

ϕSi,jSCj = ΛCi (4.3.3)

where


ϕSCi,j = −ψSCi,j for j = 1; 2; ...;n; j 6= i

ϕSCi,j = µSCCi +
n∑

j 6=i=1

ψSCi,j for j = i
(4.3.4)

By the matricial form we have
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ϕSCSC = ΛC , (4.3.5)

where ϕSC =
(
ϕSCi,j

)
1≤i,j≤n

; SC = (SC1;SC2; ...;SCn) and ΛC = (ΛC1; ΛC2; ...; ΛCn)T

We can demonstrate that the positivity of the disease-free equilibrium, which results in the multiscale

model system (4.2.1) having a unique positive solution SC = S0
C = (ϕSC )−1ΛC > 0.

In the case of cattle hosts:

ΛCi −

µCSCi +
n∑

i=1,j 6=i
ψSCi,j

SCi +
n∑

i=1,j 6=i
ψSCj,i SCj = 0 (4.3.6)

µCSCi +
n∑

i=1,j 6=i
ψSCi,j

SCi −
n∑

i=1,j 6=i
ψSCj,i SCj = ΛCi (4.3.7)



µC1 +

n∑
j 6=i=1

ψS1j −ψS12 · · · −ψS1n

−ψS21
. . . · · · −ψS2n

...
...

. . .
...

−ψSn1 −ψSn2 · · · µCn +
∑
j=n

ψjn




S0
C1

S0
C2

...

S0
Cn

 =


ΛC1

ΛC2

...

ΛCn

 (4.3.8)

i.e. DS0
C = ΛC where D = diag

µCSCi +

n∑
i=1,j 6=i

ψSCi,j

−MSC ;

MSC =


0 ψSC1,2 · · · ψSC1,n

ψSC2,1 0 · · · ψSC2,n
...

...
. . .

...

ψSCn,1 ψSCn,2 · · · 0

 (4.3.9)

ΛC = (ΛC1 ,ΛC2 , ...,ΛCn)T , S0
C =

(
S0
C1;S0

C2; ...;S0
Cn

)T
From (4.3.8) all the off-diagonal entries of ϕSC are non-positive and the total of all the entries in every

column of ϕS is positive. Furthermore, ϕSC is an irreducible non-singular M -matrix and so ϕSC must

have positive inverse, that is,
(
ϕSC

)−1
> 0, [131]. Consequently, this implies uniqueness of a positive

solution S0
C =

(
ϕSC

)−1
ΛC > 0. Therefore, the results demonstrate the existence of a unique positive

disease-free equilibrium
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E0 =
(
S0
C , 0, 0,

)
(4.3.10)

where 0 = (0, ..., 0)︸ ︷︷ ︸
n times

, S0
C =

(
ϕSC

)−1
ΛC

Theorem 4.3. The multiscale model system (4.2.1) always has a unique disease-free equilibrium point

E0.

4.3.1 The model reproduction number,R0

In order to evaluate the basic reproductive number we implement the next generation operator approach

[101]. The multiscale model system (4.2.1) can be expressed as follows:

dX

dt
= f(X,Z),

dZ

dt
= h(X,Z), (4.3.1)

where

X = (SCi) (4.3.2)

Z = (ICi , VCi) (4.3.3)

The elements of X stand for the number of susceptibles as well as other groups of non-infectious individ-

uals. The elements of Z stand for infected individuals able to transmit the disease.

The compartments of the disease can be given as ICi and VCi . The infected case can be expressed as

follows:

(IC1 , IC2 , ..., ICn , VC1 , VC2 , ..., VCn) as



dICi
dt

=
βCiVCi
V0i + VCi

SCi − (δCi + dCi(V,A) + µC
IC
i )ICi +

n∑
i=1,j 6=i

ψICj,i ICj −
n∑

i=1,j 6=i
ψICi,j ICi

dVCi
dt

= NiαiICi(t)− αCi(V,A)VCi

(4.3.4)
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

dICi
dt

=
βCiVCi
V0i + VCi

SCi −

δCi + dCi(V,A) + µC
IC
i )

n∑
i=1,j 6=i

ψICi,j

 ICi +
n∑

i=1,j 6=i
ψICj,i ICj

dVCi
dt

= NiαiICi(t)− αCi(V,A)VCi

(4.3.5)



dICi
dt

=
βCiVCi
V0i + VCi

SCi −
n∑

i=1,j 6=i
ϕICi,j ICj

dVCi
dt

= NiαiICi(t)− αCi(V,A)VCi

(4.3.6)

where


ϕICi,j = −ψICi,j for j = 1, ..., n, j 6= i

ϕICi,j = δCi + dCi(V,A) + µC
IC
i +

n∑
i=1,j 6=i

ψICi,j , j = i

(4.3.7)

The vector of the rates of new infections and the vector of the rates of other transfers between disease

states from (4.3.6) are respectively represented by

F =


[
βCiVCi
V0i + VCi

SCi

]
i=1,...,n

0n

 and V =


 n∑
j=1

ϕICi,j ICj


i=1,..,n

[−NiαiICi + αCi(V,A)VCi]i=1,...,n

 (4.3.8)

With respect to the infected classes (ICi and VCi) evaluated at the disease-free equilibrium point E0, the

Jacobian matrices of F and V are respectively described as

F =

O βCiΛCi

V0iµ
SC
Ci

O O

 (4.3.9)
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F =

[
O F1,2

O O

]
(4.3.10)

where

F1,2 = diag

{
βC1ΛC1

V01µ
SC
C1

, ...,
βCnΛCn

V0nµ
SC
Cn

}
(4.3.11)

On the other hand,

V =

[
V1,1 O
V2.1 V2,2

]
(4.3.12)


V1,1 =

(
ϕICi,j

)
1≤i,j≤n

V2,1 = diag(−N1α1,−N2α2, ...,−Nnαn)

V2,2 = diag(αC1 , ..., αCn)

(4.3.13)

We define O as the n × n matrix with all entries being zero. Furthermore, we define the matrix F to be

non-negative of rank one and that can be written as the product of vectors. The matrices V1,1 and V2,2 are

non-singular irreducible M-matrices and can be inverted. We now determine the inverse of matrix V .

V−1 =

[
V −1

1,1 O
−V2,1v

−1
1,1V

−1
2,2 V −1

2,2

]
(4.3.14)

The Next Generation Matrix is given by:

M = FV−1 =

[
O F1,2

O O

][
V −1

1,1 O
−V2,1V

−1
1,1 V

−1
2,2 V −1

2,2

]
(4.3.15)

M = FV−1 =

[
−F1,2V2,1V

−1
1,1 V

−1
2,2 F1,2V

−1
2,2

O O

]
(4.3.16)

Therefore,R0 defined by the spectral radius of FV−1, is
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R0 = ρ(B)

where B represents an n× n positive matrix illustrated by

B = −F1,2V2,1V
−1

1,1 V
−1

2,2

B = −diag

{
βC1ΛC1

V01µ
SC
C1
αC1

, ....,
βCnΛCn

V0nµ
SC
Cn
αCn

}
diag {−N1α1, ...,−Nnαn}

(
ϕIC

)−1

We now consider some particular situations:

(i) Situation 1: Suppose there is no migration between patches, hence, ψICi,j = ψICj,i = 0 for j = i =

1, ..., n j 6= i and we get


ϕICi,j = 0 for j = 1, ..., n j 6= i

ϕICi,i = δCi + dCi(V,A) + µC
IC
i

(4.3.17)

Then−F1,2V2,1V
−1
1,1 V

−1
2,2 = diag

{
βC1ΛC1N1α1

V01µ
SC
C1
αC1(δC1 + dC1(V,A) + µC

IC
1 )

, ....,
βCnΛCnNnαn

V0nµ
SC
Cn
αCn(δCn + dCn(V,A) + µC

IC
n )

}

Therefore

B = diag

{
βC1ΛC1N1α1

V01µ
SC
C1
αC1(δC1 + dC1(V,A) + µC

IC
1 )

, ....,
βCnΛCnNnαn

V0nµ
SC
Cn
αCn(δCn + dCn(V,A) + µC

IC
n )

}
(4.3.18)

and

R0i = ρ (B) (4.3.19)

Hence

R0 = maxR0i

where

R0i =
βCiΛCiNiαi

V0iµ
SC
Ci
αCi(δCi + dCi(V,A) + µC

IC
i )

(4.3.20)

Accordingly, when R0i > 1 for all i, the disease-free equilibrium is unstable resulting in FMD invading

the cattle population. This is verified by proving the global stability of the endemic equilibrium of FMD

in section (4.4). However, when R0i < 1 for all i, the disease-free equilibrium is asymptotically stable
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and FMD may be eliminated. Therefore, it is essential to diminish R0i in each patch i in order to control

FMD. This is verified by proving the global stability of the disease-free equilibrium in section (4.3.3).

(ii) Situation 2: Suppose there is migration in a model with two patches where the migration rates of

the animal populations are nonzero.

F1,2 = diag

{
βC1ΛC1

V01µ
SC
C1

,
βC2ΛC2

V02µ
SC
C2

}
(4.3.21)

and


V1,1 =

(
ϕICi,j

)
1≤i,j≤2

V2,1 = diag(−N1α1,−N2α2)

V2,2 = diag(αC1 , αC2)

(4.3.22)

Then

B = −F1,2V2,1V
−1

1,1 V
−1

2,2 =

[
B11 B12

B21 B22

]



F1,2 =


βC1ΛC1

V01µ
SC
C1

0

0
βC2ΛC2

V02µ
SC
C2



V2,1 =

[
−N1α1 0

0 −N2α2

]

V −1
1,1 =

1

ϕIC11ϕ
IC
22 − ϕ

IC
12ϕ

IC
21

[
ϕIC22 −ϕIC12

−ϕIC21 ϕIC11

]

V −1
2,2 =

1

αC1αC2

[
αC2 0

0 αC1

]

(4.3.23)
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B =
1

αC1αC2

(
ϕIC11ϕ

IC
22 − ϕ

IC
12ϕ

IC
21

)

βC1ΛC1N1α1αC2ϕ

IC
22

V01µ
SC
C1

−βC1ΛC1N1α1αC1ϕ
IC
12

V01µ
SC
C1

−βC2ΛC2N2α2αC2ϕ
IC
21

V02µ
SC
C2

βC2ΛC2N2α2αC1ϕ
IC
11

V02µ
SC
C2





B11 =
βC1ΛC1N1α1αC2ϕ

IC
22

αC1αC2V01µ
SC
C1

(
ϕIC11ϕ

IC
22 − ϕ

IC
12ϕ

IC
21

)

B12 = − βC1ΛC1N1α1αC1ϕ
IC
12

αC1αC2V01µ
SC
C1

(
ϕIC11ϕ

IC
22 − ϕ

IC
12ϕ

IC
21

)

B21 = − βC2ΛC2N2α2αC2ϕ
IC
21

αC1αC2V02µ
SC
C2

(
ϕIC11ϕ

IC
22 − ϕ

IC
12ϕ

IC
21

)

B22 =
βC2ΛC2N2α2αC1ϕ

IC
11

αC1αC2V02µ
SC
C2

(
ϕIC11ϕ

IC
22 − ϕ

IC
12ϕ

IC
21

)

(4.3.24)

Taking the characteristic polynomial

∣∣∣∣∣B11 − Λ B12

B21 B22 − Λ

∣∣∣∣∣ = 0 (4.3.25)

(B11 − Λ)(B22 − Λ)−B12B21 = 0

Λ2 −B11Λ−B22Λ +B11B22 −B12B21 = 0

Applying the quadratic formula

Λ =
1

2

[
(B11 +B22)±

√
B2

11 + 2B11B22 +B2
22 − 4B11B22 + 4B12B21

]

Λ =
1

2

[
(B11 +B22)±

√
B2

11 − 2B11B22 +B2
22 + 4B12B21

]
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Λ =
1

2

[
(B11 +B22)±

√
(B11 −B22)2 + 4B12B21

]
Take

Λ =
1

2

[
(B11 +B22) +

√
(B11 −B22)2 + 4B12B21

]
Hence

R0 =
1

2

[
(B11 +B22) +

√
(B11 −B22)2 + 4B12B21

]
(4.3.26)

The basic reproduction number in patch i when there is no movement between patch i and other patches

(in otherwords, patch i is isolated from the other patches) is given by

R0i =
βCiΛCiNiαi

V0iµ
SC
Ci
αCi(δCi + dCi(V,A) + µC

IC
i )

(4.3.27)

where βCi is the contact rate in patch i. When the microscale and macroscale parameters of the patches

differ only in their contact rates, we obtain a result of bounds onR0 in terms ofR0i.

Theorem 4.4. Suppose ΛCi = ΛC , Ni = N , αi = α, V0i = V0, µSCCi = µSCC , αCi = αC , δCi =

δC ,dCi(V,A) = dC(V,A), αICCi = αICC for all i = 1, ..., n.

Then

min
i
R0i ≤ R0 ≤ max

i
R0i (4.3.28)

Proof Without the loss of generality we take

βC1 ≤ βC2 ≤ ... ≤ βCn (4.3.29)

Thus

min
i=1,...,n

R0i = R01 =
βC1ΛCNα

V0µ
SC
C αC(δC + dC(V,A) + µCIC )

≤ ... ≤ βCnΛCNα

V0µ
SC
C αC(δC + dC(V,A) + µCIC )

= R0n = max
i=1,...,n

R0i

(4.3.30)
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Let V −1
1,1 = X = [xij ] and V −1

2,2 = Y = [yij ]. We can write diag {Nα, ..., Nα} as diag(Nα),

diag

{
ΛC

V0µ
SC
C

, ...,
ΛC

V0µ
SC
C

}
as diag

(
ΛC

V0µ
SC
C

)

From (4.3.19) we have

R0 = ρ

(
diag(βC1 , ..., βCn)Y diag

(
ΛC

V0µ
SC
C

)
diag(Nα)X

)
(4.3.31)

Taking W = diag(βC1 , ..., βCn)Y diag

(
ΛC

V0µ
SC
C

)
diag(Nα)X , which can be written as

W =


βC1ΛCNα

V0µ
SC
C

(y11x11 + ...+ y1nxn1) ...
βC1ΛCNα

V0µ
SC
C

(y11x1n + ...+ y1nxnn)

... ... ...
βCnΛCNα

V0µ
SC
C

(yn1x11 + ...+ ynnxn1) ...
βCnΛCNα

V0µ
SC
C

(yn1x1n + ...+ ynnxnn)

 (4.3.32)

Now we let
[
ITW

]
1

define the total of the entries in the first column of W, as IT = (1, ..., 1). Then

[
ITW

]
1

=
βC1ΛCNα

V0µ
SC
C

y11x11 + ...+
βC1ΛCNα

V0µ
SC
C

y1nxn1

+
βC2ΛCNα

V0µ
SC
C

y21x11 + ...+
βC2ΛCNα

V0µ
SC
C

y2nxn1 + ...

+...+
βCnΛCNα

V0µ
SC
C

yn1x11 + ...+
βCnΛCNα

V0µ
SC
C

ynnxn1

≤ βCnΛCNα

V0µ
SC
C

n∑
i=1

xi1(y1i + ...+ yni)

=
βCn
αC

ΛCNα

V0µ
SC
C

n∑
i=1

xi1 (4.3.33)

where the inequality comes from (4.3.29), and the final equality comes from the reason that V2,2 has

column sum αC , hence ITV2,2 = αCIT , which means ITY = (1/αC) IT . The column sum of V1,1 is

δC + dC(V,A) + µICC from (4.3.30) and (4.3.33)

[
ITW

]
1
≤ βCnΛCNα

V0µ
SC
C αC

(
δC + dC(V,A) + µICC

) = R0n = max
i=1,...,n

R0i (4.3.34)

Similarly
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min
i=1,...,n

R0i = R01 =
βC1ΛCNα

V0µ
SC
C αC

(
δC + dC(V,A) + µICC

) ≤ [ITW ]
1

(4.3.35)

By using similar arguments we show that these inequalities remain valid for every column for W. Since

the spectral radius of a nonnegative matrix is between the minimum column sum and maximum column

sum, therefore

min
i=1,...,n

R0i ≤ ρ

(
diag(βC1 , ..., βCn)Y diag(Nα)diag

(
ΛC

V0µ
SC
C

)
X

)
≤ max

i=1,...,n
R0i (4.3.36)

Therefore, the proof is completed

4.3.2 Local Stability of the FMD disease free equilibrium (DFE)

From Theorem 4.2 of van den Driessche and Watmough [103], if R0 < 1 then the FMD disease free

equilibrium is locally asymptotically stable and the disease cannot persist in the cattle population. We

summarize this result below.

Theorem 4.5. The disease-free equilibrium point E0 of the multi-scale model system (4.2.1) is locally

asymptotically stable wheneverR0 < 1 and unstable otherwise.

Proof Let J12 be the matrix of the partial derivatives evaluated at the disease-free equilibrium. The

Jacobian matrix for the linearization of the system about the disease free equilibrium is obtained as the

block structure.

J =

[
−ϕSC J12

0 F − V

]
(4.3.1)

The matrix J is triangular. Therefore, the eigenvalues of J are those of the partition matrices ϕSC and

F − V where ϕSC is an irreducible non-singular M -matrix as defined in (section 4.3). Hence, special

abcissa, s(−ϕSC ) has negative real parts. Therefore, the matrix J will has eigenvalues all with negative

real parts if the matrix F − V has all eigenvalues with negative real parts. In addition, F is non-negative

matrix and V is a non-singular M -matrix. Thus, the eigenvalues of F − V will have negative real parts if

and only if ρ(FV −1) < 1, that is, the disease-free equilibrium is locally asymptotically stable if and only

if the basic reproduction numberR0 = ρ(FV −1) < 1. IfR0 > 1, then s(F −V ) > 0. This shows that at

least one eigenvalue lies in the right half plane. So, the disease-free equilibrium is unstable ifR0 > 1.
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Lemma 4.6. The matrix (F − V ) has a real spectrum. Moreover, if ρ
(
FV −1

)
< 1, all eigenvalues of

(F − V ) are negative.

4.3.3 Global Stability of the disease-free equilibrium

For the purpose of establishing the global stability of DFE of the model system (4.2.1), we implement

Theorem 2 in van den Driessche and Watmough [103] to establish that the disease-free equilibrium is

globally asymptotically stable whenever R0 < 1 and unstable when R0 > 1. We identify two conditions

that warrant the global asymptotic stability of the disease-free state. The model system (4.2.1) can be

written as follows:


dX

dt
= F (X,Z),

dZ

dt
= G(X,Z), G(X, 0) = 0

(4.3.1)

whereX = SCi denotes all uninfected components and Z = (ICi , VCi) denotes all infected and infectious

components;

E0 =
(
S0
C , 0, 0

)
(4.3.2)

where 0 = (0, ..., 0)︸ ︷︷ ︸
n times

, S0
C =

(
ϕSC

)−1
ΛC

denotes the disease-free equilibrium of the system. To warrant global asymptotic stability, the conditions

(H1) and (H2) below must be met [101]:

(H1) For
dX

dt
= F (X, 0), X∗ is globally asymptotically stable (g.a.s);

(H2) G(X,Z) = AZ − Ĝ(X,Z), Ĝ(X,Z) ≥ 0 for (X,Z) ∈ R3
+, where the Jacobian A =

∂G

∂Z
=

DZG(X∗, 0) is an M -matrix (the off diagonal elements of A are nonnegative) and R3
+ is the region

where the model makes biological sense.

dX

dt
= F (X,Z) = ΛCi −

βCiVCi
V0i + VCi

SCi − µCSCi SCi + δCiICi +
n∑

j=1,j 6=i
ψSCj,i SCj −

n∑
j=1,j 6=i

ψSCi,j SCi,

(4.3.3)

At the disease-free equilibrium Z = 0
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F (X, 0) = ΛCi − µCSCi SCi (4.3.4)

Hence, since Φ is an invariant set for model system (4.2.1) and in view of Theorem (4.5), it is sufficient to

show that for all E0 ∈ Φ

lim
t→∞

SCi(t) = S0
Ci , lim

t→∞
ICi(t) = 0, lim

t→∞
VCi(t) = 0, (4.3.5)

where S0
Ci is as in (4.3.2) , it follows that

dSCi(t)

dt
≤ ΛCi − µ

SC
Ci
SCi(t) (4.3.6)

It is easy to see that S0
Ci is globally asymptotically stable equilibrium for the comparison equations

dy1(t)

dt
≤ ΛCi − µ

SC
Ci
y1(t) (4.3.7)

Therefore, for any ε > 0, there exists t̄ > 0, such that for all t ≥ t̄, it holds SCi(t) ≤ S0
Ci + ε

lim
t→∞

supSCi(t) ≤ S0
Ci (4.3.8)

From (4.3.8) and the equations (2) and (3) of the model system (4.2.1) we have that for t ≥ t̄

dSCi(t)

dt
≤ ΛCi −

(
λCi(t) + µSCCi

) (
S0
Ci + ε

)
+ δCiICi(t) +

n∑
j 6=i=1

ψSCj,i SCj −
n∑

j 6=i=1

ψSCi,j SCi ,

dICi(t)

dt
≤ λCi(t)

(
S0
Ci + ε

)
− (δCi + dCi + µSCCi )ICi +

n∑
j 6=i=1

ψICj,i ICj −
n∑

j 6=i=1

ψICi,j ICi (4.3.9)

dVCi(t)

dt
= NiαiICi(t)− αCiVCi(t)

Let us consider the comparison system

dw1(t)

dt
≤ ΛCi −

(
λCi(t) + µSCCi

) (
S0
Ci + ε

)
+ δCiw2(t) +

n∑
j 6=i=1

ψSCj,i SCj −
n∑

j 6=i=1

ψSCi,j SCi ,

dw2(t)

dt
≤ λCi(t)

(
S0
Ci + ε

)
− (δCi + dCi + µSCCi )w2 +

n∑
j 6=i=1

ψICj,i ICj −
n∑

j 6=i=1

ψICi,j ICi (4.3.10)

dw3(t)

dt
= NiαiICi(t)− αCiw3(t), w1(t̄) = SCi(t̄), w2(t̄) = ICi(t̄), w3(t̄) = VCi(t̄)
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that we can re-write as

dw(t)

dt
= (Fε − Vε)w(t) (4.3.11)

where w(t) = (w1(t), w2(t), w3(t))T and (Fε − Vε) is a matrix in (4.3.8) computed in

E0(ε) =
(
S0
Ci + ε, 0, 0

)
. Let us note that if R0 = ρ

(
FV −1

)
< 1, we can choose a sufficiently small

ε > 0 such that ρ
(
FεV

−1
ε

)
< 1. Then by applying Lemma 4.6 to (Fε − Vε) we obtain that it has a real

spectrum and all its eigenvalues are negative. It follows that lim
t→∞

w(t) = 0, whatever the initial conditions

are, from which

lim
t→∞

ICi(t) = 0, lim
t→∞

VCi(t) = 0 (4.3.12)

Now, for any ε > 0, there exists t̄1 such that for any t ≥ t̄1, ICi(t) < ε, VCi(t) < ε. So, for t ≥ t̄1 we

have

dSCi(t)

dt
≥ ΛCi −

βCiε

V0i + ε
SCi − µ

SC
Ci
SCi(t), (4.3.13)

It is easy to see that
ΛCi[

βCiε

V0i+ε
+ µSCCi

] is a global asymptotically stable equilibrium for the comparison

equation

dy(t)

dt
≥ ΛCi −

βCiε

V0i + ε
y(t)− µSCCi y(t), (4.3.14)

Thus, for any χ > 0, there exists t̄2 > 0 such that for all t ≥ t̄2

SCi(t) ≥
ΛCi[

βCiε

V0i+ε
+ µSCCi

] − χ (4.3.15)

Therefore, for any ε > 0, we have

lim
t→∞

inf SCi(t) ≥
ΛCi[

βCiε

V0i+ε
+ µSCCi

] (4.3.16)

Letting t→∞, we get lim
t→∞

inf SHi (t) ≥ SH0i and combining this with (4.3.8) gives us

lim
t→∞

SCi(t) = S0
Ci (4.3.17)

Therefore, E0 =

(
ΛCi

µSCCi

, 0, 0

)
, i = 1, .., n is a global asymptotically stable equilibrium point satisfying

condition H1.
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Since SCi ≤ S0
Ci , we can obtain from the multiscale model system (4.2.1).



dICi(t)

dt
≤ λCi(t)S0

Ci(t)− (δCi + dCi + µSCCi )IHi (t) +
n∑

j 6=i=1

ψICj,i ICj (t)−
n∑

j 6=i=1

ψICi,j ICi(t)

dVCi(t)

dt
≤ NiαiICi(t)− αCiVCi(t)

(4.3.18)

We consider the linear system



dICi(t)

dt
≤ λCi(t)S0

Ci(t)− (δCi + dCi + µSCCi )IHi (t) +
n∑

j 6=i=1

ψICj,i ICj (t)−
n∑

j 6=i=1

ψICi,j ICi(t)

dVCi(t)

dt
≤ NiαiICi(t)− αCiVCi(t)

(4.3.19)

Therefore, the system of equations (4.3.19) can be written as

du
dt

= Au (4.3.20)

where, u = [IC1 , IC2 , ..., ICn , VC1 , VC2 , ..., VCn ]T , A = F − V. In this case, F is a non-negative matrix

(from 4.3.9) and V is a non-negative M-matrix (from 4.3.12). Hence,

s(F− V) < 0 ⇐⇒ ρ
{

FV−1
}
< 1 (4.3.21)

In other words, the eigenvalues of F − V lie on the left half plane if R0 < 1. Therefore, each positive

solution of (4.3.20) satisfies

lim
t→∞

u = 0 (4.3.22)

that is, lim
t→∞

ICi = 0, lim
t→∞

VCi = 0 for all i = 1, 2, ..., n

Since all the variables of the multiscale model system (4.2.1) are non-negative, then the use of Comparison

theorem [132, 133]

lim
t→∞

lim
t→∞

ICi = 0, lim
t→∞

VCi = 0 for all i = 1, 2, ..., n (4.3.23)

Furthermore, as t→∞
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dSCi
dt

= ΛCi − µ
SC
Ci
SCi +

n∑
j 6=i=1

ψSCj,i SCj −
n∑

j 6=i=1

ψSCi,j SCi (4.3.24)

In the matrix form

d

dt
[SC ] = ΛC − ϕSCSC , (4.3.25)

Therefore, the matrices ϕSC is non-singular M-matrix, where all their eigenvalues lie in the left half plane.

Consequently, if ShC is the homogeneous solutions of system equations (4.3.24) and (4.3.25) respectively,

then we have

lim
t→∞

ShC = 0 (4.3.26)

From section (4.3) matrix ϕSC is an irreducible, non-singular M-matrix. Therefore, the matrix ϕSC has a

positive inverse. S0
C =

(
ϕSC

)−1
ΛC is a particular solution and SC = ShC + S0

C is the general solution of

(4.3.25). In addition,

lim
t→∞

SCi = S0
Ci , lim

t→∞
ICi = 0, lim

t→∞
VCi = 0, (4.3.27)

for all i = 1, 2, ..., n

Therefore, as t→∞, we obtain the equilibrium point

E0 =
(
S0
C , 0, 0

)
(4.3.28)

where 0 = (0, ..., 0)︸ ︷︷ ︸
n times

, S0
C =

(
ϕSC

)−1
ΛC Therefore, the disease-free equilibrium is globally asymptoti-

cally stable ifR0 < 1 and unstable ifR0 > 1

Theorem 4.7. IfR0 < 1, then the disease-free equilibrium is globally asymptotically stable and unstable

ifR0 > 1

Proposition 4.8. Suppose that ΨI =
(
ψIij
)

is irreducible. If R0 > 1, then the model system (4.2.1) is

uniformly persistent and there exists an endemic equilibrium E∗ in Ω̂ .

4.4 Global stability of endemic equilibria and uniqueness

We now establish the sufficient conditions which ensure global stability and uniqueness of the endemic

equilibrium. We assume that R0 > 1. We deduce global stability and uniqueness of the endemic equilib-

rium by implementing graph-theoretic method [134–136]
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Theorem 4.9. Assume thatR0 > 1 and claim that an endemic equilibrium

E∗ = (S∗C1
, I∗C1

, V ∗C1
, S∗C2

, I∗C2
, V ∗C2

, ..., S∗Cn , I
∗
Cn , V

∗
Cn) exists. Suppose that one of the following assump-

tions is satisfied.

(1) ΨS = 0 and ΨI is irreducible;

(2) ΨI = 0 and ΨS is irreducible;

(3) ΨS and ΨI are irreducible, and there exists λ > 0 such thatψSj,iS
∗
Cj = λψIj,iI

∗
Cj for all 1 ≤ i, j ≤ n.

where ΨS =
(
ψSij
)

and ΨI =
(
ψIij
)

are migration matrices for susceptible and infected humans respec-

tively. Then E∗ is unique and asymptotically stable in Ω̂.

By Proposition (4.8), the existence of a endemic equilibrium E∗ is ensured if the assumption (1) or as-

sumption (3) is satisfied.

Proof . This proof is completed through the implementation of the approach by [137]. In the proof we

consider assumption (3) is fulfilled and then the remaining assumptions can be proved the same way. We

now deduce the global asymptotic stability of E∗ in Ω̂ which implies that E∗ is necessarily unique.



dSCi
dt

= ΛCi − λCiSCi − µC
SC
i SCi + δCiICi +

n∑
j 6=i=1

ψSCj,i SCj −
n∑

j 6=i=1

ψSCi,j SCi

dICi
dt

= λCiSCi − (δCi + dCi + µC
IC
i )ICi +

n∑
j 6=i=1

ψICj,i ICj −
n∑

j 6=i=1

ψICi,j ICi

dVCi
dt

= NiαiICi(t)− αCiVCi

(4.4.1)

Set

Vi (SCi , ICi) = SCi − S∗Ci − S
∗
Ci ln

SCi
S∗Ci

+ ICi − I∗Ci − I
∗
Ci ln

ICi
I∗Ci

(4.4.2)

From equilibrium equations of (4.4.1), we obtain

0 = ΛCi − λCi(t)SCi(t)− µ
SC
Ci
SCi + δCiICi(t) +

n∑
j 6=i=1

ψSCj,i SCj −
n∑

j 6=i=1

ψSCi,j SCi , (4.4.3)
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µSCCi SCi = ΛCi − λCi(t)SCi(t) + δCiICi(t) +

n∑
j 6=i=1

ψSCj,i SCj −
n∑

j 6=i=1

ψSCi,j SCi (4.4.4)

µSCCi S
∗
Ci = ΛCi − λ∗Ci(t)S

∗
Ci(t) + δCiI

∗
Ci(t) +

n∑
j 6=i=1

ψSCj,i S
∗
Cj −

n∑
j 6=i=1

ψSCi,j S
∗
Ci (4.4.5)

0 = λCiSCi − (δCi + dCi + µC
IC
i )ICi +

n∑
j 6=i=1

ψICj,i ICj −
n∑

j 6=i=1

ψICi,j ICi (4.4.6)

(δCi + dCi + µC
IC
i )ICi = λCiSCi +

n∑
j 6=i=1

ψICj,i ICj −
n∑

j 6=i=1

ψICi,j ICi (4.4.7)

(δCi + dCi + µC
IC
i )I∗Ci = λ∗CiS

∗
Ci +

n∑
j 6=i=1

ψICj,i I
∗
Cj −

n∑
j 6=i=1

ψICi,j I
∗
Ci (4.4.8)

We can highlight that 1 − x + lnx ≤ 0 for x > 0 and equality holds if and only if x = 1. When we

differentiate Vi along the solution of system (4.4.1), gives

dVi
dt

=
∂Vi
∂SCi

.
dSCi
dt

+
∂Vi
∂ICi

.
dICi
dt

(4.4.9)

dVi
dt

=

(
1−

S∗Ci
SCi

)
.
dSCi
dt

+

(
1−

I∗Ci
ICi

)
.
dICi
dt

(4.4.10)

Substituting equations in (4.4.1) into (4.4.10) we get

dVi
dt

=

(
1− S∗i

SCi

)
.

ΛCi − λCi(t)SCi(t)− µ
SC
Ci
SCi + δCiICi(t) +

n∑
j 6=i=1

ψSCj,i SCj −
n∑

j 6=i=1

ψSCi,j SCi



+

(
1−

I∗Ci
ICi

)
.

