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Abstract

In this study, we develop a multiscale model of soil transmitted helminths in humans with a special refer-
ence to hookworm infection. Firstly, we develop a single scale model that comprises of five between host
scale populations namely; susceptible humans, infected humans, eggs in the physical environment, non-
infective worms in the physical environment and infective worms in the physical environment. Secondly,
we extend the single scale model to incorporate within-host scales namely; infective larvae within-host,
immature worms in small intestine, mature worm population and within-host egg population which re-
sulted to a multiscale model. The models are analysed both numerically and analytically. The models are
epidemiologically and mathematically well posed. Numerical simulation results show that there is a bi-
directional relationship between the between-host and within-host scales. This is in agreement with the
sensitivity analysis results, we noted that the same parameters that reduce reproductive number Ry are
the same parameters that reduce the infective worms endemic equilibrium point. From the comparative
effectiveness of hookworm interventions analysis results, we notice that any intervention combination
that include wearing shoes controls and reduces the spread of the infection. The modelling framework

developed in this study is vigorous to be applicable to other soil transmitted helminths infections.
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Chapter 1

INTRODUCTION

1.1 Background on soil-transmitted helminths

Soil-transmitted helminths are nematode worms that infect humans. They are transmitted by eggs present
in human faeces which contaminate the soil, hence they can be called environmentally transmitted in-
fections. These infections are prevalent in tropics and subtropic areas because of poor hygiene and
sanitation facilities [7]. Bethony et al. (2006) suggested that some hosts harbour more parasites, hence
this work incorporates the within-host dynamics. In the context of soil-transmitted helminths, disease
severity increases proportionally to parasite burden. According to the World Health Organisation (WHO)
approximately 1.5 billion people are infected with soil-transmitted helminths, of which one-third of the
population are children [5]. A large part of the world’s population is infected with one or more of these
species: Ascaris, Whipworm and Hookworm [4]. They are transmitted either by physical penetration
through the skin or ingesting of eggs with food. These soil helminths are often called intestinal infec-
tions due to the fact that the small intestine is the site of infection. Intestinal infections may result in

malnutrition, iron-deficiency anaemia, malabsorption, stunting of growth and cognitive development.
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The three parasitic worms namely: Ascaris, Whipworm and Hookworm are studied using similar ap-
proaches because they have common life cycles; reside in the intestines, their eggs get deposited in the
physical environment and they are environmentally transmitted. There exists no vector in the trans-
missions. Soil-transmitted helminths remain a health burden in tropical regions with warm and moist
climates. Over 267 million preschool-age children and over 568 million school-age children live in areas
where these parasites are intensively transmitted and are in need of treatment and preventive interven-
tions [6]. Soil-transmitted helminths impair the nutritional status of humans. These worms feed on host

tissues and blood, hence infected people suffer from loss of iron and protein.

1.2 The life cycle of soil-transmitted helminths of humans

This section outlines the life cycles of the three soil-transmitted helminths of humans namely: Ascaris,

Whipworm and Hookworm.

1.2.1 Ascaris

Ascaris lumbricoides is the largest nematode in the human intestine. This parasite live in the lumen
of the small intestine. An infected human passes Ascaris eggs into the physical environment therefore
contaminating the physical environment. In this study, physical environment refers to sandy soil. The
eggs in the physical environment are unfertilised and not infective. They undergo some developmental
changes to become infective. Infective eggs are swallowed by individuals through consumption of con-
taminated food that has not been carefully cooked, washed or peeled. The infective eggs hatch worms
which invade the intestinal mucosa. From the mucosa the worms get carried to the lungs. These worms
go through developmental stages which take 10 to 14 days to mature further in the lungs. Worms in the
lungs penetrate through the alveolar walls, ascend to the bronchial tube to the throat and are swallowed.
These worms develop into adult worms upon reaching the small intestine. Both female and male worms
are present in the small intestine, each female worm produces approximately 200 000 eggs per day. The
female worms are larger than the males and can be measured to 40cm in length and 60cm in diameter.
The eggs are excreted in the faeces and get deposited in the physical environment. Adult worms do not

multiply in the human host and they can live 1 to 2 years in the human body.

© University of Venda



Chapter 1

o)
& ) | University of Venda

A: Infective Stage
A\ = Diagnostic Stage

Unfertilized egg
will not undergo A
biological development

http:/Awww.dpd.cdc.govidpdx

Figure 1.1: Life cycle of Ascaris [4].

The life cycle for Ascaris is represented in Figure (1.1).

1.2.2 Trichuris trichiura

Trichuris trichiura parasite is also known as human whipworm and its cycle is quite similar to Ascaris.
This parasite is transmitted via contaminated soil, food or water contaminated by faeces from an infected
host. Individuals are only infected through ingestion of the infective eggs. The eggs hatch in the small
intestine and release larvae which develop into adult worms in the colon. The females lay between 3000

and 20 000 eggs per day. The eggs are then excreted to the physical environment, therefore contaminating

the physical environment. Trichuris can cause diarrhoea and dysentery.

The life cycle of Trichuris trichiura is represented by Figure (1.2).
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o Embryonated eggs are ingested
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Figure 1.2: Life cycle of Trichuris trichiura [4].

1.2.3 Hookworm

Hookworm is little different from the first two nematodes because the larvae penetrate through the human
skin. The first stage of eggs in the physical environment is to release immature worms. These worms
mature into infective larvae which then penetrate through the skin of humans. The worms that have
penetrated into the human body circulates through the blood system to the lungs. It then moves form
lungs to Trachea, from there it then moves to pharynx. It then gets swallowed and arrive at the small
intestine. Both the male and female worms are present in the small intestine, where they mature into
adult worms. While there are still in the small intestine, the female worms produce hookworm eggs.

These eggs are then excreted to the physical environment.

The life cycle of hookworm is representated by Figure (1.3).
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Figure 1.3: Life cycle of Hookworm [28].

For the purpose of understanding the disease dynamics of soil-transmitted helminths infection, hook-
worm was chosen in this study as an example for linking within-host and between-host hookworm infec-
tion dynamics. Hookworm infection was chosen due to the fact that it collaborates all the transmission

dynamics for all the three parasites at the within-host and between-host scale.

Hookworm infection is caused by the Helminth nematode parasite, Ancylostoma duodenale and Necator
americanus. This infection remains a huge burden since it is transmitted through contact with contami-
nated soil. The soil is one of the principal substrates of life on earth serving as a reservoir of water and
nutrients. Hookworm is infamous for causing chronic intestinal blood loss that can result in anaemia.
One of the many reasons we still study this infection is because, amongst other serious health prob-
lem, it remains one of the most common chronic infections causing anaemia, malnutrition and develop-
mental delays in children. Bleakly (2003) suggests that the infection is not only a health problem but
also one of the factors that contributed to slow economic development during the early 20th century in
southern United States of America. Recently, there have been developments in improving our under-
standing of modelling infectious diseases. Even with these developments, hookworm infection remains

an unexpected phenomenon. Our approach is to use multi-scale mathematical modelling to explain the
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hookworm infection dynamics. Throughout the years, modelling infections has been considered based
on disciplinary separation of immunology, epidemiology and environmental health which has hindered

progress in treatment and prevention of infectious diseases [10].

In this study, we develop a multiscale model following hookworm transmission dynamics. This multi-
scale model will be used to evaluate health interventions for public health purposes. The model captures
the disease dynamics at different scales at host level. Many mathematical models for hookworm trans-
mission dynamics have been developed over the years but yet the mechanism of hookworm transmission
has been explored in a single scale manner [8], [11],[12], [15],[24],[25]. The Viewing of every com-
plex system (disease) in a single scale manner hinders the model from exhibiting multiple interactions
in various transmission pathways. Multiscale modelling offers new insights in the different interactions
between host, pathogen and physical environment for hookworm infection. There has been no attempt to
link the within-host scale and between-host scale for the hookworm infection. Hotez et al. (2004) looked
at the life cycle of the parasites, Necator Americans and Ancylostoma duodenale and did not focus on
how the hosts interact and how they influence each other. This approach explored the life cycle in a single
scale manner. Sabatelli et al. (2008) went further to model the heterogeneity and impact of chemotherapy
and vaccination against human hookworm. The study describes a stochastic individual-based model and
uses the model to assess the impact of vaccination and chemotherapy against the infection. Furthermore,
Sabatelli et al.(2008) demonstrated that if the risk of infection and vaccine protection are correlated there
exists a direct correspondence between the reduction in worm burden and morbidity. The model tracks
the establishment and removal of parasites in the host within a community. The limitation in such an
approach is that vaccination and chemotherapy treatment are viewed as separate compartments, that is,
single scale viewing. With the knowledge gathered from [13] on categorising framework for multiscale

models of infectious disease systems it then narrows down the knowledge gap on linking models.

Chan et al. (1997) investigated the transmission patterns that suggested that the differences in levels of
hookworm infection in adults and children are due to exposure differences. They further used the three
models to investigate the transmission patterns of hookworm infection. The three models presented
had an environmentally transmitted pathogen on the age-dependent model. The first model focuses on
transmission on one site where-in the model assumes that adults and children are infected from the same

transmission site. This is basically similar to what we assume in our model. The first model assumes
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the adults and children are randomly mixed and are equally infected with worms. The second model
separates the transmission rates, assuming different sites for adults and children. Unlike the first model,
there is no mixing between adults and children. The third model has transmission occurring on two sites
with one group being able to use both sites. The three models were developed following the work done
by Anderson(1991), which describes the mean worm burden on the first model given by the following
differential equation:

aw

= plRof(w) — pW (1.2.1)

where 4 is the mortality rate of worms, R, being the reproductive number and f(w) is a density-
dependent fecundity function. Model 2 and model 3 extends Equation (1.2.1) by taking into account
the different mean worm burden (W, W,4) and basic reproductive number (R, Rp4) for worms in
each group with the subscripts C for children and A for adults. The stochastic model was designed to
study the effect of chemotherapy and vaccination. I then discovered that there is a mismatch on the ap-
plication of intervention on the model which then gives rise to questions like where does the intervention
operate?. The model is modelled in a single scale manner because it does not take into consideration
the fact that before each group deposits eggs into the environment there exist dynamics within an in-
fected human which play a big role in the environment transmission of the infection. The pathogen load
in the environment is determined by the within-host dynamics, which is fed by information from the

between-host dynamics.

A more recent study modelled the spread of the hookworm disease with the view to design optimal
chemotherapy programs and to test the effectiveness of other prevention strategies [15]. The work done
by Pawelek et al. (2016) motivated this work to model the infection at different scales because, infectious
diseases are complex system and there is a lot of interactions occurring. Pawelek et al. (2016) developed
an SEIR model with seven variables: susceptible individuals (S), exposed individuals (E), infected hu-
mans (I), humans being administered chemotherapy (R), Larva eggs (F), second stage not infective called
the Rhabditiform larvae (L), and third stage infective Filariform larvae (A) which penetrates through the
skin of susceptible humans. In our study, we model the newly infected humans by a term that shows
the disease is bounded unlike having it to persist infinitely by the term SAS in model system (1.2.2).
The model in Sabatelli et al. (2008) suggest that chemotherapy is administered at the between-host scale

whereas the treatment operate at the within-host level. The model developed in this study has one group
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of susceptible humans and there exist no reinfection of humans. The model presented below from [12]

explains the epidemiological dynamics without within-host dynamics.

A5 _ N gas 4 ol — 68,
dt
MO sas (o +0)1n
(1.2.2)
aF(D) _
7 = kI ¢F AF,
dA

The models developed in this study considers the second stage of the worms which still undergoes de-

velopmental stages in the environment to become infective.

In our study, the within-host model was then added to the epidemiological model to produce a multiscale
model which will be used to evaluate health interventions for public health purposes. Our model captures

the disease dynamics at different scales in each host level for hookworm.

1.3 Multiscale modelling of infectious diseases

There existed a wide knowledge gap in modelling infectious diseases until recently when Garira(2017)
presented a complete categorization of multiscale models of infectious disease systems [13]. Multiscale
modelling of infectious disease system is any representation of an infectious disease system at more than
one scale. This concept is used in modelling infectious diseases due to the fact that infectious diseases
are complex systems. The transmission properties of each type of entity (host, disease, transmission
agent) and the interactions among the entities may also be affected by various factors, ranging from a
microscopic scale to a macroscopic scale, including, but not limited to biological, human behavioral,
demographic, socio-economic, environmental and ecological factors [17]. Complex system model in-

corporates many interacting components which are associated with four main levels whereby infectious

© University of Venda
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diseases systems are sub-partitioned into levels and scales. There are four main levels of organisation of
infectious disease system which are: (a) the host level, (b) pathogen level, (c) health interventions level,

(d) the environmental level [13]. We define each level as follows:

(a) The host level: refers to either animals, humans, plants or vectors or a combination of two or three

species.

(b) The pathogen level: This can be any of the six different types; virus, prion, helminth, protozoa,

bacteria and fungus.

(c) The health intervention level: includes medical health and public health intervention levels. Med-
ical interventions are applied at the within host level and public health interventions are those

applied outside the host.

(d) The environmental level: includes the geographical and the physical environment level.

Each one of these levels is resolved into a number of scales. As the scales of each level increase they
converge towards the microscale and macroscale. After having the infectious disease system being ap-
propriately partitioned into levels and scales based on the transmission dynamics then the submodels
need to be linked using the appropriate integrating framework. There exists five categories of multiscale
models of infectious disease system that integrate the within-host scale and between-host scale of an
infectious system [13]. The different categories of multiscale models are individual-based multiscale
models; nested multiscale models; embedded multiscale models; hybrid multiscale models and coupled
multiscale. In this study, we follow the embedded framework to develop the multiscale model that repre-
sents hookworm transmission dynamics due to the fact that the within-host scale for hookworm infection
cannot be represented independently and there exist an exchange of information between the two scales

directly.

* Embedded multiscale models-Embedded model are defined as models where both the lower/micro
scale submodel and the upper/macro scale influence each other in a reciprocal way. The lower/mi-

cro scale submodel is embedded within the upper/macro scale [16].
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1.4

Preventative and Treatment Measures

The reduction in the number of fatal cases associated with hookworm infection imply or prove the effec-

tiveness of both the preventative and treatment measures. In order to determine the effectiveness of both

the treatment and preventative measures we perform comparative effectiveness of these measures. To

be more specific, for hookworm infection, we have the following preventative and treatment measures:

include surveillance, sanitation and hygiene, social mobilisation, chemotherapy and vaccines.

(a)

(b)

(c)

1.5

Sanitation- entails the provision of clean water and adequate sewage disposal. Hookworm in-
fection is an environmentally transmitted infection preventative measures should target reducing
contamination of the soil which can be achieved by construction of safe sewage systems and proper

sanitation facilities.

