University of Venda

Stochastic Modelling of HIV/AIDS Epidemiology with TB

Co-infection and Drug Reaction in South Africa

Shoko Claris (11629512) c
Thesis submitted in fulfillment of the requirements for the tr; J
>

JUNS

Masters degree in Statistics

YOIN T/
4

School of Maths and Natural Sciences

Main Supervisor: Professor W. Garira
Co-Supervisor: Professor A. K. A. Amey

Co-Supervisor: Professor P. O. Bessong

February 2, 2015

© University of Venda

R IIIm——————-WWWwWwWwWwwwwwwww




E
(o)
&) i

Declaration

I, Claris Shoko, declare that this thesis is the result of my own research except
as cited in the references. The thesis has not been accepted for any degree

and is not concurrently submitted in candidature of any other degree.

Signature : 6%

Name of student : Claris Shoko (11629§12)

Supervisor . gL\TCLOv M
Date : Qlj’ 03!2()'5

© University of Venda



2
O
&) im

Acknowledgements

To God, Almighty, I say, ”Ebenezer, you have taken me this far.” I would
like to thank Professor W. Garira, Professor A. K. A. Amey and Professor
P. O. Bessong, my supervisors, for their many suggestions and constant sup-
port during this research. To Professor Bessong, I want to say thank you
for providing the HIV data that was used for all the analysis. I am also
thankful to Mr Carl Korkpoe for the introductory lectures on how to do pro-
gramming using R software. My greatest thanks go to Professor C. Jackson
for developing a user friendly R package for multi-state modelling and his
constant support when I was doing my data analysis. Thank you Professor
P. Njuho for expressing interest in my work and for helping me to come up
with a meaningful proposal. I would also like to thank Mr. A. Bere for his
support and encouragement throughout this research. The NRF Scholarship,
which was awarded to me for the period 2014, was crucial to the successful
completion of this research.

I would like to thank my husband, Munashe Shoko, for his love, support

and encouragement. To my children, Zandile, Anenyasha and Matidashe, I

would like to say, you are the pillars of my strength.

ii

© University of Venda



3

o

Q University of Venda
&.) Creating Future Leaders

Dedication

A linear regression model was fitted to check if there is a significant linear re-
lationship between state and time. The model is of the form HIV progression; =
Boi + Pritime+¢;, for every it individual in the study. I dedicate this research

to my children, Zandile, Anenyasha and Matidashe.

il

© University of Venda



3
&) o

Abstract

The study explores the stochastic approach to multi-state modeling of HIV
dynamic evolution and identification of the model that best describes HIV
progression on individuals under ART. The effects of TB co-infection, as well
as the patients’ development of adverse reaction to drugs to the transition
rates are also examined. The study uses a cohort analysis of the surveillance
data for HIV-infected patients under antiretroviral (ART) from the Wellness
Clinic in Bela Bela, South Africa. The survey was conducted between 2005
and 2009 and a follow up was done after every 6 months. The method par-
titions the HIV infection period into five CD4-cell count intervals followed
by the end points, that is, death and withdrawal from study. The analysis
is based on transition probabilities, transition rates (hazards), mean sojourn
times, and time to absorption. The effects of the covariates, namely sex, age,
TB co-infection, drug reaction, body mass index (BMI), baseline viral load
(VLBL) and the CD4+ cell count baseline on enrollment, on transition in-
tensities for each model are also analysed. The likelihood ratio test is used to
compare the fitted models, and the test shows that the time inhomogeneous
model describes the data better than the time homogeneous models. The
results show that the rates of immune recovery are generally higher than the
rates of immune deterioration. The patients who developed TB during treat-
ment have higher rates of immune deterioration than recovery. Having TB
as the initial marker of AIDS has higher contributory effects to the deaths
from all the stages except from the AIDS defining stage. Reaction to drugs

was the leading cause of transition from a CD4+ cell count > 750 to a CD4+

cell count between 500 and 750.

v
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Chapter 1

Introduction

i 4 Background of the study

d states or events in specified populations, and the application of this
related states O

dv to the control of health problems (Last, 1995). Epidemiological mod-
study to the

avez all i isease control such
Ch dI Ei6 wer questions of disease contro

e, 2011). It seeks to ans
ez a ee, 2

hat extent do preventive interventions reduce the incidence of dis-
as: To what ex

ic i tion lead to cure or symptom
s therapeutic interven
s? To what extent does p

, ects of the intervention of anti-
(Johnson, 9004). In this thesis, the effects of the interven

ease

relief? o
ression of HIV/AIDS on individuals is
i ART) on the progression 0
retro-viral therapy (

1M O(C le i- i ¢ 1 epidemiOIOg y .

( : illi le glo Hy who are in-
¢ more than 30 million people, ba ;
urrently, there are

e W n i iency vi IV), the cause of the ac-
i mmunodeficiency virus (HIV), th
fected with the human 1
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quired immunodeficiency syndrome (AIDS) (Wolbers et al., 2010, Biase et al.,
2007). Out of all these infected people, about two thirds live in sub-Saharan
Africa, although the region contains only about twenty percent of the world’s
population (AVERT, 2013a). Since the beginning of the epidemic, more than
15 million Africans have died from HIV-related illnesses (AVERT, 2013a). In
2010, about 1.2 million people (adults and children) died as a result of AIDS
in sub-Saharan Africa. Statistics show that less than half of the people who
need treatment in Africa are receiving it (AVERT, 2013a).

In the middle of 2006, about 5.4 million people in South Africa were HIV
positive (Dorrington et al., 2006). Out of the 5.4 million, about 11 percent
were already sick with AIDS. Among the infected individuals, 1.3 million
were under the age of 25 years, 3.5 million were pre-AIDS and 225 were
receiving treatment (Dorrington, 2006).

The impact of the HIV/AIDS has certainly not been confined to the
health sector. Households, schools, workplaces and economies have been
badly affected (AVERT, 2013a). In African hospitals, most beds are oc-
cupied by patients with HIV-related illnesses, leading to shortages of beds,
hence reducing the chances of survival. The financial burden on health care
expenses and funeral costs push affected households into poverty. The epi-
demic has also impacted negatively on life expectancy as AIDS is erasing
decades of progress in extending life expectancy (AVERT, 2013a). In the
worst affected countries, average life expectancy has fallen by 20 percent.
In Swaziland, which has the highest HIV prevalence in the world, life ex-
pectancy at birth is only 48.7 years (AVERT, 2013b). AIDS is hitting adults

in their most economically productive years and removing the very people

© University of Venda
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who could be responding to the crisis.

A WHO report on TB /HIV shows that 50 percent of HIV positive patients

develop TB (WHO, 2011). TB infection usually happens at the early stages
of HIV. As a result, TB has become one of the leading causes of death among
HIV-infected patients. It accelerates the progression of HIV to ATBES LB
activates CD4-+ cells and macrophages harboring latent HIV, resulting in an
increase in HIV replication (Jantjie, 2009). HIV also results in the depletion |

of CD4+ cells and this reactivates latent TB.