λCiSCi − (δCi + dCi + µC
IC
i )ICi +

n∑
j 6=i=1

ψICj,i ICj −
n∑

j 6=i=1

ψICi,j ICi

 (4.4.11)

dVi
dt

= ΛCi−λCi(t)SCi(t)−µ
SC
Ci
SCi+δCiICi(t)+

n∑
j 6=i=1

ψSCj,i SCj−
n∑

j 6=i=1

ψSCi,j SCi−
S∗Ci
SCi

ΛCi+
S∗Ci
SCi

λCiSCi
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+
S∗Ci
SCi

µSCi SCi−
S∗Ci
SCi

δCiICi−
S∗Ci
SCi

n∑
j=1

ψSCji SCj+
S∗Ci
SCi

n∑
j=1

ψSCij SCi+λCi(t)SCi(t)−(δCi+dCi+µC
IC
i )ICi

+

n∑
j 6=i=1

ψICj,i ICj−
n∑

j 6=i=1

ψICi,j ICi−
I∗Ci
ICi

λCiSCi+
I∗Ci
ICi

(δCi+dCi+µC
IC
i )ICi−

I∗Ci
ICi

n∑
j=1

ψICji ICj+
I∗Ci
ICi

n∑
j=1

ψICij ICi

(4.4.12)

dVi
dt

= ΛCi−λCi(t)SCi(t)−µ
SC
i SCi+δCiICi(t)+

n∑
j 6=i=1

ψSCj,i SCj−
n∑

j 6=i=1

ψSCi,j SCi−ΛCi
S∗Ci
SCi

+λCiS
∗
Ci+µ

SC
i S∗Ci

−δCi
S∗Ci
SCi

ICi−
n∑
j=1

ψSCji SCj
S∗Ci
SCi

+
n∑
j=1

ψSCij S
∗
Ci +λCi(t)SCi(t)− (δCi+dCi+µC

IC
i )ICi+

n∑
j 6=i=1

ψICj,i ICj

−
n∑

j 6=i=1

ψICi,j ICi − λCi
I∗Ci
ICi

SCi + (δCi + dCi + µC
IC
i )I∗Ci −

n∑
j=1

ψICji ICj
I∗Ci
ICi

+

n∑
j=1

ψICij I
∗
Ci (4.4.13)



µSCCi S
∗
Ci = ΛCi − λ∗CiS

∗
Ci + δCiI

∗
Ci +

n∑
j 6=i=1

ψSCji S
∗
Cj −

n∑
j 6=i=1

ψSCij S
∗
Ci

µSCCi SCi = ΛCi
SCi
S∗Ci
− λ∗CiSCi + δCiI

∗
Ci

SCi
S∗Ci

+
n∑

j 6=i=1

ψSCji S
∗
Cj

SCi
S∗Ci
−

n∑
j 6=i=1

ψSCij SCi

(
δCi + dCi(V,A) + µICCi

)
I∗Ci = λ∗CiS

∗
Ci +

n∑
j 6=i=1

ψICji I
∗
Cj −

n∑
j 6=i=1

ψICij I
∗
Ci

(
δCi + dCi(V,A) + µICCi

)
ICi = λ∗CiS

∗
Ci

ICi
I∗Ci

+
n∑

j 6=i=1

ψICji I
∗
Cj

ICi
I∗Ci
−

n∑
j 6=i=1

ψICij ICi

(4.4.14)

Substituting equations in (4.4.14) into (4.4.13) we get

dVi
dt

= ΛCi−λCi(t)SCi(t)−

ΛCi
SCi
S∗Ci
− λ∗Ci(t)SCi(t) + δCiI

∗
Ci(t)

SCi
S∗Ci

+

n∑
j=1

ψSCji S
∗
Cj

SCi
S∗Ci
−

n∑
j=1

ψSCij SCi


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+δCiICi(t) +

n∑
j 6=i=1

ψSCj,i SCj −
n∑

j 6=i=1

ψSCi,j SCi − ΛCi
S∗Ci
SCi

+ λCiS
∗
Ci

+

ΛCi − λ∗Ci(t)S
∗
Ci(t) + δCiI

∗
Ci(t) +

n∑
j 6=i=1

ψSCj,i S
∗
Cj −

n∑
j 6=i=1

ψSCi,j S
∗
Ci



−δCi
S∗Ci
SCi

ICi −
n∑
j=1

ψSCji SCj
S∗Ci
SCi

+

n∑
j=1

ψSCij S
∗
Ci + λCi(t)SCi(t)

−

λ∗Ci(t)S∗Ci(t)ICiI∗Ci
+

n∑
j 6=i=1

ψICj,i I
∗
Cj

ICi
I∗Ci
−

n∑
j 6=i=1

ψICi,j ICi

+

n∑
j 6=i=1

ψICj,i ICj−
n∑

j 6=i=1

ψICi,j ICi−λCi
I∗Ci
ICi

SCi

+

λ∗Ci(t)S∗i (t) +

n∑
j 6=i=1

ψICj,i I
∗
Cj −

n∑
j 6=i=1

ψICi,j I
∗
Ci

− n∑
j=1

ψICji ICj
I∗Ci
ICi

+
n∑
j=1

ψICij I
∗
Ci (4.4.15)

Simplifying (4.4.15) we obtain

dVi
dt

= ΛCi −λCi(t)SCi(t)−ΛCi
SCi
S∗Ci

+λ∗Ci(t)SCi(t)− δCiI
∗
Ci(t)

SCi
S∗Ci
−

n∑
j=1

ψSCji S
∗
Cj

SCi
S∗Ci

+

n∑
j=1

ψSCij SCi

+δCiICi(t) +

n∑
j 6=i=1

ψSCj,i SCj −
n∑

j 6=i=1

ψSCi,j SCi − ΛCi
S∗Ci
SCi

+ λCiS
∗
Ci

+ΛCi − λ∗Ci(t)S
∗
Ci(t) + δCiI

∗
Ci(t) +

n∑
j 6=i=1

ψSCj,i S
∗
Cj −

n∑
j 6=i=1

ψSCi,j S
∗
Ci

−δCi
S∗Ci
SCi

ICi −
n∑
j=1

ψSCji SCj
S∗Ci
SCi

+

n∑
j=1

ψSCij S
∗
Ci + λCi(t)SCi(t)

−λ∗Ci(t)S
∗
i (t)

ICi
I∗Ci
−

n∑
j 6=i=1

ψICj,i I
∗
Cj

ICi
I∗Ci

+
n∑

j 6=i=1

ψICi,j ICi +
n∑

j 6=i=1

ψICj,i ICj −
n∑

j 6=i=1

ψICi,j ICi

−λCi
I∗Ci
ICi

SCi +λ∗Ci(t)S
∗
Ci(t) +

n∑
j 6=i=1

ψICj,i I
∗
Cj −

n∑
j 6=i=1

ψICi,j I
∗
Ci −

n∑
j=1

ψICji ICj
I∗Ci
ICi

+

n∑
j=1

ψICij I
∗
Ci (4.4.16)
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dVi
dt

= ΛCi −���
���

�:0
λCi(t)SCi(t)−ΛCi

SCi
S∗Ci

+λ∗Ci(t)SCi(t)− δCiI
∗
Ci(t)

SCi
S∗Ci
−

n∑
j=1

ψSCji S
∗
Cj

SCi
S∗Ci

+
n∑
j=1
��
��
�*0

ψSCij SCi

+δCiICi(t) +
n∑

j 6=i=1

ψSCj,i SCj −
n∑

j 6=i=1
�
��

��*0
ψSCi,j SCi − ΛCi

S∗Ci
SCi

+ λCiS
∗
Ci

+ΛCi −���
���

�:0
λ∗Ci(t)S

∗
Ci(t) + δCiI

∗
Ci(t) +

n∑
j 6=i=1

ψSCj,i S
∗
Cj −

n∑
j 6=i=1

��
�
��*0

ψSCi,j S
∗
Ci

−δCi
S∗Ci
SCi

ICi −
n∑
j=1

ψSCji SCj
S∗Ci
SCi

+
n∑
j=1
�
��

��*0
ψSCij S

∗
Ci +���

���
�:0

λCi(t)SCi(t)

−λ∗Ci(t)S
∗
Ci(t)

ICi
I∗Ci
−

n∑
j 6=i=1

ψICj,i I
∗
Cj

ICi
I∗Ci

+

n∑
j 6=i=1

�
��
�*0

ψICi,j ICi +

n∑
j 6=i=1

ψICj,i ICj −
n∑

j 6=i=1
�
��
�*0

ψICi,j ICi

−λCi
I∗Ci
ICi

SCi +
���

���
�:0

λ∗Ci(t)S
∗
Ci(t) +

n∑
j 6=i=1

ψICj,i I
∗
Cj −

n∑
j 6=i=1

��
��*

0
ψICi,j I

∗
Ci −

n∑
j=1

ψICji ICj
I∗Ci
ICi

+

n∑
j=1
�
��
�*0

ψICij I
∗
Ci (4.4.17)

dVi
dt

= ΛCi − ΛCi
SCi
S∗Ci

+ ΛCi − ΛCi
S∗Ci
SCi

+λ∗CiSCi + λCiS
∗
Ci − λCi

I∗Ci
ICi

SCi − λ∗Ci(t)S
∗
Ci(t)

ICi
I∗Ci

+δCiICi(t)− δCi
S∗Ci
SCi

ICi − δCiI∗Ci(t)
SCi
S∗Ci

+ δCiI
∗
Ci(t)

−
n∑
j=1

ψSCji S
∗
Cj

SCi
S∗Ci
−

n∑
j=1

ψSCji SCj
S∗Ci
SCi

+

n∑
j 6=i=1

ψSCj,i SCj +

n∑
j 6=i=1

ψSCj,i S
∗
Cj

−
n∑

j 6=i=1

ψICj,i I
∗
Cj

ICi
I∗Ci

+
n∑

j 6=i=1

ψICj,i ICj +
n∑

j 6=i=1

ψICj,i I
∗
Cj −

n∑
j=1

ψICji ICj
I∗Ci
ICi

(4.4.18)

Therefore

dVi
dt

= ΛCi − ΛCi
SCi
S∗Ci

+ ΛCi − ΛCi
S∗Ci
SCi

+ ΛCi ln
SCi
S∗Ci
− ΛCi ln

SCi
S∗Ci
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+λ∗CiSCi

[
1−

S∗CiICi
SCiI

∗
Ci

+ ln
S∗CiICi
SCiI

∗
Ci

− ln
S∗CiICi
SCiI

∗
Ci

]
+ λCiS

∗
Ci

[
1−

SCiI
∗
Ci

S∗CiICi
+ ln

SCiI
∗
Ci

S∗CiICi
− ln

SCiI
∗
Ci

S∗CiICi

]

+δCiICi(t)

[
1−

S∗Ci
SCi

+ ln
S∗Ci
SCi
− ln

S∗Ci
SCi

]
+ δCiI

∗
Ci(t)

[
1− SCi

S∗Ci
+ ln

SCi
S∗Ci
− ln

SCi
S∗Ci

]

+
n∑

j 6=i=1

ψSCj,i S
∗
Cj

[
1− SCi

S∗Ci
+
SCj
S∗Cj
−
SCjS

∗
Ci

S∗CjSCi
+ ln

SCjS
∗
Ci

S∗CjSCi
− ln

SCjS
∗
Ci

S∗CjSCi

]

+

n∑
j 6=i=1

ψICj,i I
∗
Cj

[
1− ICi

I∗Ci
+
ICj
I∗Cj
−
ICjI

∗
Ci

I∗CjICi
+ ln

ICjI
∗
Ci

I∗CjICi
− ln

ICjI
∗
Ci

I∗CjICi

]
(4.4.19)

dVi
dt

= ΛCi

[
1− SCi

S∗Ci
+ 1−

S∗Ci
SCi

+ ln
SCi
S∗Ci
− ln

SCi
S∗Ci

]

+λ∗CiSCi

[
1−

S∗CiICi
SCiI

∗
Ci

+ ln
S∗CiICi
SCiI

∗
Ci

]
− λ∗CiSCi ln

S∗CiICi
SCiI

∗
Ci

+ λCiS
∗
Ci

[
1−

SCiI
∗
Ci

S∗CiICi
+ ln

SCiI
∗
Ci

S∗CiICi

]

−λCiS∗Ci ln
SCiI

∗
Ci

S∗CiICi
+δCiICi(t)

[
1−

S∗Ci
SCi

+ ln
S∗Ci
SCi

]
−δCiICi(t) ln

S∗Ci
SCi

+δCiI
∗
Ci(t)

[
1− SCi

S∗Ci
+ ln

SCi
S∗Ci

]

−δCiI∗Ci(t) ln
SCi
S∗Ci

+
n∑

j 6=i=1

ψSCj,i S
∗
Cj

[
1− SCi

S∗Ci
+
SCj
S∗Cj
−
SCjS

∗
Ci

S∗CjSCi
+ ln

SCjS
∗
Ci

S∗CjSCi
− ln

SCjS
∗
Ci

S∗CjSCi

]

+

n∑
j 6=i=1

ψICj,i I
∗
Cj

[
1− ICi

I∗Ci
+
ICj
I∗Cj
−
ICjI

∗
Ci

I∗CjICi
+ ln

ICjI
∗
Ci

I∗CjICi
− ln

ICjI
∗
Ci

I∗CjICi

]
(4.4.20)

dVi
dt

= ΛCi

[
1− SCi

S∗Ci
+ 1−

S∗Ci
SCi

+ ln
SCi
S∗Ci
− ln

SCi
S∗Ci

]

+λ∗CiSCi

[
1−

S∗CiICi
SCiI

∗
Ci

+ ln
S∗CiICi
SCiI

∗
Ci

]
+λCiS

∗
Ci

[
1−

SCiI
∗
Ci

S∗CiICi
+ ln

SCiI
∗
Ci

S∗CiICi

]
+ln

S∗CiICi
SCiI

∗
Ci

(
λCiS

∗
Ci − λ

∗
CiSCi

)
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+δCiICi(t)

[
1−

S∗Ci
SCi

+ ln
S∗Ci
SCi

]
+ δCiI

∗
Ci(t)

[
1− SCi

S∗Ci
+ ln

SCi
S∗Ci

]
+ δCi ln

SCi
S∗Ci

(
ICi(t)− I∗Ci(t)

)

+

n∑
j 6=i=1

ψSCj,i S
∗
j

[
1−

SCjS
∗
Ci

S∗CjSCi
+ ln

SCjS
∗
Ci

S∗CjSCi

]
+

n∑
j 6=i=1

ψSCj,i S
∗
Cj

[
−SCi
S∗Ci

+
SCj
S∗Cj
− ln

SCj
S∗Cj
− ln

S∗Ci
SCi

]

+
n∑

j 6=i=1

ψICj,i I
∗
Cj

[
1−

ICjI
∗
Ci

I∗CjICi
+ ln

ICjI
∗
Ci

I∗CjICi

]
+

n∑
j 6=i=1

ψICj,i I
∗
Cj

[
−ICi
I∗Ci

+
ICj
I∗Cj
− ln

ICj
I∗Cj
− ln

I∗Ci
ICi

]
(4.4.21)

where λCiS
∗
Ci ≤ λ

∗
CiSCi and ICi(t) ≤ I∗Ci(t)

dVi
dt

= ΛCi

[
1− SCi

S∗Ci
+ 1−

S∗Ci
SCi

+ ln
SCi
S∗Ci
− ln

SCi
S∗Ci

]

+λ∗CiSCi

[
1−

S∗CiICi
SCiI

∗
Ci

+ ln
S∗CiICi
SCiI

∗
Ci

]
+λCiS

∗
Ci

[
1−

SCiI
∗
Ci

S∗CiICi
+ ln

SCiI
∗
Ci

S∗CiICi

]
+ln

S∗CiICi
SCiI

∗
Ci

(
λCiS

∗
Ci − λ

∗
CiSCi

)

+δCiICi(t)

[
1−

S∗Ci
SCi

+ ln
S∗Ci
SCi

]
+ δCiI

∗
Ci(t)

[
1− SCi

S∗Ci
+ ln

SCi
S∗Ci

]
+ δCi ln

SCi
S∗Ci

(
ICi(t)− I∗Ci(t)

)

+
n∑

j 6=i=1

ψSCj,i S
∗
Cj

[
1−

SCjS
∗
Ci

S∗CjSCi
+ ln

SCjS
∗
Ci

S∗CjSCi

]
+

n∑
j 6=i=1

ψSCj,i S
∗
Cj

[
SCj
S∗Cj

+ ln
S∗Cj
SCj
− SCi
S∗Ci
− ln

S∗Ci
SCi

]

+
n∑

j 6=i=1

ψICj,i I
∗
Cj

[
1−

ICjI
∗
Ci

I∗CjICi
+ ln

ICjI
∗
Ci

I∗CjICi

]
+

n∑
j 6=i=1

ψICj,i I
∗
Cj

[
ICj
I∗Cj

+ ln
I∗Cj
ICj
− ICi
I∗Ci
− ln

I∗Ci
ICi

]
(4.4.22)

≤
n∑

j 6=i=1

ψSCj,i S
∗
Cj

[
SCj
SH∗j

+ ln
SH∗j

SHj
− SCi
S∗Ci
− ln

S∗Ci
SCi

]
+

n∑
j 6=i=1

ψICj,i I
∗
Cj

[
ICj
I∗Cj

+ ln
I∗Cj
ICj
− ICi
I∗Ci
− ln

I∗Ci
ICi

]
(4.4.23)
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=
n∑

j 6=i=1

λψICj,i I
∗
j

[
SCj
S∗Cj

+ ln
S∗Cj
SCj
− SCi
S∗Ci
− ln

S∗Ci
SCi

]
+

n∑
j 6=i=1

ψICj,i I
∗
Cj

[
ICj
I∗Cj

+ ln
I∗Cj
ICj
− ICi
I∗Ci
− ln

I∗Ci
ICi

]
(4.4.24)

=
n∑

j 6=i=1

ψICj,i I
∗
Cj

[(
λ
SCj
S∗Cj

+ λ ln
S∗Cj
SCj

+
ICj
I∗Cj

+ ln
I∗Cj
ICj

)
−

(
λ
SCi
S∗Ci

+ λ ln
S∗Ci
SCi

+
ICi
I∗Ci

+ ln
I∗Ci
ICi

)]
(4.4.25)

=
n∑
j=1

ψICj,i I
∗
Cj

[
Hj(SCj , ICj )−Hi(SCi , ICi)

]
(4.4.26)

where

Hi(SCi , ICi) = λ
SCi
S∗Ci

+ λ ln
S∗Ci
SCi

+
ICi
I∗Ci

+ ln
I∗Ci
ICi

(4.4.27)

We consider a weight matrix W = (wij) with entry wij = ψICj,i I
∗
Cj and indicate the corresponding

weighted digraph as (H,W). Letting ci =
∑
T ∈Ti

w (T ) ≥ 0 be defined in (B.1) in Appendix 7.3 with

(H,W). Therefore, implementing (B.2) in Appendix 7.3, the identity below is satisfied

n∑
i=1

ci

n∑
j=1

ψICj,i I
∗
Cj

[
Hj(SCj , ICj )−Hi(SCi , ICi)

]
= 0 (4.4.28)

Setting

V (SC1 , IC1 , SC2 , IC2 , ..., SCnICn) =
n∑
i=1

ciVi (SCi , ICi) (4.4.29)

Taking (4.4.26) and (4.4.29) we get

dV

dt
= ci

dVi
dt
≤

n∑
i=1

ci

n∑
j=1

ψICj,i I
∗
Cj

[
Hj(SCj , ICj )−Hi(SCi , ICi)

]
= 0 (4.4.30)

for all (SC1 , IC1 , ..., SCnICn) ∈ Ω̃. Consequently, V is a Lyapunov function for the system (4.2.1). In

view of the fact that ΨI =
(
ψICij

)
is irreducible, we know that ci > 0 ∀i (see the Appendix 7.3), and

therefore dVi/dt = 0 implies that SCi = S∗Ci for all i. From the first equation of system (4.2.1), get

0 =
dSCi(t)

dt
= ΛCi − λCi(t)SCi(t)− µ

SC
i SCi + δCiICi(t) +

n∑
j 6=i=1

ψSCj,i SCj −
n∑

j 6=i=1

ψSCi,j SCi (4.4.31)
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i = 1, 2, ..., n, which implies that ICi = I∗Ci for all i. The only invariant set on which dVi/dt = 0 is

the singleton {P ∗}. Hence, by LaSalle Invariance Principle [138], P ∗ is globally asymptotically stable in

Ω̃.

4.5 Numerical analysis

This section presents computer simulations for the multiscale model system (4.2.1)’s behaviour performed

using Python program version 3.6 on the Windows 10 operation system.

Table 4.3: Description of within-host and between-host model parameters for the ith individual.

Symbol Description Value Source
ΛCi Birth rate of susceptible cattle 0.3 day−1 [110]
βCi Rate of infection of susceptible animals via direct contact 0.05 day−1 [111]
µSC
Ci

Natural mortality rate of susceptible cattle 0.05 year −1 [112]
µICCi

Natural mortality rate of infected cattle 0.05 year −1 [112]
αi Excretion of infectious virions from cells and tissues of cattle into the blood plasma 0.02 day−1 Estimate
dCi Per ca-pita rate of loss of immunity 0.001 day−1 [113]
αCi Community elimination of total infectious reservoir 0.03 day−1 Estimate
δCi Mortality rate of animals due to FMD. 0.055 day−1 [114]
Ni Number of FMD virus available for excretion 1000 day−1 Assumed
V0i Half saturation constant 2×108virions day−1 Estimate

We performed some numerical simulations of the multiscale model system (4.2.1) using estimated parame-

ter values presented in Table 4.3 for sensitivity and numerical analysis. The initial conditions implemented

for these simulations are listed below: SCi(0) =
ΛCi

µSCCi

, ICi(0) = 0, VCi(0) = 0.

4.5.1 Numerical simulations of the multiscale model of FMD transmission dynamics

This section enables us to implement numerical simulations to substantiate some outcomes obtained from

the sensitivity analysis for R0 and analytical results of the multiscale model. Applying the multiscale

model parameter values obtained from Table 4.3 we carried out the numerical simulations. We demon-

strated the impact of six FMD transmission parameters (N2, µSCC2
, V02, αC2 , α2, ψI12) on the multiscale

model variables SCi(t), ICi(t), VCi(t). These parameters were only selected because they are significantly

sensitive toR0 and V ∗C .
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Figure 4.2: Tornado plot of PRCCs of the model parameters that impact the FMD transmission metricR0
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4.5.1.1 Influence of within-host scale parameters of the FMD multiscale model dynamics

Figure 4.3: Graphs of numerical results of the model system 4.2.1 demonstrating the advancement in time of (a)

Infected cattle in patch 1, IC1 , (b) Infected cattle in patch 2, IC2 , (c) Community viral load in patch 1, VC1 , (d)

Community viral load in patch 2, VC2 for variant values of the excretion of infectious virions from cells and tissues

of cattle into blood plasma in patch 2, α2 : α2 = 0.0004, α2 = 0.04 and α2 = 0.4.

Figure (4.3) represents the graphs of numerical results of the model system (4.2.1) demonstrating the

progression in time of (a) Infected cattle in patch 1, IC1 , (b) Infected cattle in patch 2, IC2 , (c) Community

viral load in patch 1, VC1 , (d) Community viral load in patch 2, VC2 for variant values of the excretion of

infectious virions from cells and tissues of cattle into blood plasma in patch 2, α2 : α2 = 0.0004, α2 =

0.04 and α2 = 0.4. From these results we can observe that as the excretion of infectious virions from cells

and tissues of cattle into blood plasma increases, there is a noticeable increase in the community viral load

in patch 2.
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Figure 4.4: Graphs of numerical results of the model system 4.2.1 demonstrating the advancement in time of (a)

Infected cattle in patch 1, IC1 , (b) Infected cattle in patch 2, IC2 , (c) Community viral load in patch 1, VC1 , (d)

Community viral load in patch 2, VC2 for variant values of the number of FMD virus available for excretion in patch

2, N2 : N2 = 200, N2 = 2000 and N2 = 20000.

Figure (4.4) represents the graphs of numerical results of the model system (4.2.1) demonstrating the

progression in time of (a) Infected cattle in patch 1, IC1 , (b) Infected cattle in patch 2, IC2 , (c) Community

viral load in patch 1, VC1 , (d) Community viral load in patch 2, VC2 for variant values of the number

of FMD virus available for excretion in patch 2, N2 : N2 = 200, N2 = 2000 and N2 = 20000. From

these results we can observe that as the number of FMD virus available for excretion increases, there is a

noticeable increase in the community viral load in patch 2.
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4.5.1.2 Influence of between-host scale parameters of the FMD multiscale model dynamics

Figure 4.5: Graphs of numerical results of the model system (4.2.1) demonstrating the advancement in time of (a)

Infected cattle in patch 1, IC1 , (b) Infected cattle in patch 2, IC2 , (c) Community viral load in patch 1, VC1 , (d)

Community viral load in patch 2, VC2 for variant values of the community elimination of total infectious reservior in

patch 2, αC2 : αC2 = 0.0006, αC2 = 0.06 and αC2 = 0.6.

Figure (4.5) represents the graphs of numerical results of the model system (4.2.1) demonstrating the

progression in time of (a) Infected cattle in patch 1, IC1 , (b) Infected cattle in patch 2, IC2 , (c) Community

viral load in patch 1, VC1 , (d) Community viral load in patch 2, VC2 for variant values of the community

elimination of total infectious reservior in patch 2, αC2 : αC2 = 0.0006, αC2 = 0.06 and αC2 = 0.6. From

these results we can observe that as the community elimination of total infectious reservior increases, there

is a noticeable decrease in the community viral load in patch 2.
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Figure 4.6: Graphs of numerical results of the model system (4.2.1) demonstrating the advancement in time of (a)

Infected cattle in patch 1, IC1 , (b) Infected cattle in patch 2, IC2 , (c) Community viral load in patch 1, VC1 , (d)

Community viral load in patch 2, VC2 for variant values of the natural mortality rate of susceptible cattle in patch 2,

µSC
C2

: µSC
C2

= 1e− 05, µSC
C2

= 0.01 and µSC
C2

= 0.1.

Figure (4.6) represents the graphs of numerical results of the model system (4.2.1) demonstrating the

progression in time of (a) Infected cattle in patch 1, IC1 , (b) Infected cattle in patch 2, IC2 , (c) Community

viral load in patch 1, VC1 , (d) Community viral load in patch 2, VC2 for variant values of the natural

mortality rate of susceptible cattle in patch 2, µSCC2
: µSCC2

= 1e − 05, µSCC2
= 0.01 and µSCC2

= 0.1. From

these results we can observe that as the natural mortality rate of susceptible cattle increases, there is a

noticeable decrease in infected cattle in patch 1, in infected cattle in patch 2, in community viral load in

patch 1, and in the community viral load in patch 2.
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Figure 4.7: Graphs of numerical results of the model system (4.2.1) demonstrating the advancement in time of (a)

Infected cattle in patch 1, IC1 , (b) Infected cattle in patch 2, IC2 , (c) Community viral load in patch 1, VC1 , (d)

Community viral load in patch 2, VC2 for variant values of the half saturation constant in patch 2, V02 : V02 =

200, V02 = 2000 and V02 = 20000.

Figure (4.7) represents the graphs of numerical results of the model system (4.2.1) demonstrating the

progression in time of (a) Infected cattle in patch 1, IC1 , (b) Infected cattle in patch 2, IC2 , (c) Community

viral load in patch 1, VC1 , (d) Community viral load in patch 2, VC2 for variant values of the half saturation

constant in patch 2, V02 : V02 = 200, V02 = 2000 and V02 = 20000. From these results we can observe

that as the half saturation constant increases, there is a noticeable decrease in infected cattle in patch 1, in

infected cattle in patch 2, in community viral load in patch 1, and in the community viral load in patch 2.
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4.5.1.3 Influence of between-community scale parameters of the FMD multiscale model dynamics

Figure 4.8: Graphs of numerical results of the model system (4.2.1) demonstrating the advancement in time of (a)

Infected cattle in patch 1, IC1 , (b) Infected cattle in patch 2, IC2 , (c) Community viral load in patch 1, VC1 , (d)

Community viral load in patch 2, VC2 for variant values of the migration rate of cattle from patch 2 to patch 1,

ψI12 : ψI12 = 0.005, ψI12 = 0.05 and ψI12 = 0.5.

Figure (4.8) represents the graphs of numerical results of the model system (4.2.1) demonstrating the

progression in time of (a) Infected cattle in patch 1, IC1 , (b) Infected cattle in patch 2, IC2 , (c) Community

viral load in patch 1, VC1 , (d) Community viral load in patch 2, VC2 for variant values of the migration

rate of cattle from patch 2 to patch 1, ψI12 : ψI12 = 0.005, ψI12 = 0.05 and ψI12 = 0.5. From these results

we can observe that as the migration rate of cattle from patch 2 to patch 1 increases, there is a noticeable

increase in infected cattle in patch 1 and in community viral load in patch 1. Furthermore, there is a

decrease in infected cattle in patch 2 and in the community viral load in patch 2.
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4.5.2 Effects of sochasticity on the model

We consider a stochastic model adopted from section (3.5.4) of chapter 3

dSCi(t) =

(
ΛCi −

βCiVCi(t)

V0i + VCi(t)
SCi(t)− µCiSCSCi(t) + dCiICi(t)

)
dt+ SCi(t)σSdWSi

dICi(t) =

(
βCiVCi(t)

V0i + VCi(t)
SCi(t)− (δCi + dCi + µCi

IC )ICi(t)

)
dt+ ICi(t)σIdWIi

dVCi(t) = (NiαICi(t)− αCiVCi(t)) dt+ VCi(t)σV dWVi

SCi(0) = S0i, ICi(0) = I0i, VCi(0) = V0i

(4.5.1)

where

N =
ζR0F̃

εU0
, R0 =

εU0

φAω
(4.5.2)

Figure 4.9: Graphs of numerical results of the Infected cattle in pacth 1, IC1 of the multiscale SDE model
system (4.5.1) with the ODE multiscale model system (4.2.1) solutions.

Figure 4.9 demonstrates the graphs of numerical results of the Infected cattle, IC1 of the multiscale SDE

model system (4.5.1) with the ODE multiscale model system (4.2.1) solutions. The solution for the

stochastic multiscale model is obtained using the Milsten method.

Figure 4.10 demonstrates the graphs of numerical results of the Infected cattle, IC2 of the multiscale

SDE model system (4.5.1) with the ODE multiscale model system (4.2.1) solutions. The solution for the

stochastic multiscale model is obtained using the Milsten method.
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Figure 4.10: Graphs of numerical results of the Infected cattle in pacth 2, IC2
of the multiscale SDE model

system (4.5.1) with the ODE multiscale model system (4.2.1) solutions.

Figure 4.11: Graphs of numerical results of the Community viral load in patch 1, VC1
of the multiscale

SDE model system (4.5.1) with the ODE multiscale model system (4.2.1) solutions.

Figure 4.11 demonstrates the graphs of numerical results of the community viral load in patch 1, VC1 of

the multiscale SDE model system (4.5.1) with the ODE multiscale model system (4.2.1) solutions. The

solution for the stochastic multiscale model is obtained using the Milsten method.

Figure 4.12 demonstrates the graphs of numerical results of the community viral load in patch 2, VC2 of

the multiscale SDE model system (4.5.1) with the ODE multiscale model system (4.2.1) solutions. The

solution for the stochastic multiscale model is obtained using the Milsten method.
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Figure 4.12: Graphs of numerical results of the Community viral load in patch 2, VC2
of the multiscale

SDE model system (4.5.1) with the ODE multiscale model system (4.2.1) solutions.

4.5.3 Effects of migration on the model

Fiigure 4.13-Figure 4.15 demonstrate the variation in the rate of migration of infected cattle population

from patch 1 to patch 2. Results show that an increase in the rate of migration lead to an increase of

infected cattle population in the receiving patch 2. Therefore, interventions such as movement restrictions

can help to control the spread of FMD infection at global scale.

Figure 4.13: Migration rate of infected cattle from patch 1 to patch 2, ψI
12 = 0.005
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Figure 4.14: Migration rate of infected cattle from patch 1 to patch 2, ψI
12 = 0.05

Figure 4.15: Migration rate of infected cattle from patch 1 to patch 2, ψI
12 = 0.5

4.6 Summary

In this chapter, characterised a nested multiscale model of FMD at community-level, with the main ob-

jective of investigating the role of migration on the multiscale dynamics of FMD in cattle. Through

mathematical analysis the model was determined to be epidemiologically and mathematically sound. The

analysis of sensitivity of the FMDV indicator R0, in relation to the variation of FMD model parame-

ters was carried out by implementing Latin Hypercube Sampling (LHS) and Partial Rank Correlation

Coefficients (PRCCs). Applying the model parameter values we conducted the numerical simulations
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to demonstrate the impact of six FMD transmission parameters (N2, µSCC2
, V02, αC2 , α2, ψI12) on the

multiscale model variables SCi(t), ICi(t), VCi(t). These parameters were only selected because they are

significantly sensitive to R0. The results from analysis of sensitivity of R0 indicated that the variation of

the within-community scale parameters in particular the amount of FMD virus available for excretion in

patch 2, N2 have a huge impact on the transmission risk of FMD in cattle at community-level and this was

confirmed by the Tornado plot in Figure 4.2. Results from Tornado plot in Figure 4.2 also confirmed that

the migration rate of infected cattle from patch 1 from patch 2, ψI12 has an impact onR0. Figure (4.8) and

Figure 4.13-Figure 4.15 demonstrate the variation in the rate of migration of infected cattle population

from patch 1 to patch 2. Results show that an increase in the rate of migration lead to an increase of in-

fected cattle population in the receiving patch 2. Furthermore, Figure 4.3 - Figure 4.7 showed the impact

in the variation of the parameter values (α2, µ
SC
C2
, V02, αC2 , N2) on the model variables (SC1 , ICi , VCi). In

addition, Figure 4.9- Figure 4.12 described the graphs of the stochastic models in comparison to the ODE

multiscale models.

In conclusion, we established that the model we characterised in this chapter can not be extended to

macroecosystem level using graph-theoretic approach. Furthermore, we established that the global trans-

mission of FMD can be described using graph-theoretic approach. In addition, we established that this

distinction of local transmission and global transmission of infectious diseases informs us on the ap-

propriate interventions at community level from calculations of the reproduction number. Finally, the

model presented has a secondary level multiscale cycle with both local exchange and global exchange of

pathogen.
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Multiscale modelling of vector-borne
diseases with Malaria as paradigm at
Whole organism level

5.1 Introduction

In this chapter, we characterise an individual-based network modelling multiscale model of Malaria dis-

ease at whole organism-level. We aim to characterise the spread of Malaria disease taking into account

both the dynamics of plasmodium parasite at within- whole organism scale (microscale) and the interac-

tions (direct contact) between whole organism at between-whole organism scale (macroscale). Infection

disease systems are considered to be complex systems that can be studied at multilevel and multiscale.

Recently, a new multiscale modelling approach called the replication-transmission relativity theory has

offered a framework in which both the dynamics of pathogen replication and transmission can be studied

together [1]. Among these infectious diseases is Malaria which has been serious public health concern.

Malaria is a disease (vector-borne) caused by a parasite called Plasmodium falciparum (Pf) transmitted

through blood feeding of infectious Anopheles mosquitoes and mainly affects vascular blood flow by in-

vading red blood cells (RBCs) [5]. The infection process starts when the infected mosquito injects sporo-

zoites into the skin of a host while feeding. Once the sporozoites gain entry into the blood stream they are

carried to the liver where they infect liver cells. When liver cells have burst they release merozoites into the

bloodstream which leads to infection and destruction of red blood cells, resulting in fever, anaemia, cere-

bral Malaria and death if the disease is untreated [139]. Malaria symptoms can develop soon after being

bitten by an infected mosquito (6-8 days), or several months after leaving a Malaria region. Once a human
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host has been infected by Malaria parasites the individual normally experiences fever, cough, shivering,

joint pains, respiratory distress, headache, water diarrhea, vomiting and convulsions. The host–parasite

interactions are complex and as a result the development of an effective prophylactic vaccine is extremely

challenging. Laboratory diagnosis of Malaria can be made through several approaches including Malaria

antigen rapid diagnostic test (RDT). Malaria is a central global health concern that has resulted in over

40% of the world’s popualtion being at risk of contracting the disease and according to World Health Or-

ganization (WHO) reports, the number of Malaria related mortalities worldwide has been approximated

to be over one million per year [6, 140].

 

𝑋𝑖 

𝑂𝑟𝑔𝑎𝑛 𝑘 

𝑋𝑖 

𝑂𝑟𝑔𝑎𝑛 𝑙 

𝛽 

𝛽 

𝛽 

𝛽 

𝛿 

𝛿 

𝜑𝑘𝑙 

𝜑𝑙𝑘 

Figure 5.1: The diagram represents the local transmission within-organ and global transmission between-
organs.

The whole organism-level constitutes the cell-level, the tissue-level and the organ-level. The transmission

of the plasmodium parasite at cell-level occurs by direct contact of infected cell with a susceptible cell

or contact of susceptible cell with the plasmodium parasite. This direct transmission of pathogen is local

transmission. At organ-level the infected organ such as the liver which is infected by sporozoites will

release merozoites into the blood stream leading to the transportation of the pathogen to other parts of

the body. Once the pathogen arrives at another organ then direct contact of pathogen or infected cells

with susceptible cells results in local transmission represented by ODEs. The transportation of pathogen
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between organs through the blood stream is global transmission represented by graph theoretic approach.

This aspect is new idea that has not been investigated before and we address it in this chapter.

Present modelling frameworks established from compartmentalizing hosts into SIRS type models (and

their variations) have been used to give insights of local transmission mechanisms or global transmission

mechanisms of Malaria separately [5, 8, 26, 140–142]. Furthermore, various mathematical models have

been developed giving insights of transmission mechanisms of Malaria disease at single scale using graph

theoretic methods however, to the best of my knowledge there is no model that addresses pathogen trans-

mission mechanisms at different scales (local transmission and global transmission) at whole organism-

level using graph theoretic methods. The latest work that has been done which is more appropriate in

modelling the progression of infectious disease systems based on replication-transmission relativity the-

ory is the multiscale modelling appproach. The multiscale modelling of global transmission mechanisms

of infectious diseases is better achieved through the use of graph theoretic methods while the standard SIR

models address the local transmission mechanisms. The mathematical framework we propose models

the local transmission and global transmission mechanisms of Malaria thereby enabling us to explore the

multiscale character of infectious disease systems. The framework we formulate separates between-organ

transmission dynamics (inflow and outflow) and the within-organs infection dynamics (replication) for the

whole transmission-replication loop. In this study, the main ideas are centred on developing a multiscale

modelling approach in tandem with graph theoretic methods at whole organism-level. Furthermore, nodes

represent communities (organs) and possible transmission is represented by edges. We also seek to estab-

lish if the model we have developed can be extended to higher levels of organisation using graph-theoretic

methods.