Intervention for within the human host (chemotherapy and vaccines): Chemotherapy involves pro-
vision of different drugs for treatment of infected humans. Drug treatment imply temporal/per-
manent reduction of reproductive capacity of female worms and adult worms in the host. Vaccine
is a biological preparation of the human system for disease prevention, it provides immunity to a
particular disease. A vaccine contains an agent that resembles a disease causing micro-organism
and 1s often made from weakened or killed forms of the microbe, its toxin or one of its surface

protein. A vaccine is given to susceptible individuals to prevent humans from being infected.

Health education: This involves educating community members about hookworm infection and
ensuring that they adopt and maintain behavioral practices that aim to reduce cases of hookworm.

These may include wearing shoes,washing hands and foods before cooking.

Problem statement of the study

This study, seeks to bring in a different inputs in the modelling of soil-transmitted helminths infections.

Hookworm infection is a huge health problem, it is estimated between 576 and 740 million individuals

are infected with hookworm (see [1], [3]). The main questions are:
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e To what extent does the within-host dynamics influence the disease dynamics at the population

level?

e What effect does the population dynamics of disease transmission have on pathogen dynamics at

the individual level?

o Which health intervention combinations eliminates the burden of hookworm infection.

1.6 Aim and Objectives of the Study

The main aim of this study is to develop a multi-scale model that represents the transmission dynamics of
hookworm infection, in both within-host and between-host scales with a view of establishing new math-
ematical frameworks that can be used to illustrate the comparative effectiveness of hookworm infection

treatment and preventative. Specific objectives of the study are as follows:

e To develop a between-host model for hookworm infection. The between-host model is sometimes

called epidemiological model.

e To link the within host dynamics with the epidemiological model and have a multiscale model for

hookworm infection.

e To evaluate health interventions of this linked multiscale model for hookworm infection, in order
to assess which intervention combination would best help in the elimination and eradication of the

infection.

It is to advance research and development in health interventions and suggest qualitative tools to un-
derstand effective ways to control, eliminate and even eradicate STHs infections. This type of work
informs different stakeholders in informing policymakers which important aspects to pay attention to
when implementing certain policy/law. The study will also help with assessing the effectiveness of ap-

plied interventions in reducing infection and transmission of hookworm.

The study is laid out as follows;
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e Chapter 2 presents the single-scale model (epidemiological model). The model represents the

transmission dynamics of hookworm infection at the between-host scale.

e Chapter 3 presents the extension of the model in chapter 2 by linking the within-host scale,
between-host scale and the physical environment dynamics. The linked model is referred to as

the multiscale model. Thereafter present the numerical solutions of the multiscale model.

e Chapter 4 presents the extension of the multiscale model in chapter 3 by incorporating the preven-

tative and treatment measures of hookworm infection.

e Chapter 5 provides the discussion and conclusion.
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Chapter 2

SINGLE-SCALE FRAMEWORK OF
HOOKWORM INFECTION

2.1 Mathematical model

In this chapter, we develop and analyse an epidemiological model for hookworm infection. The model
describes the population dynamics of the hookworm infection transmission. The model traces trans-
mission dynamics of the aggregated populations of hookworm causing pathogens between humans and
in the physical environment. The hookworm model presented herein is based on the dynamics of five
populations at any given time ¢, which are: susceptible humans Sy (t), infected humans Iy (t), eggs
in the physical environment £y (t), non-infective worms in the physical environment Ly (t) and infec-
tive worms in the physical environment L, (). The schematic representation of hookworm infection
transmission is presented in Figure (2.1) and Table (2.1) summarises the model variables with initial

conditions. The model system (1.2.2) is developed with the following assumptions:

i. There is no vertical transmission of the disease.
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Figure 2.1: A schematic representation of the epidemiological model of Hookworm infection.

ii. The transmission of the disease is only through contact with an average dose of hookworm infec-

tion pathogen load (L) in the physical environment.
iii. There is no immigration of infectious humans.
iv. The recruitment of humans is through birth and is constant.

v. The model is based on an average person assumed to be healthy, the individual has not been
previously exposed to the disease and therefore assumed to have acquired no immunity to the

infection.

vi. The eggs do not hatch inside an infected human.
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Variables | Description Initial | Source
Sy (t) The susceptible population size 10 000 | Assumed
Iy (t) The infected human population size 0 Assumed
Ep(t) The eggs in the physical environment 0 Assumed
Ly(t) The non-infective worms in the physical environment | 0 Assumed
Ly (t) The infective worm in sand environment 1000 | Assumed

Table 2.1: Description of the state variables of the model.

Based on the flow diagram shown in Figure (2.1) and assumptions made for the model, the following

system of equations are formulated.

2.2 Human population

The total human population Ny (¢) comprises of susceptible Sy (t) and infected I/ (t) class, which is
given by;
Nu(t) = Sp(t) + In(t). (2.2.1)

2.2.1 Susceptible human population

The susceptible population over time t has new recruits entering the susceptible populations through
birth at a constant rate Ay. The susceptible population decrease due to natural death rate py. The
infection rate is represented by Ay (t), with Sy being the contact rate of human with the environmental
pathogen load and L, being the half saturation constant of the hookworm-causing pathogen population.

The susceptible population over time t is given by:

ds
dTH = Ay — AuSy — pupSy (2.2.2)
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where,
BuLm

= — 223
Lot Lo (2.2.3)

2.2.2 Infected human population

The newly infected individuals move from being susceptible to the infected class. The movement is
defined by Ay Sy (t) with Ag.Sy(t) having the same meaning as above. The infected population decrease
due to constant natural death rate ;. and disease-induced death rate 6. The infected population is

described by the following equation;

dI
d—f = AuSu — (un +01) 1. (2.2.4)

2.3 Physical environment parasite dynamics

As stated previously, the physical environment refers to the sandy soil wherein we have the population

of eggs and worms for hookworm infection.

2.3.1 Eggs populations

The hookworm egg population is described by the average number of eggs excreted by an infected
individual into the physical environment, contaminating the environment at an excretion rate, yy. An
average number of eggs, Ny, are released into the physical environment every day. The eggs decay

naturally at a constant rate ;.. The egg population is modelled by the following equation:

dE
d—f = Nygvuly — poEr. (2.3.5)

2.3.2 Worm population

In the worm population, there is non-infective and infective worms. The non-infective worms are pro-

duced when the eggs hatch in the physical environment at a constant rate ;. An Average number of
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non-infective worms N, are hatched. The non-infective worm population decrease due to the natural
death at a rate up. The non-infective worms become infective at a rate . The non-infective worm
population is given by the following equation:

dL
— — NyayEp, — (up + an)Ly. (2.3.6)

dt
The infective worms are generated through developmental stages of the non-infective worms at the rate
ay and we assume that the infective worms die naturally at a constant rate y5,. The infective worms is

given by the following equation:
dL
T;” = ayLy — unLar. (2.3.7)

From the above equations and the diagram in Figure (2.1 ) we formulated the following system of equa-

tion:
dSy B Ly
=2 — Ay - Sy —
dt H L0+LMSH MHSHa
Al . BuLu

- S — o)l
It L0+LMH (e + 0m)1m,

dF

ditL = Nuvulp — prEr, (2.38)
dL

TtH = NpapEL — (p +an)Ly,

dLys

—_— = Ly — L.

dt gl — War oy

2.4 Basic properties

In this section, we study the mathematical properties of the system (2.3.8). We start by showing that all
the solutions of the model (2.3.8) will remain positive. After showing that the solutions are non-negative

given non-negative initial conditions, we will also show that the model is mathematically well-posed.
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2.4.1 Positivity of Solutions

The positivity of the solution of the model (2.3.8) is shown by using the non-negative initial conditions
(Su(0), I5(0), EL(0), Ly(0), Ly (0)) such that the solutions Sy, Iy, Er, Ly, Ly of the model remain

positive for all ¢ > 0, and not violate the basic aspect of the biological reality.

Theorem 2.1. Given the initial conditions of the model (2.3.8) (Sy(0) > 0, Ix(0) > 0, EL(0) >
0, Ly (0) >0, Ly (0) > 0), the resulting solution Sy, 1y, Er, Ly, Ly are all positive for all t > 0

Proof: Consider the first equation of the model system (2.3.8)

S

There exist a differential inequality describing the susceptible human population over time given by

ds
EH > — O+ )i, (2.4.10)

The above expression can be solved by separation of variables as follows

d
DH S g+ )t (2.4.11)
SH
After integration, we thus have
t
In Sy (t) > — / it (s)dt — . 2.4.12)
0

The solution for susceptible human population is then given by

Si(t) > Sy (0)e~wtt g M)t > ¢ (2.4.13)
Hence,
lim Sy (t) > 0. (2.4.14)
t—o0
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Now consider the second equation of the system (2.3.8)

dly _ Puly
dt Lo+ Ly

Sy — (g +0m)1n.
We thus have,
So that

T (t) > Iy (0)eHatomt >

This implies that

(2.4.15)

(2.4.16)

(2.4.17)

(2.4.18)

Similarly, it can be shown that £/, > 0, Ly > 0, Ly, > 0 forall £ > 0. Thus, in conclusion the solutions

of the model will remain positive for all £ > 0 when we start with non-negative initial value conditions

in the model system (2.3.8).

2.4.2 Feasible Region

Having Ny () denote the total number of human population add the first and the second term of the

model system (2.3.8). We obtain the following

dSg dlyg
— 4+ — = Ay — S Iy) —ogly.
e w— pu(Sy +1Iy) — 0uly
Such that
dN
TH =Ag — pgNyg — 0ply.
t
Which then follows that
dNg
— < Ay —u,N
a = H — MpiVH

After solving we get that

A
N(t) < ZH 4 cemmHt, tli)m Ny(t) < —.

Y,

© University of Venda
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A
This implies that the human population is bounded by I which means that each human state variable
HH

A
is less or equal to il
KH

Using Equation (2.4.22) similar expressions can be derived for the remaining model variables as follows

NuvaA
lim By (t) < —H2H
t—o0 HHIL
N N A
lim Ly(t) < ——tb HOHOH (2.4.23)
t—o0 (am +p1p) P
N N A
lim Ly(t) < gL HVH "
t—o0 par (o + pp)  prepin
We let the invariant region of the model be denoted by w;,
wi = ((Sw,Iu, Er, Ly, Lag) : 0 < Sy + Iy < My, 0 < Ep < M, (2.4.24)
0<Lyg<Ms, 0< Ly < M,)
where,
A
M o= —E
12054
N
M, — aYHAH
HHUL
(2.4.25)
Ve — Npar  NpveAg
. =
(m +pp)  pupL
VL — agNprap  NpygAy
4 = :
par(am + pp)  puir

This implies that w; is a positive invariant and attracting region, since all solution that will start in w;
will remain in w; for all ¢ > 0. Hence, the model system is mathematically and epidemiologically well

posed.
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2.5 Determination of Disease free Equilibrium and its stability

The equilibrium at disease free is obtained by setting the right-hand side of the model system (2.3.8) to
zero. There exist two equilibrium states which are the disease-free equilibrium(DFE) and the endemic
equilibrium point(EEP). At DFE there exist no infection, which means there is no larvae and eggs. Thus

the model (2.3.8) has the DFE given by

E = (S?{, ]2[7 Egv L(I){’ L?\/[)a

(2.5.26)

= (2;1 0,0,0,0). (2.5.27)

2.5.1 Reproductive number of the model system

The reproductive number Ry is the average number of secondary infections by a single infected host that
is exposed to a totally susceptible population. We use R to analyse the disease outbreak whereby Ry < 1
tells us that the outbreak will disappear with time and 12y > 1 suggests that the outbreak will persist at
endemic levels. This has been an important threshold parameter that has been used to measure a disease
transmission cycle in many epidemic models. However, for infectious diseases like soil-transmitted
helminths the basic reproductive number is defined as the average number of eggs produced by a single
adult female parasite that has reached maturity , because they do not replicate within the hosts. We
determine the basic reproductive number for the system by using the next generation operator approach

[26]. The model can be written in the form

X

P S

dt f( Y Y )7

y

Yo xv.2) (2.5.28)
dt

0z

o xvz

dt ( Y Y )7

where,
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i. X = (Sp) represents all compartments of individuals that are not infected,

ii. Y = (Iy, Er, Ly) represents all compartments of infected individuals that are not capable of

infecting others,

iii. Z = (Ly) represents all compartments of infected individuals who are capable of infecting.

g(X*a Z) = (gl(X*a Z)>§2<X*> Z)7§3(X*7 Z>)7 (2529)

where,

BulNg Ly

(X, Z ,
ol ) o Lo(pm + 0n)

Nuvm BaNa Ly

G2( X", Z :
92( ) pr paLo(pm + 6m)

(2.5.30)

o — _ Npaj, Nuvn BuluLy
gs (X s Z) = .
paLo(am +ap) pr  (pw +6m)

and

A = Dzh(X*,§(X*,0),0). (2.5.31)

Using the above equation (2.5.31) on the model system (2.3.8) we then have the following expression

N N A
A — agiVLoy, aYHBH AR — . (2.5.32)
paprLo(pr + am) (pr + 0n)
From these expression we then deduce that
N, N, A
I, agNrar HYHBH AN (2.5.33)

B prprLo(pp +ag) (ug +0m)
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and

Since Ry = M D!, it then follows

NpapNgoagyuBalAn

Ry = )
° " pnpapLo(pe + am)(pw + 0m)

(2.5.34)

2.5.2 Local stability of DFE

In this section, we determine the local stability of DFE for the model system (2.3.8) by linearizing the
model system (2.3.8). The Jacobian matrix obtained is evaluated at disease-free equilibrium FEj. The

disease free equilibrium is given by:

A
E, = (=£,0,0,0,0). (2.5.35)
201

The Jacobian matrix of the model system (2.3.8) evaluated at the DFE is given by

A
. 0 0 0 _ Bulm
Lopn
A
0  —a 0 o Pubn
Lojiy
JE)=| 0 Nevu —pr 0 0 . (2.5.36)
0 0 NLOéL —aq 0
0 0 (0524 — UM 0
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We test for stability of DFE by calculating the eigenvalues A of the above Jacobian matrix. The eigen-

values are calculated by finding the determinant of the Jacobian matrix.