1.2 HIV/AIDS disease and treatment

SHIAINN

The HIV/AIDS disease is a continuum of progressive damage to the immune

system from the time of infection to the manifestation of severe immunologic

ctions, neoplasm, wasting or low CD4+T cell

Fi

>
O
p)

damage by opportunistic infe

count that define AIDS (Biase et al, 2007). Some clinical markers such
as the CD4+T cell count and the RNA viral load help a lot in providing
information on disease progress. A normal CD4+T cell count varies from

individual to individual, and it is usually between 800 and 1500 cells per

mm3. CD4+ cell cou
and vulnerability to opportunistic infections (Health 24, 2003).

nt values below 500 are usually an indication of immune

suppression
These opportunistic infections can include TB, pneumonia, diarrhoea and
many others.

HIV infection gradually evolves into AIDS and AIDS leads to death if

not properly handled. Anti-retro viral therapy (ART) has helped quite sig-

nificantly in reducing morbidity and mortality. South Africa has recently

© University of Venda

R —_—_—_————mmmmmmmmmmmmmmmmmmTTT




x‘i’ﬁ
O
@.) rersty ot Yenda

had one of the largest increases in treatment access in the world, with a
scale-up of treatment services of 75 percent between 2009 and 2011 (Interna-
tional HIV and AIDS, 2013). However, understanding the progression of HIV
and factors that influence the disease’s progression helps in understanding
pathogenesis and the development of new treatment strategies. Figure 1.1
shows a typical progression of HIV for an individual who is not on treatment

(www.hiv-monitoring.nl).

1200  Primary Death —107 =
Infection + Acute HIV syndrome <
1100 | lWide dissemination of virus 2
Seeding of lymphoid organs
~ 1000 = . Opportunistic {108 3-},
i o
% 000 - Clinioal laten oy b z
3 s00f -
S 700 Constitutional 105 ®
- I symptoms 3
[~
3 600} o
O ]
% 500 | 104 3
g 400}
S 300
£ 1 3
3 200} pis
'—
3 100
[=]
o 0 1 1 R i R TR e WO 102
B B e s P S 9 N ¥ 8B T ¥ ORI N
Weeks Years

Figure 1.1: Progression of HIV in a no-treatment scenario

Figure 1.1 shows that from the time of primary infection, an individual
can live for up to 10 years if no treatment is administered. This is supported
by Yadavalli et al. (2010) who says that people who are infected with HIV
can live for approximately 10 years on average before the onset of AIDS.

This period is referred to as the incubation period or the clinical latency

B!
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period. During this period, the incividual appears to be very well, leading to
a significant contribution to the spread of the epidemic. The graph also shows
an inverse relationship between the CD4+T cells/mm? and the HIV RNA
copies/ml plasma. However, around the 12" week after infection, there is a
sharp decrease on the HIV RNA copies/ml plasma and a slight increase on
the CD4+T cells/mm?. This is due to immune response. Thereafter, there is
a continuous increase on the HIV RNA copies/ml plasma and a continuous
decrease on the CD4+T cells/mm?® until progression to death.

The virus that causes HIV/AIDS, goes through a number of different
steps, in order to make copies of itself. This is known as the HIV life cycle.
The HIV drugs are then designed in such a way that they interrupt a step
in the life cycle and, thus, stopping HIV in its tracks (The Well Project,
2012). The steps in the life cycle of HIV are shown in Figure 1.2 (chiraganin-
dia.blogspot.com).

The life cycle of HIV starts as it enters the human body, its major target
being a white blood cell called CD4+T cell. Once these cells are infected, HIV
takes over and turns them into factories that produce thousands of copies of
the virus. The HIV makes use of the enzyme Reverse Transcriptase to change
copies of its Ribonucleic Acid (RNA) into Deoxyribose nucleic Acid (DNA).
The viral DNA then enters the nucleus of the host cell and combines with cell
DNA and starts making copies of viral RNA. The enzyme protease helps in
assembling the viral particles into thousands of new viruses, which will bud
and destroy the host cell. These new viruses will then be ready to attack other
CD4+T cells. Hence, the importence of CD4+T cell count in understanding
the progression of HIV. Depreciation of the CD4+T cells in the human body

© University of Venda
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Figure 1.2: HIV life cycle

leads to the depreciation of the human immune system, which is why the

virus is called the Human Immunodeficiency Virus (HIV). As the immune

system depreciates, the individual is now prone to opportunistic infections

like TB, diarrhoea, malaria, to mention a few.

There are basically four groups of antiretroviral drugs, those that target

the reverse transcription of the viral RNA to DNA known as reverse tran-

scriptase inhibitors and those that target viral protein production known as

Protease inhibitors. The protease inhibitors prevent the infected CD4+T

cell from producing infectious viruses. Drugs from different classes are of-

ten combined so that the virus is attacked at more than one step in the life

cvele. This is so because when the virus reproduces, it mutates and certain

mutations keep certain drugs from working, thereby causing HIV to be re-

© University of Venda
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sistant to a particular HIV drug. The intake of a combination of drugs from

different classes gives HIV a much harder time changing enough to develop
drug resistance. Thus, combination therapy blocks HIV at different steps,
preventing the production of new HIV. Thus, in turn, slows down disease

progression and ensure a longer life for HIV+ people.

1.3 Statement of the problem

HIV/AIDS disease has been defined in Section 1.2 as a continuum of progres-

sive damage to the immune system from the time of infection to the manifes-
tation of severe immunologic damage by opportunistic infections, neoplasm,

wasting or low CDA4+T cell count that define AIDS. There is need to explore

the HIV progression in an infected individual and assess whether it is time-
homogeneous or not. Individuals on anti-retroviral drugs tend to develop
some adverse reaction, SO Weé need to know how these reactions affect the

progression of HIV. During the early
p TB prior and even after treatment. This begs for question:

stages of HIV/AIDS, some individuals

tend to develo
How does this affect the HIV progression?

1317 Al

The main aim of this research is to model the effects of having TB and
reacting to drugs on the progression of HIV in patients under the ART follow-

up programime using Markov processes.

© University of Venda
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1.3.2 Research questions

The developed models were then used to answer the following questions:

e What are the effects of developing TB or reacting to drugs on the HIV

progression for any given individual?

e How do people who start treatment at low CD4+T cell count levels
(< 350mm?) compare to those who start at high CD4+T cell count

levels (> 350mm?) in terms of transition intensities?

e What are the transition rates 5 or more years post commencement of

treatment?

e How do the variables gender and age affect the progression of HIV, that
is, do males respond more positively to treatment than females? Do

younger patients respond positively to treatment than older patients?