5.2 The Multiscale model for Malaria

The mathematical model we develop consists of within-mosquito Malaria parasite population dynamics

as well as the within-human Malaria parasite population dynamics where the human population is con-

nected by a spatial network of n individuals and the mosquito population is connected by a network of

m individuals. We consider the human host, mosquito vector and environment as temporary or pesistent

patches of the pathogen (malaria parasite) such that the pathogen migrates and replicates or dies. The

transmission between-organ is characterized by pathogen migration from its initial organ (patch) i to the

final organ (patch) j through the bloodstream. The infection at within-organ is characterized by the repli-

cation of pathogen. The model demonstrates the time progression of within infected mosquito host as well

as within the infected human host. The populations in the infected human host include the erythrocytes

infected by gametocytes Ghi , free merozoites in blood Mh
i , susceptible erythrocytes Rhi , erythrocytes in-

fected by merozoites Rmi . In addition, the populations in the infected mosquito include the sporozoites,

P vi , gametes, Gmi , infected erythrocytes, Gvi , oocysts, Ovi , zygotes Zvi .

Therefore the multiscale model we propose is as follows:
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dRhi (t)

dt
= Λhi − βhi Rhi (t)Mh

i (t)− µbiRhi (t), ... (1)

dRmi (t)

dt
= (1− πi)βhi Rhi (t)Mh

i (t)− αmi Rmi (t), ... (2)

dMh
i (t)

dt
= Nm

i α
m
i R

m
i (t)− µmi Mh

i (t) +
n∑

i 6=j=1

βvijM
h
j (t)−

n∑
i 6=j=1

βhjiM
h
i (t), ... (3)

dGhi (t)

dt
= πiβ

h
i R

h
i (t)Mh

i (t)−
[
αhi + µhi

]
Ghi (t), ... (4)

dGvi (t)

dt
= Λvi − [αgi + µgi ]G

v
i (t) +

m∑
i 6=j=1

βhijG
v
j (t)−

m∑
i 6=j=1

βvjiG
v
i (t), ... (5) (5.2.1)

dGmi (t)

dt
= Ng

i α
g
iG

v
i (t)− [αsi + µsi ]G

m
i (t), ... (6)

dZvi (t)

dt
=

1

2
αsiG

m
i (t)− [αzi + µzi ]Z

v
i (t), ... (7)

dOvi (t)

dt
= αziZ

v
i (t)−

[
αki + µki

]
Ovi (t), ... (8)

dP vi (t)

dt
= Nk

i α
k
iO

v
i (t)− [αvi + µvi ]P

v
i (t), ... (9)

where

βij = β (1− δij) e−α|i−j|,

δij is Kronecker’s delta , α and β are non-negative constants. Small values of α implies a widespread influence of infection while

bigger values of α implies local spread. The elements βji of the transmission matrix B, representing the strength of transmission

from j to i depend on spatial factors. β represents the overfall strength of transmission [100].

In the multiscale model system (5.2.1) equation (1) represents the susceptible erythrocytes dynamics.

Susceptible red blood cells are presumed to accumulate since they are produced from the bone marrow

at rate Λi [143] and declines through the contagion. The rate at which erythrocytes are infected by free

merozoites is given by βhi R
h
iM

h
i . The natural decay rate of susceptible erythrocytes is µbi .

Equation (2) of the multiscale model system (5.2.1) represents merozoite infected erythrocytes dynamics.

From equation (2) of multiscale model system (5.2.1) we assume that merozoite infected erythrocytes

Rmi , after rupture increases merozoites by a ratio (1 − πi) of all the erythrocytes infected by merozoite.

Consequently, the first part of equation (2) of the multiscale model system (5.2.1) models the rate of growth

of the ratio of erythrocytes infected by merozoites. The second term of the multiscale model system

(5.2.1) models the reduction rate of the ratio of erythrocytes infected by merozoites via rupture releasing

merozoites. In the multiscale model system (5.2.1), equation (3) represents the merozoites dynamics in

the human blood. We make the assumption that infected erythrocyte that bursts to release merozoites

produces an average of Nm
i merozoites after lysis. Consequently, Nm

i α
m
i R

m
i represents the growth rate

of merozoites in the human blood via rupture of infected erythrocytes. Merozoites are presumed to reduce

from natural decay. The last term in equation (3) represents the rate of growth of merozoites as a result
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Figure 5.2: Schematic diagram of an microcommunity level multiscale model of Malaria in the human
population

of injection of sporozoites by m mosquitoes in contact with the ith individual. (Here there is no explicit

model for the developmental stages from injection of sporozoites to the development of merozoites).

Equation (4) of the multiscale model system (5.2.1) represents the dynamics of the excess proportion,

πi, of all erythrocytes infected by merozoite, Ghi . Equation (4) of the multiscale model system (5.2.1)

represents growth rate of erythrocytes infected by gametocytes. Looking at the equation αgi defines the

mature rate of gametocytes in the erythrocytes becoming contagious to mosquitoes. Erythrocytes infected

by gametocytes are presumed to decrease at a rate µGi by natural decay. Equation (5) of the multiscale

model (5.2.1) represents the gametocyte infected erythrocytes dynamics in an infected mosquito when a

mosquito has consumed a blood-meal. Super-infection of the infected mosquito is described by the first

part, Λvi . αgi represents the bursting rate of gametocyte infected erythrocytes producing sex cells called

gametes. µgi is the natural death rate of erythrocytes infected by gametocytes inside a mosquito. Equation

(6) of the multiscale model system (5.2.1) represents the gamete population dynamics inside an infected

mosquito. The bursting gametocyte infected erythrocytes are presumed to produce an average of Ng
i

gametes after rupture. Hence, Ng
i α

g
iG

v
i models the growth rate of gametes inside a mosquito. Gametes

are presumed to die at a rate µsi . In addition, male and female gametes fuse to produce zygotes at a rate αsi ,

contributing to the depletion of gametes. Equation (7) of the multiscale model system (5.2.1) represents
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the zygote dynamics. The average zygote population Zvi , inside a mosquito is produced at rate αsi/2.

We presume that the natural death of zygotes is µzi . Equation (8) in the multiscale model system (5.2.1)

represents the oocysts population dynamics. The average oocyst population is produced at a rate αzi . The

first part of equation (8) represents the growth rate of the oocyst population. The second part represents the

reduction of the population from natural death rate µki or via bursting rate of oocysts to release sporozoites

at presumed rate of αki . Equation (9) of the multiscale model system (5.2.1) represents the sporozoite

dynamics. Oocyst are presumed to burst at a rate of αki producing an average of Nk
i sporozoites after

rupture. Hence, Nk
i α

k
iO

v
i describes growth rate of sporozoites inside mosquito. The rate of excretion‘

of sporozoites into salivary glands is αvi . The last term in equation (9) describes the rate of growth of

sporozoites as a result of ingestions of blood-meals from n humans in the network. (Here there is no

explicit model for the developmental stages until sporozoites are formed).

5.2.1 Mathematical Analysis of the Multiscale model of Malaria Dynamics

In this section, we determine that multiscale model system (5.2.1) makes biological sense. In other words,

we demonstrate non-negativity and boundedness of all the state variables and their solutions, respectively.

5.2.1.1 Positivity of solutions

Theorem 5.1. A non-negative solution ofRhi (t), Rmi (t),Mh
i (t), Ghi (t), Gvi (t), G

m
i (t), Zvi (t), Ovi (t), P vi (t)

exists for all t ≥ 0.

Proof. The positivity of the solutions of the model system (5.2.1) is proved by implementing the integrat-

ing factor technique. Let us consider (1) in model system (5.2.1)

dRhi (t)

dt
= Λhi − βhi Rhi (t)Mh

i (t)− µbiRhi (t) (5.2.1)

We re-write (5.2.1) to obtain

dRhi (t)

dt
+
(
βhiM

h
i (t) + µbi

)
Rhi (t) = Λhi (5.2.2)

The integrating factor (IF) of (5.2.2) is given by

IF = e
∫ t
0 (βhi Mh

i (s)+µbi)ds (5.2.3)

We multiple the integrating factor e
∫ t
0 (βhi Mh

i (s)+µbi)ds into (5.2.2) to get
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e
∫ t
0 (βhi Mh

i (s)+µbi)ds.
dRhi (t)

dt
+ e

∫ t
0 (βhi Mh

i (s)+µbi)ds.
(
βhiM

h
i (t) + µbi

)
Rhi (t) = e

∫ t
0 (βhi Mh

i (s)+µbi)ds.Λhi

(5.2.4)

From the product rule we obtain

d

dt

[
e
∫ t
0 (βhi Mh

i (s)+µbi)ds.Rhi (t)
]

= e
∫ t
0 (βhi Mh

i (s)+µbi)ds.Λhi (5.2.5)

Integrating both sides of (5.2.5) with respect to t we obtain

e
∫ t
0 (βhi Mh

i (s)+µbi)ds.Rhi (t) = Rhi (0) +

∫ t

0
e
∫ t
0 (βhi Mh

i (s)+µbi)ds.Λhi (5.2.6)

We divide both sides of (5.2.6) by the integrating factor e
∫ t
0 (βhi Mh

i (s)+µbi)ds to get

Rhi (t) = e−
∫ t
0 (βhi Mh

i (s)+µbi)ds.

[
Rhi (0) +

∫ t

0
e
∫ t
0 (βhi Mh

i (s)+µbi)ds.Λhi

]
≥ 0 (5.2.7)

Similarly, the remaining solutions for equations (2) - (9) of multiscale model system (5.2.1) can also

be obtained using the integrating factor technique. Consequently, Rhi (t) ≥ 0, Rmi (t) ≥ 0,Mh
i (t) ≥

0, Ghi (t) ≥ 0, Gvi (t) ≥ 0, Gmi (t) ≥ 0, Zvi (t) ≥ 0, Ovi (t) ≥ 0 and P vi (t) for all time t > 0.

5.2.1.2 Boundedness of solutions

The multiscale model system (5.2.1) represents the populations of the mosquito parasite and the human

parasite. Therefore, the entire collection of parameters in the multiscale model (5.2.1) have to be non-

negative. Given that the initial values of the parameters are non-negative, we can demonstrate that the

solutions of the multiscale model system (5.2.1) are also non-negative. The model can be explored by

separating it into mosquito population ΩV and human population ΩH . We define the feasible region by

Ω =
{

ΩH × ΩV ⊂ R4
+ × R5

+

}
(5.2.8)

where


ΩH =

{
(Rhi , R

m
i ,M

h
i , G

h
i )|0 ≤ Rhi +Rmi +Ghi ≤ K1, 0 ≤Mh

i (t) ≤ K2

}

ΩV =

{
(Gvi , G

m
i , Z

v, Ov, P v)|0 ≤ NV
i ≤

Λvi
µgi

} (5.2.9)
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where NV
i denotes the total number of infected cells in the mosquito host.

Letting NH
i (t) denote the total number of erythrocytes (both susceptible and infected) in the human host

and adding equations (1), (2) and (4) of multiscale model system (5.2.1), we obtain

dNH
i (t)

dt
= Λhi − µbiRhi − αmi Rmi − µhiGhi − αhiGhi , (5.2.10)

so that

dNH
i (t)

dt
≤ Λhi − µbiNH

i (t)− αhiGhi , (5.2.11)

therefore

dNH
i (t)

dt
≤ Λhi − µbiNH

i (t), (5.2.12)

This implies that

lim
t→∞

sup(NH
i (t)) ≤ Λhi

µbi
. (5.2.13)

SinceNH
i is the sum of the state variables for the susceptible erythrocytes and infected erythrocytes in the

humans, then each of the individual state variables is less or equal to
Λhi
µbi

. Therefore, applying equation

(2) of the multiscale model system (5.2.1) we get the following inequality

dMh
i

dt
≤ Nm

i α
m
i R

m
i − µmi Mh

i , (5.2.14)

dMh
i

dt
≤ Nm

i α
m
i

Λhi
µbi
− µmi Mh

i , (5.2.15)

since Rmi (t) ≤ Λhi
µbi

. Hence, the solution of the equation (5.2.15) can be obtained by using a suitable

integrating factor (e−µ
m
i t), to obtain

Mh
i ≤

Nm
i α

m
i Λhi

µmi µ
b
i

+D1e
−µmi t, (5.2.16)

This implies that

lim
t→∞

sup(Mh
i (t)) ≤ Nm

i α
m
i Λhi

µmi µ
b
i

, (5.2.17)
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We let

ΩH =
{

(Rhi , R
m
i ,M

h
i , G

h
i )|0 ≤ Rhi +Rmi +Ghi ≤ K1, 0 ≤Mh

i (t) ≤ K2

}
, (5.2.18)

be an invariant region of the model system (5.2.1), where


K1 =

Λhi
µbi

K2 =
Nm
i α

m
i Λhi

µmi µ
b
i

> 0

(5.2.19)

Similarly, letting NV = Gvi +Gmi + Zv +Ov + P v we get

ΩV =

{
(Gvi , G

m
i , Z

v, Ov, P v)|0 ≤ NV
i ≤

Λvi
µgi

}
(5.2.20)

We let

Ω =
{

ΩH × ΩV ∈ R4
+ × R5

+

}
(5.2.21)



1.
dNH

i (t)

dt
≤ Λhi − µbiNH

i (t),

2.
dMh

i

dt
≤ Nm

i α
m
i

Λhi
µbi
− µmi Mh

i

3.
dNV

i (t)

dt
≤ Λvi − µ

g
iN

V
i (t)

(5.2.22)

From this we get



1.NH
i (t) ≤ NH

i (0)e−µ
m
i t +

Λhi
µbi

[
1− e−µmi t

]
,

2.Mh
i (t) ≤Mh

i (0)e−µ
m
i t +

Nm
i α

m
i Λhi

µmi µ
b
i

[
1− e−µmi t

]

3.NV
i (t) ≤ NV

i (0)e−µ
v
i t +

Λvi
µgi

[
1− e−µvi t

]
(5.2.23)
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where NH
i (0),Mh

i (0), NV
i (0) represent the total population of erythrocytes in human host, total parasite

population in mosquito host and total parasite population in human host calculated at the initial values of

the corresponding variables. We consider the limit when time increases giving the expressions below.



1. lim
t→∞

sup(NH
i (t)) ≤ Λhi

µbi
.,

2. lim
t→∞

sup(Mh
i (t)) ≤ Nm

i α
m
i Λhi

µmi µ
b
i

3. lim
t→∞

sup(NV
i (t)) ≤ Λvi

µgi

(5.2.24)

Thus, Ω is positively invariant and attracting region, since all the solutions or trajectories that begin in Ω

will remain in Ω for all t ≥ 0. Consequently, we can deduce that the multiscale model system (5.2.1) is

well-posed (epidemiologically and mathematically) [144]. This outcome is summarized in Theorem 5.2.

Theorem 5.2. The region Ω =
{

ΩH × ΩV ⊂ R4
+ × R5

+

}
is positively invariant for the multiscale model

system (5.2.1) with non-negative initial conditions in R9
+.

5.3 Determination of the disease free equilibrium and its stability

5.3.1 The disease free equilibrium point

We set the right-hand side of the multiscale system (5.2.1) to zero in order to obtain the disease-free

equilibrium point. When the equilibrium is disease-free, there are no merozoites in the bloodstream of an

individual and therefore, no Malaria infection in humans. Consequently, the disease-free equilibrium of

the multiscale model system (5.2.1) is

E0 =
(
Rhi , R

m
i ,M

h
i , G

h
i , G

v
i , G

m
i , Z

v
i , O

v
i , P

v
i

)
=

(
Λhi
µbi
, 0, 0, 0,

Λvi
µgi
, 0, 0, 0, 0

)
, i = 1, .., n (5.3.1)

5.3.2 The model Reproductive number

The multiscale model system (5.2.1) can be expressed as follows:
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dX

dt
= f(X,Z),

dZ

dt
= h(X,Z), (5.3.1)

where

X = Rhi

Z = (Rmi ,M
h
i , G

h
i )

The elements of X stand for the number of susceptibles as well as other groups of non-infectious individ-

uals. The elements of Z stand for the number of infected individuals able to transmit the disease. Define

g̃(X∗, Z) from [101] by

g̃(X∗, Z) =



(1− πi)βhi Rhi (t)Mh
i (t)− αmi Rmi (t)

Nm
i α

m
i R

m
i (t)− µmi Mh

i (t) +
n∑

i 6=j=1

βvijM
h
j (t)−

n∑
i 6=j=1

βhjiM
h
i (t)

πiβ
h
i R

h
i (t)Mh

i (t)−
[
αhi + µhi

]
Ghi (t)


i=1,2,...,n

(5.3.2)

A matrix

A =



−αmi
(1− πi)βhi Λhi

µbi
0

Nm
i α

m
i −µmi +

n∑
i 6=j=1

βvij −
n∑

i 6=j=1

βhji 0

0
πiβ

h
i Λhi
µbi

−
(
αhi + µhi

)


i=1,2,...,n

(5.3.3)

may be expressed as A = M −D, so that

M =



0
(1− πi)βhi Λhi

µbi
0

0
n∑

i 6=j=1

βvij −
n∑

i 6=j=1

βhji 0

0
πiβ

h
i Λhi
µbi

0


(5.3.4)



Chapter 5 165

D =


αmi 0 0

−Nm
i α

m
i µmi 0

0 0
(
αhi + µhi

)
 (5.3.5)

D−1 =



1

αmi
0 0

Nm
i

µmi

1

µmi
0

0 0
1(

αhi + µhi
)

 (5.3.6)

MD−1 =



0
(1− πi)βhi Λi

µbiµ
m
i

0

0
(1− πi)βhi ΛiN

m
i + µbi

(∑n
i 6=j=1 β

v
ij −

∑n
i 6=j=1 β

h
ji

)
µbiµ

m
i

0

0
πiβ

h
i Λhi

µbiµ
m
i

0


i=1,2,...,n

(5.3.7)

ThenR0 = ρ
(
MD−1

)
Hence, the basic reproduction number of the multi-scale model system (5.2.1) for each individual i is

expressed by the following quantity.

R0i =
(1− πi)βhi ΛiN

m
i + µbi

(∑n
i 6=j=1 β

v
ij −

∑n
i 6=j=1 β

h
ji

)
µbiµ

m
i

, i = 1, 2, ..., n (5.3.8)

5.3.3 Local Stability of the Malaria disease free equilibrium (DFE)

In this subsection, we establish the local stability of DFE of the multiscale model system (5.2.1) by lin-

earizing all the equations of the model system (5.2.1) to get a Jacobian matrix. Then we evaluate the

Jacobian matrix of the system at the disease-free equilibrium

E0 =

(
Λhi
µbi
, 0, 0, 0,

Λvi
µgi
, 0, 0, 0, 0

)
, i = 1, .., n (5.3.1)

Evaluating the Jacobian matrix of the multiscale model system (5.2.1) at the disease-free equilibrium

(DFE), we get
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J(E
0
) =



−µb
i 0 −βh

i

Λh
i

µb
i

0 0 0 0 0 0

0 −αm
i (1− πi) β

h
i

Λh
i

µb
i

0 0 0 0 0 0

0 N
m
i α

m
i a1 0 0 0 0 0 0

0 0 πiβ
h
i

Λh
i

µb
i

−
(
α
h
i + µ

h
i

)
0 0 0 0 0

0 0 0 0 a2 0 0 0

0 0 0 0 N
g
i α

g
i −

(
α
s
i + µ

s
i

)
0 0 0

0 0 0 0 0
1

2
α
s
i −

(
α
z
i + µ

z
i

)
0 0

0 0 0 0 0 0 α
z
i −

(
α
k
i + µ

k
i

)
0

0 0 0 0 0 0 0 N
k
i α

k
i −

(
α
v
i + µ

v
i

)



(5.3.2)


a1 = −µmi +

n∑
i=1,i 6=j

βvij −
n∑

i=1,i 6=j
βhji = − (1− πi)βhi Nm

i

Λhi
µbi

+ (R0i − 1)µmi

a2 = − (αgi + µgi ) +
n∑

i=1,i 6=j
βhij −

n∑
i=1,i 6=j

βvji

(5.3.3)

We now consider stability of DFE by calculating the eigenvalues (λs) of the Jacobian matrix given by

(5.3.2), the characteristic equation for the eigenvalues is given by

Φ0

[
−
(
αhi + µhi

)
− λ
]

[− (αsi + µsi )− λ] [− (αzi + µzi )− λ]
[
−
(
αki + µki

)
− λ

]
[− (αvi + µvi )− λ] = 0

(5.3.4)

where

Φ0 =
(
−µbi − λ

)
(−αmi − λ) (a1 − λ) (a2 − λ) (5.3.5)

Since all the eigenvalues from the characteristic equation (5.3.4) are negative then the disease-free equi-

librium point E0 of the multiscale model system (5.2.1) is locally asymptotically stable.

Theorem 5.3. The disease-free equilibrium point E0 of the multi-scale model system 5.2.1 is locally

asymptotically stable wheneverR0 < 1 and unstable otherwise.

Lemma 5.4. The matrix (M −D) has a real spectrum. Moreover, if ρ
(
MD−1

)
< 1, all eigenvalues of

(M −D) are negative.

5.3.4 Global Stability of the disease free equilibrium

In order to establish the global stability of DFE of the model system (5.2.1), we implement Theorem

2 in van den Driessche and Watmough [103] to establish that the disease-free equilibrium is globally

asymptotically stable whenever R0 < 1 and unstable when R0 > 1. We identify two conditions that
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warrant the global asymptotic stability of the disease-free state. The model system (5.2.1) can be written

as follows:


dX

dt
= F (X,Z),

dZ

dt
= G(X,Z), G(X, 0) = 0

(5.3.1)

where X =
(
Rhi

)
denotes all uninfected components and Z = (Rmi ,M

h
i , G

h
i , G

v
i , G

m
i , Z

v
i , O

v
i , P

v
i )

denotes all infected and infectious components;

E0 =
(
Rh0i, R

m
0i ,M

h
0i, G

h
0i, G

v
0i, G

m
0i, Z

v
0i, O

v
0i, P

v
0i

)
=

(
Λhi
µbi
, 0, 0, 0,

Λvi
µgi
, 0, 0, 0, 0

)
, i = 1, .., n (5.3.2)

represents the disease-free equilibrium of the system. The conditions (H1) and (H2) below must be sat-

isfied in order to assure global asymptotic stability [101]:

(H1) For
dX

dt
= F (X, 0), X∗ is globally asymptotically stable (g.a.s);

(H2) G(X,Z) = AZ − Ĝ(X,Z), Ĝ(X,Z) ≥ 0 for (X,Z) ∈ R3
+,

where the Jacobian A =
∂G

∂Z
= DZG(X∗, 0) is an M -matrix (the off diagonal elements of A are nonneg-

ative) and Φ is the region where the model makes biological sense.

dX

dt
= F (X,Z) = Λhi − βmi Rhi (t)Mh

i (t)− µhi Rhi (t) (5.3.3)

At the disease-free equilibrium Z = 0

F (X, 0) = Λhi − µhi Rhi (5.3.4)

Hence, in regard of the fact that Φ is an invariant set for model system (5.2.1) and in view of Theorem

(5.3), it is sufficient to show that for all E0 ∈ Φ

lim
t→∞

P vi (t) = 0, lim
t→∞

Ovi (t) = 0, lim
t→∞

Zvi (t) = 0, lim
t→∞

Gmi (t) = 0, lim
t→∞

Gvi (t) = Gv0i,

lim
t→∞

Ghi (t) = 0, lim
t→∞

Mh
i (t) = 0, lim

t→∞
Rmi (t) = 0, lim

t→∞
Rhi (t) = Rh0i (5.3.5)
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where Rh0i and Gv0i are as in (5.3.2) , it follows that

dRhi (t)

dt
≤ Λhi − µbiRhi (t) (5.3.6)

and

dGvi (t)

dt
≤ Λvi − µ

g
iG

v
i (t) (5.3.7)

It is easy to see thatRh0i andGv0i are globally asymptotically stable equilibria for the comparison equations

dy1(t)

dt
≤ Λhi − µbiy1(t) (5.3.8)

and

dy2(t)

dt
≤ Λvi − µ

g
i y2(t) (5.3.9)

Therefore, for any ε > 0, there exists t̄ > 0, such that for all t ≥ t̄, it holds Rhi (t) ≤ Rh0i + ε and

Gvi (t) ≤ Gv0i + ε

lim
t→∞

supRhi (t) ≤ Rh0i and lim
t→∞

supGvi (t) ≤ Gv0i (5.3.10)

From (5.3.10) and the equations (2)-(4) and (6)-(9) of the model system (5.2.1) we have that for t ≥ t̄

dRmi (t)

dt
≤ (1− πi)βhiMh

i (t)
(
Rh0i + ε

)
− αmi Rmi (t),

dMh
i (t)

dt
= Nm

i α
m
i R

m
i (t)− µmi Mh

i (t) +

n∑
i 6=j=1

βvijM
h
j (t)−

n∑
i 6=j=1

βhjiM
h
i (t),

dGhi (t)

dt
≤ πiβ

h
iM

h
i (t)

(
Rh0i + ε

)
−
[
αhi + µhi

]
Ghi (t),

dGmi (t)

dt
≤ Ng

i α
g
i (Gv0i + ε)− [αsi + µsi ]G

m
i (t), (5.3.11)

dZvi (t)

dt
=

1

2
αsiG

m
i (t)− [αzi + µzi ]Z

v
i (t),

dOvi (t)

dt
= αziZ

v
i (t)−

[
αki + µki

]
Ovi (t),

dP vi (t)

dt
= Nk

i α
k
iO

v
i (t)− [αvi + µvi ]P

v
i (t),

Let us consider the comparison system
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dw1(t)

dt
≤ (1− πi)βhi w2(t)

(
Rh0i + ε

)
− αmi w1(t),

dw2(t)

dt
= Nm

i α
m
i w1(t)− µmi w2(t) +

n∑
i 6=j=1

βvijw2(t)−
n∑

i 6=j=1

βhjiw2(t),

dw3(t)

dt
≤ πiβ

h
i w2(t)

(
Rh0i + ε

)
−
[
αhi + µhi

]
w3(t),

dw4(t)

dt
≤ Ng

i α
g
i (Gv0i + ε)− [αsi + µsi ]w4(t), (5.3.12)

dw5(t)

dt
=

1

2
αsiw4(t)− [αzi + µzi ]w5(t),

dw6(t)

dt
= αziw5(t)−

[
αki + µki

]
w6(t),

dw7(t)

dt
= Nk

i α
k
iw6(t)− [αvi + µvi ]w7(t), w1(t̄) = Rmi (t̄), w2(t̄) = Mh

i (t̄),

w3(t̄) = Ghi (t̄), w4(t̄) = Gmi (t̄), w5(t̄) = Zvi (t̄), w6(t̄) = Ovi (t̄), w7(t̄) = P vi (t̄)

that we can re-write as

dw(t)

dt
= (Fε − Vε)w(t) (5.3.13)

where w(t) = (w1(t), w2(t), w3(t), w4(t), w5(t), w6(t), w7(t))T and (Fε − Vε) is a matrix in (5.3.3)

computed in E0(ε) =
(
Rhi + ε, 0, 0, 0, Gvi + ε, 0, 0, 0, 0

)
. Let us note that if R0 = ρ

(
FV −1

)
< 1,

we can choose a sufficiently small ε > 0 such that ρ
(
FεV

−1
ε

)
< 1. Then by applying Lemma 5.4

to (Fε − Vε) we obtain that it has a real spectrum and all its eigenvalues are negative. It follows that

lim
t→∞

w(t) = 0, whatever the initial conditions are, from which

lim
t→∞

Rmi (t) = 0, lim
t→∞

Mh
i (t) = 0, lim

t→∞
Ghi (t) = 0, lim

t→∞
Gmi (t) = 0, lim

t→∞
Zvi (t) = 0, lim

t→∞
Ovi (t) = 0, lim

t→∞
P vi (t) = 0

(5.3.14)

Now, for any ε > 0, there exists t̄1 such that for any t ≥ t̄1, Rmi (t) < ε, Mh
i (t) < ε, Ghi (t) < ε,

Gmi (t) < ε, Zvi (t) < ε, Ovi (t) < ε, P vi (t) < ε. So, for t ≥ t̄1 we have

dRhi (t)

dt
≥ Λhi − βhi Rhi (t)ε− µbiRhi (t), (5.3.15)

It is easy to see that
Λhi

βhi ε+ µbi
is a global asymptotically stable equilibrium for the comparison equation

dy(t)

dt
≥ Λhi − βhi y(t)ε− µbiy(t), (5.3.16)

Thus, for any χ > 0, there exists t̄2 > 0 such that for all t ≥ t̄2
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Rhi (t) ≥ Λhi
βhi ε+ µbi

− χ (5.3.17)

Therefore, for any ε > 0, we have

lim
t→∞

inf Rhi (t) ≥ Λhi
βhi ε+ µbi

(5.3.18)

Letting t→∞, we get lim
t→∞

inf Rhi (t) ≥ Rh0i and combining this with (5.3.10) gives us

lim
t→∞

Rhi (t) = Rh0i (5.3.19)

A similar argument ensures that

lim
t→∞

Gvi (t) = Gv0i (5.3.20)

Therefore, E0 =

(
Λhi
µbi
, 0, 0, 0,

Λvi
µgi
, 0, 0, 0, 0

)
, i = 1, .., n is a global asymptotically stable equilibrium

point satisfying condition H1.

We can now establish that condition H2 is satisfied.

dZ

dt
= GH(X,Z) =



(1− πi)βhi Rhi (t)Mh
i (t)− αmi Rmi (t)

(1− πj)βhj Rhj (t)Mh
j (t)− αmj Rmj (t)

Nm
i α

m
i R

m
i (t)− µmi Mh

i (t) + βvijM
h
j (t)− βhjiMh

i (t)

Nm
j α

m
j R

m
j (t)− µmj Mh

j (t) + βhjiM
h
i (t)− βvijMh

j (t)

πiβ
h
i R

h
i (t)Mh

i (t)−
[
αhi + µhi

]
Ghi (t)

πjβ
h
j R

h
j (t)Mh

j (t)−
[
αhj + µhj

]
Ghj (t)


(5.3.21)

dZ

dt
= GV (X,Z) =



Λvi − [αgi + µgi ]G
v
i (t) + βhijG

v
j (t)− βvjiGvi (t)

Λvj −
[
αgj + µgj

]
Gvj (t) + βvjiG

v
i (t)− βhijGvj (t)

Ng
i α

g
iG

v
i (t)− [αsi + µsi ]G

m
i (t)

Ng
j α

g
jG

v
j (t)−

[
αsj + µsj

]
Gmj (t)

1

2
αsiG

m
i (t)− [αzi + µzi ]Z

v
i (t)

1

2
αsjG

m
j (t)−

[
αzj + µzj

]
Zvj (t)

αziZ
v
i (t)−

[
αki + µki

]
Ovi (t)

αzjZ
v
j (t)−

[
αkj + µkj

]
Ovj (t)

Nk
i α

k
iO

v
i (t)− [αvi + µvi ]P

v
i (t)

Nk
j α

k
jO

v
j (t)−

[
αvj + µvj

]
P vj (t),



(5.3.22)
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and G(X, 0) = 0

AHZ =



−αmi Rmi (t) +
(1− πi)βhi Λhi (t)

µbi
Mh
i (t)

−αmj Rmj (t) +
(1− πj)βhj Λhj (t)

µbj
Mh
j (t)

Nm
i α

m
i R

m
i (t)− µmi Mh

i (t) + βvijM
h
j (t)− βhjiMh

i (t)

Nm
j α

m
j R

m
j (t)− µmj Mh

j (t) + βhjiM
h
i (t)− βvijMh

j (t)

πiβ
h
i Λhi (t)

µbi
Mh
i (t)−

[
αhi + µhi

]
Ghi (t)

πjβ
h
j Λhj (t)

µbj
Mh
j (t)−

[
αhj + µhj

]
Ghj (t)



(5.3.23)

AH =



−αmi 0
(1− πi)βhi Λhi

µbi
0 0 0

0 −αmj 0
(1− πi)βhi Λhi

µbj
0 0

Nm
i α

m
i 0 −

(
µmi + βhji

)
βvij 0 0

0 Nm
j α

m
j βhji −

(
µmj + βvij

)
0 0

0 0
πiβ

h
i Λhi
µbi

0 −
(
αhi + µhi

)
0

0 0 0
πjβ

h
j Λhj

µbj
0 −

(
αhj + µhj

)


(5.3.24)

AV Z =



Λvi − [αgi + µgi ]G
v
i (t) + βhijG

v
j (t)− βvjiGvi (t)

Λvj −
[
αgj + µgj

]
Gvj (t) + βvjiG

v
i (t)− βhijGvj (t)

Ng
i α

g
iG

v
i (t)− [αsi + µsi ]G

m
i (t)

Ng
j α

g
jG

v
j (t)−

[
αsj + µsj

]
Gmj (t)

1

2
αsiG

m
i (t)− [αzi + µzi ]Z

v
i (t)

1

2
αsjG

m
j (t)−

[
αzj + µzj

]
Zvj (t)

αziZ
v
i (t)−

[
αki + µki

]
Ovi (t)

αzjZ
v
j (t)−

[
αkj + µkj

]
Ovj (t)

Nk
i α

k
iO

v
i (t)− [αvi + µvi ]P

v
i (t)

Nk
j α

k
jO

v
j (t)−

[
αvj + µvj

]
P vj (t),



(5.3.25)
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AV =



a1 0 0 0 0 0 0 0 0 0

0 a2 0 0 0 0 0 0 0 0

Ng
i α

g
i 0 a3 0 0 0 0 0 0 0

0 Ng
j α

g
j 0 a4 0 0 0 0 0 0

0 0
1

2
αsi 0 a5 0 0 0 0 0

0 0 0
1

2
αsj 0 a6 0 0 0 0

0 0 0 0 αzi 0 a7 0 0 0

0 0 0 0 0 αzj 0 a8 0 0

0 0 0 0 0 0 Nk
i α

k
i 0 a9 0

0 0 0 0 0 0 0 Nk
j α

k
j 0 a10



(5.3.26)

where



a1 = −
(
αgi + µgi + βvji

)
a2 = −

(
αgj + µgj + βhij

)
a3 = − (αsi + µsi )

a4 = −
(
αsj + µsj

)
a5 = − (αzi + µzi )

a6 = −
(
αzj + µzj

)
a7 = −

(
αki + µki

)
a8 = −

(
αkj + µkj

)
a9 = − (αvi + µvi )

a10 = −
(
αvj + µvj

)

(5.3.27)

From (5.3.24) and (5.3.26) we can easily see that AH and AV have non negative off-diagonal entries.

Therefore AH and AV are M -matrices.