A
—a—A 0 0 Prhs
o Lo
det(J(By) = ) = (—py — )| Vo T A0 0
0 NLOCL —Qa1 — A 0
0 0 (0522 — UM — A
) A
R W 0 Prubn
Lo
Bulu | Nyvu —py— A 0 0 -0
'uHLO 0 NLOéL —a1 — A 0
0 0 o — UM — A
—p = A 0 0 Bk Nove —m— A 0
(=pa=A)(—ao—A)| Npar,  —a; — A 0 —(—pr—X) /LI;LJZ 0 Nparp,  —ap — A =0,
0 ag — UM — A 0 0 g
—a; — A 0 Ay N Npap —ay — A
(=N (a0 (=) | (=) PR LA TR
o —par — A or Lo 0 ap
which reduces to
Ay N Npapa
(—NH—/\)(—ao—)\)(—uL—)\)(—al—/\)(—MM—/\)—(—MH—)\)BH 1 ;’Zgo LTI — 0. (2.5.37)
After solving the above equation we get the simplified form
(—perr — M)A+ D1 A3 + A% 4+ 3\ + ¢u] = 0, (2.5.38)
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where,

01 = ag+ay+ pp + pr,
2 = aopr + arpinr + (ao + pr)(ar + piar),

(2.5.39)
¢3 = aopr(ar + par) + arpin(ao + pir),
¢s = aoarprpm(l — Ryo).
It can be clearly seen that the characteristic equation has one of the eigenvalues being A\ = —u . Now
to determine the remaining eigenvalues of the polynomial of degree 4 is as follows
P(A) = X+ $1X° + 9207 + d3A + 6. (2.5.40)

We use the Routh-Hurwitz criteria. We define the matrices whose elements are the coefficients (¢;) of

the characteristic polynomial P(\) in equation (2.5.40) as follows

¢ 1
= (o) b5 b
1 0 0
R Z 62 &1 1
Hy=| ¢ ¢ & |, Hi=| > = 7 . (2.5.42)
0 @1 ¢3 ¢
0 ¢4 ¢3
0 0 0 ¢4
Evaluating the determinant of matrices, we obtain
d@t(Hl> = ¢1,
det(Hs) = ¢1¢9 — ¢, (2.5.43)
det(Hs) = (P32 — dach1) + ¢3,
det(Hy) = 1020304 + 34
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It can be observed that all the coefficients ¢1, @2, @3, ¢4 of the polynomial are greater than zero whenever
Ry < 1. The determinant of the matrices Hy, Hy, H3, H, are positive whenever ¢1¢s > ¢35 d302 > ds01
will be positive if and only if Ry < 1. Hence all the roots of P(\) are negative or have negative real

numbers. This is summarised in the following theorem.

Theorem 2.2. The disease free equilibrium point Eq of the model system 2.3.8 is locally asymptotically

stable whenever Ry < 1 and unstable otherwise.

2.5.3 Global stability of DFE

A

Theorem 2.3. The fixed point £y = (—H, 0, 0, 0, 0), is a globally asymptotically stable (g.a.s) equi-
HH

librium of system 2.3.8 if Ry > 1.

A
PROQOF : Consider the Volterra-type Lyapnuv function[23], linear equations and Sy = =
KH
The Lyapnuv function is given by:
L() == CL1<SH - SO In SH) + CLQIH + agEL + CL4LH + CL5LM, (2544)
that satisfies
dLy dSy So dly dEy, dLy Ly
-—v _ 2o = -a et -~ —M
dt gy U= g, Faeyy Fasmgm Fam g as T
So
= a(l = o )An = AwSu — pSul + aa[AwSu — (pa + ) n] + as[Neyu I — o]
H

+ ay[NpapFEp — (ag + pp)Ly| + aslag Ly — par L],

MH

S,y (Sgr — S0)* + a1 g So + AuSu(as — ay) + IylasNgye — ao(py + 0)]

+ EL(CMNLQL - a3/~bL) + Ly [OéH% - a4(04H + MP)] — aspinr Ly

© University of Venda
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Constants are defined by:

ap = 1,
Ay = 1,
~ (um +m)
S o
HH (2.5.46)
0. = (Ho +0m) pr
4 — )
Ngvya  Nrog
- = (1m + 0m)pr (o + pp)
5 = .
NgvaNrar g
Therefore, the derivative becomes
dLg i 5 (poer + 0 )pur (o + pp)
— = ——(Sg — S AgSy — L
I SH( H 0)* + AurSo NuvnNLoL an Lo,

Ly A

pr(Lo+ Lm)  NuyaNpog ap

o + Om) (o + fip) o pins

MH 2 (
( O) NH’YHNLO‘LO‘H

Lot (Ro — 1).

dL
It is clear that d—to < 0 whenever Ry < 1 for all Sy, Ly; > 0. From Theorem (2.3) it can be concluded

that the DFE is globally asymptotically stable wherever Ry < 1.

2.6 Endemic Equilibrium state and its stability

The endemic equilibrium state is a state where the disease cannot be totally eradicated meaning it remains

in the population. The endemic equilibrium point of the model system (2.3.8) is given by

B = (Si. Ty, Bi, iy Liy) (2.6.48)
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which satisfies

BuLy,

0 = Ay — —2-055 — S 2.6.49
H Lo+ L%, H — MHOH, ( )
BuLy,

0 = —=2-85%, — o) I3 2.6.50

0= NHVHI}} —,uLE}i, (2.6.51)

0 = NLozLEz — (/Lp —|—ocH)L’jq, (2.6.52)

0= aHL*H — uML% (2.6.53)

for all Sy, I}, E7, Ly, Ly, > 0. We therefore obtain the following endemic values and prove the
existence of the points in the sections below.
2.6.1 Endemic equilibrium

The endemic equilibrium expressions of the model system (2.3.8) are given as follows. The endemic

value of susceptible humans is defined by

Ag
S — . (2.6.54)
T + Xy
The endemic value of infected humans is defined as
A Ay
I = H . (2.6.55)
T (o + 0m) (o + M)
The endemic value of the eggs in the environment is given by
Nyyu Ny A
B = HIHZHZH (2.6.56)
pr(pr + 0 ) (pa + Ajy)
The endemic value for non-infective worms in the environment is given by
N Nyyu Ay A
Ly = Lot HVHAR*H (2.6.57)

(p +ag) pr(pr + 6m) (m + Ni)
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The endemic value for infective worms in the environment is given by

Nrapog NuvaNgAu

LY = .
M (e + am) pr (e + 6m) (pr + Np)

(2.6.58)

2.6.1.1 Existence of Endemic Equilibrium state

In this section, we prove the existence of the endemic equilibrium point or constant solutions for the

model system (2.3.8) making use of the reproductive number 2.

Theorem 2.4. The model system (2.3.8) has positive unique endemic equilibrium point given by
B* = (Sj, Iy, By, Ly, L) (2.6.59)

with Sy, Iy, B}, Ly, L), all non-negative, whose existence and properties are determined by the

threshold parameter Ry where

NroarNgogYaBulu

Ry = )
° 7 paepmpr Lo(pp + am) (pur + 0

(2.6.60)

Proof. Let E* = (S}, I}, E;, Ly, L}, be aconstant solution of the model system (2.3.8). We express

the endemic values in terms of one variable, L}, which then yields the following

sz, Ay (Lo + Lyy)
Bu Ly + pw (Lo + Liy)’
o BuluLyy
(tm +0m)[BuLiys + pa(Lo + L))
(2.6.61)
B BuAuNugyuLy,
pr(pr +0m) (e + om) [Bu Ly + pr (Lo + L))
It BauAuNyyuNpor Ly,
. .
pr (o + 0m) (ke + am)[Ba Ly + pu (Lo + Liy)]
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Substitute the above expressions into the last equation of the model given by
dL3,
=apLly — ppmLy.
dt aplg — fpmioym
Which is true that
Ly [ALy, + B] = 0.
Ly, =0or AL}, + B = 0 of which we can conclude that
B
Ly, = ——.
M A
Where,
A = Bupnpr(pn + 6m)(pp + an) + parp i (i + 0m) (1p + o),
B = pppmpr(pe +on)(pn +0m) — BulbaNagyaNraros.
. . B . . .
Since Lj, = 1 it can then be written in terms of 2 as follows
-1
Ly, = Fo=D
Bu + pu

(2.6.62)

(2.6.63)

(2.6.64)

(2.6.65)

(2.6.66)

We can deduce that equation (2.6.66) is positive for Ry, > 1 and equation (2.6.63) gives L}, = 0, which

corresponds with the disease free equilibrium. We can conclude from the Theorem (2.4) that there exist

a unique endemic equilibrium point for the model system (2.3.8).

2.6.2 Global stability of Endemic Equilibrium state

O

In this subsection we establish the stability the endemic equilibrium solutions for the model system

(2.3.8).
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Theorem 2.5. If the basic reproductive number Ry > 1 then the positive equilibrium points given by

B = (Si. Ty, By iy Liy) (2.6.67)

is globally asymptotically stable.
Proof. Consider the Volterra-type Lyapnuv function[23] of the form

Ly = L(Su,Iu,Er, Ly, Ly),

= a1(Sy — S Sy) +as(ly — I Inly) + as(Ep — B In Ey) (2.6.68)

+CL4(LH — LE In LH) + CL5(LM — L?W In LM)

Then the Lie derivative of L, in the direction of the vector field give the right hand side of the multiscale

model system (??EQN:1)) is

dL, %\ dSy I dln E;\dE;
nd BT A e Y Qe (1 it AR e 7 et 2
& = all-gh) 5 +all-) g +ell-5)7
LindLy Ly dLas
a7 )T a0 T
S Iy
= al(l — SH) [AH — AHSH — [LHSH} + (12(1 — E)[)\HSH — (,UH + 5H)[H] (2669)
ET Ly
—|—a3<1 - F)[NHWHIH —purEr] + as(1 - i JINLaLEp — (ag + 0p) L]
L H
M
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Since E™* is an equilibrium point, the following relations hold:

Ag = Sy + uuSw,
A5, S%
(pe +0m) = %,
H
_ Nupyuly
ML = T}i7 (2.6.70)
Nrop B3
(am +pp) = %7
H
Ly
oy - L*H .
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Therefore; substitute the endemic equilibrium points on the derivative lyapnov equation:
— = ar(1- E)[AHSH + St — AuSy — Sl
I T Iy E7 by
s A WS —)\*S*] (1— L)[N Iy — N I*}
+CL2( IH) AHOH HOH T +as B, HYHlH HYVH Lor
+CL4<1 — E) -NLOZLEL — NLOéLEzLH:| + CL5<1 - *M) l:,U,MLj\/[LH — ,uMLM}
LH L L}} LM L?M ’
— —alE(SH — SH)2 + )\HSH<CL1 — a1 Sg — CLQE + (ZQ)
Sk Iy
+>\HSH(CLQE — G/QE —ay + CLQ)
Ly Erp L Iy
—|—E*[aNoz—aNoz—aNoz —asN, }
LN, 4LLL*H 4LLE]§LH 3H7HEL
I; E E I3
+1y [%NH’YH — azNyyp -2 f +asNpap == + a3NH’YHH]
L Ly Ly, Ly }
L — — .
+ Ly [%MM i s fin i s [y Tt Iy + aspip
We choose the constants a4, as, a3 and as as
ap = 1,
gy = 1,
ay LH EL leq
= N — N — N
as NH'VH]IEH( LOL LOL i Lag E: LH)’
as = 1.
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We then substitute the constants above to obtain the following results

d;; - —‘;Z(SH — S+ XSy (2 - gg - Z;) + AHSH(?; - g)
+(,UH§g _MMég —uMﬁg ZII +NM)’
_ _‘gl(sH — Si)? + A Si (2 - :zz - Z) (2.6.72)
< S S S (2 = G = ) S (G — ) (1= 12)

Using the arithmetic mean inequality and the condition Sy, < Sy;I;; > Iy; Ef > Ep; Ly > Ly and

St In
2 < [2H 2.6.73
S\Sy Ty ( )

It is clear that from the stated conditions for Sy, Iy, Lj; we have

Ly > L}, we get

Si_ i
Sy Iy —
(2.6.74)
L <0
Ly

dL
Then we can conclude that ditl < 0. Thus L; is indeed the Lyapnuv function of the model system

(2.3.8). Since
L1 <0< (83,1}, E;, LYy, Ly,) = E7,

then it can be concluded that the endemic equilibrium is globally asymptotically stable. 0
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2.7 Numerical solutions

In this section, we plot the solutions of the epidemiological model for hookworm infection but we first
look at how sensitive are the between host parameters and how they influence the reproductive number

and endemic point.

2.7.1 Sensitivity analysis

In this section, we conduct the sensitivity analysis for the model system (2.3.8). Sensitivity analysis is
an estimate of which parameters are most influential in affecting the behavior of the simulation, this is
crucial when looking for which parameters to target when implementing intervention measures. The
analysis measure which parameters are most sensitive. These information will help in estimating which
parameters to focus on when controlling the infection. We use the nomarlised forward sensitivity index

of both Ry and L), to each of the model parameters defined by

oJ;, I

NI = — i=12 2.7.75
Ji a[ X Ji’ ? )y <y ( )
where
Ji = Ry,
! 0 (2.7.76)
J2 - L?\/l

The sensitive index is derived for all the parameters and is represented in Table (2.3) and all the pa-
rameters are sensitive to Ry and L},. In Table (2.3), it can be noticed that some indices have either a
positive or negative sign. The index value indicates when the parameters are increased what happens to
the element J; and J,. For instance, increasing saturation rate L reduces R, and L}, and also increasing

B increases both R, and L},.

The reproductive number and the endemic point are most sensitive to changes in natural death rate of
humans, yz. For instance, when /N, ;ﬁg = —1.42 means increasing pz by 10% decreases the reproductive
number by 14.2 %. The killing of people to reduce the transmission dynamics goes against research

ethics.
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From the Table (2.3) we notice that the increase in [y increases the reproductive number meaning it
is one of the parameters to target when introducing any intervention measures to reduce the hookworm
infection transmission. The use of vaccine can reduce secondary infections and the persistence of the

infection is significantly important.

From Table (2.3), we observe that d is the least sensitive with respect to Ry meaning increasing this
parameter has minimal effect to reduce Ry. The parameters that are capable of reducing the secondary
infections are saturation constant L, death ratey;, and natural death rate of matured worms j.,. When
we introduce intervention measures these are parameters we have to target in reducing R,. The same

parameters are capable of reducing the persistence of the infections, L.

Furthermore we can deduce that:

(1) The use of drugs as treatment to reduce the induced death rate has the least effect to reduce the

secondary infection maybe because there exist no human-human transmission directly.