1.3.3 Definition of terms

e Reaction to treatment: Refers to adverse reactions to treatment.
e HIV progression: This is when a patient moves from one state of CD4+T

cell count to a poor state of CD4+T cell count

1.4 Research methodology

Standard survival analysis techniques such as the Kaplan Meier survival
curves and Cox regression are used to study the time to event data. How-

ever, these techniques fail to describe the sequence of events, and to utilise

© University of Venda
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full information on longitudinal data involving multiple events. With the use

of longitudinal data, Markov processes possess a potential solution to the

modelling of the sequence of events. Examination of the conditions of the

stochastic processes at various points in time, categorisation of the condi-

tions, and examination of the external influences on the stochastic processes

can be done using Markov models (Mullins, 1996). Markov processes are

favourable to the modelling of diseases when the disease is grouped into a

set of exhaustive and mutually exclusive health states, thereby forming a

i-state model (Foucher et al., 2005).
ols are stochastic continuous time Markov models that al-

mult

Multi-state mod

low computation of transition probabilities, transition rates (hazards), mean

(mean time spent in each state) and the modelling of the ef-

sojourn time
n transition rates. History is naturally generated as the

fects of covariates O

multi-states evolve over time; it contains information on previous visits, time

to entry into various states, and the length of stay in states, thereby forming

multi-state models.

Markov chain models are increasingly used to model progression of chronic

diseases, for example, cancer (Dufty et al., 1995, Yen and Chen, 2007), stroke

(Pan et al., 2007) and diabetic retinopathy (Marshal and Jones, 1995). These

models are quite useful for the study of both natural history and progressions

of related diseases.

This dissertation proposes a Markov chain model defined by 7 states.
The first five states are the CD4+ cell count intervals and the next two are
the absorbing states, death and withdrawal from the hospital or treatment

respectively. The five states based on CD4+ cell count intervals are: CD4

© University of Venda



> 750, [500,750), 350, 500), (200, 350) and [0,200). The stage [0, 200) is

normally defined as the AIDS defining stage. The good state, which is nor-

mally defined as CD4 2 5

observe if there are any possible ba

00, was further split into two states, in order to

ckward transitions once an individual is

in that state.
In this dissertation, stochastic modelling is applied on 318 HIV patients
under ART follow u

were initiated on ART with T

p in Bela Bela Wellness clinic. Some of the patients
B being the initial marker of HIV, others were

initiated based on their WHO stage baseline, while others were on the AIDS

defining stage. All of the patients in the
ry visit, the CD4+T cell count, body mass index (BMI),

study were monitored after every

6 months. For eve

viral load, any adverse reaction to treatment and development of TB were

noted. When the HIV infected patients were enrolled at the Wellness Clinic,

y were given different antiretroviral combin

t regimens that were administered to the 318 patients.

the ation therapy. Table 1.1 shows

the differen
Table 1.1 shows that the majority of the patients were initially given a

combination of d4T, 3TC and EFV (efavirenz). EFV is the most preferred

non-nucleoside reverse transcriptase inhibitor (NNRTT) in patients starting

ART while on TB treatment (WHO, 2009).

In this study, time homogeneous models and the time inhomogeneous
models are built. These models are used to assess the effectiveness of the
treatment by comparing the forward transition and the reverse transitions.

This then leads to the building of mo
The effects of having TB as an initial marker, developing TB

dels that allow transitions in both

directions.
during the course of treatment, reaction to treatment, gender, age, baseline

10
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Table 1.1: Combination therapy on enrollment

Initial Combination Therapy | Frequency | Percentage
Missing 5 L6
ABC-AZT-3TC 1 0.3
AZT-3TC 1 0.3
AZT-3TC-EFV 5 1.6
AZT-3TC-LPV/r 4 1.2
AZT-3TC-NVP 2 0.6
AZT-LPV/r 1 0.3
d4T-3TC-EFV 206 64.8
d4T-3TC-LPV/r 3 0.9
d4T-3TC-NVP 83 26.1
d4T-ddl 1 0.3
d4T-ddI-EFV 6 1.8
Total 318 100

viral load (VLBL), WHO stage baseline (WSBL) and CD4+ cell baseline
(CD4BL) on the progression of HIV/AIDS were analysed. For these data, a
time homogeneous model and a time inhomogeneous model were fitted and
a likelihood ratio test was used to select the model that fits best.

However, before the Markov models were fitted, the linear relationship
between progression of HIV and time was assessed and further analysis on the
offects of the covariates on progression was done by fitting Aalen’s additive

regression model.

11
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1.5 Limitations of the study

The data that were used for building the models was collected from 2005 to

2009 on six month intervals. This data were recorded at person-level, so it

had to be converted to person-period for analysis purposes. Some individu-

als, in the study, were just enrolled, but no follow-up on their progression was

done. Such individuals were not considered since there was no follow-up in-

formation. Individuals who were enrolled in 2004 and 2005 started treatment

at almost the same time, hence these were the ones that were considered for

analysis.

1.6 Structure of the thesis

Figure 1.3 is a mind map that shows a summary of the general structure of
the thesis.

Chapter 2 explores the theory of disease modelling with particular empha-
sis on stochastic modelling. The differences between deterministic modelling

and stochastic modelling approaches to disease modelling are discussed, as

well as a justification to the use of stochastic Markov process in this the-

sis. Chapter 2 also gives a brief discussion of continuous time and discrete

time stochastic processes. In Chapter 3, preliminary analysis of the data is

alysis and Aalen’s additive regression model.

1 for HIV data and, in Chapter

done using linear regression an

Chapter 4 builds a time homogeneous mode

5, the inhomogeneous model is built. Comparison of the fitted homogeneous

model and the fitted inhomogeneous models is done in Chapter 6. Finally,

Chapter 7 gives & conclusion based on the findings from the analysis done

12
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Figure 1.3: Structure of the thesis

from Chapter 3 to 6. It also gives directions for future studies emanating

from this thesis.

1.7 Summary

In this chapter, the global view pertaining to HIV was discussed. This was
followed by the African perspective, and then further narrowed down to South
Africa, which is the study area for this thesis. The progression of HIV in an
individual given a no-treatment scenario has been discussed and illustrated
by use of diagrams. The life cycle of HIV in an individual has also been
illustrated and the discussion as to how this relates to treatment was done.

A justification as to why the study of HIV progression can best be described

13
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by Markov processes was given and this was followed by a description of the

data and how the Markov models were built using the data.
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Chapter 2

Literature Review

2.1 Introduction

This chapter reviews related literature on previous studies of HIV/AIDS

disease progression using Markov chain modelling. Gaps to be filled are also
identified. The modelling techniques used in the dissertation, as well as the

theory of multi-state modelling in analysing the progression of diseases in an

individual (stochastic) or within a population (deterministic) are discussed.