Furthermore,
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ĜH(X,Z) =



Ĝ1(X,Z)

Ĝ2(X,Z)

Ĝ3(X,Z)

Ĝ4(X,Z)

Ĝ5(X,Z)

Ĝ6(X,Z)


=



[1− πi]
(

Λhi
µbi
−Rhi

)
βhiM

h
i

[1− πj ]

(
Λhj

µbj
−Rhj

)
βhjM

h
j

0

0

πi

(
Λhi
µhi
−Rhi

)
βhiM

h
i

πj

(
Λhj

µhj
−Rhj

)
βhjM

h
j



(5.3.28)

and

ĜV (X,Z) =



Ĝ1(X,Z)

Ĝ2(X,Z)

Ĝ3(X,Z)

Ĝ4(X,Z)

Ĝ5(X,Z)

Ĝ6(X,Z)

Ĝ7(X,Z)

Ĝ8(X,Z)

Ĝ9(X,Z)

Ĝ10(X,Z)



=



(
Λvi + βhijG

v
j

)
(
Λvj + βvjiG

v
i

)
0

0

0

0

0

0

0

0



(5.3.29)

From (5.3.10) we can deduce that
Λhi
µbi
≥ Rhi for i = 1, ..., n,

Λhj

µbj
≥ Rhj for j = 1, ..., n where i 6= j,

it is clear that ĜH(X,Z) ≥ 0 and ĜV (X,Z) ≥ 0 for all (X,Z) ∈ R9n
+ and A is an M-matrix because

the off diagonal elements of A are non-negative. Conditions H1 and H2 are satisfied and therefore E0 is

Globally Asymptotically Stable (GAS) forR0 < 1.

Theorem 5.5. The disease-free equilibrium of the multiscale model system (5.2.1) is globally asymptoti-

cally stable ifR0 ≤ 1 and the assumptions (H1) and (H2) are satisfied.

5.4 The endemic equilibrium and its stability

5.4.1 The endemic equilibrium

At the endemic equilibrium the human population is infected by Malaria. The endemic equilibrium point

of the multiscale model system (5.2.1) is given by
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E∗ =
(
Rh∗i , R

m∗
i ,Mh∗

i , Gh∗i , G
v∗
i , G

m∗
i , Zv∗i , O

v∗
i , P

v∗
i

)
, i = 1, .., n (5.4.1)

We set the left-hand side of the multiscale model system (5.2.1) to zero and obtain:

0 = Λhi − βhi Rh∗i Mh∗
i − µbiRh∗i ,

0 = (1− πi)βhi Rh∗i Mh∗
i − αmi Rm∗i ,

0 = Nm
i α

m
i R

m∗
i − µmi Mh∗

i +
n∑

i 6=j=1

βvijM
h∗
j −

n∑
i 6=j=1

βhjiM
h∗
i ,

0 = πiβ
h
i R

h∗
i M

h∗
i −

[
αhi + µhi

]
Gh∗i ,

0 = Λvi − [αgi + µgi ]G
v∗
i +

m∑
i 6=j=1

βhijG
v∗
j −

m∑
i 6=j=1

βvjiG
v∗
i , (5.4.2)

0 = Ng
i α

g
iG

v∗
i − [αsi + µsi ]G

m∗
i ,

0 =
1

2
αsiG

m∗
i − [αzi + µzi ]Z

v∗
i ,

0 = αziZ
v∗
i −

[
αki + µki

]
Ov∗i ,

0 = Nk
i α

k
iO

v∗
i − [αvi + µvi ]P

v∗
i , i = 1, ..., n

where

βij = β (1− δij) e−α|i−j|,
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Rh∗i =
Λhi[

βhiM
h∗
i + µbi

]
Rm∗i =

(1− πi)βhi Rh∗i Mh∗
i

αmi

Mh∗
i =

∑n
i 6=j=1 β

v
ijM

h∗
j[∑n

i 6=j=1 β
h
ji + µmi −Nm

i (1− πi)βhi Rh∗i
]

Mh∗
j =

∑n
i=1,i 6=j β

h
jiM

h
i + µmi M

h
i −Nm

i α
m
i R

m
i∑n

i=1,i 6=j β
v
ij

Gh∗i =
πiβ

h
i R

h∗
i M

h∗
i[

αhi + µhi
]

Gv∗i =
Λvi +

∑m
i 6=j=1 β

h
ijG

v∗
j[

αgi + µgi +
∑m

i 6=j=1 β
v
ji

]

Gm∗ =
Ng
i α

g
iG

v∗
i

[αsi + µsi ]

Zv∗ =
αsiG

m∗
i

2 [αzi + µzi ]

Ov∗ =
αziZ

v∗
i[

αki + µki
]

P v∗ =
Nk
i α

k
iO

v∗
i

[αvi + µvi ]

(5.4.3)

We represent the endemic equilibrium by E∗ =
(
Rh∗i , R

m∗
i ,Mh∗

i , Gh∗i , G
v∗
i , G

m∗
i , Zv∗i , O

v∗
i , P

v∗
i

)
. The

endemic value of susceptible erythrocytes is represented by

Rh∗i =
Λhi[

βhiM
h∗
i + µbi

] (5.4.4)

We deduce from equation (5.4.4) the endemic value of the susceptible erythrocytes corresponds to the

average period spent in the susceptible compartment and the supply rate of new susceptible red blood

cells from the bone marrow. The susceptible red blood cells leaves this compartment either through death

or infection. The endemic value of merozoite infected erythrocytes is represented by
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Rm∗i =
(1− πi)βhi Rh∗i Mh∗

i

αmi
(5.4.5)

We deduce from equation (5.4.5) the endemic value of the merozoite infected erythrocytes is in proportion

to the number of merozoites produced upon erythrocytes bursting and the bursting rate of erythrocytes to

produce merozoites. The endemic value of merozoites in the blood stream is given by:

Mh∗
i =

∑n
i 6=j=1 β

v
ijM

h∗
j[∑n

i 6=j=1 β
h
ji + µmi −Nm

i (1− πi)βhi Rh∗i
] (5.4.6)

We deduce from equation (5.4.6) the endemic value of the merozoites in the blood stream corresponds to

the mean life-span of each merozoite, number of merozoites produced upon bursting of erythrocytes and

the rate of intrinsic growth of merozoites due to infected mosquitoes in contact with the ith individual.

The endemic value of gametocyte infected erythrocytes within the individual human is given by

Gh∗i =
πiβ

h
i R

h∗
i M

h∗
i[

αhi + µhi
] (5.4.7)

We deduce from equation (5.4.7) the endemic value of the gametocyte infected erythrocytes within the

humans is proportional to the rate at which gametocytes inside erythrocytes mature and become contagious

to mosquitoes and the mean life-span of each gametocyte infected erythrocyte. The endemic value of the

erythrocytes infected by gametocyte within the mosquito is given by

Gv∗i =
Λvi +

∑m
i 6=j=1 β

h
ijG

v∗
j (t)[

αgi + µgi +
∑m

i 6=j=1 β
v
ji

] (5.4.8)

We deduce from equation (5.4.8) the endemic value of the gametocyte infected erythrocytes inside the

mosquito is proportional to the bursting rate of gametocyte infected erythrocytes to produce gametes,

the life-span of erythrocytes infected by gametocytes inside the mosquito and super-infection rate of the

mosquito. The endemic value of the population of gametes is given by

Gm∗ =
Ng
i α

g
iG

v∗
i

[αsi + µsi ]
(5.4.9)

We deduce from equation (5.4.9) the endemic value of the population of gametes corresponds to the

growth rate of gametes within an infected mosquito, to mean life-span of the gametes and rate of fusion

of male and female gametes to form zygotes. The endemic value of the population of zygotes is given by

Zv∗ =
αsiG

m∗
i

2 [αzi + µzi ]
(5.4.10)

We deduce from equation (5.4.10) the endemic value of the zygote population corresponds to the mean
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life-span of zygotes and rate at which ookinetes become oocysts. The endemic value of the population of

oocysts is given by

Ov∗ =
αziZ

v∗
i[

αki + µki
] (5.4.11)

We deduce from equation (5.4.11) the endemic value of the population of oocysts corresponds to the

mean life-span of oocysts and bursting rate of oocysts releasing sporozoites. The endemic value of the

population of sporozoites is represented by

P v∗ =
Nk
i α

k
iO

v∗
i

[αvi + µvi ]
(5.4.12)

We deduce from equation (5.4.12) the endemic value of the sporozoite population is in proportion to the

average number of sporozoites released upon bursting of oocysts, to the average life-span of sporozoites,

to the rate of excretion of mature sporozoites into the salivary glands of the mosquito and the rate of

intrinsic growth of pathogen due to infected individuals in contact with the vector (mosquito). We now

look at the conditions at which the endemic state exists.

5.4.2 Existence of the Endemic Equilibrium State

We present results relating to existence of an endemic state for Malaria as conditions on a solution for the

multiscale model system (5.2.1). In order to achieve this we implement the reproductive number,R0.

Theorem 5.6. The multiscale model system (5.2.1) has a unique endemic equilibrium solution given by

E∗ =
(
Rh∗i , R

m∗
i ,Mh∗

i , Gh∗i , G
v∗
i , G

m∗
i , Zv∗i , O

v∗
i , P

v∗
i

)
, i = 1, .., n (5.4.1)

withRh∗i , R
m∗
i ,Mh∗

i , Gh∗i , G
v∗
i , G

m∗
i , Zv∗i , O

v∗
i , P

v∗
i all non-negative, whose existence and properties are

determined by the threshold parameterR0 where

R0i =
(1− πi)βhi ΛiN

m
i + µbi

(∑n
i 6=j=1 β

v
ij −

∑n
i 6=j=1 β

h
ji

)
µbiµ

m
i

, i = 1, 2, ..., n (5.4.2)

Proof. Let E∗ =
(
Rh∗i , R

m∗
i ,Mh∗

i , Gh∗i , G
v∗
i , G

m∗
i , Zv∗i , O

v∗
i , P

v∗
i

)
be a constant solution of the multi-

scale model system (5.2.1). We can simply present Rh∗i , R
m∗
i , Gh∗i in terms of Mh∗

i in the form
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

Rh∗i (Mh∗
i ) =

Λhi[
βhiM

h∗
i + µbi

]
Rm∗i (Mh∗

i ) =
(1− πi)βhiMh∗

i Λhi
αmi
[
βhiM

h∗
i + µbi

]
Gh∗i (Mh∗

i ) =
πiβ

h
i ΛhiM

h∗
i[

βhiM
h∗
i + µbi

] [
αhi + µhi

]
(5.4.3)

Substituting the expressions in equation (5.4.3) into equation (3) from the multiscale model (5.2.1) given

by

dMh
i (t)

dt
= Nm

i α
m
i R

m
i (t)− µmi Mh

i (t) +
n∑

i 6=j=1

βvijM
h
j (t)−

n∑
i 6=j=1

βhjiM
h
i (t) (5.4.4)

at the endemic equilibrium we get

 n∑
i 6=j

βvij −
n∑

i 6=j=1

βhji − µmi

βhiMh∗2
i + µmi µ

h
i

Nh
i (1− πi)βhi Λhi + µhi

(∑n
i 6=j=1 β

v
ij −

∑n
i6=j=1 β

h
ji

)
µni µ

h
i

− 1

Mh∗
i = 0

(5.4.5)

Mh∗
i = 0 coincides with the disease free equilibrium.

 n∑
i 6=j

βvij −
n∑

i 6=j=1

βhji − µmi

βhiMh∗
i + µmi µ

h
i [R0i − 1] = 0 (5.4.6)

Therefore at the endemic equilibrium for each individual i we obtain:

M∗hi =
µmi µ

b
i [R0i − 1](

µmi −
(∑n

i 6=j β
v
ij −

∑n
i 6=j=1 β

h
ji

))
βhi

(5.4.7)

From the expression (5.4.7) we can deduce that there exists one unique endemic equilibrium for multiscale

model system (5.2.1) wheneverR0 > 1 and
n∑
i 6=j

βvij < µmi +

n∑
i 6=j=1

βhji.

5.4.3 Local Stability of the Malaria Endemic Equilibrium

We now establish the local asymptotic stability of the multiscale model system (5.2.1) by implementing

the Center Manifold Theory explained in [101]. In order to effectively manipulate the Center Manifold

Theory, we change variables of the multiscale model system (5.2.1) as follows. Let Rhi = x1, Rmi = x2,
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Mh
i = x3, Ghi = x4, Gvi = x5, Gmi = x6, Zvi = x7, Ovi = x8 and P vi = x9. In addition, we also

implement the vector notation

x = (x1, x2, x3, x4, x5, x6, x7, x8, x9)T resulting in the multiscale model system (5.2.1) being written as

dx
dt

= F(x, β∗) (5.4.1)

where

F = (f1, f2, f3, f4, f5, f6, f7, f8, f9) (5.4.2)

such that

1.
dx1(t)

dt
= Λhi − βhi x1(t)x3(t)− µbix1(t),

2.
dx2(t)

dt
= (1− πi)βhi x1(t)x3(t)− αmi x2(t),

3.
dx3(t)

dt
= Nm

i α
m
i x2(t)− µmi x3(t) +

n∑
i 6=j=1

βvijx3(t)−
n∑

i 6=j=1

βhjix3(t),

4.
x4(t)

dt
= πiβ

h
i x1(t)x3(t)−

[
αhi + µhi

]
x4(t),

5.
dx5(t)

dt
= Λvi − [αgi + µgi ]x5(t) +

n∑
i 6=j=1

βhijx5(t)−
n∑

i 6=j=1

βvjix5(t), (5.4.3)

6.
dx6(t)

dt
= Ng

i α
g
i x5(t)− [αsi + µsi ]x6(t),

7.
dx7(t)

dt
=

1

2
αsix6(t)− [αzi + µzi ]x7(t),

8.
dx8(t)

dt
= αzi x7(t)−

[
αki + µki

]
x8(t),

9.
dx9(t)

dt
= Nk

i α
k
i x8(t)− [αvi + µvi ]x9(t), i = 1, 2, ..., n

where

βij = β (1− δij) e−α|i−j|,

The approach encompasses calculating the Jacobian matrix of the multiscale system (5.4.3) at the disease-

free equilibrium E0 signified by J(E0). The matrix corresponding to the multiscale system (5.4.3) evalu-

ated at the disease-free equilibrium is denoted by
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J(E0) =



a0 0 −a1 0 0 0 0 0 0

0 −αmi a2 0 0 0 0 0 0

0 a3 a4 0 0 0 0 0 0

0 0 a5 −a6 0 0 0 0 0

0 0 0 0 −a7 0 0 0 0

0 0 0 0 a8 −a9 0 0 0

0 0 0 0 0 −1

2
αsi −a10 0 0

0 0 0 0 0 0 αzi −a11 0

0 0 0 0 0 0 0 0 a12



(5.4.4)
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a0 = −µbi

a1 =
β∗i Λhi
µbi

a2 = (1− πi)
β∗i Λhi
µbi

a3 = Nm
i α

m
i

a4 =

n∑
i 6=j

βvij −
n∑
i 6=j

βhji − µmi

a5 = πi
β∗i Λhi
µbi

a6 =
[
αhi + µhi

]

a7 = [αgi + µgi ] +

n∑
i 6=j

βvij −
n∑
i 6=j

βhji

a8 = Ng
i α

g
i

a9 = [αsi + µsi ]

a10 = [αzi + µzi ]

a11 =
[
αki + µki

]
a12 = − [αvi + µvi ]

(5.4.5)

By making the use of an approach similar to the one in section (5.3.2), we can obtain the basic reproductive

number of the multiscale system (5.4.3) as

R0i =
(1− πi)βhi ΛiN

m
i + µbi

(∑n
i 6=j=1 β

v
ij −

∑n
i 6=j=1 β

h
ji

)
µbiµ

m
i

, i = 1, 2, ..., n (5.4.6)

Let us consider βhi = kβvij , even if k ∈ (0, 1) or k ≥ 1. Taking βvij = β∗ as the parameter of bifurcation

and also lettingR0i = 1, we determine β∗ to get
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β∗ =
µbi

[
µmi +

∑n
i=1,i 6=j β

h
ji

]
[
(1− πi)kΛhiN

m
i + µbi .n

] (5.4.7)

We can highlight that the linearized system of the transformed equations (5.4.3) with bifurcation point β∗

has a simple zero eigenvalue. Consequently, the center manifold theory [101] can be utilized to examine

the dynamics of the multiscale system (5.4.3) close to βvij = β∗.

To implement Theorem 7.2, the following calculations are neccessary (note that β∗ is the bifurcation pa-

rameter instead of φ in Theorem 7.2).

WhenR0 = 1, we can demonstrate that the Jacobian matrix of the multiscale system (5.4.3) at β∗ (denoted

by Jβ∗) has a right eigenvector corresponding to the zero eigenvalue expressed below:



a0 0 −a1 0 0 0 0 0 0

0 −αmi a2 0 0 0 0 0 0

0 a3 a4 0 0 0 0 0 0

0 0 a5 −a6 0 0 0 0 0

0 0 0 0 −a7 0 0 0 0

0 0 0 0 a8 −a9 0 0 0

0 0 0 0 0 −1

2
αsi −a10 0 0

0 0 0 0 0 0 αzi −a11 0

0 0 0 0 0 0 0 0 a12





u1

u2

u3

u4

u5

u6

u7

u8

u9



=



0

0

0

0

0

0

0

0

0



(5.4.8)

u = (u1, u2, u3, u4, u5, u6, u7, u8, u9)T (5.4.9)

where
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u1 = −kβ
∗Λhi

µbi
2

u2 = 1

u3 = 1

u4 =
πikβ

∗Λhi
µbi
[
αhi + µhi

]
u5 = 0

u6 = 0

u7 = 0

u8 = 0

u9 = 0

(5.4.10)

Furthermore, the left eigenvector of the jacobian matrix in (5.4.4) corresponding to the zero eigenvalue at

β∗ and satisfying the condition v.u = 1 is written as:

[
v1 v2 v3 v4 v5 v6 v7 v8 v9

]



a0 0 −a1 0 0 0 0 0 0

0 −αm
i a2 0 0 0 0 0 0

0 a3 a4 0 0 0 0 0 0

0 0 a5 −a6 0 0 0 0 0

0 0 0 0 −a7 0 0 0 0

0 0 0 0 a8 −a9 0 0 0

0 0 0 0 0 −
1

2
α
s
i −a10 0 0

0 0 0 0 0 0 α
z
i −a11 0

0 0 0 0 0 0 0 0 a12



=
[
0 0 0 0 0 0 0 0 0

]

(5.4.11)

v = (v1, v2, v3, v4, v5, v6, v7, v8, v9)T (5.4.12)

where
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

v1 = 0,

v2 =
(1− πi) kβ∗Ii ΛhiN

m
i[

(1− πi) kβ∗i ΛhiN
m
i + αmi µ

b
i

] ,
v3 =

αmi µ
b
i[

(1− πi) kβ∗i ΛhiN
m
i + αmi µ

b
i

]
v4 = 0

v5 = 0

v6 = 0

v7 = 0

v8 = 0

v9 = 0

(5.4.13)

We can verify the condition v.u = 1 as shown below:



v.u = v2.u2 + v3.u3

=

(
(1− πi) kβ∗i ΛhiN

m
i[

(1− πi) kβ∗i ΛhiN
m
i + αmi µ

b
i

]) .(1) +

(
αmi µ

b
i[

(1− πi) kβ∗i ΛhiN
m
i + αmi µ

b
i

]) .(1)

=
(1− πi) kβ∗i ΛhiN

m
i + αmi µ

b
i[

(1− πi) kβ∗i ΛhiN
m
i + αmi µ

b
i

] = 1

(5.4.14)

We now calculate the parameters of bifurcation a and b, by determining the value of the nonzero second-

order mixed derivatives of F in regard to the variables and β∗ to get the signs of a and b. The sign of a

corresponds to, the following nonvanishing partial derivatives of F:
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

∂2f1

∂x1∂x3
= −kβ∗ =

∂2f1

∂x3∂x1

∂2f2

∂x1∂x3
= (1− πi)kβ∗ =

∂2f2

∂x3∂x1

∂2f4

∂x1∂x3
= πikβ

∗ =
∂2f4

∂x3∂x1

(5.4.15)



∂2f1

∂β∗∂x3
= −kβ

∗Λhi
µbi

∂2f2

∂β∗∂x3
= (1− πi)k

β∗Λhi
µbi

∂2f4

∂β∗∂x3
= πi

kβ∗Λhi
µbi

(5.4.16)

Substituting equation (5.4.10), (5.4.13) and (5.4.15) into the equation (7.4.6) we obtain:



a = 2v1u1u3
∂2f1

∂x1∂x3
+ 2v2u1u3

∂2f2

∂x1∂x3
+ 2v4u1u3

∂2f4

∂x1∂x3

a = −2.

(
(1− πi) kβ∗i ΛhiN

m
i[

(1− πi) kβ∗i ΛhiN
m
i + αmi µ

b
i

])(kβ∗Λhi
µbi

2

)
.(1− πi)kβ∗

a = −2.

(
(1− πi)2 k2β∗2i ΛhiN

m
i[

(1− πi) kβ∗i ΛhiN
m
i + αmi µ

b
i

])(kβ∗Λhi
µbi

2

)
< 0

(5.4.17)

On the other hand, substituting equation (5.4.10), (5.4.13) and (5.4.16) into the equation (7.4.6) we obtain:
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

b = u1v3
∂2f1

∂β∗∂x3
+ u2v3

∂2f2

∂β∗∂x3
+ u4v3

∂2f4

∂β∗∂x3

=

(
−kβ

∗Λhi

µbi
2

)
.

(
αmi µ

b
i[

(1− πi) kβ∗i ΛhiN
m
i + αmi µ

b
i

])(−kβ∗Λhi
µbi

)

+

(
αmi µ

b
i[

(1− πi) kβ∗i ΛhiN
m
i + αmi µ

b
i

]) . (1− πi) kβ∗Λhi
µbi

+

[
πiβ
∗Λhi

µbi
[
αhi + µhi

]] .(( αmi µ
b
i[

(1− πi) kβ∗i ΛhiN
m
i + αmi µ

b
i

])) .πikβ∗Λhi
µbi

b =

[(
αmi µ

b
i[

(1− πi) kβ∗i ΛhiN
m
i + αmi µ

b
i

])][(kβ∗Λhi )2(
µbi
)3 + (1− πi)

kβ∗Λhi
µbi

+

(
πiβ
∗Λhi

)2(
µbi
)2 [

αhi + µhi
]] > 0

(5.4.18)

Consequently, a < 0 and b > 0. Implementing Theorem 7.2, item (iv), enables us to establish the follow-

ing result which is only valid forR0 > 1 but near 1.

Proposition 5.7. The unique endemic equilibrium of the multiscale models system (5.2.1) guaranteed by

the Center Manifold Theorem 7.2 is locally asymptotically stable forR0 > 1 near 1.

5.5 Numerical analysis

This section presents computer simulations for the multiscale model system (5.2.1)’s behaviour performed

using Python program version 3.6 on the Windows 10 operation system. The numerical simulations of

the multiscale model system (5.2.1) were carried out to explain some of the mathematical results that

we obtained. We implemented the estimated parameter values presented in Table 5.1 for sensitivity and

numerical analysis. A certain amount of the parameter values implemented in the simulations are results

from publications and the others are estimates. The following are initial conditions implemented for these

simulations: Rhi =
Λhi
µbi

, Rmi = 0,Mh
i = 0, Ghi = 0, Gvi =

Λvi
µgi

, Gmi = 0, Zvi = 0, Ovi = 0, P vi = 0 for

each individual i.

5.5.1 Sensitivity Analysis

From the sensitivity analysis results of R0 to the multiscale model system (5.2.1)’s parameters in Figure

5.3, the following deductions are listed below:
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Table 5.1: Within-human and within-Mosquito parameter values and their description for ith individual

Parameter Description Initial value Range explored Units Source/ Rational
α
g
i Bursting rate of gametocyte infected erythrocytes 96 90-100 day−1 [145]

Λ
h
i Supply rate of susceptible erythrocytes 200 100-300 day−1 [146]

µ
k
i Natural decay rate of oocysts 0.01 0.071-0.143 day−1 [147]
β
h
i Infection rate of erythrocytes by free merozoites 0.1 2× 10

−9- 0.2 day−1 [148]; [149]
α
z
i Rate at which zygotes develop into oocysts 0.4240 0.01-0.05 no.−1day−1 [150]
µ
b
i Natural decay rate of susceptible erythrocytes 0.0083 0.006-0.01 day−1 [149]
N

m
i Number of merozoites produced per bursting erythrocyte 16 10-30 day−1 [149]

α
s
i Fertilization rate of gametes 0.08 0.01-0.2 no.−1day−1 [145]
µ
m
i Natural decay rate of free merozoites 0.001 0.001-0.5 day−1 [148]; [149]
µ
h
i Natural decay rate of gametocyte infected erythrocytes within infected humans 0.0625 0.0600-0.0625 day−1 [151]
πi Proportion of gametocyte infected erythrocytes 0.1 0.1-0.5 day−1 Assumed
α
m
i Bursting rate of erythrocytes to produce merozoites 0.5 0.1-1.0 day−1 [141];[149]
α
h
i Rate at which gametocytes develop and become infectious 0.02 0.01-0.9 day−1 [151]
µ
g
i Death rate of gametocytes 0.0625 0.0326-0.0725 day−1 [145]

Λ
v
i Rate of uptake of gametocytes through super infection of mosquto 300 100-300 day−1 Variable

α
v
i Rate at whch sporozoites become infectious to humans 0.025 0.167-1.00 no.−1day−1 [145]
µ
s
i Natural decay rate of gametes 58.0 40-129 day−1 [145]
µ
z
i Natural decay rate of zygotes 1 1-4 day−1 [145]
α
k
i Bursting rate of oocysts to produce sporozoites 0.2 0-1.0 no.−1day−1 Variable
N

k
i Number of sporozoites produced per bursting oocyst 3000 1000-10000 day−1 [145]

N
g
i Number of gametes produced per gametocyte infected erythrocyte 2 1-3 day−1 Estimated

µ
v
i Natural decay rate of sporozoites 0.0001 0.0001-0.01 day−1 [145]

(a) The multiscale model system (5.2.1)’s parameters have both positive PRCCs and negative PRCCs.

This implies that parameters with positive PRCCs will increase the value of R0 as they are in-

creased, where as parameters with negative PRCCs will decrease the value for R0 as they are

increased. For example, an increase in a parameter like infection rate of erythrocytes by free mero-

zoites, βhji transmission rate at the between-host will consequently increase the value ofR0, and also

increasing a parameter like the natural decay rate of free merozoites, µm will result in the reduction

in the value ofR0.

(b) The Malaria disease transmission metricR0 is extremely sensitive to four of the disease parameters

of the multiscale model system (5.2.1), (Λhi , N
m
i , µ

m
i , β

h
ji). We note that R0 characterizes trans-

mission of Malaria disease at the beginning of the epidemic. We deduce the following from the

sensitivity ofR0 to the Malaria disease multiscale model system (5.2.1)’s parameters.

(i) Since R0 is significantly sensitive to (Λhi , N
m
i , µ

m
i , β

h
ji), this implies that caution must be ap-

plied on the accuracy of these five Malaria disease multiscale model system (5.2.1)’s param-

eters during the collection of data if the effectiveness and usefulness of the Malaria disease

multiscale model system (5.2.1) is to be intensified.

(ii) Since R0 is responsive to the transmission rate between the humans, βhji (the between-host

level parameter) this implies that Malaria interventions such as Insecticide-treated nets and

indoor residual spraying would have more effect in preventing the transmission of Malaria

disease infection at the beginning of the epidemic.

(iii) Since R0 is significantly sensitive to the rate of supply of susceptible red blood cells, Λhi (the

within-host level parameter) and number of merozoites produced per bursting erythrocyte,Nm
i

this implies that Malaria disease interventions such as malaria vaccination (which stimulate
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Figure 5.3: Tornado plot of partial rank correlation coefficients (PRCCs) of the model parameters that
influence the Malaria transmission indicatorR0

immune response to destroy malaria parasite) would be more effective to control the spread of

Malaria disease infection at the beginning of the outbreak.

(iv) Since R0 is significantly sensitive to the rate of natural decay of free merozoites, µmi this im-

plies that Malaria disease interventions such as malaria vaccination (which stimulate immune

response to destroy malaria parasite) would be more effective to control the spread of Malaria

disease infection at the beginning of the outbreak.
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5.5.2 Numerical simulations of the multiscale model of Malaria transmission dynamics

5.5.2.1 Influence of within-host scale parameters of the Malaria multiscale model dynamics

Figure 5.4: Graphs of numerical results of the model system (5.2.1) demonstrating the progression in time of (a)

merozoite infected erythrocytes for individual 1, Rm1 , (b) merozoite infected erythrocytes for individual 2, Rm2 , (c)

free merozoites in bloodstream for individual 1, Mh
1 , (d) free merozoites in bloodstream for individual 2, Mh

2 , (e)

gametocyte infected erythrocytes for individual 1, Gh1 , (f) gametocyte infected erythrocytes for individual 2, Gh2
for variant values of supply rate of susceptible erythrocytes in individual 2, Λh2 : Λh2 = 200,Λh2 = 2000 and

Λh2 = 20000.

Figure 5.4 represents the graphs of numerical results of the model system (5.2.1) demonstrating the pro-

gression in time of (a) merozoite infected erythrocytes for individual 1, Rm1 , (b) merozoite infected ery-

throcytes for individual 2, Rm2 , (c) free merozoites in bloodstream for individual 1, Mh
1 , (d) free mero-

zoites in bloodstream for individual 2, Mh
2 , (e) gametocyte infected erythrocytes for individual 1, Gh1 , (f)

gametocyte infected erythrocytes for individual 1, Gh2 for variant values of supply rate of susceptible ery-

throcytes in individual 2, Λh2 : Λh2 = 200,Λh2 = 2000 and Λh2 = 20000. From these results we can observe

that as the supply rate of susceptible erythrocytes in individual 2 increases there is a remarkable increase

in merozoite infected erythrocytes for individual 2, Rm2 , free merozoites in bloodstream for individual 1,

Mh
1 , free merozoites in bloodstream for individual 2, Mh

2 , gametocyte infected erythrocytes for individual
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2, Gh2 . This implies that interventions like the use of Insecticide-treated nets and indoor residual spraying

will have more effect in preventing spread of the disease.

Figure 5.5: Graphs of numerical results of the model system (5.2.1) demonstrating the progression in time of (a)

merozoite infected erythrocytes for individual 1, Rm1 , (b) merozoite infected erythrocytes for individual 2, Rm2 , (c)

free merozoites in bloodstream for individual 1, Mh
1 , (d) free merozoites in bloodstream for individual 2, Mh

2 , (e)

gametocyte infected erythrocytes for individual 1, Gh1 , (f) gametocyte infected erythrocytes for individual 1, Gh2 for

variant values of natural decay rate of free merozoites for individual 2, µm2 : µm2 = 0.002, µm2 = 0.02 and µm2 = 0.2.

Figure (5.5) represents the graphs of numerical results of the model system (5.2.1) demonstrating the

progression in time of (a) merozoite infected erythrocytes for individual 1, Rm1 , (b) merozoite infected

erythrocytes for individual 2, Rm2 , (c) free merozoites in bloodstream for individual 1, Mh
1 , (d) free mero-

zoites in bloodstream for individual 2, Mh
2 , (e) gametocyte infected erythrocytes for individual 1, Gh1 ,

(f) gametocyte infected erythrocytes for individual 1, Gh2 for variant values of natural decay rate of free

merozoites for individual 2, µm2 : µm2 = 0.002, µm2 = 0.02 and µm2 = 0.2. From these results we can

observe that as the natural decay rate of free merozoites for individual 2 increases there is a remarkable

decrease in free merozoites in bloodstream for individual 1, Mh
1 and free merozoites in bloodstream for

individual 2, Mh
2 .
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Figure 5.6: Graphs of numerical results of the model system (5.2.1) demonstrating the progression in time of (a)

merozoite infected erythrocytes for individual 1, Rm1 , (b) merozoite infected erythrocytes for individual 2, Rm2 , (c)

free merozoites in bloodstream for individual 1, Mh
1 , (d) free merozoites in bloodstream for individual 2, Mh

2 , (e)

gametocyte infected erythrocytes for individual 1, Gh1 , (f) gametocyte infected erythrocytes for individual 1, Gh2
for variant values of number of merozoites produced per bursting erythrocyte, Nh

2 : Nh
2 = 32, Nh

2 = 320 and

Nh
2 = 3200.

Figure (5.6) represents the graphs of numerical results of the model system (5.2.1) demonstrating the

progression in time of (a) merozoite infected erythrocytes for individual 1, Rm1 , (b) merozoite infected

erythrocytes for individual 2, Rm2 , (c) free merozoites in bloodstream for individual 1, Mh
1 , (d) free mero-

zoites in bloodstream for individual 2, Mh
2 , (e) gametocyte infected erythrocytes for individual 1, Gh1 ,

(f) gametocyte infected erythrocytes for individual 1, Gh2 for variant values of number of merozoites pro-

duced per bursting erythrocyte, Nh
2 : Nh

2 = 32, Nh
2 = 320 and Nh

2 = 3200. From these results we can

observe that as the number of merozoites produced per bursting erythrocyte increases there is a remarkable

increase in free merozoites in bloodstream for individual 1, Mh
1 and free merozoites in bloodstream for

individual 2, Mh
2 .
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5.5.2.2 Influence of between-host scale parameters of the Malaria multiscale model dynamics

Figure 5.7: Graphs of numerical results of the model system (5.2.1) demonstrating the progression in time of (a)

merozoite infected erythrocytes for individual 1, Rm1 , (b) merozoite infected erythrocytes for individual 2, Rm2 , (c)

free merozoites in bloodstream for individual 1, Mh
1 , (d) free merozoites in bloodstream for individual 2, Mh

2 , (e)

gametocyte infected erythrocytes for individual 1, Gh1 , (f) gametocyte infected erythrocytes for individual 1, Gh2 for

variant values of infection rate of individual 2 by individual 1 through a mosquito vector, βh21 : βh21 = 0.005, βh21 =

0.05 and βh21 = 0.5.

Figure 5.7 represents the graphs of numerical results of the model system (5.2.1) demonstrating the pro-

gression in time of (a) merozoite infected erythrocytes for individual 1, Rm1 , (b) merozoite infected ery-

throcytes for individual 2, Rm2 , (c) free merozoites in bloodstream for individual 1, Mh
1 , (d) free mero-

zoites in bloodstream for individual 2, Mh
2 , (e) gametocyte infected erythrocytes for individual 1, Gh1 , (f)

gametocyte infected erythrocytes for individual 1, Gh2 for variant values of infection rate of individual 2

by individual 1 through a mosquito vector, βh21 : βh21 = 0.005, βh21 = 0.05 and βh21 = 0.5. From these

results we can observe that as infection rate of individual 2 by individual 1 through a mosquito vector

increases there is a remarkable increase in free merozoites in bloodstream for individual 2, Mh
2 and a

reduction in free merozoites in bloodstream for individual 1, Mh
1 . This implies that interventions like the

use of Insecticide-treated nets and indoor residual spraying will have more effect in preventing spread of

the disease.
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5.5.2.3 Network of human population

Figure 5.8: Network for the transmission dynamics of malaria through the mosquito vector within a human

population.