(i1) The increase of death rate of infective worms p, can reduce L),, that means there killing of

infective worms can reduce persistence of the infection.
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Parameter | Description Initial value | Units Source
value
Bu Exposure rate of humans 0.028 day ™! [29]
Ay Human birth rate 0.5 humans | Estimated
day ™"

Ly Saturation constant 2 x 10° — Estimated

5% Human natural death rate 0.0000384 | day~! [30]

O Death induced rate 0.0013699 | day—" | [10]

VH Eggs excretion rate 0.25 day~" | Estimated

Ny, Number of hatched non-infective worms 1000 day~' | Estimated

ar, Hatching rate of eggs in the physical environment | 0.009 day™' | Estimated

153 Natural decay of eggs 0.0025 day™ | [31]

Ny Number of eggs excreted 1000 day ! [31]

o Rate at which immature 0.005 day™" | Estimated
worms become infective worms

p Natural decay of immature 0.0.000685 | day~" | Estimated
worms in environment

s Natural decay of infective larvae 0.05 day~' | Estimated

Table 2.2: Within-host parameter values used in simulation

© University of Venda




L
>

) (o

,
L

University of Venda
Creating Future Leaders

Chapter 2 38
Number | Parameter | Sensitivity index(R) | Sensitivity index(L},)
1 Ay 1 1.01
2 Vi 1 1.01
3 Ly -1 -1.01
4 op 0.99 1
5 o -0.58 0.59
6 By 1 0.05
7 15z -1.42 -1.47
8 Ny, 1 1.01
9 ar, 1 1.01
10 n 1 -1.01
11 Ny 1 1.01
12 o 0.99 0.99
13 1ip -0.99 1
14 lins -1 -1.01

Table 2.3: Sensitivity indeces

2.7.2 Numerical solutions of the between-host dynamics of Hookworm infection

In this subsection, we plot the solution of the model system (2.3.8) using the values of the model param-

eter in Table (2.1) and Table (2.2).
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Figure 2.2: Graphs of numerical solutions of the model system (2.3.8). Top left to right showing prop-

agation of Infected humans in population level Iz, worms in the physical environment E7, and from

bottom left to right showing propagation of Non-infective worms Ly and Infective worms Ly, respec-

tively. The solutions are presented for different values for average eggs produced in a day rate, Ng:

Ny =10, Ng = 100 and Ny = 1000.

In Figure (2.2), we can deduce that the reduction of average eggs produced per day has chances of

reducing the number of infected individuals, eggs in the physical environment, immature worms and

infective worms in the physical environment.
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Figure 2.3: Graphs of numerical solutions of the model system (2.3.8). Top left to right showing propaga-
tion of Infected humans in population level /77, worms in the physical environment E7, and from bottom
left to right showing propagation of non-infective worms Lz and Infective worms Ly, respectively. The
solutions are presented for different values of the infective contact rate, Sp: S = 0.01, S = 0.1055 and

By =0.55.

Figure (2.3) shows that the different values for Sy converge to a constant value after 8 months. This
figure also illustrate that the infected humans, eggs in the physical environment, immature worms and
infective worms class to grow faster when the contact rate is higher. This kind of results gave rise to

questions like, what can be done to reduce the contact rate between humans and pathogen.
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Figure 2.4: Graphs of numerical solutions of the model system (2.3.8). Top left to right showing propaga-

tion of Infected humans in population level /77, worms in the physical environment £, and from bottom

left to right showing propagation of non-infective worms Lz and Infective worms Ly, respectively. The

solutions are presented for different values for hatching rate: ar: ar, = 0.0055, r, = 0.05 and oy, = 0.5.

Furthermore,in Figure (2.4) we can deduce that the rate at which the eggs hatch in the physical envi-

ronment has little difference on the number of infected humans and the eggs deposited in the physical

environment but has a huge difference in the number of immature and infective worms. The more we

have more eggs hatching we have more worms in the physical environment.
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Figure 2.5: Graphs of numerical solutions of the model system (2.3.8). Top left to right showing propaga-
tion of Infected humans in population level /77, worms in the physical environment £, and from bottom
left to right showing propagation of non-infective worms Lz and Infective worms Ly, respectively. The

solutions are presented for different values of the rate of being infective, apr : a = 0.0055, ay = 0.05
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In Figure (2.5) illustrates the rate at which the non infective worms become infective. The rate has little

effect on the number of infected humans and eggs in the physical environment. The figure also suggest

that when the rate at which non-infective worms become infective is high then immature worms gets

reduced and the immature worms face an increment if the rate of change of the infective stage is less. It

can be further deduced that when the rate of change in infective stage is high it gives rise in the number

of infective worms in the physical environment.
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Chapter 3

MULTISCALE MODELLING OF
HOOKWORM INFECTION

3.1 Multi-scale model

In this chapter, a multi-scale model for hookworm infection is presented together with the analysis of
the model. The model traces the transmission life cycle of hookworm infection, linking the dynamics
occurring in within-host, between-host and environmental scale. The multiscale model for hookworm
in humans is based on 9 populations at any given time t. In this study, we will use the multi-scale
mathematical modelling approach as represented in Figure (3.1). Multi-scale will explicitly capture the
dependence of epidemics on the transmission dynamics, and also the dependency of the within-host scale
on the between-host scale and vice versa. Multi-scale modelling is a promising scientific methodology
that can provide a more holistic approach to disease modelling. The interaction between pathogen, host,
and the environment consist of dynamical processes that often occur at a distinct temporal, spatial, and
biological scales ranging from molecular events and pathogen-host immune system interactions to global

epidemiology and public health.

Following the disease dynamics of hookworm infection using multiscale modelling Figure (3.1) is used

to illustrate the dynamics.
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Figure 3.1: A schematic representation of the transmission-cycle of Hookworm infection.

The variables shown in Figure (3.1) summarised in Table (3.1).
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Variables | Description Initial
value

S (t) The susceptible population size in the behavioral human environment 10000
Iy(t) The infected human population size in the behavioral human environment | 0
L,(t) The infective larvae population in the biological environment 800
L(t) The immature worms in the small intestine 0
L, (t) The mature worm in the biological human environment 0
En(t) The eggs in the biological human environment 0
Ep(t) The eggs in the physical environment 0
Ly(t) The non-infective larvae population in the physical environment 0
Ly (t) The infective larvae population in physical environment 1000

Table 3.1: Description of the state variables for the multiscale model

The development of the multiscale model in this chapter is based on the approach developed in [10] for

environmentally transmitted infectious diseases.

3.2 Human population

As mentioned previously, the human population has two compartments which are the susceptible popu-
lation and infected population. A susceptible population is a group of people that are vulnerable to the
disease these individuals have not been exposed to any vaccination against it and have not developed im-
munity. The infected population is all the individuals that have been infected by the hookworm infection.
The susceptible population at any time t, have new recruits though birth at a constant rate Ay . There is a
constant death rate of the human population at z5;. The susceptible humans acquire hookworm infection

by infective larvae found in the physical environment at a rate Ay (¢) where

Au(t) = Bu L

= ——) 3.2.1
Lo+ Ly ( )
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with Sy being the maximum rate of exposure, L is the half saturation constant of the hookworm-causing
pathogen population. The infected host have natural death and mortality rate at constant rate pz and dp,

respectively. The susceptible individual population is given by:

dsS
d—f = Ay — AuSu — puSu, (3.2.2)

and the infected individual population is defined by:

dlyg

3.3 Within-host dynamics

Average hookworm population within a single infected human host L, larvae that has penetrated
through the human skin. The force of infection is given by Ay (¢)Sg (t). Following the approach in [10],
multiscale modelling of environmentally transmitted infectious disease systems, the uptake of pathogen

by a single human host through super-infection is given by:

Aw (t)Sh(t)
nIn(t)

BuLly(Su —1)

= () Sh(t) = n(Lo+ L) (Ig +1)°

(3.3.4)

Skin penetration of the larvae causes itchy rash then fever, coughing, wheezing or abdominal pain, loss of
appetite and diarrhoea. The worm population in a human is assumed to die naturally at a rate ., and exit
to the small intestine through blood vessels at a rate «,,, where they undergo developmental changes to
become immature worms. The immature worms attach to the wall of the small intestine. The immature
worm population in the small intestine, L, decays at a constant death rate 15 and the immature worms
develop into mature worms at a rate «;. The female worms produce eggs, the mean population of the
mature worms L,, (), within a single infected human host is generated following developmental changes
undergone by immature worms to become mature at a rate %. The developmental changes result in
reaching sexual maturity. The matured worms die at a constant death rate y,,,. The mean population
of hookworm eggs Fj,(t), produced within a single infected human when worms lay an average of N,,

eggs per day, the eggs are produced at a rate «,,, and the eggs decay naturally inside the human body at a
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rate uy. The eggs get excreted by the human host into the physical environment at a rate «;,. The worm

population within an infected human is given by

dL,

W = )\hSh — (/J/w + O{w)Lw. (335)

The worm population in the small intestine is defined by

dL
= uwly — (s + ) Ls. (3.3.6)
dt
The matured worm population is given by
dL,, g
= —L.— piyy L. 3.3.7
7 5 I (3.3.7)

The eggs produced inside the human is defined

dE}

L = Ny Ly — (pn + o) Ej,. (3.3.8)

3.4 Physical sand environment dynamics

The population of hookworm eggs, E (t) contaminates the physical environment and is generated from
excreted hookworm eggs from within an infected human in faeces. Each infected human host excretes
these eggs at a rate ay, I, (t) and for a total of I, (¢) infected humans, with the rate of contamination of
the physical environment by hookworm eggs becomes 1,(t)ay Ey, where I, = Iy + 1. The hookworm
eggs die naturally at a constant death rate ;. The eggs hatch non-infective larvae (rhabditiform) at a
rate oy,. The mean population of the eggs hatch an average of Ny larvae per day and the larvae undergo
developmental changes and become infective at a rate ;. The population of infective larvae Ly, (t),die

at a constant death rate jiy;.

The model system (3.4.9) portrays the dynamics of the hookworm infection illustrated in the Figure

(3.1).
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ds
dI
d—H = AgSy — (pr + ) 1u,
t
dL
J = >\ - w w LUN
o wSh = (fhw + )
dL,
o = wlw = (1 + )L,
dL «
L _ oup o 3.4.9
= : " : ( )
dE
SEh Nt Ly, — (,uh + Oéh)Eha
dt
dE
dTL = Iy +VonE, — (ur + o) Ep,
dL
Tf = NHOJLEL - (,UJP + aH)LH7
dL
TtM = agLy — ppmLy.
where,
\ Balar
H Lo+ Ly’
(3.4.10)
Ly (Sy—1
NS, — BuLy(Sy —1)

3.5 Basic properties

In this section, we study the mathematical properties of the model (3.4.9).
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3.5.1 Positivity of Solution

Considering positivity of the model system (3.4.9), we assume that all state variables and parameters for
the model (3.4.9) are non-negative for all £ > 0, so that they should not violate the basic aspect of the
biological reality. We will show that the solutions of model system (3.4.9) with positive initial conditions

will remain non-negative for all £ > 0. Consider the first equation of the multiscale model for hookworm:

ds
Which is true that
dSH
o < —(\g + pg)SH. (3.5.12)

After solving equation (3.5.12) by separtaion of variables we get

dSu

@ < /_()‘H + ,UH)dt (3'5'13)

By letting

t=sup{t>0:S5>0,Ig>0L,>0,Lg>0,Ly,>0Eg>0E,>0,Lyg>0}¢c]0t.

(3.5.14)
Integrate inequality (3.5.13), we thus have
t
In Sy > —pupt —/ A (t)dt + c. (3.5.15)
0
Hence,
Sy > Soe il A0t - g (3.5.16)
Now, consider the second equation of the model system (3.4.9):
dl
dTH = AySy — (g + 65) g, (3.5.17)
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‘We thus have

dI

o 2 (8. (3.5.18)
Therefore,

Iy > Iy(0)e~matomt ~ (3.5.19)

Similarly, it can be shown that solutions of L,, > 0, Ly > 0, L,, > 0, £}, > 0, E, > 0, Ly > 0, Ly; > 0

forall ¢t > 0.

3.5.2 Feasible Region

All parameters and state variables are assumed to be positive. It follows from the previous chapter that
the solutions of the model are always positive given initial non-negative conditions, now we verify that

non-negative solutions remain bounded and non-negative. Let

Ny =Syg+ 1y (3.5.20)

and add equation (1) and equation (2) of the model system (3.4.9) it then follows that

dd]\;H = Ay — pupNyg — 0plg. (3.5.21)
It continues to be
]:iff <Ay — puNy,
]:lff Ny < A (3.5.22)

The integrating factor is e*#*, multiply both sides with the integrating factor as follows

d
7 (Nigeh') < Aggetn. (3.5.23)
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Integrating equation (3.5.23) yields

A
Nyetut < ZHepnt 4 ¢ (3.5.24)
HH
So that
A
Ng(t) < = 4 cemrat, (3.5.25)
129:4
This implies that
A
Jimsup(Ni(t)) < /TZ (3.5.26)

Now, using the same method of solving ordinary differential equation we then have the third equation as

BuLy(Ag — pm)

d
— (Lyyeletomlty < (o)t 3.5.27
dt< ‘ )= qbw(Lo—l—LM)(AH—i—uH)e ’ ( )
integrate both sides
A Pl = 1) et 4 ¢ (3.5.28)
= (b + ) u(Lo + Lar) (A + pim)
Which then implies that
lim Ly < —— Pulyu —pr) (3.5.29)
t—00 " T (i + ) Gu (Lo + Lar) (Awr + i)

Similar expressions can be derived using the above approach
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lim L, < 1 1 B Ly (Mg — pim) ’
t—o0 (o + ) (ps + as) Gu(Lo + Lag) (A + pirr)
lim L, < 1 1 Br Lo (Mg — pimr) ’
t—o0 Nm(:uw + O‘w) (:us + O‘S) 2¢w(L0 + LM)(AH + /‘H)
Ny, oom 1 1 Lyogos(Ag —
lim E, < a B Lo = par) (3.5.30)
t—o0 fon (P + Q) (ps + ) (pon + ) Gu (Lo + Lar) (Mg + pmr)
. N, oo, 1 1 1 BuLyowas(Ag — )
lim E;, < ,
t—>o0 fonbim (fw + Qi) (ps + @) (pn + an) (pr +ar) 204 (Lo + Lar)
lim I Nyam Ngapay, 1 1 1 1 BuLyovwas(Ag — i)
im
t—oo :umMH(,uw + aw) (Hs + O‘S) (:U’h + ah) (:uL + aL) (MP + aH) 2¢w(L0 + LM)
The expression for L, is as follows;
Npam NgapapoagSpagwas(Ag — )
Ly < — Ly,
20 e v (f + Q) (pts + as) (g + an) (pr + o) (e + am)
(3.5.31)

< LO(,uH + 5H)(R0 — 1).

Therefore, when we substitute the expression for L, into equation (3.5.30) we get the region (2 defined

by

Q= {(Su, Ity Ly Ls, Lin, Bp, Er, L, Lyy) € RS 00 < Sy + Iy < 74,0 < Ly, < Zo,

0<Ls<Z3,0<L, <Z;,0<E,<Z;;0<E;<Z50<Ly<7Z;,0<Ly<Zg} (3532
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where,
A Ai’
HH
7y 5H(Ro - 1)(AH - MH)
NRo(ftw + ) (Apr + prr)’
Z wBuLo(Ry — 1)(Ag — pimr)
NLoRo(pw + ) (s + o) (Mg + pip)’
Z, Browos Lo(Ro — 1) (A — p)
277,umLORO(,uw + aw)(ﬂs + a8)<AH + :LLH) ’
(3.5.33)
7 NmamasawﬁHLM (AH - NH)
© 2nLoRoptm (s + ) (i + o) (pta + ) (A + pir)”
7 N im0 0p0es B Lo(Ro — 1) (A — i)
20t i Lo Ro(tts + us) (ttw + ctw) (a4 o) (pr + aur)’
Z Npanasm N oo By Ly (Ay — i)
20 i Lo Ro (s + as) (b + ) (e + amr) (pn + an)(pr + )’

This implies that €2 is a positively invariant region since all solutions that will start in €2 will remain in €2

for all £ > 0. Hence the model system (3.4.9) is mathematically and epidemiologically well posed.