State diagrams are used to illustrate various structures of disease progression
ate
i i-state models in the context of
i ' i he formulation of multi-s

which gives rise to t
tochastic modelling The chapter also justifies why stochastic processes
stochastic .

important tool for this research. Techniques for assessing model fit
are an ir , :

di sed. These techniques include the likelihood ratio test for time
are discussed. se tec

homogeneous and the contingency table based method.

15
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9.2 Previous stochastic modelling on HIV /AIDS

This section seeks to review the previous research work on the use of stochas-

tic processes to model the progression of HIV. It starts by looking at research

that has been done in South Africa and then moves on to look at the research

that has been done in other countries. The similarities and differences of these

researches and this dissertation are highlighted.

In 2011, Reddy carried out a research on the application of multistate

Markov models to HIV disease progression of 451 patients from McCords

hospital in South Africa. The progression of HIV was divided into 5 states,

four of which were based on (D4 counts and the last one was based on anti-

retro-viral (ARV) initiation. The research considered ARV initiation as the
absorbing state. The offects of age, gender and baseline CD4 count on the

transition intensities were analysed. The developed model allowed reversible

transitions, and comparison of forward transitions with backward transitions

was done. The results from the research showed that transitions to better

states were lower than transitions to worst states.

This research is similar to Reddy’s research in the sense that it also con-

siders the progression of HIV as having forward and backward transitions.

Gender and age are also considered as covariates in this research. However,

the researches differ in that this research is carried out on patients who are

already on treatment, whereas the one by Reddy was carried out on patients

rior to treatment. Instead of using survival analysis to analyse the effects

p
of TB co-infe

goes further to analyse
progression of HIV. For Reddy, the main focus was natural immune dete-

ction, this research uses time homogeneous Markov models. It

the effects of developing adverse reaction to drugs on

the
16
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rioration, whereas the main focus of the current research is immune recovery

through treatment since all the individuals in this study had already started

treatment.
Goshu and Dessie, in 2013, applied semi-Markov processes in modeling

the progression of HIV disease stages using a cohort of 710 HIV patients on

follow-up from June 2005 to August 2009 at Flege-Hiwot referral hospital

in Ethiopia. The first four states of their study are similar to the ones in

Reddy’s study.

case, was death, while for

The only difference is in the absorbing state, which, in their
Reddy the absorbing state was ART initiation.

The five states which were used by Goshu and Dessie are also used in this

research. However, there is an addition of another absorbing state, that is,

withdrawal from the treatment, and a further splitting of the state CD4>500

into two states. Instead of using five states, as Goshu and Dessie did, this

thesis has 7 states. This research focuses on application of time homogeneous

and non-homogeneous Markov models and not the semi-Markov models, as
proposed by Goshu and Dessie.

Yadavalli et al. (2009) proposed a stochastic model under combined ther-
apeutic treatment by extending the model of the HIV pathogenesis under

treatment by anti-viral drugs. Simulated data before and after treatment

were compared. The results showed the importance of combined treatment

and its overall effects. Using empirical data from Rakai studies in Uganda,

Gray et al. (2009), also used stochastic simulation to model the effect of

a.nti—retro-viral therapy and HIV vaccine on HIV transmission.

In 1998, Alioum carried out research on the effects of age and gender on

HIV progression, using three categories, namely homosexual, heterosexual

17
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and individuals infected using injections. Alioum used a 3-state Markov

model for his research. The research showed that AIDS was more rapid

with older subjects than younger subjects regardless of the category. Alioum

discovered that ART slows down disease progression, with females responding

more positively to treatment than males.

However, Alioum could not carry out his research using the CD4+T count

levels because of the unavailability of information. For this research, anal-

ysis is carried out on all individuals in the study regardless of their sexual

our or the mode of transmission of the HIV to individuals. In this

ts of gender and age on the progression is also analysed.

behavi

research, the effec

This thesis goes further to analyse the effects of CD4+T cell baseline, TB

co-infection, reaction t0 drugs WHO stage baseline, viral load baseline on

the progression of HIV. CD4+T cell counts are used to define the different

stages in the progression because the information was available.

In 2007, Biase carried out research on
evolution using five states. The first four states were de-

the stochastic modelling for the

HIV/AIDS dynamic

fined according to the CDC im
< showed that having CD4+ T cel
and that there are less chances of being in

munological classification as defined by WHO.

] count <200 increases the prob-

The finding
ability of reaching the death state,

setter state than being in a worst state. Two absorbing states are included
1ded,

) and withdrawal. The effects o

ment in all stages of HIV progression are addressed in

al
namely deatl f TB and the development of ad-

verse reaction to treat

this thesis.
In the next section the modelling framework for this thesis is discussed.

18
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2.3 Disease Modelling Framework

In general multi-state models are typically used to describe various states

that a sick individual can be in. Disease models provide planners with a
phic offect of a disease Of an indication of the

direct measure of the demogra

c. They also simulate the likely effect of

likely future evolution of the epidemi

ment programmes. The most general two categories

the prevention and treat
dual-based stochastic simulation models and

of disease models are the indivi
(Johnson and Dorrington;

dom movements of an individual

deterministic models 2006). The stochastic models
t describe the ran

are probability models tha
es (Titman, 2007). The deterministic models

through a finite number of stat

wo groups, that is, epidemic and immunologic models
ls,

e classiﬁed base

are classified into i
d on whether time and state are

whereas the stochastic ar

quous. Figure ¢ diagram of how disease

discrete or conti 2.1 gives & schemati

models are formulated.
tochastic models treat each individual as a dis-

re determined separately for each individual.

crete entity and characteristics a

The individual—based S

gsume that all individuals in a population have identi-

Population averages &
in modelling HIV/AIDS, the deterministic

cal characteristics: For example,
model will use factors guch as ageé and sex as characteristics to define co-
horts. The cohorts are further classified according to disease status, that is

susceptible and infected ind

ividuals without looking at the different stages of

infection within an individual. A good example 18 the SIR multi-state model
illustrated 1B Figure 2.7 in subsection 2.5.3. Stochastic processes allow the

to be gimulated by ra
g to the different states of the infection.

event, HIV-infection, ndom processes. These random

processes will be defined accordin

19
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Figure 2.

1. Disease modelling

The stochastic model generates different solutions each time it is run

end on the actual gimulation of the random variable.

because the answers dep

hastic modelling is based on the probability

As a result, the theory of stoc
stic models; unlike the stochastic models, generate

based on averages: S

he variability in the process due to

theory. The determini

s since they are

unique solution tochastic models provide

the probability, taking into account t

nvironmental variability that impacts on the

itions and the €

biological process (Allen, 2010).

deaths, trans

20
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2.4 Classiﬁcation of Deterministic Models

There are basically two categories of deterministic models, namely the epi-
demic model and the immunology model. The epidemic model analyses the
progression of a disease within & population; whereas the immunology model
analyses the disease within the host. According to Murali (2009), individuals
are classified under deterministic models as follows:
individual/host, 1o pathogen is

(a) Susceptible(S)— Initially, within an

present; just & low level non-specific immunity within the host.
s the host may or may not exhibit obvious

(b) Exposed (E)- I early stage
hogen may be too low to allow further

signs of infection and abundance of pat

transmission.