The epidemic simulations were performed using R programming language as follows. (1) seed 10 random

infected nodes; (2) find nodes that are connected through the mosquito vector to the individuals and cal-

culate Bernoulli trials with the probabilities of success based on the viral load of the infected individual,

document any new infected individuals if available, (3) proceed to the next step and repeat step 2 until no

infected cases remain.

5.6 Effects of stochasticity on the model

In this section we introduce a white noise (dWQ/dt) (i.e., W(t) is a Brownian motion), where Q =

{1, 2, 3, 4}, into the multiscale model system (5.2.1) which becomes
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dRhi (t) =
(

Λhi − βhi Rhi (t)Mh
i (t)− µbiRhi (t)

)
dt+ σ1R

h
i dW1,

dRmi (t) =
(

(1− πi)βhi Rhi (t)Mh
i (t)− αmi Rmi (t)

)
dt+ σ2R

m
i dW2,

dMh
i (t) =

Nm
i α

m
i R

m
i (t)− µmi Mh

i (t) +

n∑
i 6=j=1

βvijM
h
j (t)−

n∑
i 6=j=1

βhjiM
h
i (t)

 dt+ σ3M
h
i dW3,

dGhi (t) =
(
πiβ

h
i R

h
i (t)Mh

i (t)−
[
αhi + µhi

]
Ghi (t)

)
dt+ σ4G

h
i dW4,

dGvi (t) =

Λvi − [αgi + µgi ]G
v
i (t) +

n∑
i 6=j=1

βhijG
v
j (t)−

n∑
i 6=j=1

βvjiG
v
i (t)

 dt,

dGmi (t) = (Ng
i α

g
iG

v
i (t)− [αsi + µsi ]G

m
i (t)) dt,

dZvi (t) =

(
1

2
αsiG

m
i (t)− [αzi + µzi ]Z

v
i (t)

)
dt,

dOvi (t) =
(
αziZ

v
i (t)−

[
αki + µki

]
Ovi (t)

)
dt,

dP vi (t) =
(
Nk
i α

k
iO

v
i (t)− [αvi + µvi ]P

v
i (t)

)
dt

(5.6.1)

We set W (t) = W1(t),W2(t),W3(t),W4(t) an 4-dimensional Wiener process that is defined on this

probability space. Further, the constants σ1, σ2, σ3, σ4 are non-negative and describe the intensities of the

stochastic pertubations. Let us assume that the components of the 1-dimensional Wiener process Wi are

mutually independent. It can be shown that the SDE model (5.6.1) has at least a unique global solution in

order for the model to have meaning and also that the solution will always remain positive whenever the

initial conditions are positive. Let us consider the following theorem.

Proposition 5.8. For multiscale model system (5.6.1) and any initial value in R9n
+ , there is a unique

solution

L =
(
Rhi , R

m
i ,M

h
i , G

h
i , G

v
i , G

m
i , Z

v
i , O

v
i , P

v
i

)
i=1,...,n

of the multiscale SDE system (5.6.1) for t ≥ 0

which will remain in R9n
+ with probability one.

Figure 5.9 shows the randomness in (i) susceptible erythrocytes in humans, Rhi , (ii) merozoite infected

erythrocytes, Rmi , (iii) free merozoites in bloodstream, Mh
i , (iv) gametocyte infected erythrocytes, Ghi
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for two individuals for a multiscale stochastic model system (5.6.1). Parameter values for diagram (a)

are Λh1 = 100, βh1 = 0.01, µb1 = 0.006, π1 = 0.1, αm1 = 0.1, Nm
1 = 10, µm1 = 0.001, βv12 = 0.01,

βh21 = 0.005, αh1 = 0.01, µh1 = 0.06. On the other hand, parameter values for diagram (b) are Λh2 = 200,

βh2 = 0.1, µb2 = 0.0083, π2 = 0.3, αm2 = 0.5, Nm
2 = 16, µm2 = 0.01, βv21 = 0.1, βh12 = 0.05, αh2 = 0.02,

µh2 = 0.0625. The numerical method used here to approximate the solutions of the stochastic model is the

Milsten method.

Figure 5.9: Graphs of numerical simulations of the multiscale stochastic model system (5.6.1) showing
the evolution in time fortwo humans of (i) susceptible erythrocytes in humans, Rh

i , (ii) merozoite infected
erythrocytes, Rm

i , (iii) free merozoites in bloodstream, Mh
i , (iv) gametocyte infected erythrocytes, Gh

i .
Parameter values for diagram (a) are Λh

1 = 100, βh
1 = 0.01, µb

1 = 0.006, π1 = 0.1, αm
1 = 0.1, Nm

1 = 10,
µm
1 = 0.001, βv

12 = 0.01, αh
1 = 0.01, µh

1 = 0.06. On the other hand, parameter values for diagram (b) are
Λh
2 = 200, βh

2 = 0.1, µb
2 = 0.0083, π2 = 0.3, αm

2 = 0.5, Nm
2 = 16, µm

2 = 0.01, βv
21 = 0.1, αh

2 = 0.02,
µh
2 = 0.0625.

Figure 5.10 shows the graphs of numerical solutions of the Susceptible Erythrocytes, Rh1 of the multiscale

SDE model system (5.6.1) with the ODE multiscale model system (5.2.1) solutions. The solution for the

stochastic multiscale model is obtained using the Milsten method.
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Figure 5.10: Graphs of numerical solutions of the Susceptible Erythrocytes, Rh
1 of the multiscale SDE

model system (5.6.1) with the ODE multiscale model system (5.2.1) solutions.

Figure 5.11: Graphs of numerical solutions of the Free Merozoites, Mh
1 of the multiscale SDE model

system (5.6.1) with the ODE multiscale model system (5.2.1) solutions.

Figure 5.11 shows the graphs of numerical solutions of the Free Merozoites, Mh
1 of the multiscale SDE

model system (5.6.1) with the ODE multiscale model system (5.2.1) solutions. The solution for the

stochastic multiscale model is obtained using the Milsten method. Therefore, the SDE multiscale model

system (5.6.1) would be suitable when taking randonmess into account.
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5.7 Summary

In this chapter, we chacterised an individual-based network modelling multiscale model of Malaria at

Whole organism -level. The mathematical model we developed consisted of the within-human malaria

parasite dynamics and within-mosquito malaria parasite dynamics where the humans were connected by

a spatial network of n individuals. The framework separated between-organ spread dynamics (inflow and

outflow) and the within-organs infection dynamics (replication) for the whole transmission-replication

loop. The model demonstrated the time progression of within infected mosquito host as well as within

the infected human host. The populations in the infected human host included the erythrocytes infected

by gametocytes Ghi , free merozoites in blood Mh
i , susceptible erythrocytes Rhi , erythrocytes infected by

merozoites Rmi . In addition, the populations in the infected mosquito include the sporozoites, P vi , ga-

metes, Gmi , infected erythrocytes, Gvi , oocysts, Ovi , zygotes. Zvi . Through mathematical analysis the

model was determined to be epidemiologically and mathematically sound. The analysis of sensitivity

of the Malaria indicator R0, in relation to the variation of Malaria model parameters was carried out by

implementing Latin Hypercube Sampling (LHS) and Partial Rank Correlation Coefficients (PRCCs). The

results from analysis of sensitivity ofR0 indicated that variation of the between-organ scale parameters in

particalar the transmission rate of Malaria parasite through blood, βhji had significant effect on the trans-

mission risk of Malaria in humans at whole organism-level and this is confirmed by the Tornado plot in

Figure 5.3. Furthermore, Figure 5.4 - Figure 5.7 showed the impact in the variation of four parameters

(Λhi , N
m
i , µ

m
i , β

h
ji) on the variables

(
Rhi , R

m
i ,M

h
i , G

h
i , G

v
i , G

m
i , Z

v
i , O

v
i , P

v
i

)
. In addition, Figure 5.9-

Figure 5.11 shows the graphs of the stochastic models in comparison to the ODE multiscale models.

In conclusion, we established that the individual-based network modelling multiscale model we developed

cannot be extended to a higher level of organisation using graph-theoretic methods. Furthermore, we

established that the global transmission of the Malaria parasite between organs can be represented by

graph-theoretic methods. Finally, the model presented has a secondary level multiscale cycle with both

local exchange and global exchange of pathogen.
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Community-level Multiscale modelling of
Malaria disease

6.1 Introduction

In this chapter, we characterise a coupled modelling multiscale model of Malaria disease at community-

level using graph-theoretic approach. The model is established applying the same approach that was

implemented in chapter 4. In other words, we consider a whole organism scale model of Malaria and

then extend the model to a community level model of Malaria using graph-theoretic approach. At com-

munity level, within the community there is direct transmission of Malaria disease when infected cell-

s/tissues/hosts come into direct contact with susceptible cells/tissues/hosts or environmental transmission

when the plasmodium parasite comes in contact with susceptible cells/tissues/hosts. This is local transmis-

sion that can be represented by ordinary differential equations. At between-community there is movement

of infected individuals between communities. This movement is global transmission and can be repre-

sented using graph theoretic approach. This is a new aspect that is characterised in this chapter. We

aim to characterise the spread of Malaria disease taking into account both the dynamics of Malaria dis-

ease at within-community scale (microscale) and the interactions (direct contact) between communities at

between-community scale (macroscale).

We may consider within a community like a province where humans can infect each other via the mosquito

vector. The SIR-type model is implemented to characterise the local transmission of the parasite. Suppose

an infected individual travels to another province. This individual introduces the Malaria parasite to the

new province. The process of transporting an infected individual to a new province characterizes the

global transmission of the parasite at macrocommunity-level. The graph theoretic approach is useful
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in modelling the global transmission of Malaria parasite. Most of the models rarely represent the local

transmission and global transmission mechanisms of infectious disease systems together. The majority of

the models available have modelled local transmission of infectious diseases based on the transmission

mechanism theory involving systems of differential equations at single scale. However, this is not enough

when modelling the entire infectious disease progression.

Current modelling frameworks established from compartmentalizing hosts into SIRS type models have

been implemented to give insights of local transmission mechanisms or global transmission mechanisms

of Malaria separately [5, 8, 26, 140–142]. Additionally, various mathematical models have been devel-

oped giving insights of transmission mechanisms of Malaria disease at single scale using graph theoretic

methods however, to the best of my knowledge there is no model that addresses local transmission and

global transmission mechanisms of pathogen at macrocommunity level using graph theoretic methods.

The latest work that has been done which is more appropriate in modelling the progression of infectious

disease systems based on replication-transmission relativity theory is the multiscale modelling appproach

[1]. The multiscale modelling of global transmission mechanisms of infectious diseases is better achieved

through the use of graph theoretic methods while the standard SIR models address the local transmission

mechanisms. The mathematical framework we propose models the local transmission and global trans-

mission mechanisms of Malaria. This enables us to characterise the transmission dynamics of Malaria

within-community and between-community. In this study, the main ideas are centred on developing a

multiscale modelling approach using graph theoretic methods at macrocommunity level. Nodes represent

communities (patches) which could be geographical distant places and possible transmissions (transporta-

tion) are represented by edges. Furthermore, we seek to establish if this model can be extended to higher

levels of organisation using graph-theoretic methods.

6.2 The Multiscale model for Malaria

The model we formulate is derived from submodels of Malaria disease from chapter 5 by applying the

same approach that was implemented in chapter 3 and chapter 4. To formulate the multiscale model, as-

sume that the environment under consideration is divided into n patches, which may be cities, geographic

regions or communities. We assume that there is homogeneity within each patch. We partition the human

population in patch i, into compartments of susceptible and infective individuals with the number in each

compartment denoted by SHi and IHi , respectively, for i = 1, ..., n. Let the total number of individuals in

patch i be represented by NH
i = SHi + IHi . Presume that the rates of human migration between patches

hinges on disease status, and that the infection status of individuals does not change during migration. The

rate of migration of humans from patch j to patch i is represented by ψSj,i, ψ
I
j,i for susceptible and infective

individuals, respectively, where ψSi,i = ψIi,i = 0. This structure illustrates a multi-digraph where nodes

represent patches and the links represent the rates of migration, described by the nonnegative matrices

ΨS = [ψSj,i] and ΨI = [ψIj,i]. These matrices are presumed to be irreducible. Suppose that the natural
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death rate is independent of disease status with µHi > 0 for susceptible and infected populations. Once

infected, a susceptible individual (SHi ) in patch i harbors Malaria parasite, develops clinical infection and

progresses into the infectious compartment IHi as the individual can now spread the infection at the rate

λVi . Upon recovery, an individual moves to the susceptible compartment as disease immunity fades at a

rate γHi . The death rate induced by Malaria disease is denoted by δHi . P Vi is the community sporozoite

load and GHi is the community gametocyte load.

Therefore the multiscale model we propose is as follows:
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Figure 6.1: Schematic diagram of the community-level model for Malaria with human migration where

ΠQ
i =

n∑
j 6=i=1

ψQ
j,iQj −

n∑
j 6=i=1

ψQ
i,jQi, represents movement between provinces, with Q ∈

{
SH
i , I

H
i

}
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dSHi (t)

dt
= ΛHi − λVi (t)SHi (t)− µHi SHi + γHi I

H
i (t) +

n∑
j 6=i=1

ψSj,iS
H
j −

n∑
j 6=i=1

ψSi,jS
H
i , ...(1)

dIHi (t)

dt
= λVi (t)SHi (t)− (µHi + δHi + γHi )IHi +

n∑
j 6=i=1

ψIj,iI
H
j −

n∑
j 6=i=1

ψIi,jI
H
i , ...(2)

dP Vi (t)

dt
= Nv

i α
v
i I
V
i (t)− αVi P Vi (t), ...(3) (6.2.1)

dSVi (t)

dt
= ΛVi − λHi (t)SVi (t)− µVi SVi , ...(4)

dIVi (t)

dt
= λHi (t)SVi (t)− (µVi + δVi )IVi (t), ...(5)

dGHi (t)

dt
= Nh

i α
h
i I
H
i (t)− αHi GHi (t), ...(6)

where



λVi (t) =
βVi P

V
i (t)

P 0
i + P Vi (t)

, λHi (t) =
βHi G

H
i (t)

G0
i +GHi (t)

Nh
i =

πiΛ
h
i(

αhi + µhi
)
R0i

[R0i − 1]

Nv
i =

1

2
.

Λvi
(αvi + µvi )

.
Nk
i α

k
i(

αki + µki
) . αzi

(αzi + µzi )
.

αsi
(αsi + µsi )

.
Ng
i α

g
i

(αgi + µgi )

δHi = δ̂Hi

(
M̃h
i

)
, δVi = δ̂Vi

(
P̃ vi

)
, γHi = γ̂Hi

(
M̃h
i

)
which are all constants.

(6.2.2)

Table 6.1: A summary of the variables of the malaria multiscale model for ith patch

Variable Description Initial condition
SHi (t) Susceptible humans 10,000
IHi (t) Infected humans 70
GHi (t) Community gametocyte load 60,000
SVi (t) Susceptible mosquito vectors 100,000
IVi (t) Infected mosquito vectors 200
PVi (t) Community sporozoite load 40,000

6.2.1 Mathematical Analysis of the Multiscale model of Malaria Dynamics

Ω =
{

ΩH × ΩV ⊂ R3n
+ × R3n

+

}
(6.2.1)
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ΩH =
{(
SHi , I

H
i , P

V
i

)
∈ R3n

+

}
and ΩV =

{(
SVi , I

V
i , G

H
i

)
∈ R3n

+

}
, i = 1, 2, ..., n (6.2.2)

We let Λ̂H =
n∑
i=1

ΛHi , µH∗ = min
{
µHi , µ

H
i + δHi + γHi |i = 1, 2, ..., n

}
, NH =

n∑
i=1

(
SHi + IHi

)
and

NP =
n∑
i=1

P Vi . Similarly, we let Λ̂V =
n∑
i=1

ΛVi , µV ∗ = min
{
µVi , µ

V
i + δVi |i = 1, 2, ..., n

}
, NV =

n∑
i=1

(
SVi + IVi

)
and NG =

n∑
i=1

GHi .

When we add equation (1) and equation (2) of the multiscale model system (6.2.1) we get ṄH ≤
Λ̂H − µH∗NH , suggesting that lim sup

t→∞
NH ≤ Λ̂H/µH∗

dN1

dt
=

(
dNH

dt
,
dNP

dt

)
=

(
n∑
i=1

ṠHi + İHi , Ṗ
V
i

)
(6.2.3)

This gives

dNH

dt
≤ Λ̂H − µH∗NH ≤ 0, for NH ≥ Λ̂H/µH∗NH (6.2.4)

dNP

dt
=

n∑
i=1

Nv
i α

v
i İ
V − αVi Ṗ Vi ≤ 0 for NP ≥

Nv
kα

v
kΛ

H
k

αVk µ
H
k

(6.2.5)

where

Nv
kα

v
kΛ

H
k

αVk µ
H
k

= min

{
Nv
i α

v
iΛ

H
i

αVi µ
H
i

, i = 1, 2, ..., n

}

NH = NH(0)e−µ
H∗t +

Λ̂H

µH∗

[
1− e−µH∗t

]
(6.2.6)

NP = NP (0)e−α
V
k t +

Nv
kα

v
kΛ

H
k

αVk µ
H
k

[
1− e−αVk t

]
(6.2.7)

Similarly, from equation (4) and equation (5) we get

NV = NV (0)e−µ
V ∗t +

Λ̂V

µV ∗

[
1− e−µV ∗t

]
(6.2.8)

NG = NG(0)e−α
H
l t +

Nh
l α

h
l ΛVl

αHl µ
V
l

[
1− e−αHl t

]
(6.2.9)
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NH(0), NP (0), NV (0) andNG(0) describe the initial values ofNH,NP , NV andNG respectively. Thus

for t→∞

0 ≤ (NH , NP ) ≤

(
Λ̂H

µH∗
,
Nv
kα

v
kΛ

H
k

αVk µ
H
k

)
and 0 ≤ (NV , NG) ≤

(
Λ̂V

µV ∗
,
Nh
l α

h
l ΛVl

αHl µ
V
l

)
(6.2.10)

Therefore, this assures non-negativity and boundedness of all the state variables and their solutions re-

spectively, in the region Ω

Theorem 6.1. The region Ω =
{

ΩH × ΩV ⊂ R3n
+ × R3n

+

}
is positively invariant for the multiscale model

system (6.2.1) with nonnegative initial conditions in R6n
+ .

6.3 Determination of the disease free equilibrium and its stability

6.3.1 Uniqueness of disease-free equilibrium of multiscale model system

For the purpose of finding the disease-free equilibrium of the multiscale model (6.2.1), there is need to

assess the linear system below

ΛHi − µHi SHi +
n∑

j 6=i=1

ψSj,iS
H
j −

n∑
j 6=i=1

ψSi,jS
H
i = 0, i = i, 1, 2, ..., n, (6.3.1)

Expressing the equation above in matrix system form gives,



ΛHi −���
��

��:0
λVi (t)SHi (t)− µHi SHi +���

��:0
γHi I

H
i (t) +

n∑
j 6=i=1

ψSj,iS
H
j −

n∑
j 6=i=1

ψSi,jS
H
i = 0

ΛHi − µHi SHi +

n∑
j 6=i=1

ψSj,iS
H
j −

n∑
j 6=i=1

ψSi,jS
H
i = 0

ΛHi −

µHi +

n∑
j 6=i=1

ψSi,j

SHi +

n∑
j 6=i=1

ψSj,iS
H
j = 0

(6.3.2)

From (6.3.2) we obtain the solution

n∑
j=1

ϕSi,jS
H
j = ΛHi (6.3.3)



Chapter 6 204

where


ϕSi,j = −ψSi,j for j = 1; 2; ...;n; j 6= i

ϕSi,j = µHi +
n∑

j 6=i=1

ψSi,j for j = i
(6.3.4)

By the matricial form we have

ϕSSH = ΛH (6.3.5)

where ϕS =
(
ϕSi,j
)

1≤i,j≤n; SH =
(
SH1 ;SH2 ; ...;SHn

)
and ΛH =

(
ΛH1 ; ΛH2 ; ...; ΛHn

)T
We can demonstrate that the matrixϕS is an invertible Z-matrix where the off-diagonal entries are nonzero,

which results in the multiscale model system (6.2.1) having a unique solution SH = SH0 = (ϕS)−1ΛH .

Let us now demonstrate uniqueness of the disease-free equilibrium. In the disease-free case we deduce

from the multiscale model system (6.2.1) that:

In the case of human hosts:

ΛHi −

µHi +
n∑

j 6=i=1

ψSi,j

SHi +
n∑

j 6=i=1

ψSj,iS
H
j = 0 (6.3.6)

µHi +

n∑
j 6=i=1

ψSi,j

SHi −
n∑

j 6=i=1

ψSj,iS
H
j = ΛHi (6.3.7)



µH1 +
n∑

j 6=i=1

ψS1j −ψS12 · · · −ψS1n

−ψS21
. . . · · · −ψS2n

...
...

. . .
...

−ψSn1 −ψSn2 · · · µHn +
n∑
j=1

ψjn




SH01

SH02
...

SH0n

 =


ΛH1

ΛH2
...

ΛHn

 (6.3.8)

i.e. ϕSSH0 = ΛH where ϕS = diag

µHi +

n∑
j 6=i=1

ψSi,j

−MS ;
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MS =


0 ψS1,2 · · · ψS1,n

ψS2,1 0 · · · ψS2,n
...

...
. . .

...

ψSn,1 ψSn,2 · · · 0


ΛH =

(
ΛH1 ,Λ

H
2 , ...,Λ

H
n

)T
, SH0 =

(
SH01;SH02; ...;SH0n

)T
In the case of the vector hosts:


µV1 0 .. 0

0 µV2 .. 0

.. .. .. ..

0 0 0 µVn




SV01

SV02

..

SV0n

 =


ΛV1

ΛV2

..

ΛVn

 (6.3.9)

that is,

CSV = ΛV (6.3.10)

where,

C = diag
(
µVi
)
, SV0 =

[
SV01, S

V
02, ..., S

V
0n

]T
,ΛV =

[
ΛV1 ,Λ

V
2 , ...,Λ

V
n

]
(6.3.11)

From equation (6.3.8) all the off-diagonal entries of ϕS are non-positive and the total of all the entries in

every column of ϕS is positive. Furthermore, ϕS is an irreducible non-singular M -matrix and so ϕS must

have positive inverse, that is,
(
ϕS
)−1

> 0, [131]. Consequently, this implies uniqueness of a positive

solution SH0 =
(
ϕS
)−1

ΛH > 0. Equivalently, C is an irreducible non-singular M -matrix and so C

must have positive inverse, that is, SV0 = C−1ΛV > 0, [131]. Consequently, SV0 = C−1ΛV > 0 is a

unique solution of CSV = ΛV . Therefore, the results demonstrate the existence of a unique disease-free

equilibrium.

E0 =
(
SH0 , 0, 0, 0, 0, ..., SV0 , .. 0, 0

)
(6.3.12)

where 0 = (0, ..., 0)︸ ︷︷ ︸
n times

, SH0 =
(
ϕS
)−1

ΛH andSV0 = (C)−1 ΛV

Therefore we now have the following result.

Theorem 6.2. The multiscale model system (6.2.1) always has a unique disease-free equilibrium point

E0.
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6.3.2 The model reproduction number,R0

The reproductive number,R0 is described as the average number of secondary infections generated by an

infectious individual host brought into an entirely susceptible population [101, 102]. It’s an important pa-

rameter which helps to examine outbreak of disease. For the vast majority of disease outbreaks, ifR0 < 1,

this implies that the outbreak dies out. However, whenR0 > 1, this implies that the outbreak persists. For

Malaria infection in humans,R0 describes the anticipated number of human Malaria infections generated

by an individual human host throughout the whole cycle of virulence of the human placed in a totally

susceptible human population. Hence,R0 quantifies spread of Malaria from human to human through the

mosquito vector. In order to evaluate the basic reproductive number we implement the next generation

operator approach [101]. The multiscale model system (6.2.1) can be expressed as follows:

dX

dt
= f(X,Z),

dZ

dt
= h(X,Z), (6.3.1)

where

X =
(
SHi , S

V
i

)
(6.3.2)

Z = (IHi , P
V
i , I

V
i , G

H
i ) (6.3.3)

The elements of X stand for the number of susceptibles as well as other classes of non-infectious individ-

uals. The elements of Z stand for the number of infected individuals able to transmit the disease.

The model’s disease compartments are IHi , P
V
i , I

V
i and GHi . The infected class equations from the model

can be represented as follows(
IH1 , I

H
2 , ..., I

H
n , P

V
1 , P

V
2 , ..., P

V
n , I

V
1 , I

V
2 , ..., I

V
n , G

H
1 , G

H
2 , ..., G

H
n

)
as
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

dIHi (t)

dt
= λVi (t)SHi (t)− (µHi + δHi + γHi )IHi +

n∑
j 6=i=1

ψIj,iI
H
j −

n∑
j 6=i=1

ψIi,jI
H
i

dP Vi (t)

dt
= Nv

i α
v
i I
V
i (t)− αVi P Vi (t)

dIVi (t)

dt
= λHi (t)SVi (t)− (µVi + δVi )IVi (t),

dGHi (t)

dt
= Nh

i α
h
i I
H
i (t)− αHi GHi (t)

(6.3.4)



dIHi (t)

dt
= λVi (t)SHi (t)−

µHi + δHi + γHi +
n∑

j 6=i=1

ψIi,j

 IHi +
n∑

j 6=i=1

ψIj,iI
H
j

dP Vi (t)

dt
= Nv

i α
v
i I
V
i (t)− αVi P Vi (t)

dIVi (t)

dt
= λHi (t)SVi (t)− (µVi + δVi )IVi (t),

dGHi (t)

dt
= Nh

i α
h
i I

H
i (t)− αHi GHi (t)

(6.3.5)



dIHi (t)

dt
= λVi (t)SHi (t)−

n∑
j 6=i=1

ϕIj,iI
H
j

dP Vi (t)

dt
= Nv

i α
v
i I
V
i (t)− αVi P Vi (t)

dIVi (t)

dt
= λHi (t)SVi (t)− (µVi + δVi )IVi (t),

dGHi (t)

dt
= Nh

i α
h
i I

H
i (t)− αHi GHi (t)

(6.3.6)

where
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
ϕIi,j = −ψIi,j for j = 1, ..., n, j 6= i

ϕIi,i = µHi + δHi + γHi +
n∑

j 6=i=1

ψIi,j

(6.3.7)

The vector of the rates of new infections and the vector of the rates of other transfers between disease

states from (6.3.6) are respectively represented by

F =


[
λVi S

H
i

]
i=1,...,n

0n[
λHi S

V
i

]
i=1,...,n

0n

 and V =



 n∑
j=1

ϕIi,jI
H
j


i=1,..,n[

−Nv
i α

v
i I
V
i + αVi P

V
i

]
i=1,...,n[[

µVi + δVi
]
IVi
]
i=1,...,n[

−Nh
i α

h
i I
H
i + αHi G

H
i

]
i=1,...,n


(6.3.8)

With respect to the infected classes
(
IHi , P

V
i , I

V
i , G

H
i

)
evaluated at the disease-free equilibrium point ε0,

the Jacobian matrices of F and V are respectively described as

F =


O F1,2 O O
O O O O
O O O F3,4

O O O O

 (6.3.9)

where


F1,2 = diag

{
βV1 ΛH1
P V01µ

H
1

,
βV2 ΛH2
P V02µ

H
2

, ...,
βVn ΛHn
P V0nµ

H
n

}

F3,4 = diag

{
βH1 ΛV1
GH01µ

V
1

,
βH2 ΛV2
GH02µ

V
2

, ...,
βHn ΛVn
GH0nµ

V
n

} (6.3.10)

and
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V =


V1,1 O O O
O V2,2 V2,3 O
O O V3,3 O
V4,1 O O V4,4

 (6.3.11)

where



V1,1 =
(
ϕIij
)

1≤i,j≤n

V2,2 = diag
(
αV1 , α

V
2 , ..., α

V
n

)
V2,3 = diag (−Nv

1α
v
1,−Nv

2α
v
2, ...,−Nv

nα
v
n)

V3,3 = diag
(
µV1 + δV1 , µ

V
2 + δV2 , ..., µ

V
n + δVn

)
V4,1 = diag

(
−Nh

1 α
h
1 ,−Nh

2 α
h
2 , ...,−Nh

nα
h
n

)
V4,4 = diag

(
αH1 , α

H
2 , ..., α

H
n

)

(6.3.12)

We define O as the n×nmatrix with all entries being zero. Furthermore, we define the matrix F to be non-

negative of rank one and that can be written as the product of vectors. The matrices V1,1, V2,3, V3,3, V4,1

and V4,4 are non-singular irreducible M-matrices and can be inverted. We now determine the inverse of

matrix V.

V−1 =


V −1

1,1 O O O
O V −1

2,2 −V −1
2,2 V2,3V

−1
3,3 O

O O V −1
3,3 O

−V −1
4,4 V4,1V

−1
1,1 O O V −1

4,4

 (6.3.13)

K = FV−1 =


O F1,2 O O
O O O O
O O O F3,4

O O O O




V −1

1,1 O O O
O V −1

2,2 −V −1
2,2 V2,3V

−1
3,3 O

O O V −1
3,3 O

−V −1
4,4 V4,1V

−1
1,1 O O V −1

4,4

 (6.3.14)
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K = FV−1 =


O F1,2V

−1
2,2 −F1,2V

−1
2,2 V2,3V

−1
3,3 O

O O O O
−F3,4V

−1
4,4 V4,1V

−1
1,1 O O F3,4V

−1
4,4

O O O O

 (6.3.15)

K = FV−1 =


O K1,2 K1,3 O
O O O O
K3,1 O O K3,4

O O O O

 (6.3.16)

where



K1,2 := F1,2V
−1

2,2

K1,3 := −F1,2V
−1

2,2 V2,3V
−1

3,3

K3,1 := −F3,4V
−1

4,4 V4,1V
−1

1,1

K3,4 := F3,4V
−1

4,4

(6.3.17)

Therefore,R0 defined by the spectral radius of FV−1, is

R0 = ρ (A) (6.3.18)

where A is the n× n positive matrix illustrated by

A = K1,3K3,1 = F1,2V
−1

2,2 V2,3V
−1

3,3 F3,4V
−1

4,4 V4,1V
−1

1,1 (6.3.19)

where

F1,2V
−1

2,2 V2,3V
−1

3,3 = diag

{
− βV1 ΛH1 N

v
1α

v
1

P V01µ
H
1 α

V
1

(
µV1 + δV1

) , ...,− βVn ΛHn N
v
nα

v
n

P V0nµ
H
n α

V
n (µVn + δVn )

}
(6.3.20)

and
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F3,4V
−1

4,4 V4,1V
−1

1,1 = diag

{
−β

H
1 ΛV1 N

h
1 α

h
1

GH01µ
V
1 α

H
1

, ...,−β
H
n ΛVnN

h
nα

h
n

GH0nµ
V
n α

H
n

}(
ϕI
)−1

(6.3.21)

Therefore

A = diag

{
βV1 ΛH1 N

v
1α

v
1β

H
1 ΛV1 N

h
1 α

h
1

P V01µ
H
1 α

V
1

(
µV1 + δV1

)
GH01µ

V
1 α

H
1

, ...,
βVn ΛHn N

v
nα

v
nβ

H
n ΛVnN

h
nα

h
n

P V0nµ
H
n α

V
n (µVn + δVn )GH0nµ

V
n α

H
n

}(
ϕI
)−1

(6.3.22)

We now consider some particular situations.

(i) Situation 1: Suppose there is no migration between patches, hence, ψIi,j = ψIj,i = 0 for j =

1, 2, ..., n, j 6= i, we obtain


ϕIi,j = −ψIi,j for j = 1, ..., n, j 6= i

ϕIi,i = µHi + δHi + γHi

(6.3.23)

Therefore,

F1,2V
−1

2,2 V2,3V
−1

3,3 = diag

{
− βV1 ΛH1 N

v
1α

v
1

P V01µ
H
1 α

V
1

(
µV1 + δV1

) , ...,− βVn ΛHn N
v
nα

v
n

P V0nµ
H
n α

V
n (µVn + δVn )

}
(6.3.24)

and

F3,4V
−1

4,4 V4,1V
−1

1,1 = diag

{
−β

H
1 ΛV1 N

h
1 α

h
1

GH01µ
V
1 α

H
1

, ...,−β
H
n ΛVnN

h
nα

h
n

GH0nµ
V
n α

H
n

}(
ϕI
)−1

(6.3.25)

Consequently,

A = diag

{
βV1 ΛH1 N

v
1α

v
1β

H
1 ΛV1 N

h
1 α

h
1

P V01µ
H
1 α

V
1

(
µV1 + δV1

)
GH01µ

V
1 α

H
1 ϕ

I
11

, ...,
βVn ΛHn N

v
nα

v
nβ

H
n ΛVnN

h
nα

h
n

P V0nµ
H
n α

V
n (µVn + δVn )GH0nµ

V
n α

H
n ϕ

I
nn

}
(6.3.26)

Therefore

R0 = maxR0i (6.3.27)

where



Chapter 6 212

R0i =
βVi ΛHi N

v
i α

v
i β

H
i ΛVi N

h
i α

h
i

P V0iµ
H
i α

V
i

(
µVi + δVi

)
GH0iµ

V
i α

H
i

(
µHi + δHi + γHi

) (6.3.28)

Accordingly, when R0i > 1 for all i, the disease-free equilibrium is unstable resulting in Malaria

disease invading the population. This is verified by proving the global stability of the endemic equi-

librium of Malaria in section (6.4.2). However, whenR0i < 1 for all i, the disease-free equilibrium

is asymptotically stable and Malaria disease may be eliminated. Therefore, it is essential to dimin-

ish R0i in each patch i in order to control Malaria disease. This is verified by proving the global

stability of the disease-free equilibrium in section (6.3.4).

(ii) Situation 2: Suppose there is migration in a model with two patches where the migration rates of

the human populations are nonzero.