3.6 Disease free equilibrium and its stability(DFE)

The equilibrium states of the model are obtained by setting the right-hand side of the model system

(3.4.9) to zero and solve for the variables. Disease-free equilibrium suggests that there is no disease,

therefore, no worms, eggs and therefore no human infection. The multiscale model (3.4.9) has a disease-

free equilibrium is given by
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EO = (SHy -[Ha L’w7 LS7 Lma Eh7 ELa LHa LM);
(3.6.34)
A

= (—, 0,0,0,0,0,0,0,0), (3.6.35)
120: 4

where Ej, denotes the disease-free equilibrium of the model system (3.4.9).

3.6.1 Reproductive Number R

Similarly to the previous chapter, we use the next generation operator approach as follows. We determine
the basic reproductive number for the system by using the next generation operator approach [26]. The

multiscale model can be written in the form

dX

XYz

dt f( ) ) )7

Yo xv.2) (3.6.36)
dt

iz

2 wxv,z

dt ( ? ? )7

where,

i. X = (Sg) represents all compartments of individuals that are not infected,

ii. Y =(Iy, Ly, Ls, Ly, Ey, Er, Ly) represents all compartments of infected individuals that are

not capable of infecting others,

ili. Z = (L) represents all compartments of infected individuals who are capable of infecting.

§<X*7Z) = (gl(X*7Z)7§2<X*7Z)7g3(X*7Z)7§4(X*7Z)7§5(X*7Z)7§6(X*7Z)7§7(X*7Z)) (3637)
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where,

- * BHLMAH

X" 7)) = ,
ol ) por (per 4 0pr) (Lo + Liar)
NP, BuLnv(Ag — porr)

X" 27Z) = ,
X E) =+ 9m) () (Lo + Lan) (T 1)
. BrcwLy (Mg — pmr)

X* 7) = ,
X 2] =+ 0m) 0 (e @) (Lo & L) (T 1)
~ * 1 ahawBH(AH - MH)LM

X*7) = - : 3.6.38
G D) = it Gart - 67) e+ ) i + ) (Lo + Lar) (g + 1) (3.638)
g (X* Z) _ 1 Nmasgma’wﬁH<AH - ,UH)LM

e 2t (o + 0r) (i 4 n) (s + ) (fhw + ) (Lo + Lg) (I + 1)
gﬁ (X* Z) _ 1 Nmamasah&wﬁH(AH - ,U/H)LM
’ 2 Nt (o + 0 ) (pr + o) (i + o) (s + as) (pw + ) (Lo + Lag)’
97(X* Z) _ 1 NHNmaLamasawahﬁHLM (AH - MH)
’ 2Nt (o + 0 ) (e + o) (e + o) (pn + an) (pts + @) (pw + ) (Lo + Lag)

Now, we use the following equation

d Ly

Let A= D,h(X", (X", 0),0) and further assume that A can be written in the form A = M — D, where

M > 0and D > 0, is a diagonal matrix. Then A becomes

1 Ny N g oo (Mg — jim)
A== — - (3.6.40)
2npmpers (e + 0m ) (e + o) (o + o) (i + an) (s + @) (po + o) Lo
From the above equation we can deduce that
1 N Nm mstiy Ap —
\ 1 Nm L O s B (Mg — ) (3.641)

2 (e + 0m) (e + am) (ur + ) (i + an) (s + ) (ftw + ) Lo
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and D = py. Therefore the basic reproductive number is the spectral radius (dominant eigenvalue) of
the matrix given by

T = MD™! (3.6.42)

that means that

Ry = p(T). (3.6.43)
We can then conclude that the basic reproductive number of the model (3.4.9) is given by

Ny Npon g o asci, B (Mg — 1)

1
R, = = (3.6.44
O = Topumpnrrin (i + 0m) (i + n) (i ) (jts + 00) (s + cvu) i & ) O 0P
(3.6.45)
= RowRon, (3.6.46)

with Ry being a partial within-host reproductive number and Ry being a partial between-host repro-

ductive number. Therefore, the basic reproductive number Ry, given by

Ry = RowRon (3.6.47)
where,
Ny Ot O Oy 0,
ROU} = 3
20 (o + ) (s + as) (fho + Qi)
(3.6.48)
R Nygagopfu(Axy — pu)
0H = .
par o Lo(per + 0m) (i + ap)(up + am) Lo

It can be concluded that both the within-host and the between-host factors affect the transmission of

hookworm infection.

3.6.2 Local stability of DFE

To determine the local stability of model system (3.4.9), we linearise equations of the model in order
to obtain the Jacobian matrix. By pure inspection, it is nearly impossible to see the eigenvalues of the

matrix (3.6.50). To prove the local stability of the model system (3.4.9), we then use the Gershgoin’s
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theorem [22]. The theorem is used on a strictly diagonally dominant matrices , first we check if each row

satisfies the inequality |A;;] > > |A;;].
J#i

Theorem 3.1. The disease free equilibrium point E°, of model system (3.4.9) is locally asymptotically

stable whenever Ry < 1 and unstable otherwise.

A
E° = (=£,0,0,0,0,0,0,0,0), (3.6.49)
12054

The Jacobian matrix of the model system (3.4.9) evaluated at the DFE is given by

A
—ug 0 0 0 0 0 0 0 Pl
Lopgr
A
0 —b 0 0 0 0 0 0 Prhu
Lopin
Ay —
0 0 —b 0 0 0 0 0 M
¢w,uHL0
0 0 aw -b, 0 0 0 0 0
J(E%) = . . (3.6.50
(E7) 0 0 0 % im0 0 0 0 (3:6:50)
0 0 0 0 Npoam —by 0 0 0
O 0 0 0 0 an ~—by O 0
O 0 0 0 0 0 Npay —bs 0
O 0 0 0 0 0 0 ag —

© University of Venda



s

University of Venda
Creating Future Leaders

Chapter 3 58

Where,

bo = (km + Om),
b = (fhw + ),
by = (s + ), (3.6.51)
bs = (up + ap),
by = (
bs = (

= (g + ag),

= (up +ap).

Stability of the DFE is tested by using the Geshgorin’s theorem [22] which states that the eigenvalues of

A must always lie within the Geshgorin disks C; corresponding to

1Ayl > Y JA;;| fori=1,2,3, ....n. (3.6.52)
J#i
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A
row :|—,uH|>‘—5HH,
Loy
A
row 2: | —ap| > P H‘,
Lopir
Ay —
row 3:|—ay| > PuAn — 1) 'uH)’
Pw Lofir
row 4: | — as] > |l
oW 50| — | > ‘%
H =l > |5,
row 6: | —as| > | Ny,
row 7: | — a4l > |,
row : | —a5\ > ’NHOéL‘,
row 9: | — un| > |agl.
Which then follows that
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BulAw

> )
Hi Lopr
BulAu

a > ,
’ Lopia

a > 5H(AH - MH)
OuwLopti

as > Oy,

o (3.6.54)

as > Nmamv

a4 > O,

as > .Z\[HOZL7

Unv > OH.

‘Which then mean that
A —
a102/lmA3a404A50L01 > MawastamahNHaLaH;
2 Lo
(3.6.55)
1 > BHOéwOéstOémOéhNHOéLOZH(AH - MH)
2p g Lopias pom @1 G2azasas ’
where,
w st m N A -
Ry — BrO, amanNgapag(Ag — py) (3.6.56)

200 Lopes pm @1 G2a30405

with the definition of a1, as, a3, a4, a; mentioned above previously in this section therefore Ry < 1.
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3.6.3 Global Stability DFE

We use Theorem (3.2) to establish that the disease free equilibrium is globally asymptotically stable if

Ry < 1 whenever the two conditions (Hy, Hs) are satisfied [21].

A

Theorem 3.2. The fixed point E° = (—H, 0,0,0,0,0,0,0,0) is globally asymptotically stable (g.a.s)
HH

equilibrium of the system (3.4.9) if Ry < 1 and the assumptions (HI1) and (H2) are satisfied.

dX
— = F(X,Z
dt (X, 2),
(3.6.57)
dz
— = (X, Z
dt ( Y )

where,

i. X = (Sy) represents all compartments of individuals that are not infected,

ii. Z =1y, Ly, Ls, Ly, En, Er, Ly, Lyy) represents all compartments which are infectious.

A
EO = (X*70) = (i7070a0707070a070)7
12974

denotes the disease free equilibrium of the system. These conditions should be met for global stability:

dX
HI. o= F(X,0) where X* is globally asymptotically stable,

H2. G(X,Z) = AZ — G(X,2) ,G(X,Z) > 0 for (X,Z) € R where A = DzG(X*,0) is an

M-matrix and Ry is the region where the model makes biological sense.

Therefore,

F(X,0) = [Ay — psr S, (3.6.58)

and
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ke 0 0 0 0 0 0 CLAY
Lopn
A _
0 —k 0 0 0 0 0 M
¢w/vLHLO
0 ay -k 0 0 0 0 0
0 0 % um 000 0
J(Ey) = , (3.6.59)
0 0 0 Npa, —ks O 0 0
0O 0 0 0 an  —ky 0
0 0 0 0 0 Nyap —k; 0
0 0 0 0 0 0 ay — s

where,

ko = (um+du),
kio= (b + ow),
B = (usta) (3.6.60)
ks = (pwn+ on),
ky = (pr+ag),
ke = (up+am).
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I Ay St
G ren)
PrLag Lopir Lo+ Ly
PuwLopn (Lo + La)(Iu + 1)
0
G(X,Z) = 0 (3.6.61)
0
0
0
0
Since (S% = —=)— > ———— and > therefore G(X, Z) > 0 for
(S MH>L0 ~ Lo+ Ly ¢wLlopr  — (Lo + Lr)(Iu +1) ( )2

all (X,7) € Ry. From the working we can clearly see that the matrix J is an M-matrix since the off

diagonal elements of J are non-negative.

3.7 Endemic state and its stability

The model system (3.4.9) has two steady states : the disease free state E° = <AH, 0,0,0,0,0,0,0, 0)
and the infection steady state £]. In this section, we determine the endemic equil?biium state. Following
from [27] the endemic equilibrium state is the state where the disease cannot be totally eradicated but
remaining in the population. For the disease to persist in the population, the susceptible class, infectious
class, within-host infective worm class, matured worm class, small intestine worm class, within-host

eggs, physical environment eggs class, non-infective worm class, physical environment infective worm

class must not be zero at endemic equilibrium state. The endemic equilibrium states £ given by
EY = (Sy, Iy, Ly, L, Ly, By, Ep, Ly, Ly). (3.7.62)

Endemic equilibrium expressions are shown with their interpretation and also prove its existence.

© University of Venda



s

University of Venda
Creating Future Leaders

Chapter 3 64

3.7.1 The Endemic equilibrium state

The infected steady state E7 exists if and only if Ry, > 1. Meaning that
* * * * * * * * * * AH
El = (SH> [H7 Lw7 Lsa Lm7 Eha EL7 LH7 LM) 7& ( 70707070707 07070)
KH

Then we solve the equations in the model system (3.4.9) simultaneously.

The susceptible human’s endemic value is given by

A

Sy =—F—"—.
BN + pg

(3.7.63)
From the above expression, the susceptible human population at the endemic equilibrium is proportional

to the average time the susceptible stay in the compartment and the rate of supply of new susceptible

recruited through birth. The point of exit this compartment is through natural death or infection.

The endemic value of infected humans is given by

s~ XiuSi

= mton (3.7.64)

This expression shows that the infected population at endemic is directly proportional to the average
rate of staying in infectious class, the rate of infection of the susceptible population and the number of

susceptible individuals.

The endemic value of the infective larvae inside a single infected host is given by

1+ Ak

T

(3.7.65)

From the above expression we deduce that the average hookworm parasite population inside a single
human host at equilibrium is equal to the life-span of hookworm parasite within a single infected host

and the rate at which a susceptible host to become an infected host.

At endemic, the population of immature worm in the small intestine is given by

L* o Aoy LZ}

= 2w 3.7.66
= (3.7.66)
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The endemic value of the mature worms is

L
Ly, = 2%
2,

(3.7.67)

The above expression shows that the rate at which the immature become mature worms and the life-span
of mature worms determine the endemic equilibrium within a human host. Therefore the natural decay

of mature worms reduces the mature worms.

The average hookworm egg population within a single infected human host at endemic equilibrium is

N, o, L*
Er=""mm 3.7.68
" h + Op ( )

The expression implies that equilibrium of the average hookworm egg population within a host is directly
proportional to the average egg and worm. Factors that destroy the eggs within an infected human host

reduce the endemic equilibrium associated with worm eggs.

The population of hookworm eggs at the physical sand environment at endemic equilibrium is given by

I + DanE;

(
Er = 3.7.69
L wr + ar ( )

It can be deduced that the life-span of eggs is the rate at which each infected human host excrete hook-
worm eggs total number of humans infected by larvae influence the endemic equilibrium associated with

hookworm eggs in the physical sand environment.