(c) Infectious(I)- Host enco
parasite; abund

unters infectious individual and becomes in-

ance of the parasite grows with time.

fected with a micro
r no longer infectious or 1s ‘removed’

(d) Recovered(R)- The host 18 eithe

(dead).
(lassification of deterministic
pathogen:

ual who 18 perfe

models depends solely on the ability of the

The health status of an individual is not

host to transmit the
ctly healthy can be excreting large

relevant since all individ
amounts of pathoger It is also important t0 note that, 1n reality, boundaries
nd infectious and recovered are fuzzy gince

between exposed and infectious &
the ability to transmit the pathogen is not binary (on-off).

21
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241 Formulation of deterministic models

o formulated by combining different classifications of

Deterministic models ar
.. Tt is also based on whether there is a possi-

the disease within a populatior

bility of recovering once individuals are infected by a particular pathogen.

models ignore the exposed class resulting in the SIR

Most deterministic
del divides the population into three classes

model. The SIR mo
usceptible, S(t), ¢
sease, infective I(t)
ible; and recovered R(t), containing individ-

dynamics
ontaining individuals who have the po-

that are, namely S
, containing individuals who are

tential to develop the di

capable of infecting the suscept

uals that are no longer infectious. The SIR model is appropriate for disease,

ansmitted infections like gonorrhoea because once

in particular, gexually tr
in susceptible t0 infection. The Susceptible

recovered, the host is once aga

Infectious (SI) model i8 useful for some hosts that remain infectious until they
die. For example with HIV infection, once an individual is in the infectious

ate until death.

state he/she remains in that st
Diseases like meningitis and chlamydia, require model specification with
so they will not fit into SEIR classification. This

more classes of individuals,

ne in becauseé they are capable of classifying

is when stochastic processes cor

diseases into & finite number of states. Although the deterministic models

ata sets compared to the stochastic models, they

can accommodate large d
he course of the epidemic in the age profile

fail to allow for changes over t

fliculties in establishing parameters of a cohort compo-

of HIV cases and di
na hypothetical mo AIDS’ scenario (Johnson and

nent projection model 1

Dorrington, 2006)-

22
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2:H (Classification of Stochastic Models

Methods and techniques for formulating, analysing and numerically comput-

s of stochastic processes depend on whether the random variable

ing solution
X (t), the state of a patient at any given time, Or the index set (T},) are discrete

three types of stochastic models can be used
sed,

or continuous. Based on this,

A type where both time and the random variables are discrete-
arkov chains (DTMC)), (2) A type where time is con-

continuous-time Markov chains

namely (1)
valued (discrete-time M
are discrete (

tinuous and random variables

(CTMC)), and

referred to as diffusion

ochastic different

(3) Both time and random variables are continuous. This is

processes, where the stochastic realisation X (t) is a

solution of a st ial equation (SDE).

CTMC is parti
unequally spaced observa
studies of disease pro

which may 0cC

cularly useful because it allows for interval censoring and

tions, which are both common features of data in

gression where subjects may be observed at

longitudinal
ur at irregular times (Hubbard and

discrete follow-up visits,

Zhou, 2011).

Interval ce

nsoring 0ccurs when the event of interest is known to have oc-
;me points. In monitoring the progression of HIV /AIDS

curred between two i
¢ time of occurrence of movements from one state

in an individual, the exac
known, only t
As a result, the data
ance of CTMC models in this thesis.

d the distribution functions associated with

he interval between which a transition has

to the other is not
generated is known to be interval

occurred is known.
d, hence the import
on probabilities an

asic building blocks

censore

The transiti
of the stochastic Markov processes

the times are the b

). For a CTMC, {ransitions can occur at any (real-valued) time

(Halim, 1996
23
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nential distributions. The exponen-

instant and these are modeled using €xpo

tial distributions are adequate for many real-life situations, for example, time
until a radioactive particle decays (or time until death), and time it takes
telephone call (or waiting

1tions are the only memoryless continuous

before your next time before moving to another
state). The exponential distribn
their application in Markov processes.
g CTMC include the
hese are discussed in detail in chapter 4.

distributions, hence
forward and backward Kol-

The methods for studyin

mogorov differential equations and t

The Kolmogorov differential equations are the ones that are used to calculate

the forward and backward transitions between states.

f continuous time Markov models

2.5.1 Key aspects O

According to Mullins (1996), the charasterisation of continuous time Markov

x basic attributes;
These attributes are defined as follows:

models is based on si namely states, stages, actions, re-

wards, transitions and constraints.

(a) States

lete set of mutually exclusive alternatives under which

States refer to & comp
al studies, these states represent various levels

a system operates. In medic

of disease progression. For mathematical simplification, these states are as-
use a complete set of the description of each state

sumed to be finite beca

generally is provided. These states are either transient or absorbing. The
transient states are the ones in which once entered they can be exited with
ates are the ones in which once entered there is

The absorbing st
g states are death, HIV+, early onset of

ples of absorbin

certainty.

no escape. pxam

24
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cancer.

(b) Stages
e stages aré the points and times when the system

For a Markov model, th
Markov models can accommodate either

d and data is collected.
) time intervals between stages.

is observe

constant or random

(c) Actions/Decisions

At each stage of data collection, an action based on the state of the individual
g, the actions may include a drug regiment,

may be taken. In disease modellin

surgery, dietary modification, or Bo action at all. In the context of this thesis,

when HIVA+ individuals d o reactions to treatment, it

eveloped some advers

sination therapy of the ARVs. If a patient

resulted in the change of the coml

developed TB durin
changed. The effects of t

g the course of treatment, the drug regimen was also

hese treatment protocols can be analysed using

Markov models.

(d) Rewards /Benefits

The major aim of the actions above is to achieve & certain goal, which could
be recovery, extended years of life, or increased quality of life. As patients

kov process results in a sequence of rewards.

move from state to state, Mar
is a random variable, whose probability distribution is

¢ the Markov proces

The reward stream

reflected by the nature O

s itself and the sequences of

actions taken.

25
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(e) State transitions

The transitions for a Markov process describe the likelihood of being in a par-
ticular state at some future state given the current state. These transitions
determine the probability distribution of the Markov random variable. For
example, for three mutually-exclusive states denoted by X; for j = 1,2,3;
given state X, there are three associated probabilities, p;;, that describe the
probability of making transitions from state i to each of the three states over
an interval of time equal to ¢, one of them being the probability of remaining

in the same state.