F1,2 = diag

{
βV1 ΛH1
P V01µ

H
1

,
βV2 ΛH2
P V02µ

H
2

}

F3,4 = diag

{
βH1 ΛV1
GH01µ

V
1

,
βH2 ΛV2
GH02µ

V
2

} (6.3.29)

and



V1,1 =
(
ϕIij
)

1≤i,j≤2

V2,2 = diag
(
αV1 , α

V
2

)
V2,3 = diag (−Nv

1α
v
1,−Nv

2α
v
2)

V3,3 = diag
(
µV1 + δV1 , µ

V
2 + δV2

)
V4,1 = diag

(
−Nh

1 α
h
1 ,−Nh

2 α
h
2

)
V4,4 = diag

(
αH1 , α

H
2

)

(6.3.30)

In otherwords
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

F1,2 =


βV1 ΛH1
P V01µ

H
1

0

0
βV2 ΛH2
P V02µ

H
2



F3,4 =


βH1 ΛV1
GH01µ

V
1

0

0
βH2 ΛV2
GH02µ

V
2



V2,3 =

[
−Nv

1α
v
1 0

0 −Nv
2α

v
2

]

V4,1 =

[
−Nh

1 α
h
1 0

0 −Nh
2 α

h
2

]

V −1
1,1 =

1

ϕI11ϕ
I
22 − ϕI12ϕ

I
21

[
ϕI22 −ϕI12

−ϕI21 ϕI11

]

V −1
2,2 =


1

αV1
0

0
1

αV2



V −1
4,4 =


1

αH1
0

0
1

αH2



V −1
3,3 =


1

αV1 + δV1
0

0
1

αV2 + δV2



(6.3.31)
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A =
1(

ϕI11ϕ
I
22 − ϕI12ϕ

I
21

)


βV1 ΛH1 N
v
1α

v
1β

H
1 ΛV1 N

h
1 α

h
1ϕ

I
22

P V01

(
µH1
)2
αV1
(
µV1 + δV1

)
GH01µ

V
1

− βV1 ΛH1 N
v
1α

v
1β

H
1 ΛV1 N

h
1 α

h
1ϕ

I
12

P V01

(
µH1
)2
αV1
(
µV1 + δV1

)
GH01µ

V
1

− βV2 ΛH2 N
v
2α

v
2β

H
2 ΛV2 N

h
2 α

h
2ϕ

I
21

P V02

(
µH2
)2
αV2
(
µV2 + δV2

)
GH02µ

V
2

βV2 ΛH2 N
v
2α

v
2β

H
2 ΛV2 N

h
2 α

h
2ϕ

I
11

P V02

(
µH2
)2
αV2
(
µV2 + δV2

)
GH02µ

V
2


(6.3.32)

Therefore

A = F1,2V
−1

2,2 V2,3V
−1

3,3 F3,4V
−1

4,4 V4,1V
−1

1,1 =

[
A11 A12

A21 A22

]
(6.3.33)

where



A11 =
1(

ϕI11ϕ
I
22 − ϕI12ϕ

I
21

) ( βV1 ΛH1 N
v
1α

v
1β

H
1 ΛV1 N

h
1 α

h
1ϕ

I
22

P V01

(
µH1
)2
αV1
(
µV1 + δV1

)
GH01µ

V
1

)

A12 = − 1(
ϕI11ϕ

I
22 − ϕI12ϕ

I
21

) ( βV1 ΛH1 N
v
1α

v
1β

H
1 ΛV1 N

h
1 α

h
1ϕ

I
12

P V01

(
µH1
)2
αV1
(
µV1 + δV1

)
GH01µ

V
1

)

A21 = − 1(
ϕI11ϕ

I
22 − ϕI12ϕ

I
21

) ( βV2 ΛH2 N
v
2α

v
2β

H
2 ΛV2 N

h
2 α

h
2ϕ

I
21

P V02

(
µH2
)2
αV2
(
µV2 + δV2

)
GH02µ

V
2

)

A22 =
1(

ϕI11ϕ
I
22 − ϕI12ϕ

I
21

) ( βV2 ΛH2 N
v
2α

v
2β

H
2 ΛV2 N

h
2 α

h
2ϕ

I
11

P V02

(
µH2
)2
αV2
(
µV2 + δV2

)
GH02µ

V
2

)

(6.3.34)

Taking the characteristic polynomial

∣∣∣∣∣A11 − Λ A12

A21 A22 − Λ

∣∣∣∣∣ = 0 (6.3.35)

Λ2 − (A11 +A22)Λ +A11A22 −A12A21 = 0 (6.3.36)

Applying the quadratic formula

Λ =
1

2

[
(A11 +A22)±

√
A2

11 + 2A11A22 +A2
22 − 4A11A22 + 4A12A21

]
(6.3.37)
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Λ =
1

2

[
(A11 +A22)±

√
A2

11 − 2A11A22 +A2
22 + 4A12A21

]
(6.3.38)

Λ =
1

2

[
(A11 +A22)±

√
(A11 −A22)2 + 4A12A21

]
(6.3.39)

Take

Λ =
1

2

[
(A11 +A22) +

√
(A11 −A22)2 + 4A12A21

]
(6.3.40)

Hence

R0 =
1

2

[
(A11 +A22) +

√
(A11 −A22)2 + 4A12A21

]
(6.3.41)

6.3.3 Local Stability of the Malaria disease free equilibrium (DFE)

From Theorem 4.2 of van den Driessche and Watmough [103], if R0 < 1 then the Malaria disease-free

equilibrium is locally asymptotically stable and the disease cannot persist in the human population. We

summarize this result below.

Theorem 6.3. The disease-free equilibrium point E0 of the multi-scale model system (6.2.1) is locally

asymptotically stable wheneverR0 < 1 and unstable otherwise.

Proof Let J12 be the matrices of the partial derivatives evaluated at the disease-free equilibrium. The

Jacobian matrix for the linearization of the system about the disease free equilibrium is obtained as the

block structure.

J =

[
J11 J12

0 F − V

]
(6.3.1)

The matrix J is triangular. Therefore, the eigenvalues of J are those of the partition matrices J11 and

F − V where J11 is expressed as follows:

J =

[
−ϕSC 0

0 −C

]
(6.3.2)

The matrices ϕSC and C are irreducible non-singular M -matrices as defined in section (6.3.1). Hence,

special abcissa, s(−ϕSC ) < 0, s(−C) < 0 and the eigenvalues of the matrix J11 have negative real

parts. Therefore, the matrix J will has eigenvalues all with negative real parts if the matrix F − V has

all eigenvalues with negative real parts. In addition, F is non-negative matrix and V is a non-singular

M -matrix. Thus, the eigenvalues of F − V will have negative real parts if and only if ρ(FV −1) < 1,
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that is, the disease free equilibrium is locally asymptotically stable if and only if the basic reproduction

numberR0 = ρ(FV −1) < 1. IfR0 > 1, then s(F −V ) > 0. This shows that at least one eigenvalue lies

in the right half plane. So, the disease free equilibrium is unstable ifR0 > 1.

Lemma 6.4. The matrix (F − V ) has a real spectrum. Moreover, if ρ
(
FV −1

)
< 1, all eigenvalues of

(F − V ) are negative.

6.3.4 Global Stability of the disease free equilibrium

For the purpose of establishing the global stability of DFE of the model system (6.2.1), we implement

Theorem 2 in van den Driessche and Watmough [103] to establish that the disease-free equilibrium is

globally asymptotically stable whenever R0 < 1 and unstable when R0 > 1. We identify two conditions

that warrant the global asymptotic stability of the disease-free state. The model system (6.2.1) can be

written as follows:


dX

dt
= F (X,Z),

dZ

dt
= G(X,Z), G(X, 0) = 0

(6.3.1)

where X =
(
SHi , S

V
i

)
denotes all uninfected components and Z = (IHi , P

V
i , I

V
i , G

H) denotes all in-

fected and infectious components;

E0 =
(
SH0 , 0, 0, 0, 0, ..., SV0 , .. 0, 0

)
(6.3.2)

where 0 = (0, ..., 0)︸ ︷︷ ︸
n times

, SH0 =
(
ϕS
)−1

ΛH andSV0 = (C)−1 ΛV

denotes the disease-free equilibrium of the system. To warrant global asymptotic stability, the conditions

(H1) and (H2) below must be met [101]:

(H1) For
dX

dt
= F (X, 0), X∗ is globally asymptotically stable (g.a.s);

(H2) G(X,Z) = AZ − Ĝ(X,Z), Ĝ(X,Z) ≥ 0 for (X,Z) ∈ R3
+, where the Jacobian A =

∂G

∂Z
=

DZG(X∗, 0) is an M -matrix (the off diagonal elements of A are nonnegative) and R9
+ is the region

where the model makes biological sense.
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dX

dt
= F (X,Z) = ΛHi − λVi (t)SHi (t)− µHi SHi + γHi I

H
i (t) +

n∑
j 6=i=1

ψSj,iS
H
j −

n∑
j 6=i=1

ψSi,jS
H
i , (6.3.3)

At the disease-free equilibrium Z = 0

F (X, 0) = ΛHi − µHi SHi (6.3.4)

Hence, since Φ is an invariant set for model system (6.2.1) and in view of Theorem 6.3, it is sufficient to

show that for all E0 ∈ Φ

lim
t→∞

SHi (t) = SH0i , lim
t→∞

IHi (t) = 0, lim
t→∞

P vi (t) = 0, lim
t→∞

SVi (t) = SV0i, lim
t→∞

Ivi (t) = 0, lim
t→∞

GVi (t) = 0

(6.3.5)

where SH0i and SV0i are as in (6.3.2) , it follows that

dSHi (t)

dt
≤ ΛHi − µHi SHi (t) (6.3.6)

and

dSVi (t)

dt
≤ ΛVi − µVi SVi (t) (6.3.7)

It is easy to see that SH0i and SV0i are globally asymptotically stable equilibria for the comparison equations

dy1(t)

dt
≤ ΛHi − µHi y1(t) (6.3.8)

and

dy2(t)

dt
≤ ΛVi − µVi y2(t) (6.3.9)

Therefore, for any ε > 0, there exists t̄ > 0, such that for all t ≥ t̄, it holds SHi (t) ≤ SH0i + ε and

SVi (t) ≤ SV0i + ε

lim
t→∞

supSHi (t) ≤ SH0i and lim
t→∞

supSVi (t) ≤ SV0i (6.3.10)

From (5.3.10) and the equations (2)-(3) and (5)-(6) of the model system (6.2.1) we have that for t ≥ t̄
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dSHi (t)

dt
≤ ΛHi −

(
λVi (t) + µHi

) (
SH0i + ε

)
+ γHi I

H
i (t) +

n∑
j 6=i=1

ψSj,iS
H
j −

n∑
j 6=i=1

ψSi,jS
H
i ,

dIHi (t)

dt
≤ λVi (t)

(
SH0i + ε

)
− (µHi + δHi + γHi )IHi +

n∑
j 6=i=1

ψIj,iI
H
j −

n∑
j 6=i=1

ψIi,jI
H
i

dP Vi (t)

dt
= Nv

i α
v
i I
V
i (t)− αVi P Vi (t) (6.3.11)

dSVi (t)

dt
≤ ΛVi − λHi (t)

(
SV0i + ε

)
− µVi SVi ,

dIVi (t)

dt
≤ λHi (t)

(
SV0i + ε

)
− (µVi + δVi )IVi (t),

dGHi (t)

dt
= Nh

i α
h
i I
H
i (t)− αHi GHi (t)

Let us consider the comparison system

dw1(t)

dt
≤ ΛHi −

(
λVi (t) + µHi

) (
SH0i + ε

)
+ γHi w2(t) +

n∑
j 6=i=1

ψSj,iS
H
j −

n∑
j 6=i=1

ψSi,jS
H
i ,

dw2(t)

dt
≤ λVi (t)

(
SH0i + ε

)
− (µHi + δHi + γHi )w2 +

n∑
j 6=i=1

ψIj,iI
H
j −

n∑
j 6=i=1

ψIi,jI
H
i

dw3(t)

dt
= Nv

i α
v
iw5(t)− αVi w3(t) (6.3.12)

dw4(t)

dt
≤ ΛVi − λHi (t)

(
SV0i + ε

)
− µVi w4,

dw5(t)

dt
≤ λHi (t)

(
SV0i + ε

)
− (µVi + δVi )w5(t),

dw6(t)

dt
= Nh

i α
h
i w2(t)− αHi w6(t), w1(t̄) = SHi (t̄), w2(t̄) = IHi (t̄), w3(t̄) = P vi (t̄), w4(t̄) = SVi (t̄),

w5(t̄) = IVi (t̄), w6(t̄) = GHi (t̄)

that we can re-write as

dw(t)

dt
= (Fε − Vε)w(t) (6.3.13)

where w(t) = (w1(t), w2(t), w3(t), w4(t))T and (Fε − Vε) is a matrix in (6.3.8) computed in E0(ε) =(
SH0i + ε, 0, 0, , SV0i + ε, 0, 0

)
. Let us note that ifR0 = ρ

(
FV −1

)
< 1, we can choose a sufficiently small

ε > 0 such that ρ
(
FεV

−1
ε

)
< 1. Then by applying Lemma 6.4 to (Fε − Vε) we obtain that it has a real

spectrum and all its eigenvalues are negative. It follows that lim
t→∞

w(t) = 0, whatever the initial conditions

are, from which
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lim
t→∞

IHi (t) = 0, lim
t→∞

P Vi (t) = 0, lim
t→∞

IVi (t) = 0, lim
t→∞

GHi (t) = 0 (6.3.14)

Now, for any ε > 0, there exists t̄1 such that for any t ≥ t̄1, IHi (t) < ε, P Vi (t) < ε, IVi (t) < ε,

GHi (t) < ε. So, for t ≥ t̄1 we have

dSHi (t)

dt
≥ ΛHi −

βVi ε

P 0
i + ε

SHi − µHi SHi (t), (6.3.15)

It is easy to see that
ΛHi[

βVi ε

P 0
i +ε

+ µHi

] is a global asymptotically stable equilibrium for the comparison equa-

tion

dy(t)

dt
≥ ΛHi −

βVi ε

P 0
i + ε

y(t)− µHi y(t), (6.3.16)

Thus, for any χ > 0, there exists t̄2 > 0 such that for all t ≥ t̄2

SHi (t) ≥ ΛHi[
βVi ε

P 0
i +ε

+ µHi

] − χ (6.3.17)

Therefore, for any ε > 0, we have

lim
t→∞

inf SHi (t) ≥ ΛHi[
βVi ε

P 0
i +ε

+ µHi

] (6.3.18)

Letting t→∞, we get lim
t→∞

inf SHi (t) ≥ SH0i and combining this with (6.3.10) gives us

lim
t→∞

SHi (t) = SH0i (6.3.19)

A similar argument ensures that

lim
t→∞

SVi (t) = SV0i (6.3.20)

Therefore, E0 =

(
ΛHi
µHi

, 0, 0,
ΛVi
µVi

, 0, 0

)
, i = 1, .., n is a global asymptotically stable equilibrium point

satisfying condition H1.

Since SHi ≤ SH0i and SVi ≤ SV0i , we can obtain from the multiscale model system (6.2.1)
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

dIHi (t)

dt
≤ λVi (t)SH0i (t)− (µHi + δHi + γHi )IHi (t) +

n∑
j 6=i=1

ψIj,iI
H
j (t)−

n∑
j 6=i=1

ψIi,jI
H
i (t)

dP Vi (t)

dt
≤ Nv

i α
v
i I
V
i (t)− αVi P Vi (t)

dIVi (t)

dt
≤ λHi (t)SV0i(t)− (µVi + δVi )IVi (t),

dGHi (t)

dt
≤ Nh

i α
h
i I

H
i (t)− αHi GHi (t)

(6.3.21)

We consider the linear system



dIHi (t)

dt
= λVi (t)SH0i (t)− (µHi + δHi + γHi )IHi (t) +

n∑
j 6=i=1

ψIj,iI
H
j (t)−

n∑
j 6=i=1

ψIi,jI
H
i (t)

dP Vi (t)

dt
= Nv

i α
v
i I
V
i (t)− αVi P Vi (t)

dIVi (t)

dt
= λHi (t)SV0i(t)− (µVi + δVi )IVi (t),

dGHi (t)

dt
= Nh

i α
h
i I

H
i (t)− αHi GHi (t)

(6.3.22)

Therefore, the system of equations (6.3.22) can be written as

du
dt

= Au (6.3.23)

where, u =
[
IH1 , I

H
2 , ..., I

H
n , P

V
1 , P

V
2 , ..., P

V
n , I

V
1 , I

V
2 , ..., I

V
n , G

H
1 , G

H
2 , ..., G

H
n

]T
, A = F − V. In this

case, F is a non-negative matrix from (6.3.9) and V is a non-negative M-matrix from (6.3.11). Hence,

s(F− V) < 0 ⇐⇒ ρ
{

FV−1
}
< 1 (6.3.24)

In other words, the eigenvalues of F − V lie on the left half plane if R0 < 1. Therefore, each positive

solution of (6.3.23) satisfies

lim
t→∞

u = 0 (6.3.25)
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that is, lim
t→∞

IHi = 0, lim
t→∞

P Vi = 0, lim
t→∞

IVi = 0, lim
t→∞

GHi = 0 for all i = 1, 2, ..., n

Since all the variables of the multiscale model system (6.2.1) are non-negative, then the use of Comparison

theorem [132, 133]

lim
t→∞

IHi = 0, lim
t→∞

P Vi = 0, lim
t→∞

IVi = 0, lim
t→∞

GHi = 0 for all i = 1, 2, ..., n (6.3.26)

Furthermore, as t→∞



dSHi
dt

= ΛHi − µHi SHi +
n∑

j 6=i=1

ψSj,iS
H
j −

n∑
j 6=i=1

ψSi,jS
H
i ,

dSVi
dt

= ΛVi − µVi SVi ,

(6.3.27)

In the matrix form

d

dt

[
SH
]

= ΛH − ϕSSH , (6.3.28)

d

dt

[
SV
]

= ΛV − CSV (6.3.29)

Therefore, the matrices ϕS and C are non-singular M-matrices, where all their eigenvalues lie in the left

half plane. Consequently, if SHh and SVh are the homogeneous solutions of system equations (6.3.28) and

(6.3.29) respectively, then we have

lim
t→∞

SHh = 0 and lim
t→∞

SVh = 0 (6.3.30)

From section (6.3.1) matrix ϕS is an irreducible, non-singular M-matrix. Therefore, the matrix ϕ has a

positive inverse. SH0 =
(
ϕS
)−1

ΛH is a particular solution and SH = SHh + SH0 is the general solution

of equation (6.3.28). Similarly, the matrix C is a diagonal matrix with positive diagonal elements. Hence,

C has an inverse with positive diagonal elements. Consequently, SV0 = (C)−1 ΛV is a positive particular

solution and SV = SVh + SV0 is the general solution of equation (6.3.29). In addition,

lim
t→∞

SHi = SH0i , lim
t→∞

IHi = 0, lim
t→∞

P Vi = 0, lim
t→∞

SVi = SV0i, lim
t→∞

IVi = 0, lim
t→∞

GHi = 0 (6.3.31)

for all i = 1, 2, ..., n
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Therefore, as t→∞, we obtain the equilibrium point

E0 =
(
SH0 , 0, 0, 0, 0, ..., SV0 , .. 0, 0

)
(6.3.32)

where 0 = (0, ..., 0)︸ ︷︷ ︸
n times

, SH0 =
(
ϕS
)−1

ΛH andSV0 = (C)−1 ΛV Therefore, the disease-free equilibrium is

globally asymptotically stable ifR0 < 1 and unstable ifR0 > 1

Theorem 6.5. IfR0 < 1, then the disease-free equilibrium is globally asymptotically stable and unstable

ifR0 > 1

6.4 The endemic equilibrium and its stability

6.4.1 The endemic equilibrium

When the equilibrium is endemic then the human population is infected by Malaria. The endemic equi-

librium point of the multiscale model system (6.2.1) is defined by

E∗ = (SH∗1 , IH∗1 , P V ∗1 , SV ∗1 , IV ∗1 , GH∗1 , ..., SH∗n , IH∗n , P V ∗n , SV ∗n , IV ∗n , GH∗n ) (6.4.1)

The six equations of the multiscale model system (6.2.1) are set to zero on the left-hand side to give:

0 = ΛHi − λVi (t)SHi (t)− µHi SHi + γHi I
H
i (t) +

n∑
j 6=i=1

ψSj,iS
H
j −

n∑
j 6=i=1

ψSi,jS
H
i ,

0 = λVi (t)SHi (t)− (µHi + δHi + γHi )IHi +
n∑

j 6=i=1

ψIj,iI
H
j −

n∑
j 6=i=1

ψIi,jI
H
i

0 = Nv
i α

v
i I
V
i (t)− αVi P Vi (t) (6.4.2)

0 = ΛVi − λHi (t)SVi (t)− µVi SVi ,

0 = λHi (t)SVi (t)− (µVi + δVi )IVi (t),

0 = Nh
i α

h
i I
H
i (t)− αHi GHi (t)

The endemic equilibrium is denoted by E∗ = (SH∗1 , IH∗1 , P V ∗1 , SV ∗1 , IV ∗1 , GH∗1 , ..., SH∗n , IH∗n , P V ∗n , SV ∗n ,

IV ∗n , GH∗n ). The endemic value of the susceptible humans in patch i is given by

SH∗i =
ΛHi + γHi I

H∗
i +

∑n
j 6=i=1 ψ

S
j,iS

H∗
j[

λV ∗i + µHi +
∑n

j 6=i=1 ψ
S
i,j

] (6.4.3)
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We deduce from equation (6.4.3) the endemic value of the susceptible human population in patch i is

proportional to the mean time stayed in the susceptible compartments, the supply rate of new susceptibles

via birth and rate of migration from another patch j. The individuals leave this compartment either through

death, infection or migration of susceptible humans from patch i to patch j. The endemic value of the

infected humans in patch i is defined by

IH∗i =
λV ∗i SH∗i +

∑n
j 6=i=1 ψ

I
j,iI

H∗
j[

µHi + δHi + γHi +
∑n

j 6=i=1 ψ
I
i,j

] (6.4.4)

We deduce from equation (6.4.4) that the value of infected humans in patch i is defined by the average

time stayed in the infected compartment, the infection rate of susceptible humans and the number of

susceptible hosts. The number of infected individuals is increased through migration from patch j to

patch i and reduced through migration from patch i to patch j. The endemic value of the community

sporozoite load in patch i is defined by

P V ∗i =
Nv
i α

v
i I
V ∗
i

αV
(6.4.5)

We deduce from equation (6.4.5) that the community sporozoite load in patch i is defined by the number

of infected mosquitoes, the average sporozoite load within an infected mosquito and the elimination rate

of community sporozoite load. The endemic value of infected mosquitoes in patch i is expressed as:

IV ∗i =
λH∗i SV ∗i[
µVi + δVi

] (6.4.6)

We deduce from the expression (6.4.6) of the endemic value of mosquitoes that this quantity is the product

of the infection rate of mosquitoes and the average life span of an infected mosquito. The endemic value

of susceptible mosquitoes in patch i is described by

SV ∗i =
ΛVi[

λVi + µVi
] (6.4.7)

From the expression of the susceptible mosquitoes (6.4.7) that the quantity is a product of the supply rate

of new susceptible mosquitoes and the mean time stayed in the susceptible class. The endemic value of

the community gametocyte load in humans in patch i is given by

GH∗i =
Nh
i α

h
i I

H∗
i

αHi
(6.4.8)

We deduce from equation (6.4.8) that the endemic value of the community gametocyte load depends on the

number of infected humans and the mean gametocyte load within each infected human and the elimination

rate of the community gametocyte load. The information above describes the endemic state of Malaria

disease illustrated quantitatively by the endemic values of the multiscale model system (6.2.1).
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Proposition 6.6. Suppose that ΨI =
(
ψIij
)

is irreducible. If R0 > 1, then the model system (6.2.1) is

uniformly persistent and there exists an endemic equilibrium E∗ in Ω̂ .

6.4.2 Global stability of the endemic equilibria and uniqueness

Theorem 6.7. ForR0 > 1 and claim an endemic equilibrium

E∗ = (SH∗1 , IH∗1 , P V ∗1 , SV ∗1 , IV ∗1 , GH∗1 , SH∗2 , IH∗2 , P V ∗2 , SV ∗2 , IV ∗2 , GH∗2 ..., SH∗n , IH∗n , P V ∗n , SV ∗n , IV ∗n , GH∗n )

exists. Suppose that one of the following assumptions is satisfied.

(1) ΨS = 0 and ΨI is irreducible;

(2) ΨI = 0 and ΨS is irreducible;

(3) ΨS and ΨI are irreducible, and there exists λ > 0 such that ψSj,iS
H∗
j = λψIj,iI

H∗
j for all 1 ≤ i, j ≤

n.

where ΨS =
(
ψSij
)

and ΨI =
(
ψIij
)

are migration matrices for susceptible and infected humans respec-

tively. Then E∗ is unique and asymptotically stable in Ω̂.

By Proposition (6.6), the existence of a endemic equilibrium E∗ is ensured if the assumption (1) or as-

sumption (3) is satisfied.

Proof . This proof is completed through the implementation of the approach by [137]. In the proof we

consider assumption (3) is fulfilled and then the remaining assumptions can be proved the same way. We

now deduce the global asymptotic stability of E∗ in Ω̂ which implies that E∗ is necessarily unique.

1.
dSHi (t)

dt
= ΛHi − λVi (t)SHi (t)− µHi SHi + γHi I

H
i (t) +

n∑
j 6=i=1

ψSj,iS
H
j −

n∑
j 6=i=1

ψSi,jS
H
i ,

2.
dIHi (t)

dt
= λVi (t)SHi (t)− (µHi + δHi + γHi )IHi +

n∑
j 6=i=1

ψIj,iI
H
j −

n∑
j 6=i=1

ψIi,jI
H
i

3.
dP Vi (t)

dt
= Nv

i α
v
i I
V
i (t)− αVi P Vi (t) (6.4.1)

4.
dSVi (t)

dt
= ΛVi − λHi (t)SVi (t)− µVi SVi ,

5.
dIVi (t)

dt
= λHi (t)SVi (t)− (µVi + δVi )IVi (t),

6.
dGHi (t)

dt
= Nh

i α
h
i I

H
i (t)− αHi GHi (t)

Set
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Vi
(
SHi , I

H
i

)
= SHi − SH∗i − SH∗i ln

SHi
SH∗i

+ IHi − IH∗i − ln
IHi
IH∗i

(6.4.2)

From equilibrium equations of (6.4.1), we obtain

0 = ΛHi − λVi (t)SHi (t)− µHi SHi + γHi I
H
i (t) +

n∑
j 6=i=1

ψSj,iS
H
j −

n∑
j 6=i=1

ψSi,jS
H
i , (6.4.3)

µHi S
H
i = ΛHi − λVi (t)SHi (t) + γHi I

H
i (t) +

n∑
j 6=i=1

ψSj,iS
H
j −

n∑
j 6=i=1

ψSi,jS
H
i (6.4.4)

µHi S
H∗
i = ΛHi − λV ∗i (t)SH∗i (t) + γHi I

H∗
i (t) +

n∑
j 6=i=1

ψSj,iS
H∗
j −

n∑
j 6=i=1

ψSi,jS
H∗
i (6.4.5)

0 = λVi (t)SHi (t)− (µHi + δHi + γHi )IHi +

n∑
j 6=i=1

ψIj,iI
H
j −

n∑
j 6=i=1

ψIi,jI
H
i (6.4.6)

(µHi + δHi + γHi )IHi = λVi (t)SHi (t) +

n∑
j 6=i=1

ψIj,iI
H
j −

n∑
j 6=i=1

ψIi,jI
H
i (6.4.7)

(µHi + δHi + γHi )IH∗i = λV ∗i (t)SH∗i (t) +
n∑

j 6=i=1

ψIj,iI
H∗
j −

n∑
j 6=i=1

ψIi,jI
H∗
i (6.4.8)

We can highlight that 1 − x + lnx ≤ 0 for x > 0 and equality holds if and only if x = 1. When we

differentiate Vi along the solution of system (6.4.1), gives

dVi
dt

=
∂Vi

∂SHi
.
dSHi
dt

+
∂Vi

∂IHi
.
dIHi
dt

(6.4.9)

dVi
dt

=

(
1− SH∗i

SHi

)
.
dSHi
dt

+

(
1− IH∗i

IHi

)
.
dIHi
dt

(6.4.10)

Substituting equations in (6.4.1) into (6.4.10) we get

dVi
dt

=

(
1− SH∗i

SHi

)
.

ΛHi − λVi (t)SHi (t)− µHi SHi + γHi I
H
i (t) +

n∑
j 6=i=1

ψSj,iS
H
j −

n∑
j 6=i=1

ψSi,jS
H
i



+

(
1− IH∗i

IHi

)
.

λVi (t)SHi (t)− (µHi + δHi + γHi )IHi +

n∑
j 6=i=1

ψIj,iI
H
j −

n∑
j 6=i=1

ψIi,jI
H
i

 (6.4.11)
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dVi
dt

= ΛHi −λVi (t)SHi (t)−µHi SHi +γHi I
H
i (t)+

n∑
j 6=i=1

ψSj,iS
H
j −

n∑
j 6=i=1

ψSi,jS
H
i −

SH∗i
SHi

ΛHi +
SH∗i
SHi

λVi S
H
i +

SH∗i
SHi

µHi S
H
i

−S
H∗
i

SHi
γHi I

H
i −

SH∗i
SHi

n∑
j=1

ψSjiS
H
j +

SH∗i
SHi

n∑
j=1

ψSijS
H
i +λVi (t)SHi (t)− (µHi + δHi + γHi )IHi +

n∑
j 6=i=1

ψIj,iI
H
j

−
n∑

j 6=i=1

ψIi,jI
H
i −

IH∗i
IHi

λVi S
H
i +

IH∗i
IHi

(
µHi + δHi + γHi

)
IHi −

IH∗i
IHi

n∑
j=1

ψIjiI
H
j +

IH∗i
IHi

n∑
j=1

ψIijI
H
i (6.4.12)

dVi
dt

= ΛHi −λVi (t)SHi (t)−µHi SHi +γHi I
H
i (t)+

n∑
j 6=i=1

ψSj,iS
H
j −

n∑
j 6=i=1

ψSi,jS
H
i −ΛHi

SH∗i
SHi

+λVi S
H∗
i +µHi S

H∗
i

−γHi
SH∗i
SHi

IHi −
n∑
j=1

ψSjiS
H
j

SH∗i
SHi

+
n∑
j=1

ψSijS
H∗
i +λVi (t)SHi (t)−(µHi +δHi +γHi )IHi +

n∑
j 6=i=1

ψIj,iI
H
j −

n∑
j 6=i=1

ψIi,jI
H
i

− λVi
IH∗i
IHi

SHi +
(
µHi + δHi + γHi

)
IH∗i −

n∑
j=1

ψIjiI
H
j

IH∗i
IHi

+
n∑
j=1

ψIijI
H∗
i (6.4.13)



µHi S
H∗
i = ΛHi − λV ∗i (t)SH∗i (t) + γHi I

H∗
i (t) +

n∑
j 6=i=1

ψSj,iS
H∗
j −

n∑
j 6=i=1

ψSi,jS
H∗
i

µHi S
H
i = ΛHi

SHi
SH∗i

− λV ∗i (t)SHi (t) + γHi I
H∗
i (t)

SHi
SH∗i

+

n∑
j=1

ψSjiS
H∗
j

SHi
SH∗i

−
n∑
j=1

ψSijS
H
i

(µHi + δHi + γHi )IH∗i = λV ∗i (t)SH∗i (t) +

n∑
j 6=i=1

ψIj,iI
H∗
j −

n∑
j 6=i=1

ψIi,jI
H∗
i

(µHi + δHi + γHi )IHi = λV ∗i (t)SH∗i (t)
IHi
IH∗i

+
n∑

j 6=i=1

ψIj,iI
H∗
j

IHi
IH∗i
−

n∑
j 6=i=1

ψIi,jI
H
i

(6.4.14)

Substituting equations in (6.4.14) into (6.4.13) we get
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dVi
dt

= ΛHi −λVi (t)SHi (t)−

ΛHi
SHi
SH∗i

− λV ∗i (t)SHi (t) + γHi I
H∗
i (t)

SHi
SH∗i

+
n∑
j=1

ψSjiS
H∗
j

SHi
SH∗i

−
n∑
j=1

ψSijS
H
i



+γHi I
H
i (t) +

n∑
j 6=i=1

ψSj,iS
H
j −

n∑
j 6=i=1

ψSi,jS
H
i − ΛHi

SH∗i
SHi

+ λVi S
H∗
i

+

ΛHi − λV ∗i (t)SH∗i (t) + γHi I
H∗
i (t) +

n∑
j 6=i=1

ψSj,iS
H∗
j −

n∑
j 6=i=1

ψSi,jS
H∗
i



−γHi
SH∗i
SHi

IHi −
n∑
j=1

ψSjiS
H
j

SH∗i
SHi

+

n∑
j=1

ψSijS
H∗
i + λVi (t)SHi (t)

−

λV ∗i (t)SH∗i (t)
IHi
IH∗i

+

n∑
j 6=i=1

ψIj,iI
H∗
j

IHi
IH∗i
−

n∑
j 6=i=1

ψIi,jI
H
i

+

n∑
j 6=i=1

ψIj,iI
H
j −

n∑
j 6=i=1

ψIi,jI
H
i

− λVi
IH∗i
IHi

SHi +

λV ∗i (t)SH∗i (t) +
n∑

j 6=i=1

ψIj,iI
H∗
j −

n∑
j 6=i=1

ψIi,jI
H∗
i

− n∑
j=1

ψIjiI
H
j

IH∗i
IHi

+
n∑
j=1

ψIijI
H∗
i

(6.4.15)

Simplifying (6.4.15) we obtain

dVi
dt

= ΛHi −λVi (t)SHi (t)−ΛHi
SHi
SH∗i

+λV ∗i (t)SHi (t)− γHi IH∗i (t)
SHi
SH∗i

−
n∑
j=1

ψSjiS
H∗
j

SHi
SH∗i

+
n∑
j=1

ψSijS
H
i

+γHi I
H
i (t) +

n∑
j 6=i=1

ψSj,iS
H
j −

n∑
j 6=i=1

ψSi,jS
H
i − ΛHi

SH∗i
SHi

+ λVi S
H∗
i

+ΛHi − λV ∗i (t)SH∗i (t) + γHi I
H∗
i (t) +

n∑
j 6=i=1

ψSj,iS
H∗
j −

n∑
j 6=i=1

ψSi,jS
H∗
i

−γHi
SH∗i
SHi

IHi −
n∑
j=1

ψSjiS
H
j

SH∗i
SHi

+
n∑
j=1

ψSijS
H∗
i + λVi (t)SHi (t)

−λV ∗i (t)SH∗i (t)
IHi
IH∗i
−

n∑
j 6=i=1

ψIj,iI
H∗
j

IHi
IH∗i

+

n∑
j 6=i=1

ψIi,jI
H
i +

n∑
j 6=i=1

ψIj,iI
H
j −

n∑
j 6=i=1

ψIi,jI
H
i
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−λVi
IH∗i
IHi

SHi +λV ∗i (t)SH∗i (t)+
n∑

j 6=i=1

ψIj,iI
H∗
j −

n∑
j 6=i=1

ψIi,jI
H∗
i −

n∑
j=1

ψIjiI
H
j

IH∗i
IHi

+
n∑
j=1

ψIijI
H∗
i (6.4.16)

dVi
dt

= ΛHi −���
���

�:0
λVi (t)SHi (t)−ΛHi

SHi
SH∗i

+λV ∗i (t)SHi (t)− γHi IH∗i (t)
SHi
SH∗i

−
n∑
j=1

ψSjiS
H∗
j

SHi
SH∗i

+

n∑
j=1
��
��*

0
ψSijS

H
i

+γHi I
H
i (t) +

n∑
j 6=i=1

ψSj,iS
H
j −

n∑
j 6=i=1

�
��
�*0

ψSi,jS
H
i − ΛHi

SH∗i
SHi

+ λVi S
H∗
i

+ΛHi −���
���

�:0
λV ∗i (t)SH∗i (t) + γHi I

H∗
i (t) +

n∑
j 6=i=1

ψSj,iS
H∗
j −

n∑
j 6=i=1

���
��:0

ψSi,jS
H∗
i

−γHi
SH∗i
SHi

IHi −
n∑
j=1

ψSjiS
H
j

SH∗i
SHi

+
n∑
j=1
�
��
�*0

ψSijS
H∗
i +���

���
�:0

λVi (t)SHi (t)