NyapE;
Ly = NHALEL (3.7.70)
Hp + Qp
The endemic value for the infective larvae is given by
L*
t o= ZHoH (3.7.71)
HH

The endemic value of infective larvae is influenced by non-infective larvae directly influence the endemic

levels of larvae in physical sand environment.
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3.7.2 Existence of endemic equilibrium state

In this section we look at the above results and prove its existence of endemic equilibrium for the model

(3.4.9). Each variable is written in terms of L}, as follows:

Au(Lo+ Ly;)

S*(L%) = ,
H< M) Lo + (BH + ,uH)L?w
I, = BuluLy,
e (e + 0m)[(Br + poer) Ly + porr Lo’
WM n(pw + 0w) (Lo + L) (B + pwr) Ly + pLo)(If; + 1)
L*(L* ) _ (AH - MH)ﬁHOZwLTM(LO + L}‘\/[) - BIQJOCwL?\/Q[
soM N(pw + 0w) (s + ) (Lo + L) [(Bu + pr) Ly + pa Lol (I + 1)
(3.7.72)
L* (L* ) _ (AH - ,U/H)BHO‘wOésL}kM(LO + LM) - Blzr{awasL?\/QI
mM 20t (P + ) (s + ) (Lo + Li)[(Br + pr) Ly + per Lo (I + 1)
ENLL) = (Ag — pg) Brwas Ny L (Lo + L) — BH 0,0 Ny, L2
M 20 (o + o) (s 4 ) (o + ) (Lo + L) [(Br + ) Ly + pr Lol (17 + 1)
BN (L) = (Ag — pr)Browas Npaman Ly (Lo + L) — B2 awas Ny iy, L2
LA 20 (o + ) (s 4 0v) (o + ) (4 o) (Lo + L) [(Be + pm) Ly + prr Lo’
L* (L* ) o (AH - MH)ﬁHawastamahNHaLL*M(LO + L?w) - 52 awastamahNHOfLLﬁ
M 20 (fhw + Q) (ps + as) (pn + an) (pr + ap)(pp + am)(Lo + Ly )e ’
where
e = [(Bu + pu) Ly + 1 Lol.
Proof: Let

By = (i, Iy, Ly L Ly, Ei Bi, Ly, L) (3.173)

be an endemic solution for the model system (3.4.9) . We then express Sy, I, L., L., L, , E;,, E;, Ly

in terms of L}, as follows:
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substitute the above expressions in the equation for Lj; which is given by:

dL
TtM = agLi, — py Ly, (3.7.74)
at the endemic we get :
Ly, |ALY2 4+ BL}, + C] = 0. (3.7.75)

Where,

A = 2npprr (ps + os) (thw + ) (i + o) (ur + ar) (e + am),

+9
B = |:1 + < ﬁH - 1> MH(HH H) RO QULO#W/"LM<,UJS + O[s)(:uw + aw)(:uh + Oéh)

Ay — pig Bu +2un
(3.7.76)
(hr +ar)(pe + am)(Bu + 2pm),
C = (1= (um + 0m) Rol2npmprrrpns L (s + cvs) (t + ) (g + o) (e + ) (e + o).
Equation (3.7.75) can be represented in the form:
AL + Ey Ly, + FyLy, =0, (3.7.77)
B C
where Iy, = 1 and F); = 1 Therefore,
Bu pr(per + 0m)
Ey = [1+<—1>R + ;
M Ag — pu B + 2y (B =+ pn)
(3.7.78)
Fy = [1— (uu + 0m) Rolpur L

From equation (3.7.76) it is clear that A is positive for all Ry > 1. Furthermore, C' < 0 for Ry > 1 while

B can be both positive or negative for different values for Ry > 1. Using equation (3.7.75) we can get
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L3, = 0, which corresponds to disease-free equilibrium point or

1
Ly =3 [ — By +E2, — 4FM} (3.7.79)

for the endemic equilibrium point.

The following conditions have to hold for L, to exist;

EY —4Fy > 0
E3, > 4Fy (3.7.80)
E3, > +£2/Fy

and

—E} £\ Ey —4Fy > 0
:E\/EM—4FM > EM

(3.7.81)

Fyr < 0.

1
For Fy < Otobetrue 1 — (uy + d5) Ry < 0 which therefore meansR, > P which also mean
HH H
wpg + 0y = 1 for Ry > 1. We can conclude that there exist only a single positive endemic point for
Ry > 1. Therefore, there exist only one unique endemic equilibrium point for the model system (3.4.9)

whenever Ry > 1.

Theorem 3.3. The model system (3.4.9) formulated in terms of proportions has at least one endemic

equilibrium solution given by

Ey = (S84, It LY, L, L% Er, EL, Ly, L), (3.7.82)
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with Sy, Iy, Ly, L, L), Ey, E7, Ly, Ly, all non-negative whose existence and properties are deter-

mined by the threshold parameter Ry where

Ny Ny QL oo, s B (M — figr)

1
2 Loptmprrrfind (ar + 0r) (per + o) (kn + ) (ftm + ) (115 + ) (ftw + ) (i + )
(3.7.83)

Ry

3.7.3 Local stability of Endemic equilibrium points

The endemic points exist and it has been determined and now we have to check its stability. The stability
is addressed by using the bifurcation approach. Center manifold Theory is used to determine the local
stability of a non-hyperbolic equilibrium.

In this case we apply the Center Manifold Theory to change our set of variables. Let Sy = x1, [y =
To, Ly = x3,Ls = x4,L,, = x5, E), = xg, B, = 7, Ly = x3,Lyy = 9 so that Ny = z1 + 29 .
Furthermore, we let ¢ = 3%, where [3* is considered as the bifurcation parameter. Letting 3* = Sy, if
we consider Ry = 1 and solve for 5*. The vector notation X = (1, ¥, T3, T4, Ts5, Tg, T7, s, xg)T and the

d
model system can be written in the form dlt( = F(x) where,

F(x) = (f1, f2, 3, fa, [5, fo, f7, [s, fo), (3.7.84)
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such that
dx
ditl Ay — Agxy — ppa,
dx
d72f2 >\H371 - (,UH + 5H)5E27
dx
7; /\hSh - (:uw + aw)$3v
dx
d7t4 QX3 — (:us + OzS)ZL‘4,
dx Qs
dits ?m — L5, (3.7.85)
dx
ditﬁ NmamxS - (plh =+ Oéh)l'(;,
dx
d—; (g + Dapze — (1 + oy)xy,
dx
7: Nyapx; — (HP + aH)xSa
i) -
It gy — UpmTy,
where,
ﬁHl'g(t) ﬂng(t) [:C9(t) — 1]
Ag(t) = , An(t)sp(t) = ) 3.7.86
0 = L e MO = e ®)a® 1) (3759
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A
—ug 00 0O 0 0 0 0 UV
Lopn
A
0 d 0 0 0o 0 0 0 Pl
Lopr
Ay —
0 0 dy 0 0 0 0 0 M
¢w,uHL0
0 0 ap, d3 0 0 0 0 0
J(E%) = , 3.7.87
(E7) 0 0 0 % w000 0 (3.7.87)
0 0 0 0 N,a, di 0 0 0
0O 0 0 0 0 a, d;3 O 0
0 0 0 0 0 0 Nyap dg 0
0O 0 0 0 0 0 0 ag — i
where,
di = —(uw+dn),
d2 = _(,uw—i_aw)a
d = - S+asu
3 (s + ) (3.7.88)
dy = —(pn+an),
d5 = _(ML+aL)7
ds = —(pp+am).
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Theorem 3.4. Consider the following general system of ordinary differential equations with parameter

¢:

where 0 is an equilibrium point of the system (3.4.9) ,that is f(0, ¢) = 0 for all ¢ and assume

1. A= D,f(0,0) = (fa()) is a linearization of the system around the equilibrium 0 with ¢
i

evaluated at 0. Zero is a simple eigenvalue of A and other eigenvalues of A have negative real part.

2 Matrix A has a left eigenvector denoted by u and a right eigenvector denoted by v, corresponding

to the zero eigenvalue.

let f; be the kth component of f and

n 82fk
a = uvivj5—2=—(0,0),
k,;l J 81’181‘1
(3.7.90)
n a2fk
b = urv;=—=—(0,0).
k%:zl 900

The local dynamics of the system around the equilibrium point 0 is totally governed by the signs of a and

b.

i. a > 0,b >0, when ¢ < 0 with |¢p| < 1,0 is locally asymptotically stable and there exists a
positive unstable equilibrium; when 0 < ¢ < 1, 0 is unstable and there exists a negative and

locally asymptotically stable equilibrium.

ii. a < 0,b < 0, when ¢ < 0 with |¢p| < 1, 0 is unstable; when 0 < ¢ < 1, 0 is a locally

asymptotically stable, and there exists a positive unstable equilibrium point.

iii. a>,b<0,when ¢ < 0with|p| < 1, 0is unstable and there exists a locally asymptotically stable

negative equilibrium; when 0 < ¢ < 1, 0 is stable and a positive unstable equilibrium appear.

iv. a <0,b> 0, when ¢ changes from negative to positive, 0 changes its stability from stable to unsta-
ble. correspondingly a negative unstable equilibrium becomes positive and locally asymptotically

stable.
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The eigenvectors of the Jacobian matrix (3.7.87), when Ry = 1 and Sy = (" has right eigenvectors

associated with the zero eigenvalue given by u = [u;, us, us, Uy, Us, Us, U7, Us, Ug)’ , Where

A
1T = — —,
Lo
B Y
2 — : )
Lopr (g + 6m)
. — 1 B8 (Mg — pm)
g = )
(:uw + aw) ¢w,uHL0
W = 1 Aoy 5*<AH - MH)
A = ) )
Hs + (0P (,uw + aw) ¢wMHLO
vy = Lo aw  BAm—pm) (3.7.91)
2 o s+ (Nw + aw) GwitaLo
1 1 N, 0, P Oy B*(Ag — pg)
U —_ . . . . . ,
‘ 2 Un + ap, Hm s + Qg (:uw + aw) walvaLO
1 1 ay, N, 0 o Oy B*(Ay — pg)
u = — . . . . . ,
! 2 pr +oarp up+ap Hom, s + Qg (Nw + aw) ¢w,U/HLO
. — b 1 - Ngoy  an Npoww  as o B7(Am— pa)
i 2 pp+ag prtan pptan o pstas (e + o) Gwitr Lo
Ug = 1

© University of Venda



Chapter 3

L
>

) (o

f
¢
°f

74

Now, we also have to calculate the left eigenvectors of the matrix 3.7.87 associated with the zero eigen-

vector at 3 = 3*. The left eigenvector is given by v = [v1, vy, vs, 4, Us, Vg, V7, Ug, Vo] ", where

U1

V2

U3

V4

Us

Ve

%

Ug

(%)

0,
0,

s P i Lo
5H(AH - ,UH)’

Huw + Qg . MM¢wMHLO
Qlyy 5H(AH - ,UH)’

2(,”5 + ,U/s) . Mo + auy . ,uM(bw,uHLO
Qg Qly 5H(AH - ,UH) ’

(3.7.92)

Hm ) 2(,“5 + /Ls) . Moy + oy . /JJM(bw/JJHLO
Nmam Qg Qg 6H(AH - :uH> 7

pnton o 2(ps+ps)  fo+ 0w P @uptir Lo
an Ny, Qs Qy Bu(Ay — pw)’

prtop pinton  fm 2(ps + ps) fw + i Pupts Lo
Nyay an  Npoam o oy Bu(Ag —pm)

Calculating non-zero second order of f with respect to each variable in order to calculate the sign of a.
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Pfi 28*Ay
Org  Liuw’
9% f2 268Ny
= — 3.7.93
53 T, (3.7.93)
62fs _ —5*(AH—MH)
Oz} torr (GwLo)?

The non-zero partial derivative with respect to 3 and the variables is being used to calculate the sign of

b,as follows

*h Ay
090 * Loy’
9 f Ay

- , 3.7.94
92905 Lopin (5.7.99)

82f3 _ (AH—,MH)
090 3* prdwlo

Substituting equation (3.7.93) and equation (3.7.94) into equation (3.7.90) to give us the sign of a and b.

Therefore,
- P f
a = URVV; ——,
h;-:l / 0377,81']
82f1 82f2 02f3

= U1”U9U987mg + 1162?]91}987'1'g + U3’U9U987$g, (3.7.95)
_ 20Ny 23* A} 8% (Ay — pu)® <0

P Ly Ly (e 4 0m)  (fw + )O3 LY
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Similarly,
’ 0" [
b - UV, ) 9
kzj::l g axgaﬁ*( )
g 0,0 i 0,0 i 0,0 (3.7.96)
= ulvgm( ) + UgVg 98B*( ) + Ug?]g 966 ( ) ..
B A3 n B A3 B* (Mg — pn)® -0
p L g L (e + 0m) (w4 )92 03 L3

Clearly, we observe that a < 0 and b > 0, Therefore the Hookworm endemic state is locally asymptoti-

cally stable.

3.8 Numerical solutions

This section presents the numerical simulations of the model system 3.4.9. These simulations illustrate
the influence of various within-host disease parameters on between-host model variables and in turn the

influence of the between-host disease parameter on within-host model variables.

The values of model parameters are either from published literature or from estimates as values of some
parameters not reported in the literature. The model system is simulated using python Version V2.7. We

import the odeint function in the scipy.integrate package in python software using Runge kutta 4" order.

3.8.1 Sensitivity analysis

Sensitivity analysis was conducted on the multiscale model system (3.4.9). The analysis evaluated the
sensitivity of the two disease dynamics metrics to all twenty-one parameters of the basic multiscale model
for the hookworm infection. The two disease dynamics metrics are (1.) The reproductive number, R,
(2.) Endemic value of the disease L},. We used the sensitivity analysis to study the relative importance

of different input factors on the model output. We make use of the sensitivity index with respect to the
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parameter | of the two disease dynamics metrics (R, L},) is given by

Sh= 57 % 7 i=1,2. (3.8.97)
Where,
Ji1 = R,
' ’ (3.8.98)
Jr = Ly,
with L}, and the reproductive number given in equation (3.8.99). with
. 1
Ly = 2{—EMi\/EJQM—4FM},
Bu por(perr + )
E :{1%—(—1)}%] + ;
M F— Byt 2 0 (B + pr)
(3.8.99)

Fy = [1— (um + 6p)Rolpn L,

1 Npp N e, 0 0t 050 B (A pr — )
2 Loptmpins (e 4 0 ) (pr + o) (i + an) (ps + as) (pw + ) (p + amr)

Ry =

Table (3.3) show the results of the sensitivity assessment of the two hookworm transmission metrics
to the baseline multiscale model system (3.4.9) parameters. Parameter number 7 to parameter 15 in
Table (3.3) are associated with within-host scale disease parameters with the other parameters for the
between-host scale. We noticed from these values that there are two within-host parameters, o, N,
being the most sensitive to Ry. The between-host parameters that are sensitive to Ry are Ay, Sy and
Ny . Furthermore, IRy was observed to be sensitive to natural death rates ji,,, jts, ftm, (tr. Parameters that
are sensitive to the endemic point L}, are Ay, &y, Ny, N and o, of which two of them are within-host
scale parameters and the other three are between-host scale parameters. This sensitivity analysis should
be taken into consideration when improving the accuracy of between-host scale parameters during data
collection. Since L}, is more sensitive to the between-host parameters this implies that wearing shoes
and improving sanitation facilities are more effective in controlling the hookworm infection and when

the disease is at endemic in population level.
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Both L}, and Ry are significantly sensitive to 3y, Ny, we noticed 5y is modified by educating people
about hookworm and changing a behavioral practice which implies wearing shoes. Overall, we note the
assessment of the sensitivity of all the two hookworm transmission metrics which are the reproductive
number and the endemic point L}, of the multiscale model parameters was useful with respect to guiding
data collection for model parameterisation and to identify parameters which are crucial in the control of

hookworm epidemics.