2.5.2 Classification of states

The knowledge of the accessibility of a state is important in the study of
Markov processes because it gives the basis for the classification of states.
Markov chains are classified as follows: Communicating or not communi-
cating, absorbing or transient, steady-state, and periodic of a state (Allen,
2010). The next subsection explores these classifications. For clarification,
examples are used . Some properties for the various classifications are also

mentioned.

(a) Communicating classes

State j can be reached from state i, written ¢ — j, if there is a non-zero

") > 0 for some n > (0 where n is the number of steps a process

probability, p;;

takes to transit from i to j. In addition, if i — j and j — ¢, 7 and j are

said to communicate, or to be in the same class, denoted i «— j; that is,

26
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there exists n and n’ : pg-,- > 0 and p(") > (. The communicating classes

satisfy the following properties:

1. Reflexivity: i +— 4, because p( ) — 1. Beginning in state i the system

stays in state i if there is no time change.

2. Symmetry: i «— j implies j +— i following from the definition.

3. Transitivity: i «— j, j «— kimpliesi «— k. The first two properties

imply that there exists non-negative iniegers n and m: p]1 > 0 and

Thus,

(m)

ka

n+m

Pri

=0

Prob{Xn+m = k|Xo = i}, (2.1)
Prob{Xnsm = k, Xn = j|Xo = i}, (2.2)
Prob{ Xnsm = k| Xn = j}Prob{ X, = j|Xo =i}, (2.3)
Py - 2.4)

(
(2.5)

Thus, p™*t™ > 0 and i — k.

Similarly, it can be shown that p("+m) >0=k—i.

A set of states C is said to be closed if it is impossible to reach to any

state outside of C' by one-step transitions; p; = 0if i € C and j € C".

If there is only one communicating class, then the Markov chain is said

to be irreducible, but if there is more than one communicating class, then

the Markov chain is said to be reducible.

27
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(i) Irreducible/ reducible

A Markov chain is said to be irreducible if there is only one communica-
WVid

tion class, that is, if it is possible to get to any state from any given state.

Otherwise, it is said to be reducible. For a reducible stochastic matrix, the
= oC, et B 9

transition probability matrix P can be wristen as follows:

e (2.6)
O Tn

where T}, is an r x 7 transition probability matrix (TPM) for the transitional
states, Ty is an (r) x (m — r) TPM representing movement from transient
states to absorbing states, O is the (m — ) x (r) with zero entries showing
that transitions from the absorbing state are impossible and Ty is the (m—7)
x (m—r) TPM matrix representing movement between absorbing states. The
matrix P is said to be in canonical form. The canonical form of the reducible
matrix helps us to answer the following question: How long does it take for
a chain to end up in an ergodic class?

If we let \; represent the ‘" transient class and let yi; represent the " i
ergodic class, assuming the chain starts in a certain transient state. The
question that we are interested in answering is: Which ergodic state is hit,
and not, what happens when this class is entered? Hence, Py j4; 18 now set

to be I for every j > 1. The transition probability matrix is then changed to

P = T Ty . @)
¥ g |

28
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For a reducible matrix, P assumes the standard form:

DI ez p1r  Dir+l Pir+2 P1m
O Vgl Py APartt P2,r+2 Pam
g 0 : Drr+1 Dry+1 Fero)
& 0 DPryr o+ X rm (28)
0 0 iy 0 Pr+1,r+2 Pr+1r+1 0
0 0 0 0 0 $ 17 0
0 0 S 0 0 0 s Un

The subsets corresponding tO Pkk for 1 < k <rare called the k' transient

e states aré left, they can

of states that correspond tO Prijr+i are called the jin ergodic class.

class. and once thes not be re-entered. The subsets

If the limit exists, it is changed to

- Tll)leIZ
i P = (2.9)
t—o0 O T
i g e 0 L1 15D e Ly,
6.0 0 a2 I8 Lo
By 0 L', L,‘ L'r,s
% O ( r,1 .2 (210)
" B g | g e
64 ez e
00 p 9 0 I
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L;j corresponds to the probability of eventually hitting the ¢** state in y;,

which is our j** ergodic class, given that we started in the p** state in \;,

which is the i** transient class. L;; are numbers that represent the proba-
th

bilities of being absorbed into the j** ergodic class, given that we started in

the ¢*" transient class.

(ii) Ergodic Markov chain

A Markov chain is ergodic if:
3t : Vr, s € Q, P¥(r,s) > 0, (2.11)

where (2 is the state space. If the Markov chain is finite, then the following
pairs of conditions are equivalent to ergodicity:

e Irreducible: Vr,s € Q,3t = t(r,s) : P'(r,s) >0

e Aperiodic: Vr € Q,ged {t: P'(r,s) >0} =1

(b) Period of a state

The period of a state 7, denoted as d(7), is the greatest common divisor of all

integers n > 1 for which pE," ) > 0, that is,
d(i) = g.c.d{n/p}’ > 0 and n > 1}. (2.12)

If state ¢ has a period d(i) > 1, it is said to be periodic of period d(i). If

pE?) = 0,Yn > 1, define d(i) = 0. If the period of a state equals one, it is

said to be aperiodic.

30
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(c) Absorbing state

Consider a state i € S and let 7; be the number of steps it takes for the chain

to visit state 4. Thus:

T = min(n =1 =il (2.13)

where 7; = © if i is never visited. If Pim < ) = 1, state i is said to be
{1 = ) <1, it is said to be transient. If in a recurrent

_ 0 fori#J this is said t
q state in which once entered one cannot

recurrent, and if P
o be an absorbing state. In

state pii = 1 and pij

other words, an absorbing state is
get out of it, for example, the state of being dead in disease modeling.

(i) properties of absorbing states

chain is called absorbing if it is impossible to

1. A state Si of a Markov
This means that the probability that you

o

leave it (that is pii
] that you will remain there is one. For example, in
Y

are in state 7 anc
disease modeling, if a person is HIV+, that person is said to be in an

absorbing state. Also, the death state is an absorbing state.
9. A Markov chain 18 absorbing if it has at least one absorbing state
¢ is possible to 80 to an absorbing state (not

and if from every state 1
in a sample space, Healthy
L

For example,

n one step)-
the absorbing state, Dead, from

necessarily i
Diseased, Dead, a person can reach
being healthy OT after having passed through the diseased state.

s called transient. For example, with

g not absorbing 1
> 500, 350 < C D4 < 500,200 <

3. A state that 1
HIV—infected patients; the states DA

31
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CD4 < 350,CD4 < 200 are transient states because it is possible to

move from one state to another.

(ii) Time to absorption

To determine the expected number of steps necessary to first enter an ergodic
state, or the mean sojourn times for the individual, given the initial state,

we use the formula:
E [number of times in Sj|start in S| = (I - Tn)_l]ij ; (2.14)

Summing this over all the transient states gives the expected number of times
the chain is in some transient state, and this equals the expected number of

times before hitting the first ergodic state given by

E [number of steps until absorption|start in it" transient state] = [(I —Ty1)e]

where e represents a column vector of ones. In disease modeling, if the ab-
sorbing state is Death then the entries in the column matrix, (I — Tu) e,
represents the expected time to death for each initial state of the individual.
This will now be used as a basis for the calculation of the life expectancy for
each initial state.