−λV ∗i (t)SH∗i (t)
IHi
IH∗i
−

n∑
j 6=i=1

ψIj,iI
H∗
j

IHi
IH∗i

+
n∑

j 6=i=1
��

��*
0

ψIi,jI
H
i +

n∑
j 6=i=1

ψIj,iI
H
j −

n∑
j 6=i=1

��
��*

0
ψIi,jI

H
i

−λVi
IH∗i
IHi

SHi +���
���

�:0
λV ∗i (t)SH∗i (t)+

n∑
j 6=i=1

ψIj,iI
H∗
j −

n∑
j 6=i=1

�
��
�*0

ψIi,jI
H∗
i −

n∑
j=1

ψIjiI
H
j

IH∗i
IHi

+
n∑
j=1
��

��*
0

ψIijI
H∗
i (6.4.17)

dVi
dt

= ΛHi − ΛHi
SHi
SH∗i

+ ΛHi − ΛHi
SH∗i
SHi

+λV ∗i SHi + λVi S
H∗
i − λVi

IH∗i
IHi

SHi − λV ∗i (t)SH∗i (t)
IHi
IH∗i

+γHi I
H
i (t)− γHi

SH∗i
SHi

IHi − γHi IH∗i (t)
SHi
SH∗i

+ γHi I
H∗
i (t)

−
n∑
j=1

ψSjiS
H∗
j

SHi
SH∗i

−
n∑
j=1

ψSjiS
H
j

SH∗i
SHi

+
n∑

j 6=i=1

ψSj,iS
H
j +

n∑
j 6=i=1

ψSj,iS
H∗
j

−
n∑

j 6=i=1

ψIj,iI
H∗
j

IHi
IH∗i

+
n∑

j 6=i=1

ψIj,iI
H
j +

n∑
j 6=i=1

ψIj,iI
H∗
j −

n∑
j=1

ψIjiI
H
j

IH∗i
IHi

(6.4.18)

Therefore
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dVi
dt

= ΛHi − ΛHi
SHi
SH∗i

+ ΛHi − ΛHi
SH∗i
SHi

+ ΛHi ln
SHi
SH∗i

− ΛHi ln
SHi
SH∗i

+λV ∗i SHi

[
1− SH∗i IHi

SHi I
H∗
i

+ ln
SH∗i IHi
SHi I

H∗
i

− ln
SH∗i IHi
SHi I

H∗
i

]
+λVi S

H∗
i

[
1− SHi I

H∗
i

SH∗i IHi
+ ln

SHi I
H∗
i

SH∗i IHi
− ln

SHi I
H∗
i

SH∗i IHi

]

+γHi I
H
i (t)

[
1− SH∗i

SHi
+ ln

SH∗i
SHi
− ln

SH∗i
SHi

]
+ γHi I

H∗
i (t)

[
1− SHi

SH∗i
+ ln

SHi
SH∗i

− ln
SHi
SH∗i

]

+

n∑
j 6=i=1

ψSj,iS
H∗
j

[
1− SHi

SH∗i
+

SHj

SH∗j
−
SHj S

H∗
i

SH∗j SHi
+ ln

SHj S
H∗
i

SH∗j SHi
− ln

SHj S
H∗
i

SH∗j SHi

]

+
n∑

j 6=i=1

ψIj,iI
H∗
j

[
1− IHi

IH∗i
+

IHj

IH∗j
−
IHj I

H∗
i

IH∗j IHi
+ ln

IHj I
H∗
i

IH∗j IHi
− ln

IHj I
H∗
i

IH∗j IHi

]
(6.4.19)

dVi
dt

= ΛHi

[
1− SHi

SH∗i
+ 1− SH∗i

SHi
+ ln

SHi
SH∗i

− ln
SHi
SH∗i

]

+λV ∗i SHi

[
1− SH∗i IHi

SHi I
H∗
i

+ ln
SH∗i IHi
SHi I

H∗
i

]
− λV ∗i SHi ln

SH∗i IHi
SHi I

H∗
i

+ λVi S
H∗
i

[
1− SHi I

H∗
i

SH∗i IHi
+ ln

SHi I
H∗
i

SH∗i IHi

]

−λVi SH∗i ln
SHi I

H∗
i

SH∗i IHi
+γHi I

H
i (t)

[
1− SH∗i

SHi
+ ln

SH∗i
SHi

]
−γHi IHi (t) ln

SH∗i
SHi

+γHi I
H∗
i (t)

[
1− SHi

SH∗i
+ ln

SHi
SH∗i

]

−γHi IH∗i (t) ln
SHi
SH∗i

+
n∑

j 6=i=1

ψSj,iS
H∗
j

[
1− SHi

SH∗i
+

SHj

SH∗j
−
SHj S

H∗
i

SH∗j SHi
+ ln

SHj S
H∗
i

SH∗j SHi
− ln

SHj S
H∗
i

SH∗j SHi

]

+

n∑
j 6=i=1

ψIj,iI
H∗
j

[
1− IHi

IH∗i
+

IHj

IH∗j
−
IHj I

H∗
i

IH∗j IHi
+ ln

IHj I
H∗
i

IH∗j IHi
− ln

IHj I
H∗
i

IH∗j IHi

]
(6.4.20)

dVi
dt

= ΛHi

[
1− SHi

SH∗i
+ 1− SH∗i

SHi
+ ln

SHi
SH∗i

− ln
SHi
SH∗i

]

+λV ∗i SHi

[
1− SH∗i IHi

SHi I
H∗
i

+ ln
SH∗i IHi
SHi I

H∗
i

]
+λVi S

H∗
i

[
1− SHi I

H∗
i

SH∗i IHi
+ ln

SHi I
H∗
i

SH∗i IHi

]
+ln

SH∗i IHi
SHi I

H∗
i

(
λVi S

H∗
i − λV ∗i SHi

)
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+γHi I
H
i (t)

[
1− SH∗i

SHi
+ ln

SH∗i
SHi

]
+ γHi I

H∗
i (t)

[
1− SHi

SH∗i
+ ln

SHi
SH∗i

]
+ γHi ln

SHi
SH∗i

(
IHi (t)− IH∗i (t)

)

+

n∑
j 6=i=1

ψSj,iS
H∗
j

[
1−

SHj S
H∗
i

SH∗j SHi
+ ln

SHj S
H∗
i

SH∗j SHi

]
+

n∑
j 6=i=1

ψSj,iS
H∗
j

[
− SHi
SH∗i

+
SHj

SH∗j
− ln

SHj

SH∗j
− ln

SH∗i
SHi

]

+
n∑

j 6=i=1

ψIj,iI
H∗
j

[
1−

IHj I
H∗
i

IH∗j IHi
+ ln

IHj I
H∗
i

IH∗j IHi

]
+

n∑
j 6=i=1

ψIj,iI
H∗
j

[
− IHi
IH∗i

+
IHj

IH∗j
− ln

IHj

IH∗j
− ln

IH∗i
IHi

]
(6.4.21)

where λVi S
H∗
i ≤ λV ∗i SHi and IHi (t) ≤ IH∗i (t)

dVi
dt

= ΛHi

[
1− SHi

SH∗i
+ 1− SH∗i

SHi
+ ln

SHi
SH∗i

− ln
SHi
SH∗i

]

+λV ∗i SHi

[
1− SH∗i IHi

SHi I
H∗
i

+ ln
SH∗i IHi
SHi I

H∗
i

]
+λVi S

H∗
i

[
1− SHi I

H∗
i

SH∗i IHi
+ ln

SHi I
H∗
i

SH∗i IHi

]
+ln

SH∗i IHi
SHi I

H∗
i

(
λVi S

H∗
i − λV ∗i SHi

)

+γHi I
H
i (t)

[
1− SH∗i

SHi
+ ln

SH∗i
SHi

]
+ γHi I

H∗
i (t)

[
1− SHi

SH∗i
+ ln

SHi
SH∗i

]
+ γHi ln

SHi
SH∗i

(
IHi (t)− IH∗i (t)

)

+
n∑

j 6=i=1

ψSj,iS
H∗
j

[
1−

SHj S
H∗
i

SH∗j SHi
+ ln

SHj S
H∗
i

SH∗j SHi

]
+

n∑
j 6=i=1

ψSj,iS
H∗
j

[
SHj

SH∗j
+ ln

SH∗j

SHj
− SHi
SH∗i

− ln
SH∗i
SHi

]

+

n∑
j 6=i=1

ψIj,iI
H∗
j

[
1−

IHj I
H∗
i

IH∗j IHi
+ ln

IHj I
H∗
i

IH∗j IHi

]
+

n∑
j 6=i=1

ψIj,iI
H∗
j

[
IHj

IH∗j
+ ln

IH∗j

IHj
− IHi
IH∗i
− ln

IH∗i
IHi

]
(6.4.22)

≤
n∑

j 6=i=1

ψSj,iS
H∗
j

[
SHj

SH∗j
+ ln

SH∗j

SHj
− SHi
SH∗i

− ln
SH∗i
SHi

]
+

n∑
j 6=i=1

ψIj,iI
H∗
j

[
IHj

IH∗j
+ ln

IH∗j

IHj
− IHi
IH∗i
− ln

IH∗i
IHi

]
(6.4.23)
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=
n∑

j 6=i=1

λψIj,iI
H∗
j

[
SHj

SH∗j
+ ln

SH∗j

SHj
− SHi
SH∗i

− ln
SH∗i
SHi

]
+

n∑
j 6=i=1

ψIj,iI
H∗
j

[
IHj

IH∗j
+ ln

IH∗j

IHj
− IHi
IH∗i
− ln

IH∗i
IHi

]
(6.4.24)

=
n∑

j 6=i=1

ψIj,iI
H∗
j

[(
λ
SHj

SH∗j
+ λ ln

SH∗j

SHj
+

IHj

IH∗j
+ ln

IH∗j

IHj

)
−
(
λ
SHi
SH∗i

+ λ ln
SH∗i
SHi

+
IHi
IH∗i

+ ln
IH∗i
IHi

)]
(6.4.25)

=
n∑
j=1

ψIj,iI
H∗
j

[
Hj(S

H
j , I

H
j )−Hi(S

H
i , I

H
i )
]

(6.4.26)

where

Hi(S
H
i , I

H
i ) = λ

SHi
SH∗i

+ λ ln
SH∗i
SHi

+
IHi
IH∗i

+ ln
IH∗i
IHi

(6.4.27)

We let a weight matrixW = (wij) with entry wij = ψIj,iI
H∗
j and indicate the equivalent weighted digraph

as (H,W). Letting ci =
∑
T ∈Ti

w (T ) ≥ 0 be as expressed in (B.1) in the Appendix 7.3 with (H,W).

Therefore, by (B.2) in Appendix 7.3, the identity below is satisfied

n∑
i=1

ci

n∑
j=1

ψIj,iI
H∗
j

[
Hj(S

H
j , I

H
j )−Hi(S

H
i , I

H
i )
]

= 0 (6.4.28)

Setting

V
(
SH1 , I

H
1 , S

H
2 , I

H
2 , ..., S

H
n I

H
n

)
=

n∑
i=1

ciVi
(
SHi , I

H
i

)
(6.4.29)

Taking (6.4.13) and (6.4.28) we get

dV

dt
= ci

dVi
dt
≤

n∑
i=1

ci

n∑
j=1

ψIj,iI
H∗
j

[
Hj(S

H
j , I

H
j )−Hi(S

H
i , I

H
i )
]

= 0 (6.4.30)

for all (SH1 , I
H
1 , ..., S

H
n I

H
n ) ∈ Ω̃. Consequently, V is a Lyapunov function for the system (6.4.1). In view

of the fact that ΨI =
(
ψIij
)

is irreducible, we know that ci > 0 ∀ i (see the Appendix 7.3), and therefore

dVi/dt = 0 suggests that SHi = SH∗i for all i. From the first equation of system (6.4.1), we obtain

0 =
dSHi (t)

dt
= ΛHi − λVi (t)SHi (t)− µHi SHi + γHi I

H
i (t) +

n∑
j 6=i=1

ψSj,iS
H
j −

n∑
j 6=i=1

ψSi,jS
H
i (6.4.31)
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i = 1, 2, ..., n, suggesting that IHi = IH∗i for all i. The only invariant set on which dVi/dt = 0 is the

singleton {P ∗}. Hence, by LaSalle Invariance Principle [138], P ∗ is globally asymptotically stable in

Ω̃.

6.4.3 Uniqueness and global solution of stochastic model

We consider a stochastic model adopted from (6.2.1) and implementing the same approach used in (4.5.1)

of chapter 4

dSHi (t) =

ΛHi −
βVi P

V
i (t)

P0i + PVi (t)
SHi (t)− µHi SHi (t) + γHi I

H
i (t) +

n∑
j 6=i=1

ψSj,iS
H
j −

n∑
j 6=i=1

ψSi,jS
H
i

 dt+ SHi (t)σSHdWSH

dIHi (t) =

 βVi P
V
i (t)

P0i + PVi (t)
SHi (t)− (µHi + δHi + γHi )IHi +

n∑
j 6=i=1

ψIj,iI
H
j −

n∑
j 6=i=1

ψIi,jI
H
i

 dt+ IHi (t)σIHdWIH

dPVi (t) =
(
Nv
i α

v
i I
V
i (t)− αVi PVi (t)

)
dt

dSVi (t) =

(
ΛVi −

βHi G
H
i (t)

G0i +GHi (t)
SVi (t)− µVi SVi

)
dt

dIVi (t) =

(
βHi G

H
i (t)

G0i +GHi (t)
SVi (t)− (µVi + δVi )IVi (t)

)
dt

dGHi (t) =
(
Nh
i α

h
i I
H
i (t)− αHi GHi (t)

)
dt

(6.4.1)

In this section, we first prove that all the solutions of the system are positive. Suppose
(

Ω;F ; {F}t≥t0 P
)

is a complete probability space with filtration {Ft}t≥0 meeting the usual conditions (i.e. it is increasing

and continuous while {F0} contains all P-null sets ). Set C2,1
(
R4 × [0,∞) ;R+

)
to be the family of

all nonnegative functions V (x, t) defined on R4 × [0,∞) which are continuously twice differentiable

in x and once in t. Suppose W (t) = (WSH (t),WIH (t)) a 2-dimensional Wiener process defined on

this probability space. The non-negative constants σSH and σIH define the intensities of the stochastic

pertubations. Let us presume that the components of the 1-dimensional Wiener process Wi are mutually

independent. We have to demonstrate that the stochasic differential equation model (6.4.1) has at least a

unique global solution for the model to make sense and also that the solution will remain positive whenever

the initial conditions are positive.

Theorem 6.8. For multiscale model (6.4.1) and any initial value in R6n
+ , there is a unique solution L =(

SHi (t), IHi (t), P Vi (t), SVi (t), IVi (t), GHi
)
i=1,2,...,n

, of the multiscale system (6.4.1) for t ≥ 0 which will

remain in R6n
+ with probability one.

Proof. The total human host population in the multiscale model system (6.4.1) is given byNH
i = SHi +IHi .

Therefore we have

dNH
i = dSHi + dIHi (6.4.2)
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=

ΛHi −
βVi P

V
i (t)

P0i + P Vi (t)
SHi (t)− µHi SHi (t) + γHi I

H
i (t) +

n∑
j 6=i=1

ψSj,iS
H
j −

n∑
j 6=i=1

ψSi,jS
H
i

 dt

+SHi (t)σSHdWSH +

 βVi P
V
i (t)

P0i + P Vi (t)
SHi (t)− (µHi + δHi + γHi )IHi +

n∑
j 6=i=1

ψIj,iI
H
j −

n∑
j 6=i=1

ψIi,jI
H
i

 dt

+ IHi (t)σIHdWIH (6.4.3)

=

ΛHi − µHi SHi (t) +
n∑

j 6=i=1

ψSj,iS
H
j −

n∑
j 6=i=1

ψSi,jS
H
i

 dt+ SHi (t)σSHdWSH

+

−(µHi + δHi )IHi +

n∑
j 6=i=1

ψIj,iI
H
j −

n∑
j 6=i=1

ψIi,jI
H
i

 dt+ IHi (t)σIHdWIH (6.4.4)

=

ΛHi − µHi NH
i − δHi IHi +

n∑
j 6=i=1

ψQj,iN
H
j −

n∑
j 6=i=1

ψQi,jN
H
i

 dt+SHi (t)σSHdWSH +IHi (t)σIHdWIH

(6.4.5)

dNH
i <

ΛHi +

n∑
j 6=i=1

ψQj,iN
H
j −

µHi NH
i +

n∑
j 6=i=1

ψQi,jN
H
i

 (6.4.6)

dNH
i <

[
ΛHi − ϕNH

i

]
a.s (6.4.7)

where


ΛHi =

n∑
j 6=i=1

ψQj,iN
H
j + ΛHi for Q = S, and j = 1, .., n, j 6= i

ϕ = µHi +

n∑
j 6=i=1

ψQi,j

(6.4.8)

The total human population in the multiscale model system (6.4.1) validates the equation (6.4.7) with the

initial value NH
i (0) = SHi (0) + IHi (0), if

(
SHi (s), IHi (s)

)
i=1,2,...n

∈ R2n
+ ∀ 0 ≤ s ≤ t almost surely (a.s)

Therefore, through integration we can verify
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NH
i ≤

ΛHi
ϕ

+

(
NH
i (0)− ΛHi

ϕ

)
exp (−ϕs) for all s ∈ [0, 1] a.s (6.4.9)

Therefore, NH
i ≤

ΛHi
ϕ

if we assume NH
i (0) ≤ ΛHi

ϕ
such that

(
SHi (s), IHi (s)

)
i=1,2,...n

∈
(

0,
ΛHi
ϕ

)
for all s ∈ [0, 1] a.s (6.4.10)

We remark that the coefficients of the multiscale model system (6.4.1) are locally Lipschitz continuous,

for any given initial value, there is a unique maximal local solution

L =
(
SHi (t), IHi (t), P Vi (t), SVi (t), IVi (t), GHi

)
i=1,2,...,n

on t ∈ [0, τe), where τe is the explosion time

(see example, [152]).

In order to demonstrate that this solution is global, we have to reveal that τe = ∞ almost surely (a.s).

We let m0 > 0 such that
(
SHi (0), IHi (0), P Vi (0), SVi (0), IVi (0), GHi (0)

)
i=1,2,...,n

∈ [
1

m0
,m0). For each

integer m ≥ m0, define a sequence of stopping times by

τm = inf

{
t ∈ [0, τe) : SH(t), IH(t) 6∈

(
1

m
,m

)}
(6.4.11)

setting inf ∅ =∞. Therefore, since τm is non-decreasing, the following limit exists: τ∞ = lim
m→∞

τm, and

τinfty ≤ τe (a.s). We have to demonstrate that τinfty = ∞ a.s. If this statement is infringed, then there

exists T > 0 and ε ∈ (0, 1) such that

P {τ∞ ≤ T} ≥ ε (6.4.12)

Therefore, there is an integer m1 ≥ m0 such that P {τm ≤ T} ≥ ε, for all m ≥ m1. Define a C2-function

V : R2n
+ by

V (L) =

n∑
i=1

[(
SHi − 1− lnSHi

)
+
(
IHi − 1− ln IHi

)
+
(
P Vi − 1− lnP Vi

)]

+
[(
SVi − 1− lnSVi

)
+
(
IVi − 1− ln IVi

)
+
(
GHi − 1− lnGHi

)]
(6.4.13)

Implementing Itô’s formula gives,
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dV (L) =
n∑
i=1

[(
1− 1

SHi

)
dSHi +

1

2SH
2

i

dSHi dS
H
i +

(
1− 1

IHi

)
dIHi +

1

2IH
2

i

dIHi dI
H
i

]

+

[(
1− 1

P Vi

)
dP Vi +

1

2P V
2

i

dP Vi dP
V
i +

(
1− 1

SVi

)
dSVi +

1

2SV
2

i

dSVi dS
V
i

]

+

[(
1− 1

IVi

)
dIVi +

1

2IV
2

i

dIVi dI
V
i +

(
1− 1

GHi

)
dGHi +

1

2GH
2

i

dGHi dG
H
i

]
(6.4.14)

and using SDE multiscale model system (6.4.1) we get

dV (L) =
n∑
i=1

[(
1− 1

SHi

)
dSHi +

1

2SH
2

i

σ2
SHS

H2

i dW 2
SH +

(
1− 1

IHi

)
dIHi +

1

2IH
2

i

σ2
IH I

H2

i dW 2
IH

]

+

[(
1− 1

P Vi

)
dP Vi +

(
1− 1

SVi

)
dSVi +

(
1− 1

IVi

)
dIVi +

(
1− 1

GHi

)
dGHi

]
(6.4.15)

dV (L) =
n∑
i=1

[(
1− 1

SHi

)
dSHi +

1

2
σ2
SHdW

2
SH +

(
1− 1

IHi

)
dIHi +

1

2
σ2
IHdW

2
IH

]
+

[(
1− 1

P Vi

)
dP Vi +

(
1− 1

SVi

)
dSVi +

(
1− 1

IVi

)
dIVi +

(
1− 1

GHi

)
dGHi

]
(6.4.16)

dV (L) =

n∑
i=1

[(
1− 1

SHi

)
dSHi +

1

2
σ2
SHdt+

(
1− 1

IHi

)
dIHi +

1

2
σ2
IHdt

]
+

[(
1− 1

P Vi

)
dP Vi +

(
1− 1

SVi

)
dSVi +

(
1− 1

IVi

)
dIVi +

(
1− 1

GHi

)
dGHi

]
(6.4.17)

and making use of model system (6.4.1) we get

dV (L) = GV dt+

(
1− 1

SHi

)
σSHS

H
i dWSH (t) +

(
1− 1

IHi

)
σiH I

H
i dWIH (t) (6.4.18)

where
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GV =
n∑
i=1

ΛHi −
ΛHi
SHi

+
βVi P

V
i (t)

P 0
i + P Vi (t)

+ 2µHi −
γHi I

H
i

SHi
− δHi IHi −

βVi P
V
i (t)

P 0
i + P Vi (t)

SHi
IHi
− δHi + γHi

+
n∑
i=1

Nv
i α

v
i I
V
i − αVi P Vi −

Nv
i α

v
i I
V
i

P Vi
+ αVi + ΛVi − µVi NV

i −
ΛHi
SHi

+
βHi G

H
i (t)

G0
i +GHi (t)

+ 2µVi

+
n∑
i=1

Nh
i α

h
i I

H
i − αHi GHi −

Nh
i α

h
i I

H
i

GHi
+ αHi − δVi IVi −

βHi G
H
i (t)

G0
i +GHi (t)

SVi
IVi

+ δVi

+
1

2

(
σ2
SH + σ2

IH

)
(6.4.19)

Therefore, from (6.4.10) we can state that
(
SHi (s), IHi (s)

)
i=1,2,...n

∈
(

0,
ΛHi
ϕ

)
for all s ∈ [0, t ∧ τm] a.s.

Henceforth,
βVi P

V
i (t)

P 0
i + P Vi (t)

+ 2µHi <
ΛHi
ϕ

and
βHi G

H
i (t)

G0
i +GHi (t)

<
ΛHi
ϕ

. Consequently,

GV ≤
n∑
i=1

2ΛHi
ϕ

+ ΛHi + 2µHi + δHi + γHi + αVi + ΛVi + 2µVi + αHi + δVi

+
1

2

(
σ2
SH + σ2

IH

)
=: ℘ (6.4.20)

We can denote by ζ = min(τm, T ), then∫ ζ

0
dV
(
SHi (s), IHi (s)

)
≤
∫ ζ

0
℘ds+H(ζ) (6.4.21)

where

H(s) =

∫ s

0
(SH(a)− 1)σSHdWSH (a) +

∫ s

0
(IH(a)− 1)σIHdWIH (a) (6.4.22)

Taking expectation, yields

E
[
V
(
SHi (ζ), IHi (ζ), P Vi (ζ), SVi (ζ), IVi (ζ), GHi (ζ)

)]
≤ V

(
SHi (0), IHi (0), P Vi (0), SVi (s), GHi (s)

)
+ E

∫ ζ

0
℘ds

≤ V
(
SHi (0), IHi (0), P Vi (0), SVi (s), GHi (s)

)
+ ℘T. (6.4.23)

We set Ωm = {ω ∈ Ω : τm < T} for each m ≥ m1 and from equation (6.4.12), giving P(Ωm) ≥ ε. We

remark ∀ ν ∈ Ωm, with these two bounds gives
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[
SHi (τm,ν), IHi (τm,ν)

]
∩
[
m,

1

m

]
6= ∅. (6.4.24)

Consequently,

V
(
(SHi (ζ), IHi (ζ))i=1,...,n

)
≥ Um (6.4.25)

where

Um = min
a∈[1,b0]

[
m− a− a ln

m

a
,

1

m
− a− a ln

1

am

]
. (6.4.26)

we choose b0 > 0 sufficiently small. Therefore we get

V
((
SHi (0), IHi (0), P Vi (0), SVi (s), GHi (s)

)
i=1,...,n

)
+ ℘T

≥ E
(
lΩmV

(
SHi (ζ), IHi (ζ)

)
i=1,...,n

)
≥ εUm (6.4.27)

Letting m→∞ will lead to the contradiction

∞ = V
((
SHi (0), IHi (0), P Vi (0), SVi (s), GHi (s)

)
i=1,...,n

)
+ ℘T <∞ (6.4.28)

Consequently, as τm ≥ τ∞, gives τm = τ∞ =∞ a.s. The proof is complete.

6.5 Numerical analysis

6.5.1 Sensitivity Analysis

This section presents the analysis of sensitivity for the Malaria transmission indicators obtained from the

multiscale model to the model parameters. The transmission indicator we consider is the basic reproduc-

tive number, R0 that generally describes the dynamics for a disease at the beginning of an infection. For

any particular epidemic model that illustrates the disease dynamics within a particular population, a sen-

sitivity analysis study is important to perform since it enables us to establish model parameters which can

be marked for control, elimination as well as eradication of disease. Therefore, the analysis of sensitivity

of the Malaria metricR0, in relation to the variation of Malaria multiscale model parameters is carried out

by implementing Latin Hypercube Sampling and Partial Rank Correlation Coefficients (PRCCs). In order

to explore the influence of each model parameter on the basic reproduction number, R0 we performed

1000 simulations per run. The results of sensitivity of R0 to the model parameters are presented by the

Tornado plots, Figure 6.2.
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Table 6.2: Within-human and within-Mosquito parameter values and their description for ith individual

Parameter Description Initial value Range explored Units Source/ Rational
α
g
i Rate at which gametocyte infected erythrocytes burst 96 90-100 day−1 [145]

Λ
h
i Rate of supply of susceptible erythrocytes 200 100-300 day−1 [146]

µ
k
i Natural decay rate of oocysts 0.01 0.071-0.143 day−1 [147]
β
h
i Infection rate of erythrocytes by free merozoites 0.1 2× 10

−9- 0.2 day−1 [148]; [149]
α
z
i Rate at which zygotes develop into oocysts 0.4240 0.01-0.05 no.−1day−1 [150]
µ
b
i Natural decay rate of susceptible erythrocytes 0.0083 0.006-0.01 day−1 [149]
N

m
i Number of merozoites produced per bursting erythrocyte 16 10-30 day−1 [149]

α
s
i Fertilization rate of gametes 0.08 0.01-0.2 no.−1day−1 [145]
µ
m
i Natural decay rate of free merozoites 0.001 0.001-0.5 day−1 [148]; [149]
µ
h
i Natural decay rate of gametocyte infected erythrocytes within infected humans 0.0625 0.0600-0.0625 day−1 [151]
πi Proportion of gametocyte infected erythrocytes 0.1 0.1-0.5 day−1 Assumed
α
m
i Rate at which erythrocytes burst to produce merozoites 0.5 0.1-1.0 day−1 [141];[149]
α
h
i Rate at which gametocytes develop and become infectious 0.02 0.01-0.9 day−1 [151]
µ
g
i Death rate of gametocytes 0.0625 0.0326-0.0725 day−1 [145]

Λ
v
i Rate of uptake of gametocytes through super infection of mosquto 300 100-300 day−1 Variable

α
v
i Rate at whch sporozoites become infectious to humans 0.025 0.167-1.00 no.−1day−1 [145]
µ
s
i Natural decay rate of gametes 58.0 40-129 day−1 [145]
µ
z
i Natural decay rate of zygotes 1 1-4 day−1 [145]
α
k
i Bursting rate of oocysts to produce sporozoites 0.2 0-1.0 no.−1day−1 Variable
N

k
i Number of sporozoites produced per bursting oocyst 3000 1000-10000 day−1 [145]

N
g
i Number of gametes produced per gametocyte infected erythrocyte 2 1-3 day−1 Estimated

µ
v
i Natural decay rate of sporozoites 0.0001 0.0001-0.01 day−1 [145]

Table 6.3: Between-host (human and mosquito) parameter values and their description for ith patch

Parameter Description Initial value Range explored Units Source/ Rational
β
V
i Contact rate of humans with the infectious reservoir of mosquitoes 0.2 0.1-0.5 day−1

δ
V
i Infection induced death rate of mosquitoes 0.00000426 0.00000426-0.00000533 day−1 Assumed

Λ
V
i Rate of supply of susceptible mosquitoes 6000 5000-7000 day−1 Variable

G0i Half saturation constant for community gametocyte load 5× 10
8

1× 10
8-10× 10

8 day−1 Variable
µ
V
i Natural death rate of mosquitoes 0.12 0.033-0.3 day−1 [148];[151]
β
H
i Contact rate of mosquitoes with the infectious reservoir of humans 0.3 0.1-0.5 day−1

Λ
H
i Rate of supply of susceptible humans 1000 1000-2000 day−1 Assumed

µ
H
i Natural death rate of humans 0.00004 0.00001-0.00008 day−1 [148]
α
H
i Rate elimination of community gametocytes load 0.0000913 0.0000467-0.000274 day−1 Variable
P

V
0i Half saturation constant for community sporozoite load 1× 10

8
1× 10

7-5× 10
8 day−1 Variable

γ
H
i Natural recovery rate of humans 0.25 0.1-0.5 day−1 Variable
α
V
i Rate of elimination of community sporozoite load 0.9 0.09-0.99 day−1 Variable
δ
H
i Disease induced death rate of humans 0.0027 0.0001-0.5 day−1 Assumed

From the sensitivity analysis results of R0 to the multiscale model system (6.2.1)’s parameters in Figure

6.2, the following deductions are listed below:

(a) The multiscale model system (6.2.1)’s parameters have both positive PRCCs and negative PRCCs.

This implies that parameters with positive PRCCs will increase the value of R0 as they are in-

creased, where as parameters with negative PRCCs will decrease the value for R0 as they are in-

creased. For example, an increase in a parameter like natural death rate of humans in patch 1, µH1
will consequently decrease the value ofR0.

(b) The Malaria disease transmission metric R0 is extremely sensitive to six of the disease parameters

(GH01, µ
V
1 , µ

H
1 , P

V
01, α

h
1 , α

v
1) of the multiscale model system (6.2.1). We note that R0 characterizes

spread of Malaria disease at the beginning of the outbreak. We make the following conclusions

regarding the sensitivity ofR0 to the Malaria disease multiscale model system (6.2.1)’s parameters.
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Figure 6.2: Tornado plot of partial rank correlation coefficients (PRCCs) of the model parameters that
influence the Malaria transmission indicatorR0

(i) Since R0 is significantly sensitive to impact of six Malaria disease transmission parameters

(GH01, µ
V
1 , µ

H
1 , P

V
1 , α

h
1 , α

v
1), this implies that caution must be applied on the accuracy of these

six Malaria disease multiscale model system (6.2.1)’s parameters during the collection of data

if the effectiveness and usefulness of the Malaria disease multiscale model system (6.2.1) is to

be intensified.

(ii) Since R0 is responsive to the half saturation constant for community gametocyte load, GH01,

natural decay rate of mosquitoes µV1 , natural decay rate of humans µH1 and the half satura-

tion constant for community sporozoite load P V01 this implies that Malaria interventions like

Insecticide-treated nets and indoor residual spraying would be more effective in preventing the

spread of Malaria infection at the beginning of the outbreak.

(iii) Since R0 is significantly sensitive to the rate at which gametocyte develop and become in-

fectious αh1 , elimination rate of community sporozoite load αV1 and contact rate of humans

with the infectious reservoir of mosquitoes interventions such as Malaria vaccination (which

stimulate immune response to destroy Malaria parasite) would be more effective to control the

spread of Malaria infection at the beginning of the outbreak. Results from Tornado plot in

Figure 6.2 also confirmed that the migration rate of infected humans from patch 2 to patch 1,

ψI12 has an impact onR0. Therefore, mediations such as screening would be more effective in

managing the spread of Malaria disease.
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6.5.2 Numerical simulations of the multiscale model of Malaria transmission dynamics

This section enables us to implement numerical simulations to substantiate some outcomes obtained from

the sensitivity analysis for R0 and analytical results of the multiscale model. Applying the multiscale

model parameter values obtained from Table 6.2 and Table 6.3 we carried out numerical simulations. We

demonstrated the impact of six Malaria disease transmission parameters (GH01, µ
V
1 , µ

H
1 , P

V
01, α

h
1 , α

v
1) on the

multiscale model variables IH1 (t), IH2 (t), P V1 (t), P V2 (t), IV1 (t), IV2 (t), GH1 (t), GH2 (t) for the two-patch

model. These parameters were only selected because they are significantly sensitive toR0.

6.5.2.1 Influence of within-host scale parameters of the Malaria multiscale model dynamics

In this subsection, we demonstrate by implementing numerical simulations the impact of within-host

scale parameters on the between-host scale variables of the coupled multiscale model (6.2.1). Figure 6.3

and Figure 6.4 demonstrate the impact of variation of two within-host scale parameters (αh1 , α
v
1) on the

between-host scale model variables IH1 (t), IH2 (t), P V1 (t), P V2 (t), IV1 (t), IV2 (t), GH1 (t), GH2 (t) for the

two-patch model.

Figure 6.3: Graphs of numerical results of the model system (6.2.1) demonstrating the progression in time of (a)

infected humans in patch 1, IH1 , (b) infected humans in patch 2, IH2 , (c) community gametocytes load in patch 1,

GH1 , (d) community gametocytes load in patch 2, GH2 , (e) infected mosquito vectors in patch 1, IV1 , (f) infected

mosquito vectors in patch 2, IV2 , (g) community sporozoite load in patch 1, PV1 , (h) community sporozoite load in

patch 2, PV2 , for variant values of the rate at which gametocytes develop and become infectious in patch 1, αh1 : αh1 =

0.0004, αh1 = 0.004 and αh1 = 0.04.

Figure (6.3) represents the graphs of numerical results of the model system (6.2.1) demonstrating the pro-

gression in time of (a) infected humans in patch 1, IH1 , (b) infected humans in patch 2, IH2 , (c) community

gametocytes load in patch 1, GH1 , (d) community gametocytes load in patch 2, GH2 , (e) infected mosquito
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vectors in patch 1, IV1 , (f) infected mosquito vectors in patch 2, IV2 , (g) community sporozoite load in

patch 1, P V1 , (h) community sporozoite load in patch 2, P V2 , for variant values of the rate at which game-

tocytes develop and become infectious in patch 1, αh1 : αh1 = 0.0004, αh1 = 0.004 and αh1 = 0.04. From

these results we can see that as the rate at which gametocytes develop and become infectious increases,

there is also a remarkable increase in the community gametocyte load in patch 1 and population of in-

fected mosquitoes in patch 1. Furthermore, there is no noticeable change in the other model variables.