Figure (3.6) - (3.9) illustrates the solution profile of the population Infected human host (/5), Hookworm
eggs in the environment(F;) , Immature non-infective worms (L) and infective worms in environment

(Lpr) while varying the within-host parameters namely; v, oy, pp and N,,.
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Parameter | Description Initial value | Units Source
value
Bu Exposure rate of humans 0.028 day™* [29]
Ay Human birth rate 0.5 humans | Estimated
day™*

Ly Saturation constant 2 x 10° — Estimated

e Human natural death rate 0.0000384 | day™! | [30]

Su Death induced 0.0013699 | day™' | [10]

o Natural decay rate of within 0.009 day~' | Estimated
human host infective worm

Qly Migration rate of infective worm | 0.09 day™' | Estimated
to small intestine

s Natural decay rate of 0.0097 day™" Estimated
worms in the small intestine

L Natural decay rate of fertilised 0.000183 alay_1 [10]

Ny, Average number of immature 300 day™' | Estimated
hookworms hatched

Qm Rate at which the 0.1 day™ | [10]
hookworm eggs are produced

m Natural decay of hookworm 0.0004 day™ | [10]
eggs in the human host

153 Natural decay rate of 0.0025 day™* [10]
hookworm eggs in environment

ar, Rate at which eggs hatch 0.009 day™' | Estimated

p Natural decay of immature 0.0.000685 | day ™" Estimated
worms in environment

g Rate at which immature 0.005 day™" Estimated
worms become infective worms

15 Natural decay of infective larvae | 0.05 day~' | Estimated

Ny Average number of 1000 day™ | Estimated
immature hookworms hatched

N Proportionality constant 0.05 — Estimated

Table 3.2: Parameter values used in simulation.
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Chapter 3
Number | Parameter | R, Ly,
1 Ay 1.0000 | 0.7204
2 Ly -1 0.5542
3 n -1 -0.7204
4 on -1 0
5 B 1 0.4458
6 L -1 -0.0831
7 i -0.9027 | -0.6503
8 Qi 0.9027 | 0.6503
9 Is -0.5 -0.3602
10 Qs 0.5 0.3602
11 o -1 -0.7204
12 am 1 0.7204
13 L -0.00001 | -0.000006
14 ap 0.00001 | 0.000006
15 Ny, 1 0.7024
16 Ny 1 0.7204
17 ay, 0.99990 | 0.7203
18 L -0.99990 | -0.7203
19 ap 0.9901 0.7132
20 wp -0.99010 | -0.7132
21 5y, -1 -0.7204

Table 3.3: Sensitivity index for all parameters

Parameters that can reduce Ry are Lo, 7, 0m, ftH, Huw, Hss Himy By By fops and iy with Lo, 1, fim, p pas
being the most sensitive. Parameters that can reduce L}, are 1), iy, fhs, fbm, fohs [0L, Py s With 1) and

14m being the most sensitive and «; being the least sensitive compared to all the other parameters.
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3.9 Results

The simulations for the model system (3.4.9) is represented in graphical form. The initial value condi-
tions used for the simulations of the behaviour of the experimental model system (3.4.9) are given by
Sy (0)=10000, I5(0) =0, L,(0) = 5000, L4(0)=0, L,,(0) =0, E};(0)=0, E(0)=0, Ly (0) =0 and L, (0)
=5000. The disease parameter values are represented in Table (3.1) and Table (2.2) respectively. Figure
(3.2) to Figure (3.5) illustrates the solution profile of the population of infective worm within-host (L,,),
worms in small intestine(L,), matured worm (L,,,) and Hookworm eggs within human host(F},) vary-
ing the people host parameters namely; Sy, Ay, Ny and ay. This is done to check the influence these

between-host parameters have on the within-host variables.

3.9.1 The influence of between-host scale on within-host scale of the hookworm

infection

In this section, we vary the between-host parameters on within-host variables. The multiscale model sys-
tem (3.4.9) is bi-directionally coupled with the between-host scale submodel influencing the within-host
scale submodel and the other way round. This section presents the numerical simulations are conducted
using the baseline parameter values in Table (3.3). We illustrate the influence of key between-host pa-
rameters Sy, Ay, Ny, oy on within-host scale variables L,,, L, L,,, E},. Therefore, wearing shoes can

reduce the infective worms L,, at the within-host scale are likely to reduce transmission of hookworm.
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Figure 3.2: Graphs of numerical solutions of the model system (3.4.9). Top left to right showing prop-
agation of Infective larvae within a human host L,, and worms in the small intestine L, respectively.
Bottom left to right showing propagation of matured worms and hookworm eggs within the human host,
respectively. The solutions are presented for different values of the infective contact rate, Byr: B = 0.6,

Br =0.06 and Sy = 0.006.

The graphs simulated demonstrates that there is a correlation between within-host disease processes and
the between-host disease transmission. Figure (3.2) shows graphs of numerical solutions of model system
showing propagation for infective worms within an infected individual L,, , worms in the small intestine
L, matured worms within an infected human L,,, worm eggs within an infected human Ej; From top
left to right and bottom left to right respectively for different values of the infection rate of human by
parasite, Sg: Sy = 0.6, Sy = 0.06, 55 = 0.006. Results show an influence of the between-host disease
processes on within-host infection dynamics. The increase in transmission rate for the disease has an
increase in the within-host infection intensity. These solutions illustrate that the transmission rate at the
population level has an influence on the within-host dynamics of an infected individual. This implies
that the human behavioral changes like wearing shoes to reduce contact with the infective larvae reduce

the intensity of the infection at the individual level.
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Figure 3.3: Graphs of numerical solutions of the model system (3.4.9). Top left to right showing propaga-
tion of Infective larvae within a human host L, and worms in the small intestine L, respectively. Bottom
left to right showing propagation of matured worms and hookworm eggs within the human host, respec-
tively. The solutions are presented for different values of recruitment rate of new susceptible humans,

AHZ AH = 10, AH =100 and AH = 1000.

Figure (3.3) demonstrates numerical solutions of within-host processes from top left to right is population
of infective worms within an infected individual L,, , worms in the small intestine L, and from bottom
left to right matured worms within an infected human L,,, worm eggs within an infected human £,
respectively for different values of recruitment rate of new susceptible individuals Ay, Ay = 0.5, Ay =
50, Ay = 100. It is observed that the increase in new susceptible humans increases intensity of infection
at individual level. The Figure (3.3) confirms the influence that between-host parameters have on within-

host diseases processes.
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Figure 3.4: Graphs of numerical solutions of the model system (3.4.9). Top left to right showing propaga-
tion of Infective larvae within a human host L, and worms in the small intestine L, respectively. Bottom
left to right showing propagation of matured worms and hookworm eggs within the human host, respec-
tively. The solutions are presented for different values of recruitment rate of new susceptible humans,

Np: Ng =300, Ng = 1200 and Ng = 2000.

Figure (3.4) illustrates the numerical solutions of within-host processes. Solutions From top left to right
and bottom from left to right respectively; infective worms within an infected individual L,, , worms
in the small intestine L, and from bottom left to right matured worms within an infected human L,,,
worm eggs within an infected human £, for different values for average number of non-infective worms
in the environment Ny: Ny = 300, Ny = 1200 ,Ng = 2000. We observe from Figure (3.4) that
an increase in the production of non-infective worms per day by eggs increases the transmission risk of
human infection. Therefore, reducing the number of non-infective worms reduces the infection intensity

within an infected individual.
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Figure 3.5: Graphs of numerical solutions of the model system (3.4.9). Top left to right showing propaga-
tion of Infective larvae within a human host L, and worms in the small intestine L, respectively. Bottom
left to right showing propagation of matured worms and hookworm eggs within the human host, respec-
tively. The solutions are presented for different values of recruitment rate of new susceptible humans,

ag: ag =0.0006, ag =0.05 and ag = 0.005.

Figure (3.5) demonstrates the numerical solutions of within-host processes of within-host processes;
from top left to right infective worms within an infected individual L., , worms in the small intestine L
and from bottom left to right and from bottom left to right is matured worms within an infected human
L,,, worm eggs within an infected human £}, for different values of developmental changes of the non-
infective worms to infective worms in the environment ag: ay = 0.05, oy = 0.005 , oy = 0.0006.
The numerical solution results show that the between-host processes affect the infection intensity within
an infected human. Therefore, stopping the process of growth for worms going to infective stage will

reduce the within the infected humans.
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3.10 The influence of With-host scale parameters on between-host

scale variables

In this section we vary the within-host parameters on between-host variables.
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Figure 3.6: Graphs of numerical solutions of the model system (3.4.9). Top left to right showing propa-
gation of Infected individuals I and hookworm eggs in the environment E7, respectively. Bottom left
to right showing propagation of immature worms in the environment F';, and infective larvae in the envi-
ronment Ly, respectively. The solutions are presented for different values of migration rate of infective

worm to small intestine , cv,,: o, = 0.5, oy, = 0.05 and oy, = 0.001.

Figure (3.6) illustrates the solution of the population of Infected humans 7z, Eggs in the physical envi-
ronment F;, non-infective worms Ly, infective larvae in the physical environment L, from top left to
right and bottom left to right respectively; for different values of movement rate to small intestine av,:
= 0.005, a, = 0.0005, a, = 0.00001. The results show that higher rates of movement rate results
affects transmission of the disease in the population level. When reduced there ia a delay in transmission

in the between-host processes.
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Figure 3.7: Graphs of numerical solutions of the model system (3.4.9). Top left to right showing propa-

gation of Infected individuals 7 and Hookworm eggs in the environment E'y,, respectively. Bottom left

to right showing propagation of immature worms in the environment F;, and infective larvae in the envi-

ronment Lz, respectively. The solutions are presented for different values of excretion rate of hookworm

eggs to the environment, oy, ap = 0.5, a, = 0.01 and a, = 0.003.

Figure (3.7) shows graphs of numerical solutions of model system showing the profiles of infected hu-

mans [y, eggs in the physical environment £, non-infective worms Ly, Infective larvae in the physical

environment Ly, from top left to right and bottom left to right respectively; for different values for ex-

cretion rates of worm eggs a;,, o, = 0.05, ay, = 0.001, ay, = 0.0003. The graphs show that higher rates

of worm eggs excretion results in increased transmission in population level. Figure (3.7) shows that re-

ducing «, reduces environmental contamination by improving sanitation practices within the community

reduce the infection intensity at within-host level.
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Figure 3.8: Graphs of numerical solutions of the model system (3.4.9). Top left to right showing propa-
gation of Infected individuals Iz and hookworm eggs in the environment Fy, respectively. Bottom left
to right showing propagation of immature worms in the environment £y, and Infective larvae in the en-
vironment Ly, respectively. The solutions are presented for different values of natural death of eggs in

within-host, up: @y = 0.0005, uy, = 0.003 and i, = 0.05.

Figure (3.8) demonstrates the profiles of the population of infected humans 7, eggs in the physical
environment £, non-infective worms Ly, infective larvae in the physical environment L, from top left
to right and bottom left to right respectively; for different values for natural death of worm eggs, p:
pr = 0.5, up = 0.03, pp, = 0.005. The numerical results show that when we increase the death rate of
worm eggs reduces the transmission of the disease at population level. Therefore, the killing of worm

eggs within-host reduce transmission risk of the infection within a community.
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Figure 3.9: Graphs of numerical solutions of the model system (3.4.9). Top left to right showing propaga-
tion of infected individuals 7 and Hookworm eggs in the environment Ey, respectively. Bottom left to
right showing propagation of immature worms in the environment £, and infective larvae in the environ-
ment Ly, respectively. The solutions are presented for different values of average number of hookworm

eggs produced within the human host, N,,: N, = 600, N,, = 1200 and N,,, = 2000.

Figure (3.9) shows graphs of numerical solutions of model system (3.4.9) showing propagation of in-
fected individuals /; and Hookworm eggs in the environment £, respectively. Bottom left to right
showing propagation of immature worms in the environment £, and Infective larvae in the environment
Ly, respectively; for different values of average number of eggs produced in a day N,,,: N,,, = 600, N,,
= 1200 and N,, = 2000 . The results show that the reduction in the number of eggs produced then the
transmission dynamics at population level is reduced. Figure (3.9) show the increase in production of

worm eggs per day by each pairing of worms increase transmission in the community.
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Chapter 4

HOOKWORM MULTI-SCALE MODEL
WITH INTERVENTION

4.1 The Multi-scale model for hookworm with health intervention

combinations

In this chapter, we implement intervention measures on the model system (3.4.9) for hookworm infec-
tion taking into account the effects of vaccination, chemotherapy, sanitation and wearing shoes on the
reduction and controlling of hookworm infection. The parameters of the extended multi-scale model
are all constant and their description remains the same as in Table (3.1) except for those intervention
parameters incorporated into the model tabulated in Table (4.1). The description of the new parameters

are as follows

* Wearing shoes (behavioral practice) is modeled by a quantity Sy (1 — wy), 0 < w, < 1, where w

is the efficacy of wearing shoes intervention and it is a parameter that measures the probability of
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reducing of susceptible human contact with infective larvae of hookworm infection from the phys-
ical environment. This behavioral practice aims to reduce the transmission risk of the hookworm

infection.

* Vaccination is modeled by a quantity Ly(1+ v) with 0 < v < 1, where v is the efficacy of vaccine
intervention and that the parameter typically relates to increasing the susceptibility of humans
to the infection. Vaccines increases resistance of the susceptible humans to the infection. Thus
Lo(1 + v) measures the probability that reduces the infection rate. The aim of the vaccine induce

anti-enzyme antibodies that will fight off the infection when an individual becomes infected.

* Chemotherapy is used in the treatment of an infection using a single drug or a combination of
drugs. This is an intervention that is administered at within-host scale. We assume that treatment
with Albendazole (ALB) or Mebendazole (MEB) kills a given fraction of adult worms. We further
assume that the proportion of worms killed by ALB or MEB is equal to reductions in mean egg
counts. Drug treatment which is modelled by a quantity (1 + d)pu,,, with 0 < d < 1, where d is
the efficacy of drug treatment and the parameter increase the death rate of matured worms. This

intervention aims at using different drugs in reducing the worms in the human body.

* Sanitation modeled by a quantity a;,(1 — s) with 0 < s < 1 where s is the efficacy of sanita-
tion intervention and this parameter prevents contamination of the physical environment due to
improved environmental sanitation practices which is associated with the construction and the use
of sanitation facilities such as latrines at the household or community level by individuals in the
endemic areas. Thus, ay,(1 — s) measures the probability of preventing individuals contaminating

the environment.

* The emergent property for drug intervention is modelled by a quantity (1 — p)dy with 0 < p < 1,
where q is the efficacy of emergent properties that transpire after using the drug treatment because

we expect the induced death rate of infection to be reduced.