Theorem 2.1: In an absorbing Markov chain, the probability that the pro-
cess will be absorbing is one (that is, T} — 0 as n — 00).

Theorem 2.2: For an absorbing Markov chain, the matriz, (I —Tyy), has
an inverse N and N = I + Ty + T2 +.... The matriz N is called the fun-

damental matriz for the absorbing Markov process P.
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Proof:
The transition matrix P for any absorbing chain can be written in the

canonical form:

T T
P : (2.15)
o A |
Tterated multiplication of the matrix P yields:
172 TiThe + T
P2 o 11 ‘ (216)
0 I
T3 T%T+TuT
i 1300 11 : 2.17)
0 I
Hence, by induction, W€ obtain:
e Tt—1+-.-+T2 + Ty + T2
i 5 O 11 : (218)
O I
This illustrates the general results that T 4 —— 0 a8t — 00 Thus:
(0] NT12
e : (2.19)
o O 1

where matrix
N e Tff1+---+T121 +Tu+1= (I-Tu)™"  (2:20)

— N(6,§) = TPI('i,j)JrTh(z',j)+Tﬁ(z‘,j)+..., (2.21)

) is the probability that the process which began in the i non-

jt* non-

where T1; (7, ]
ate will occupy the

o be understood as the expe

absorbing st absorbing state in period ¢. However,
Tt (i, j) can als cted proportion of period ¢, spent
in the jis state.
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(iii) Absorption probabilities

Let b;; be the probability that an absorbing chain will be absorbed in the

absorbing state s; if it starts in the transient state s;. Let B be the matrix

with entries b; ;. Then B is an t—by—r matrix, and B = NTy,, where N is

the fundamental matrix and Ty» is as in the canonical form.

Proof
0y > Z"quff)rkj (2.22)
= Y kY ngl'ry (2.23)
= ) knung (2.24)
= (NR);; (2.25)

(d) Steady-state probabilities or limiting state probabilities

After n — step transition probabilities for a Markov chain have been calcu-
lated, the chain will display the characteristics of a steady-state. For this
value of n, every row of the matrix will be the same, and, as such, the prob-
ability that the process is in each state does not depend on the initial state
of the process. Therefore, the probability that the process will be in state k
after a certain number of transitions, is a limiting probability that exists
independent of the initial state.

Theorem 2.3:

If P is a transition probability matriz of ¢ reqular discrete Markov process,
and Py approaches a unique limiting matriz, then the process is said to have

reached a steady state.
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As the system reaches a steady state, the k" and the (k+ 1) states are the

same:
p(0) - P**' = p(k + 1) = p(k). (2.26)

The steady state vector can be obtained using the equation 7 = wP where 7
is the steady state vector for m states under the constraint that > m=1.If
the limiting probabilities exist then the process is said to be egordic (Kapodis-

tria and Resing, 2012).

2.5.3 Further classification of stochastic models based

on type of movement between states

Based on the classification of states discussed above, various state structures
for continuous time Markov models are illustrated. A state structure deter-
mines the states in the model, showing clearly which ones are transient and
which ones are absorbing. The arrows show possible movements within the
model (Gibson, 2008). The next state to which the individual moves, and
the time of change, are governed by a set of transition intensities qni(t) for
each pair of states h and i (Jackson, 2007). The intensities represent the
instantaneous risk of moving from state h to state .

In the context of disease modelling, there are basically the following state
structures: bidirectional (alternating), bivariate, competing risk, mortality
(illness-death), disability and recurrent (uni-directional). These structures

are illustrated in the diagrams that follow.
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(a) Mortality model

The simplest multi-state model is the mortality model, which has only two
states, namely Alive and Dead. This type of model is basically known as the

survival analysis model. The structure of the model is shown in Figure 2.2.

Alive(0) (P9 >| Dead(1)

Figure 2.2: Mortality model

The arrow between the states is one directional, meaning that there is only
one possible transition since an individual cannot move back to the state of
being alive once the death state is reached. The label, go1, on the arrow,

represents the hazard rate or the transition intensity rate for the movement

from state 0 to state 1.

(b) Ill-death model

The state of being alive in the mortality model can be split into two, that
is, health and ill, to form a three state progressive model as shown in Figure
2.3. In this model, an individual can progress from a state of being healthy

to a state of being ill, before moving to the absorbing state. From either

state 0 or state 1 the death state can be reached.
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Figure 2.3: Illness-death model

(c) Competing risk model

risk model, whereby two or more causes of

We can also have & competing

death compete for the life of an individual. Competing risks can be modeled
orresponding with Alive and say k absorbing states

with one transient gtate €
se h, where RO A With this model,

corresponding t0 the dead by cau

he event occurs in can be described. The notation, ok,
us risk of dying from
ed in Figure 2.4.

odels can also be categorised in terms

only the state that t
cause k. The structure of the

represents the instantaneo

competing risk model 18 illustrat

f the multi-state m

The structure O

ows between states. As a result, we can have uni-

of the direction of the arr
1 and recurrent models.

directional models, bi-directiona

(d) Unidirectional model

A uni-directional model is when subjects move through a chain of states,

e 1 and tially through the states until

progressing sequen

g state Ris reached. With uni-directional models, once a subject

is a zero chance O

starting from stat

the absorbin
leaves a state, there f visiting the state again. The structure

of the model 18 shown in Figure p i
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Death (causel)

ao’
@p,2
Alive(0) 1 Death (cause2) ]
ao’k 5

Death (cause k)J

Figure 2.4: Competing risk model

W

Statel

SIS
State2 s State R

Figure 2.5: Uni-directional model

(e) Reversible or bi-directional model

Reversible or bi-directional models allow transitions in either direction be-
tween some of the transient states. With bi-directional models, an individual
can return to a state provided that he/she does not go to an absorbing state.
Absorbing states are also contained in these models. The structure of the

bi-directional model is shown in Figure 2.6.
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Figure 2.6: Bi-directional model

An example of bi-directional models is the three state disease model in

which the probability of recovering from the disease is greater than zero.

(f) Recurrent model

Recurrent models are those models which do not have an absorbing state.

With this structure, the transitions are uni-d'rectional. An example of such
models is the STR model where susceptible (S} individuals become ill (I) and

after some time, the individuals recover (R) from the illness as shown in

Figure 2.7.

1 (1)

I Susceptible(S)J*

Recover(R)

Figure 2.7: Recurrent model

These structures depend on whether one is modeling the epidemic of a

particular disease for the whole population within that particular area (de-
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terministic) or for only the infected individuals (stochastic). Mathematical

models are then used based on whether one is using a stochastic or deter-

ministic approach.