These results reflect that treatments of individuals from malaria by reducing the rate at which gametocytes

develop and become infectious are important for both the individual and the community since the risk of

transmission of Malaria for the individual in the community is minimized.

Figure 6.4: Graphs of numerical results of the model system (6.2.1) demonstrating the progression in time of (a)
infected humans in patch 1, IH1 , (b) infected humans in patch 2, IH2 , (c) community gametocytes load in patch 1, GH1 ,
(d) community gametocytes load in patch 2, GH2 , (e) infected mosquito vectors in patch 1, IV1 , (f) infected mosquito
vectors in patch 2, IV2 , (g) community sporozoite load in patch 1, PV1 , (h) community sporozoite load in patch 2, PV2 ,
for different values of the rate at which sporozoites become infectious to humans in patch 1, αv1 : αv1 = 0.0005, αv1 =

0.005 and αv1 = 0.05.

Figure (6.4) represents the graphs of numerical results of the model system (6.2.1) demonstrating the pro-

gression in time of (a) infected humans in patch 1, IH1 , (b) infected humans in patch 1, IH2 , (c) community

gametocytes load in patch 1, GH1 , (d) community gametocytes load in patch 2, GH2 , (e) infected mosquito

vectors in patch 1, IV1 , (f) infected mosquito vectors in patch 2, IV2 , (g) community sporozoite load in

patch 1, P V1 , (h) community sporozoite load in patch 2, P V2 , for different values of the rate at which

sporozoites become infectious to humans in patch 1, αv1 : αv1 = 0.0005, αv1 = 0.005 and αv1 = 0.05.

From these results we can observe that as the rate at which sporozoites become infectious to humans in-

creases in patch 1, there is a significant increase in the infected human population in patch 1, the infected

human population in patch 2, community sporozoite load in patch 1, community sporozoite load in patch

2, community gametocyte load in patch 1 and community gametocyte load in patch 2. Furthermore, there

is no noticeable change in the infected mosquito populations in both patches. These results reflect that
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treatments of individuals from malaria by reducing the rate at which sporozoites become infectious to

humans are important for both the individual and the community since the risk of transmission of malaria

for the individual in the community is reduced.

6.5.2.2 Influence of between-host scale parameters on the Malaria multiscale model dynamics

In this subsection, we demonstrate by implementing numerical simulations the impact of between-host

scale parameters on the between-host scale variables of the multiscale model (6.2.1). Figure 6.5 - Figure

6.8 demonstrate the impact of variation of four between-host scale parameters

(µV1 , µ
H
1 , G

H
01, P

V
01) on the between-host scale model variables IH1 (t), IH2 (t), P V1 (t), P V2 (t), IV1 (t), IV2 (t),

GH1 (t), GH2 (t) for the two-patch model.

Figure 6.5: Graphs of numerical results of the model system (6.2.1) demonstrating the progression in time of (a)

infected humans in patch 1, IH1 , (b) infected humans in patch 2, IH2 , (c) community gametocytes load in patch 1, GH1 ,

(d) community gametocytes load in patch 2, GH2 , (e) infected mosquito vectors in patch 1, IV1 , (f) infected mosquito

vectors in patch 2, IV2 , (g) community sporozoite load in patch 1, PV1 , (h) community sporozoite load in patch 2, PV2 ,

for variant values of the half saturation constant for community sporozoite load in patch 1, P01 : P01 = 50, P01 =

50000 and P01 = 5000000.

Figure (6.5) represents the graphs of numerical results of the model system (6.2.1) demonstrating the pro-

gression in time of (a) infected humans in patch 1, IH1 , (b) infected humans in patch 2, IH2 , (c) community

gametocytes load in patch 1, GH1 , (d) community gametocytes load in patch 2, GH2 , (e) infected mosquito

vectors in patch 1, IV1 , (f) infected mosquito vectors in patch 2, IV2 , (g) community sporozoite load in

patch 1, P V1 , (h) community sporozoite load in patch 2, P V2 , for variant values of the half saturation con-

stant for community sporozoite load in patch 1, P02 : P01 = 50, P01 = 50000 and P01 = 5000000. From

these results we can observe that as the half saturation constant for community sporozoite load increases,

there is a decrease in the infected human population in patch 1, the infected human population in patch
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2, community gametocyte load in patch 1 and patch 2, infected mosquito population in patch 1, and the

community sporozoite load in patch 1 and patch 2. However, there is no noticeable change in the infected

mosquito population in patch 1. These results indicate that interventions such as indoor residual spray-

ing (IRS) can be implemented to reduce the half saturation constant for the community sporozoite load

minimizing the risk of transmission of Malaria in the community.

Figure 6.6: Graphs of numerical results of the model system (6.2.1) demonstrating the progression in time of (a)

infected humans in patch 1, IH1 , (b) infected humans in patch 2, IH2 , (c) community gametocytes load in patch 1, GH1 ,

(d) community gametocytes load in patch 2, GH2 , (e) infected mosquito vectors in patch 1, IV1 , (f) infected mosquito

vectors in patch 2, IV2 , (g) community sporozoite load in patch 1, PV1 , (h) community sporozoite load in patch 2, PV2 ,

for variant values of the half saturation constant for community gametocyte load in patch 1, G01 : G01 = 10, G01 =

10000 and G01 = 1000000.

Figure (6.6) represents the graphs of numerical results of the model system (6.2.1) demonstrating the pro-

gression in time of (a) infected humans in patch 1, IH1 , (b) infected humans in patch 2, IH2 , (c) community

gametocytes load in patch 1, GH1 , (d) community gametocytes load in patch 2, GH2 , (e) infected mosquito

vectors in patch 1, IV1 , (f) infected mosquito vectors in patch 2, IV2 , (g) community sporozoite load in

patch 1, P V1 , (h) community sporozoite load in patch 2, P V2 , for variant values of the half saturation con-

stant for community gametocyte load in patch 1, G01 : G01 = 10, G01 = 10000 and G01 = 1000000.

From these results we can observe that as the half saturation constant for community gametocyte load

increases, there is a decrease in the population of infected mosquitoes in patch 1. Furthermore, there is a

remarkable reduction in the infected human population in patch 1 and patch 2, the community gametocyte

load in patch 1 and patch 2, and the community sporozoite load in patch 1 and patch 2. These results

indicate that interventions such as indoor residual spraying (IRS) and the use of Long-lasting treated nets

(LLTNs) can be implemented to reduce the half saturation constant for the community gametocyte load

minimizing the risk of transmission of malaria in the community.
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Figure 6.7: Graphs of numerical results of the model system (6.2.1) demonstrating the progression in time of (a)

infected humans in patch 1, IH1 , (b) infected humans in patch 2, IH2 , (c) community gametocytes load in patch 1, GH1 ,

(d) community gametocytes load in patch 2, GH2 , (e) infected mosquito vectors in patch 1, IV1 , (f) infected mosquito

vectors in patch 2, IV2 , (g) community sporozoite load in patch 1, PV1 , (h) community sporozoite load in patch 2, PV2 ,

for variant values of the natural death rate of humans in patch 1, µH1 : µH1 = 4e− 05, µH1 = 0.04 and µH1 = 0.4.

Figure (6.7) represents the graphs of numerical results of the model system (6.2.1) demonstrating the pro-

gression in time of (a) infected humans in patch 1, IH1 , (b) infected humans in patch 2, IH2 , (c) community

gametocytes load in patch 1, GH1 , (d) community gametocytes load in patch 2, GH2 , (e) infected mosquito

vectors in patch 1, IV1 , (f) infected mosquito vectors in patch 2, IV2 , (g) community sporozoite load in

patch 1, P V1 , (h) community sporozoite load in patch 2, P V2 , for variant values of the natural death rate of

humans in patch 1, µH1 : µH1 = 4e − 05, µH1 = 0.04 and µH1 = 0.4. From these results we can observe

that as the natural death rate of humans increases in patch 1, there is a remarkable reduction in the infected

human population in patch 1 and patch 2, the community gametocyte load in patch 1 and patch 2, and the

community sporozoite load in patch 1 and patch 2. Furthermore, there is no significant change in the in-

fected mosquito population in patch 1 and patch 2. These results indicate that interventions such as indoor

residual spraying (IRS), the use of Long-lasting treated nets (LLTNs) and artemisinin-based combination

therapy (ACT) can be implemented to reduce the natural death rate of humans minimizing mortalities due

to malaria infection in the community.
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Figure 6.8: Graphs of numerical results of the model system (6.2.1) demonstrating the progression in time of (a)

infected humans in patch 1, IH1 , (b) infected humans in patch 2, IH2 , (c) community gametocytes load in patch 1, GH1 ,

(d) community gametocytes load in patch 2, GH2 , (e) infected mosquito vectors in patch 1, IV1 , (f) infected mosquito

vectors in patch 2, IV2 , (g) community sporozoite load in patch 1, PV1 , (h) community sporozoite load in patch 2,

PV2 , for variant values of the natural death rate of mosquitoes in patch 1, µV1 : µV1 = 2.4e − 05, µV1 = 0.024 and

µV1 = 0.24.

Figure (6.8) represents the graphs of numerical results of the model system (6.2.1) demonstrating the pro-

gression in time of (a) infected humans in patch 1, IH1 , (b) infected humans in patch 2, IH2 , (c) community

gametocytes load in patch 1, GH1 , (d) community gametocytes load in patch 2, GH2 , (e) infected mosquito

vectors in patch 1, IV1 , (f) infected mosquito vectors in patch 2, IV2 , (g) community sporozoite load in

patch 1, P V1 , (h) community sporozoite load in patch 2, P V2 , for variant values of the natural death rate of

mosquitoes in patch 1, µV1 : µV1 = 2.4e− 05, µV1 = 0.024 and µV1 = 0.24. From these results we can ob-

serve that as the natural death rate of mosquitoes increases, there is a remarkable reduction in the infected

mosquito population in patch 1. Furthermore, there is no significant change on the remaining model vari-

ables. These results indicate that interventions such as indoor residual spraying (IRS) can be implemented

to increase the natural death rate of mosquitoes minimizing the transmission of malaria infection in the

community.

6.5.2.3 Influence of between-community scale parameters on the Malaria multiscale model dy-
namics

In this subsection, we demonstrate by implementing numerical simulations the impact of between-community

scale parameters on the individual-based multiscale model (6.2.1) variables. Figure 6.9 demonstrates the

impact of variation of between-community scale parameter ψI12 (which is migration rate between two

patches) on the Malaria multiscale model variables IHi (t), P Vi (t), IVi (t), GHi (t).

Figure 6.9 represents the graphs of numerical results of the multiscale model system (6.2.1) demonstrating

the progression in time of (a) infected humans in patch 1, IH1 , (b) infected humans in patch 2, IH2 , (c)
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Figure 6.9: Graph of numerical results of the multiscale model system (6.2.1) demonstrating the progression in time
of (a) infected humans in patch 1, IH1 , (b) infected humans in patch 2, IH2 , (c) community gametocyte load in patch
1, GH1 , (d) community gametocyte load in patch 2, GH2 , for different values of the migratrion rate of infected humans

from patch 2 to patch 1, ψI12 : ψI12 = 0.005, ψI12 = 0.05, ψI12 = 0.5

community gametocyte load in patch 1, GH1 , (d) community gametocyte load in patch 2, GH2 for different

values of the migratrion rate of infected humans from patch 2 to patch 1, ψI12: ψI12 = 0.005, ψI12 = 0.05,

ψI12 = 0.5. From these results we can see that as rate of migration of infected humans from patch 2 to patch

1 increases, there is noticeable increase in the population of infected human population in patch 1 and the

community gametocyte load in patch 1. Furthermore, there is a decrease in the infected human population

in patch 2 and the community gametocyte load in patch 2. These results indicate that interventions such as

border screening of the human populations during migration can be implemented to minimize the rate of

migration of infected individuals and therefore reducing global transmission of Malaria infection between

different communities.

Figure 6.10 represents the graphs of numerical results of the multiscale model system (6.2.1) demonstrat-

ing the progression in time of (a) infected mosquitoes in patch 1, IV1 , (b) infected mosquitoes in patch 2,

IV2 , (c) community sporozoite load in patch 1, P V1 , (d) community sporozoite load in patch 2, P V2 for dif-

ferent values of the migratrion rate of infected humans from patch 2 to patch 1, ψI12 : ψI12 = 0.005, ψI12 =

0.05, ψI12 = 0.5. From these results we can see that as rate of migration of infected humans from patch 2

to patch 1 increases, there is a small increase in the population of infected mosquito population in patch 1

and the community sporozoite load in patch 1. Furthermore, there is no change in the infected mosquito

population in patch 2 and these is a decrease in the community sporozoite load in patch 2. These re-

sults indicate that interventions such as border screening of the human populations during migration can

be implemented to minimize the rate of migration of infected individuals and therefore reducing global

transmission of malaria infection between different communities.
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Figure 6.10: Graph of numerical results of the multiscale model system (6.2.1) demonstrating the progression in
time of (a) infected mosquitoes in patch 1, IV1 , (b) infected mosquitoes in patch 2, IV2 , (c) community sporozoite load
in patch 1, PV1 , (d) community sporozoite load in patch 2, PV2 for different values of the migratrion rate of infected

humans from patch 2 to patch 1, ψI12 : ψI12 = 0.005, ψI12 = 0.05, ψI12 = 0.5

6.6 Incorporating sochasticity into the multiscale model

The multiscale model system (6.2.1) does not take into account the inherent randomness that is associated

with Malaria infection. In this section we investigate the effect of the introduction of environmental noise

into the multiscale model system (6.2.1). Therefore we present a multiscale model system of stochastic

differential equations for modelling Malaria infection obtained when we perturb the multiscale model

system (6.2.1) by a Wiener process.

dSHi (t) =

ΛHi −
βVi P

V
i (t)

P0i + PVi (t)
SHi (t)− µHi SHi (t) + γHi I

H
i (t) +

n∑
j 6=i=1

ψSj,iS
H
j −

n∑
j 6=i=1

ψSi,jS
H
i

 dt+ SHi (t)σSHdWSH

dIHi (t) =

 βVi P
V
i (t)

P0i + PVi (t)
SHi (t)− (µHi + δHi + γHi )IHi +

n∑
j 6=i=1

ψIj,iI
H
j −

n∑
j 6=i=1

ψIi,jI
H
i

 dt+ IHi (t)σIHdWIH

dPVi (t) =
(
Nv
i α

v
i I
V
i (t)− αVi PVi (t)

)
dt

dSVi (t) =

(
ΛVi −

βHi G
H
i (t)

G0i +GHi (t)
SVi (t)− µVi SVi

)
dt

dIVi (t) =

(
βHi G

H
i (t)

G0i +GHi (t)
SVi (t)− (µVi + δVi )IVi (t)

)
dt

dGHi (t) =
(
Nh
i α

h
i I
H
i (t)− αHi GHi (t)

)
dt

(6.6.1)

dWSH and dWIH represent the white noise and σSH and σIH represent the intensity of the noise. This is a
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standard technique that has been implemented in stochastic population modelling and therefore introduc-

ing stochasticity into the multiscale model system (6.2.1) (see [109, 153–155]). This section focuses on the

investigation of the effect of migration on the SDE multiscale model system (6.6.1) for Malaria infection.

Figure (6.11) (a)-(c) show the graphs of numerical results of the model system (6.6.1) demonstrating the

variation in time of the infected human populations IH1 and IH2 in patch 1 and patch 2 respectively for dif-

ferent migration rates of infected humans from patch 2 to patch 1, ψI12: ψI12 = 0.05, ψI12 = 0.5, ψI12 = 0.9.

From these results we can see that as the rate of migration of infected humans ψI12 from patch 2 to patch

1 increases, there is noticeable increase in the pupolation of infected human population in patch 1. There-

fore, these results indicate that interventions such as border screening of people during migration can help

to control the spread of infection globally.

 

(a)  (b)  

(c)  

Figure 6.11: (a) shows the graphs of numerical results of the multiscale model system (6.6.1) demonstrating the

variation in time of the infected human populations IH1 and IH2 in patch 1 and patch 2 respectively for the migration

rate of infected humans from patch 2 to patch 1, ψI12 = 0.05. (b) shows the graphs of numerical results of the

multiscale model system (6.6.1) demonstrating the variation in time of the infected human populations IH1 and IH2
in patch 2 and patch 1 respectively for the migration rate of infected humans from patch 2 to patch 1, ψI12 = 0.5.

(c) shows the graphs of numerical results of the multiscale model system (6.6.1) demonstrating the variation in time

of the infected human populations IH1 and IH2 in patch 1 and patch 2 respectively for the migration rate of infected

humans from patch 2 to patch 1, ψI12 = 0.9.
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6.7 Summary

In this chapter, we characterised a coupled modelling multiscale model of Malaria at macrocommunity-

level, with the main objective of investigating the role of migration on the multiscale dynamics of Malaria

in humans. By mathematical analysis the model was determined to be epidemiologically and mathemati-

cally sound. The analysis of sensitivity of the Malaria indicatorR0, in relation to the variation of Malaria

model parameters was carried out by implementing Latin Hypercube Sampling and Partial Rank Correla-

tion Coefficients (PRCCs). Applying the model parameter values we carried out the numerical simulations

to demonstrate the impact of six Malaria disease transmission parameters (GH01, µ
V
1 , µ

H
1 , P

V
01, α

h
1 , α

v
1) on

the multiscale model variables IH1 (t), IH2 (t), P V1 (t), P V2 (t), IV1 (t), IV2 (t), GH1 (t), GH2 (t) for the two-

patch model. These parameters were only selected because they were significantly responsive toR0. The

results of sensitivity analysis of R0 indicated that the variation of the within-host scale parameters in

particalar the rate at which gametocytes develop and become infectious, αh1 have significant effect on the

transmission risk of Malaria in humans at macrocommunity-level and this is confirmed by the Tornado plot

in Figure 6.2. Results from Tornado plot in Figure 6.2 also confirmed that the migration rate of infected

humans from patch 1 from patch 2, ψI12 has some impact on R0. Figure 6.9-Figure 6.11 demonstrate the

variation in the rate of migration of infected human population from patch 2 to patch 1. Results show that

an increase in the rate of migration leads to an increase of infected humans in the receiving patch 1.

In conclusion, we established that the model we characterised in this chapter can not be extended to

macroecosystem level using graph-theoretic approach. Furthermore, we established that the global trans-

mission of Malaria can be described using graph-theoretic approach. In addition, we established that the

distinction between local transmission and global transmission mechanisms of infectious diseases informs

us on the appropriate interventions at community level from calculations of the reproduction number. Fi-

nally, the model presented has a secondary level multiscale cycle with both local exchange and global

exchange of pathogen.
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Conclusions and directions for future
research

7.1 Conclusions

In this thesis, we characterised multiscale models based on vector-borne diseases and directly transmitted

diseases with Malaria and FMD as paradigms respectively. Initially, we characterised the host level model

of FMD using graph-theoretic methods in chapter 2 and chapter 5. We characterised the host level model

of FMD in chapter 3 using the nested approach. However, the major challenge was whether we can extend

this to community level in chapter 4 since it incorporates local transmission and global transmission. In

chapter 4 there are elements of chapter 2 and chapter 3 since it has a host level at each community. My

investigation involved establishing this new idea that we can not extend chapter 2 further into a graph-

theoretic model at community level. The best way forward is to extend chapter 3 into community level.

In chapter 3 the scale of observation is the whole organism scale. In chapter 4 we have a combination of

whole organism scale represented in chapter 3 and macrocommunity scale. These scales of observation

are the aspects characterised and this was better represented using different methods. Having established

this knowledge we then used it for Malaria in chapter 6. We implemented an equivalent of chapter 3 which

was a whole-organism scale and extended it to a graph-theoretic at community level in chapter 6.

In Chapter 2 we characterised an individual-based network modelling multiscale model of FMD at host-

level. The derivation of the model is achieved by first developing a within-cattle model and then embed-

ding the model into a spatial network of N cattle. Thus, in order to describe the whole disease dynam-

ics we implemented explicitly the within-cattle model. Through mathematical analysis the model was
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determined to be epidemiologically and mathematically sound. The analysis of sensitivity of the FMDV

indicatorR0, in relation to the variation of FMD model parameters was carried out by implementing Latin

Hypercube Sampling and Partial Rank Correlation Coefficients (PRCCs). Applying the model parameter

values we carried out the numerical simulations to demonstrate the impact of five FMD transmission pa-

rameters (βij , U0, φ, ω, ε) on the model variables Vi, Fi, Ui, Pi, Ii, Ai, Ci, Ji. These parameters were only

selected because they were significantly responsive to R0. In view of the fact that R0 was responsive

to the transmission rate between the cattle, βij (the between-host level parameter) it implied that FMD

interventions such as quarantines would be more effective to control the spread of FMD infection at the

beginning of the outbreak. Furthermore, since R0 was significantly responsive to the rate of production

of antibodies, φA and rate at which FMDV virus is cleared, ω this implied that FMD interventions such

as vaccination (which increases the rate of antibody production and clearance of FMDV virus) would be

more effective to control the spread of FMD infection at the beginning of outbreak. The inclusion of a

stochastic model enabled us to capture randomness of disease spread. The application of this method may

be relevant in managing FMD and can be generalized to numerous directly transmitted diseases.

In Chapter 3 we characterised a nested modelling multiscale model centred on combining two sub-models

namely: (i) the within-cattle scale and (ii) between-cattle scale sub-models for FMDV dynamics. Hence,

we established a uni-directionally coupled multiscale model in which the within-cattle scale submodel is

uni-directionally coupled to the between-cattle scale FMDV transmission dynamics submodel. By per-

forming mathematical analysis the model was determined to be epidemiologically and mathematically

sound. Therefore, the analysis of sensitivity of the FMDV metric R0 and the endemic value of the com-

munity viral load V ∗C , in relation to the variation of FMD multiscale model parameters was carried out by

implementing Latin Hypercube Sampling and Partial Rank Correlation Coefficients (PRCCs). Applying

the model parameter values we carried out the numerical simulations to demonstrate the impact of five

FMD disease transmission parameters (βC , µ
SC
C , V0, αC ,ΛC) on the model variables SC(t), IC(t), VC(t).

These parameters were only selected because they were significantly responsive toR0 and V ∗C . In view of

the fact thatR0 was responsive to the rate of infection of susceptible cattle, βC and birth rate of suscepti-

bles, ΛC this implied that FMD interventions such as vaccination would be more effective in preventing

the spread of FMD disease infection at the beginning of the outbreak. Randomness of disease dynamics

was highlighted by implementing a stochastic model.

In Chapter 4 we characterised a nested modelling multiscale model of FMD at community-level, with the

main objective of investigating the role of migration on the multiscale model dynamics of FMD in cattle.

Through mathematical analysis the model was determined to be epidemiologically and mathematically

sound. The analysis of sensitivity of the FMDV indicator R0, in relation to the variation of FMD model

parameters was carried out by implementing Latin Hypercube Sampling (LHS) and Partial Rank Correla-

tion Coefficients (PRCCs). Applying the model parameter values we conducted the numerical simulations

to demonstrate the impact of six FMD transmission parameters (N2, µSCC2
, V02, αC2 , α2, ψI12) on the
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multiscale model variables SCi(t), ICi(t), VCi(t). These parameters were only selected because they are

significantly sensitive to R0. The results from analysis of sensitivity of R0 indicated that the variation of

the within-community scale parameters in particular the amount of FMD virus available for excretion in

patch 2, N2 have a huge impact on the transmission risk of FMD in cattle at community-level and this was

confirmed by the Tornado plot in Figure 4.2. Results from Tornado plot in Figure 4.2 also confirmed that

the migration rate of infected cattle from patch 1 from patch 2, ψI12 has an impact onR0. Figure (4.8) and

Figure 4.13-Figure 4.15 demonstrate the variation in the rate of migration of infected cattle population

from patch 1 to patch 2. Results show that an increase in the rate of migration lead to an increase of in-

fected cattle population in the receiving patch 2. Furthermore, Figure 4.3 - Figure 4.7 showed the impact

in the variation of the parameter values (α2, µ
SC
C2
, V02, αC2 , N2) on the model variables (SC1 , ICi , VCi). In

addition, Figure 4.9- Figure 4.12 described the graphs of the stochastic models in comparison to the ODE

multiscale models.

In Chapter 5 we characterised an individual-based network modelling multiscale model of Malaria at

Whole organism-level. The mathematical model we developed consisted of the within-human malaria

parasite dynamics and within-mosquito malaria parasite dynamics where the humans were connected by

a spatial network of n individuals. The framework separated between-organ spread dynamics (inflow and

outflow) and the within-organs infection dynamics (replication) for the whole transmission-replication

loop. The model demonstrated the time progression of within infected mosquito host as well as within

the infected human host. The populations in the infected human host included the erythrocytes infected

by gametocytes Ghi , free merozoites in blood Mh
i , susceptible erythrocytes Rhi , erythrocytes infected by

merozoites Rmi . In addition, the populations in the infected mosquito include the sporozoites, P vi , ga-

metes, Gmi , infected erythrocytes, Gvi , oocysts, Ovi , zygotes. Zvi . Through mathematical analysis the

model was determined to be epidemiologically and mathematically sound. The analysis of sensitivity

of the Malaria indicator R0, in relation to the variation of Malaria model parameters was carried out by

implementing Latin Hypercube Sampling (LHS) and Partial Rank Correlation Coefficients (PRCCs). The

results from analysis of sensitivity ofR0 indicated that variation of the between-organ scale parameters in

particalar the transmission rate of Malaria parasite through blood, βhji had significant effect on the trans-

mission risk of Malaria in humans at whole organism-level and this is confirmed by the Tornado plot in

Figure 5.3. Furthermore, Figure 5.4 - Figure 5.7 showed the impact in the variation of four parameters

(Λhi , N
m
i , µ

m
i , β

h
ji) on the variables

(
Rhi , R

m
i ,M

h
i , G

h
i , G

v
i , G

m
i , Z

v
i , O

v
i , P

v
i

)
. In addition, Figure 5.9-

Figure 5.11 shows the graphs of the stochastic models in comparison to the ODE multiscale models.

In Chapter 6 we characterised a coupled modelling multiscale model of Malaria at macrocommunity-level,

with the main objective of investigating the role of migration on the multiscale dynamics of Malaria in

humans. By mathematical analysis the model was determined to be epidemiologically and mathematically

sound. The analysis of sensitivity of the Malaria indicatorR0, in relation to the variation of Malaria model
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parameters was carried out by implementing Latin Hypercube Sampling and Partial Rank Correlation Co-

efficients (PRCCs). Applying the model parameter values we carried out the numerical simulations to

demonstrate the impact of six Malaria disease transmission parameters (GH01, µ
V
1 , µ

H
1 , P

V
01, α

h
1 , α

v
1) on the

multiscale model variables IH1 (t), IH2 (t), P V1 (t), P V2 (t), IV1 (t), IV2 (t), GH1 (t), GH2 (t) for the two-patch

model. These parameters were only selected because they were significantly responsive toR0. The results

of sensitivity analysis of R0 indicated that the variation of the within-host scale parameters in particalar

the rate at which gametocytes develop and become infectious, αh1 have significant effect on the transmis-

sion risk of Malaria in humans at macrocommunity-level and this is confirmed by the Tornado plot in

Figure 6.2. Results from Tornado plot in Figure 6.2 also confirmed that the migration rate of infected

humans from patch 1 from patch 2, ψI12 has some impact on R0. Figure 6.9-Figure 6.11 demonstrate the

variation in the rate of migration of infected human population from patch 2 to patch 1. Results show that

an increase in the rate of migration leads to an increase of infected humans in the receiving patch 1.

In conclusion, we established that once you have used a graph-theoretic method at host level it will be

difficult to extend this to community level. However, when we used different methods then it was easy to

extend to community level. This is the major aspect of characterization that we investigated in this thesis

which has not been done before. We also established that at organ level, the within-organ level constitutes

local transmission mechanism, that is, direct transmission or environmental transmission which can be

modelled using ODEs. However, at between-organ it was difficult to represent direct contact between

organs. Therefore the pathogen is moved through blood to other organs. This transport of blood (global

transmission) was modelled using graph-theoretic approach. At community level, the within-community

level constitutes local transmission through direct contact or environmental transmission. Therefore, the

ODEs are used to model this local transmission or local exchange of pathogen. However, at between-

community level it was difficult to represent the contact of communities directly. Therefore, individuals

moved between communities to achieve contact at community level. This movement of individuals is

global transmission or global exchange of pathogen. This global transmission was represented using

graph-theoretic approach. Furthermore, we also established distinctions between local transmission and

global transmission mechanisms which enabled us to implement interventions targeted towards global

transmission such as travel restrictions.

7.2 Future Research Directions

The focus of this study was to characterise multiscale models using different mathematical methods at

various levels of organisation with FMD and Malaria as paradigms. Therefore, the following aspects can

be considered for future research directions:

(1) It is important to characterise the individual-based network modelling multiscale modelling and

nested modelling approaches if they accurately predict the dynamics of infectious disease systems
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to the existing empirical data.

(2) The multiscale models we characterised used single pathogen species or single pathogen strain and

so they can be extended to incorporated multiple pathogen species or multiple pathogen strains

(3) The multiscale models characterised in Chapter 4 and Chapter 6 did not consider other factors that

impact the dynamics of disease systems like climate variations. Therefore, these factors are essential

in determining the dynamics of FMD and Malaria.

(4) The multiscale models characterised in this study can be broadened to encorporate mediations that

target microscale and macroscale disease dynamics.

(5) The multiscale models characterised in Chapter 4 and Chapter 6 took migration of cattle and humans

respectively into account. However, they did not keep track of where a particular person is birthed

and often stays as well as the patch where a person is at a particular period. Thus, this is imperative

in modelling infectious disease systems like Corona virus.
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7.3 Some graph theoretical terminology

(A.1) A directed graph or digraph G = (V,E) contains a set V = 1, 2, ..., n of vertices and a set E of

arcs (i, j) leading from the initial vertex i to vertex j.

(A.2) A subgraphH of G is said to be spanning ifH and G have the same vertex set.

(A.3) A digraph G is weighted if each arc j, i is assigned a positive weight aij . In our convention, aij > 0

if and only if there exists an arc from vertex j to vertex i in G.

(A.4) The weight w(H) of a subgraphH is the product of the weights on all its arcs.

(A.5) A directed path P in G is a subgraph with distinct vertices i1, i2, ..., im such that its set of arcs is

{(ik, ik+1 : k = 1, 2, ...,m− 1)}. If im = i1, we call P a directed cycle.

(A.6) A connected subgraph T is a tree if it contains no cycles, directed or undirected.

(A.7) A tree T is rooted at vertex i, called the root, if i is not a terminal vertex of any arcs, and each of

the remaining vertices is a terminal vertex of exactly one arc.

(A.8) Given a weighted digraph G with n vertices, define the weight matrix A = (aij)n×n whose entry

aij equals the weight of arc (j, i) if it exists, and 0 otherwise. We denote a weighted digraph as

(G, A).

(A.9) A subgraph Q is unicyclic if it is a disjoint union of rooted trees whose roots form a directed cycle.

Note that every vertex of Q is the terminal vertex of exactly one arc.
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7.4 A combinatorial identity

Let (H,W) be a weighted digraph with n ≥ 2 vertices, where W = (wij) is the weighted matrix. A

weight wij > 0 if the directed arc (j, i) from vertex j from vertex i exists, otherwise wij = 0. Let Ti be

the set of all spanning trees of (H,W) rooted at vertex i. For T ∈ Ti, the weight of T , denoted by w (T ),

is the product of weights on all arcs of T . Let

(B.1) ci =
∑
T ∈T

w(T ), i = 1, 2, ..., n.

Then ci ≥ 0, and for any family of functions {Hi(xi)}ni=1, the following identity holds

(B.2)
n∑

i,j=1

ciwijHi(xi) =

n∑
i,j=1

ciwijHj(xj)

IfW = (wij) is irreducible, then ci > 0 for i = 1, 2, ..., n.

Theorem 7.1. Assume n ≥ 2. Let ci be given in (B.1). Then the following identity holds:

n∑
i,j=1

ciaijFij(xi, xj) =
∑
Q∈Q

w(Q)
∑

(s,r)∈E(CQ))

Fr,s(xr, xs) (7.4.1)

Here Fij(xi, xj), 1 ≤ i, j ≤ n, are arbitrary functions, Q is the set of all spanning unicyclic graphs of

(G, A), w(Q) is the weight of Q and CQ denotes the directed cycle of Q

Proof Following the approach by [136], for a spanning tree T rooted at vertex i

w(T )aij = w(Q), (7.4.2)
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where Q is the unicyclic graph obtained from T by adding an arc (j, i) from vertex j to the root vertex i.

Consequently,

w(T )aijFij(xi, xj) = w(Q)Fij(xi, xj) , and (j, i) ∈ E(CQ). (7.4.3)

As we execute this operation in all possible ways to all rooted trees in G, we get all unicyclic graphs in G,

and each unicyclic graph Q is created as many times as the number of arcs in its cycle CQ. The identity

7.4.1 follows from (B.1) if we reorganize the double sum on the left-hand side as a sum over all unicyclic

graphs in G.

Proof of (B.2) Using theorem 7.1, we know that both sides of (B.2) are equal to

∑
Q∈Q

w(Q)
∑

k∈V (CQ)

Gk(xk), (7.4.4)

where V (CQ) is the vertex set of CQ.
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Theorem 7.2. Consider the following general system of ordinary differential equations with parameter

φ:

dx

dt
= f(x, φ) (7.4.5)

f : Rn × R→ R. f : C2
(
R2 × R

)
.

where 0 is an equilibrium of the system, that is, f(0, φ) = 0 for all φ, and assume that

(A1) A = Dxf(0, 0) = ((∂fi/∂xj)(0, 0)) is a linearization matrix of the multiscale model system

(5.4.3) around the equilibrium 0 with φ evaluated at 0. Zero is a simple eigenvalue of A, and other eigen-

values have negative real parts.

(A2) matrix A has a right eigenvector u and a left eigenvector v corresponding to the zero eigenvalues.

Let fk be the kth component of f and



a =
n∑

k,i,j=1

ukvivj
∂2fk
∂xi∂xj

(0, 0),

b =

n∑
k,i,j=1

ukvi
∂2fk
∂xi∂φ

(0, 0),

(7.4.6)
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The local dynamics of multiscale model system (5.4.3) around 0 are totally governed by a and b and are

summarized as follows.

(i) a > 0 and b > 0. When φ < 0 with |φ| � 1, 0 is locally asymptotically stable, and there exists

a positive unstable equilibrium: when 0 < φ � 1, 0 is unstable and there exists a negative and

locally asymptotically stable equilibrium.

(ii) a < 0 and b < 0. When φ < 0 with |φ| � 1, 0 is unstable, when 0 < φ � 1, 0 is asymptotically

stable, and there exists a positive unstable equilibrium.

(iii) a > 0 and b < 0. When φ < 0 with |φ| � 1, 0 is unstable, and there exists a locally asymptotically

stable negative equilibrium; when 0 < φ � 1, 0 is stable and a positive unstable equilibrium

appears.

(iv) a < 0 and b > 0. When φ changes from negative to positive, 0 changes its stability from stable to

unstable. Correspondingly a negative unstable equilibrium becomes positive and locally asymptot-

ically stable.
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