* The emergent property for vaccination intervention v, modelled by (1 + ¢)up; with 0 < g < 1
where q is the efficacy of the emergent property that transpires after using the vaccination in-
tervention we expect that the infective worms in the environment will be reduced by increasing

susceptibility of the humans.
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The model presented herein is the multiscale model implementing intervention for hookworm infection;

dS {
CTH = Ay — M) uSu — 1uSu,
t
dI .
ch = XOuSu — puly + (1 —p)ouly,
dL,, /\AH(SH —1)
= - w w L'LU?
it~ oIy r1) o)
L
ddts = awLw — ([/[/5 + as)st
dL o
AL Oy g g 4.1.1)
dt 2 (1+ )i Lo,
dE
d7th - NmamLm - :uhEh - (1 - S)OéhEh’
dE
dTL = (In + 1)1 — s)an By — (u + ) B,
dL
TtH = NyarEp — (,MP + aH)LHa
dL
T;” = apLy — (14 q)puLar.
where,
) 1 —w,)ByLa(t
ur(t) = L= we)Bulu() (4.12)

Lo(1+v) + Ly (t)’

with wy is wearing shoes, s is the sanitation, v denotes vaccination and d is the drug treatment.
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Intervention Transformation Efficay levels
Intervention whose efficacy is modeled by wearing shoes ws | Sy — (1 — wg)By | 0.3, 0.6,0.95
Intervention whose efficacy is modeled by vaccination v Ly — (14 v)Ly 0.3,0.6,0.95
Emergent property related to the sanitation intervention s py — (L+q)par | 0.2
Intervention whose efficacy is modeled by drug treatment (d) — 1+ d)pm | 0.3,0.60,0.95
Emmergent property related to drug intervention d oy — (1 —p)on 0.2
Intervention whose efficacy is modeled by sanitation (s) ap — (1 = s)ay, 0.30,0.60,0.95

Table 4.1: Intervention parameter values used in simulation

4.2 Endemic points

In this section we find the endemic points of the model system (4.1.1) with interventions. The Endemic

equilibrium point is denoted by

EQ - (gH; INH) -Zw; Esv -Zm7 Eha EL) .Z/H, zM)a
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pr(1+v)Lo 4 (1 — ws) By + pw) Ly’
[ + (1 = p)ou][[(1 — we)Ba + pu) Ly + (1 +v) Lol
Lu(fy) = — 7
w M — (II*{—}—]_) H
~ o~ Qg
LoLy) = Zu,
B = ey
(4.2.4)
- . Uy Ols
Lo(Ly) = Zy.
) = U )t o) (T + 1) "
L Qs N,
E L — w S m m Z 7
W) = T @) + o)+ (L= Dol (g + 1) 2"
- Qs N (1 — 8)ayy,
E (L = Zu,
) = T D+ an)lun + (L= SJanl(ar + o) (T 712"
i (l~) - s Ny (1 — s)ap Ngag, 7
A 24t (1 + d) (s + ) [pn + (1 — 8)an] (ur + ap) (up + o) (I + 1)
where,
Nt + ) [(1 +v) Lo + L J[[(1 — we) B + pw] Ly + i Lo(1 +0)|(If +1)° o
Now using the parasite equation given by,
Which reduces to
A.Ly[L3, + Ey Ly + Fyy) = 0. (4.2.7)

© University of Venda



s

University of Venda
Creating Future Leaders

Chapter 4 o5
Therefore,
(1 —w,)Bu prlpr + (1 —p)iy|
= oo (2 e -wose
" Apg — pu (1= wo)Bu + 2 " (= wo)B + pua]
(4.2.8)
Fayn = [1=[pm + (1= p)oulRoglpn Li(1 + v),

-1
Lu=3 [ — B £ \/E2,, — 4FM1}, (4.2.9)

where,

NHaHaL(l B S>athawamas(1 - ws)ﬁH(‘AH - MH)

 2papmpian (L + d) Lo(L+0) [ + (1= s)an](p + o) (i + ar) (s + 0) (o + )
(4.2.10)

ROE

4.3 Evaluation of the comparative effectiveness of Hookworm in-

terventions

Comparative effectiveness is part of research that focuses on the direct comparison of health interventions
which works best, which treatment works best and under what circumstances. The benefit of modelling
infectious disease is that it helps us identify what clinical and public interventions work best to improve
health, which will help inform public health decision makers and policy makers. In this section we use
the multi-scale mathematical model with intervention to evaluate the effectiveness of different interven-
tions applied at different scales, that is, within-host scale interventions and between-host interventions
at different efficacy values. Currently, assessment of the effectiveness of interventions has been applied
to models in a single scale manner and lack of quantitative assessment. There still exists an efficacy-

effectiveness gap due to lack of information [18] and [19].

In this study, comparative effectiveness of the four hookworm health interventions which include vac-
cination, wearing shoes, chemotherapy and sanitation improvements using indicators of intervention

effectiveness (i) the reproductive number (R,) and (ii) intervention induced endemic value L.
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The indicators of intervention effectiveness are given by:

Nyagarp(l — s)apNyoaamas(l — ws) Ba(Ag — pg)
2per (1 + d) Lo(1 + ) [ + (1 — s)an](pp + am)(pr + ap) (ps + as) (o + )’

~ 1 o
LM - QI:—EMlzl: E%1—4FM1:|,

ROE -

- e (e
Fyn = [1=[pn + (1= p)du] Roplun Li(1 + v).

We use these quantities (Ryp and L m) as indicators of intervention effectiveness to relate individual
level efficacy to population level effectiveness. In the subsections we present the assessment of the

health interventions using the two indicators of intervention effectiveness.

4.4 Comparative effectiveness of Hookworm intervention using Rz

as indicator

In this section, we assess the comparative effectiveness of the hookworm intervention using the effective
reproductive number Ryr as the indicator of intervention effectiveness. We calculate the percentage
reduction of the basic reproductive number R, due to intervention combinations at three efficacy levels
(1) low efficacy of 0.3, (ii) medium efficacy of 0.6, (iii) high efficacy levels of 0.95 for various intervention

combination.

Ry — R
Percentage reduction of Ry = % x 100. 4.4.12)
0

We use the intervention on 7y to reduce any secondary infections, we then look at the effectiveness of
different intervention combinations. We then rank the percentage reductions of the basic reproductive
number R, in ascending order from 1 to 18 corresponding to the different combinations of the four health

interventions.
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Table (4.2) shows results of the assessment of the comparative effectiveness of the 18 different combi-
nations of the four hookworm interventions corresponding to efficacy values 0.3,0.6 and 0.95 obtained
using the effective reproductive number Ryg as the indicator. In the Table (4.2) (1.) CEL stands for

comparative effectiveness at low efficacy which is 0.3, (2.) CEM stands for comparative effectiveness at

medium efficacy at 0.6 and (3.) CEH comparative effectiveness at high efficacy at 0.95.

No | Indicator of | % age reduction | CEL | % age reduction | CEM | % age reduction | CEH
Intervention | of Ry at low of Ry at medium of Ry at high
effectiveness | efficacy of 0.3 efficacy of 0.6 efficacy of 0.95

1 Ry 0,00 1 0,00 1 0,00 1

2 | Rped 21,70 2 38,35 2 47,80 2

3 Ryev 23,08 3 39,50 3 48,72 3

4 | Rpes 41.63 6 70.25 6 95.83 6

5 Ryew 30,00 4 63.26 4 95,00 5

6 | Roeved 39,77 5 63.51 5 73,23 4

7 | Rpesed 46.23 9 79.09 9 97.44 4

8 | Roewed 45,19 7 78.60 7 97,39 7

9 Ryesev 47.18 10 79.56 10 97.48 10

10 | Rpewev 46,15 8 79.07 8 97,44 8

11 | Ryewes 51.93 11 88.87 12 99.75 15

12 | Ryevedes 58.64 13 88.97 13 98.69 12

13 | Ropedevew 57,84 12 88.66 11 98,66 11

14 | Rypesedev 58.64 13 88.97 13 98.69 12

15 | Rpewedev 58.66 15 88.99 15 98.69 14

16 | Rpesedew 61.61 16 94.69 16 99.87 16

17 | Rpesvdew 63.02 17 95.08 17 99.87 17

18 | Rpedevesew | 71.05 18 98.85 18 99.93 18

Table 4.2: Results of the assessment of comparativeness of Hookworm interventions using the reproduc-

tive number Ryg as an indicator of intervention effectiveness when each of the four interventions have (i)

low efficacy of 0.3, (ii) medium efficacy of 0.6, and (iii) high efficacy level at 0.95.
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From Table (4.2), we deduce the following results:

* Comparing the single interventions comprising of the drug from chemotherapy treatment and vac-
cine have more or less the same comparative effectiveness at the medium efficacy and high efficacy.
We notice that from Table (4.2) that the wearing shoes has the most comparative effectiveness in

percentage reductions of Ry at all efficacy levels.

» Comparing the two interventions at a time, any combination which has wearing shoes as an inter-
vention has the highest percentage reduction and those combinations approximately has approxi-

mately more or less the same effectiveness at the three efficacy levels.

» Comparing the three intervention combinations we notice that combination number 13th, ranked

at 13th has the second highest comparative effectiveness.

* Comparing three and four intervention combinations have approximately more or less the same

percentage reductions or 7y at all the efficacy levels respectively.

4.5 Comparative effectiveness of Hookworm intervention using L,

as indicator

In this section, we present the results of the comparative effectiveness of hookworm health interventions

using the intervention induced endemic value L, as the indicator of intervention effectiveness. Similarly

to the previous section, we calculate the percentage reduction at the three different efficacy levels; low

efficacy at 0.3, medium efficacy at 0.6 and high efficacy at 0.95 respectively using the following formula:
Ly — Lug

Percentage reduction of Ly = — 7. x 100. (4.5.13)
M

The comparativeness of these interventions is ranked on a scale from 1 to 18 with 1 denoting the lowest
comparative effectiveness while 18 denotes the highest comparative effectiveness. Table (4.3) shows the
results of the comparative effectiveness of the 18 different hookworm health intervention combination
obtained using intervention induced endemic value, L M, as an indicator of intervention effectiveness.

Abbreviations (CEL, CEM, CEH) in Table (4.3) still remains the same as in Table (4.2).
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No | Indicator of % age reduction | CEL | % age reduction | CEM | % age reduction | CEH
Intervention | of L, at low of Ly at medium of Ly, at high
effectiveness | efficacy of 0.3 efficacy of 0.6 efficacy of 0.95

1 Ly 0,00 1 0,00 1 0,00 1
2 | Lyed 12.30 3 20.96 3 28.41 3
3 Lyev 0.01 2 0.02 2 0.03 2
4 | Lyes 23.62 8 42.27 8 79.72 8
5 | Laew 16.35 5 36.79 5 77.78 5
6 | Lareved 12.31 4 20.98 4 28.46 4
7 | Laresed 27.34 11| 5051 11 | 84.34 10
8 | Lyewed 26.64 9 50.05 9 84.19 9
9 | Lyesev 17.16 7 37.40 7 78.13 7
10 | Lyewev 16.36 6 36.82 6 77.92 9
11 | Lyewes 30.69 15 60.44 15 95.77 15
12 | Lysevedes 27.36 12 50.55 12 84.54 12
13 | Lyredevew 26.65 10 50.09 10 84.39 11
14 | Lyesedev 27.36 12 50.55 12 84.54 12
15 | Lyewedev 27.38 14 50.58 14 84.55 14
16 | Lyesedew 38.62 17 68.45 17 97.51 17
17 | Lyesevew 30.71 16 60.49 16 96.59 16
18 | Lyredevesew | 39.24 18 68.83 18 98.56 18

Table 4.3: Results of the assessment of comparativeness of Hookworm interventions using the endemic
point Ly as an indicator of intervention effectiveness when each of the four interventions have (1) low

efficacy of 0.3, (ii) medium efficacy of 0.6, and (iii) high efficacy level at 0.95.

From Table (4.3), we deduce the following results regarding the 18 different intervention combinations:

* When considering single intervention at a time, wearing shoes shows high comparative effective-
ness for all different efficacy levels and sanitation having the lowest effectiveness with approxi-

mately less or more the same at the different levels.
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* When considering two interventions at a time from the six individual hookworm health interven-
tions. We note that intervention combination that includes wearing shoes and an intervention

applied at the within-host scale (vaccines and drugs) have the highest comparative effectiveness.

* From the three and using all the intervention combination have approximately more or less the

same comparative effectiveness for all the different efficacy levels.
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DISCUSSION AND CONCLUSION

In this study, we developed multiscale model linking the within-host scale and the between-host scale
dynamics of hookworm. We choose to to follow the multiscale modellling approach because it allows us
to simultaneously assess the effectiveness of the intervention when controlling and reducing the spread
of the infection. From following the life cycle of the hookworm infection we noticed the transmission
dynamics can be modelled using the embedded framework due to the fact that the within-host scale
which is the lower/micro scale is embedded in the upper/macro scale referred to as between-host scale.
The whole idea of this study was to establish the influence that each scale have on each other and then
evaluate the effectiveness of each intervention combination that controls, eliminate and eradicate the
spread of an infection. We can conclude that the main aim was achieved because we proved that there
exist a bi-directional relationship between the within-host scale and between-host scale for hookworm
infection. We first established a model exhibiting between-host dynamics, it was established that even
though the mathematical model is well posed, globally stable and the endemic state exist but having
followed the life cycle suggested that there the within-host scale is fed the pathogen load from the phys-
ical environment. Due to that discovery we then extended the single model to a multiscale model that

expresses both the within-host and the between-host dynamics simultaneously. The multiscale model
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was analysed and found to be epidemiologically well posed. We also established the stability analysis of
both the disease free equilibrium and the endemic equilibrium. The sensitivity analysis was conducted
on the multiscale model to evaluate the sensitivity of the two disease metrics (reproductive number and
endemic equilibrium point) on all twenty-one model parameters. The sensitivity analysis suggested that
the parameters that are most sensitive and capable of reducing the number of secondary infections are
saturation constant, Lq; proportionality constant , 7, and disease induced, ¢ also reduce the persistence
of the infection in the population. When conducting the numerical simulations of the multiscale model
is then easy to know which parameters to target when showing the influence of within-host parameters
on between-host variable and also how the between-host parameters on within-host variables. Further-
more, the numerical simulations of the multiscale model supported our initial claim of bi-directional
relationship of the within-host scale on between-host scale and vice versa. Having found out that there
is a relationship amongst the scales, then we incorporated intervention measures aimed in controlling
and reducing the spread of the hookworm infection. The comparative effectiveness of the intervention
combination suggests that at different efficacy values 0.3, 0.6 and 0.95 when considering a single inter-
vention, sanitation and wearing shoes to be the most effective. Then considering the combination of
two interventions showed that combining wearing shoes with sanitation intervention are most effective
at 0.3,0.6 and 0.95. The analysis also showed that the combination of wearing shoes, sanitation in-
tervention and vaccination has the most effectiveness at all the explored efficacy values. We can then
conclude that any combination containing wearing shoes shows to be effective in reducing the spread of
the infection. The use of all intervention ensures the highest comparative effectiveness in controlling and
reducing the spread or persistence of hookworm at all efficacy levels. There is a need for improve the
parameter values which in turn means advancement in data collection. The results presented in this study
have efforts to improve the level of understanding of the hookworm infection transmission dynamics in
humans and with the aim to inform decision and policy makers on how to control, eliminate and eradicate

soil-transmitted helminths.
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