2.6 Markov Processes

Markov processes are the commonly used mathematical models for describing

stochastic processes with dependence (Johansen, 2006). The assumption of

Markov processes is that, once a patient is hezlthy, for example, the waiting

time in that state is independent of the past Listory of the patient and only

depends on the state the patient is in. A finite Markov chain is then a model
for a stochastic process X £y 129 with values in the finite state space S.
the probability measure P, which describes the probabilistic properties of X,

satisfies the Markov property:
P(X(tnrs) = i K (1) = .- X () = i) = PX (tran) = na X (t) = 43.27)

for any states i1, .. 0 g P - S and time points t; < ... < tp < tng. The
transition probabilities for Markov process obey the Chapman-Kolmogorov

equation. The equations are stated differently depending on whether the

process is homogeneous Or non-homogeneous.

(a) Discrete-time Markov chain with homogeneous transition prob-
abilities

Given an initial distribution p = (u(2) : = € S), where pu(z) = P(Xo = @),
the goal is to compute pn = (pn(z) : T € §), where n(z) = P(Xn = ).
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The sequence (ptn : 1 > 0) satisfies the recursion;
Hn = lln——lpa (228)

such that po = p. Or;

Un — Hn-1 = Hn—](P = I) (229)

(b) Discrete-time Markov chain with non-homogeneous transition

probabilities

To compute p, for the sequence (pn : m 2> 0) we use the recursion;
pin = pn-1P(2), (2.30)
such that po = p. Or equivalently;
fin — pn-1 = Pn-1(P(t) — I) (2.31)

The equations that satisfy the steady state distribution are derived by set-
ting the time-derivative in the forward equation o zero. That is, the mass

function 7 = (w(x) : * € S) should satisfy;
n(P—1I)=0, (2.32)
that is,
7w = 7P. (2.33)

The transition probability matrix P(t) with elements (pi;(t)) has the fol-

lowing properties:

41

© University of Venda



(@)
1. pij(t) >0, foralli,j € Sand t >0
2. Y Pi(t)=1VieSandt 20
j€s
3. pij(t+5) = Y pun(t)prj(s),Vt, s 20,4, € S

kesS
Proof of property 3 can be done as follows:

The transition probability matrix can be obtained from the Markov property,

Pj(t+s) = P{Xus=jlXo=1i} (2.34)
= 3 P{Xera = j, Xo = klXo = i} P{Xe = k| Xo = i{2.35)
k

= S P{Xuys = jlXe = k}P{X, = k| Xo = i} (2.36)
- zijpkj(s)ﬂk(t) (2.37)

Thus:
P(t + s) = P(t)P(s) (2.38)

2.6.1 Transition probability matrix for a continuous-
time Markov process

A continuous time Markov model can be defined in terms of its matrix of

transition intensities Q(t, X;) with (r, s) entries;

. P(X(t+4dt)=s
gre = lim
5t—0 ot

X(t) =T, Xf)

(2.39)

where X, is a o -algebra representing a history generated by the multi-state

process X ().
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Computation of parameters for a continuous-time Markov process include
calculation of mean sojourn time (time of stay in a state), jump chain (move-
ment from state to state), time to absorption, which gives rise to calculation
of transition probabilities. Kolmogorov’s forward and backward equations

are used for all these calculations.

(a) Sojourn times

For multi-state models, the subjects involved in the processes spend a random
amount of time in each state known as the holding time or sojourn time. The
amount of time spent in each state has an exponential distribution because
the Markov process is memoryless. Markov property and time-homogeneity
imply that, if at time ¢ the process is in state j, the time remaining in
state j is independent of the time already spent in state j, thus, the Markov
property. Given a state, say T € S, X(0) = x and let T, denote the time of
the subject’s transition away from state . To find the distribution of T}, we

let s,t > 0 and consider

P(T,>s+tT, >s) = P(X(r) == for r € [0,s + ]| X( X(r) =z forr €|0,s])
3= P(X(T)=acforr€[s,s+t]| r) =z forr €[0,s])
= P(X(r)=g forre[0,s+ t]|X (r) = ), (Markov property)
— P(X(r)=gz forr €[0,4]|X(0) = ), (time homogeneity)
= P(T;>t)

Thus, T, satisfies the loss of memory property, meaning that the time spent
in state x is exponentially distributed. The parameter of the exponential

holding time in state z is denoted by Az).
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When analysing the data for HIV-infected individuals on treatment, the
sojourn times can be used to assess the effectiveness of the drugs. If the time
spent, particularly in the worst states, is shorter than the time spent in good

states, it means that the drugs are effective.

(b) Jump chain

This is when a Markov process is observed at the times it makes transitions
to a new state. In other words, a jump chain is a stochastic matrix R, a
matrix where each row sums to one, on the state space X, which describes
the next state an individual goes to after leaving state i. If A(i) > 0, then
one never stays in state ¢, one makes a jump out, resulting in having Rio=0;
and if A(i) = 0, then one never leaves state i, meaning that R = 1.
Lemma 2.1: Chapman-Kolmogorov’s equations

The transition probabilities of a Markov jump process obey the Chapman-

Kolmogorov equation:

P;i(s,t) = > vkes Pi(u, t)

for all states i, j in state space S and all times s < u <'t.
The transition rate matrix also known as transition intensity at time ¢

between any two points i and j of a Markov jump process is defined as follows:

=4 o piglt t+ ) — pi(E, )
ij(t) = ‘a—spij(s»t)|s=t = }ll_ff}) b (2.40)
Bearing in mind that:
0, i#J
pij(t,t) = 6ij = Ry (2.41)
1 =
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where 0;; 18 the Kronecker delta,

 opi(tt T h) — pij(t, t)
o = }1133) //h (2.42)
i pij (t,t+h) j 41
. A ’ (2.43)
h—0 h ;

By cross multiplication We get

haj(t) + O(R); i #J
: 1 + ha () + o) 1=
il ().

where f(h) = O(h) means }}E})T
For j # 1, pij (t: t) is equal to zero sin

states is zero when no

ce the probability to move between two

time has elapsed and pij (t,t) fori=7j 18 equal to one

since the pr()bability of remaining in the same state when no time elapsed is
one. Transition rates behave differently from probabilities in that:
e It is possible tO have a negative rate; and

e The rows of the transition matrix sum t0 7€10.
(s,1) denote the transition probabilities of a Markov

Lemma 2.2: Let Pij
d transition rates ij(t)- Then D _v; a;(t) = 0,

jump process with associate

for all i and all 8 2 O

> 0, we have Sy Piilts g) =1

Proof: For all s
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. = Z P,j(t, 8)ls=t = 5-(1) (2.45)

VJ
= Za it 8)lsmt = 0 (2.46)
= Zau‘ (t)=0 (2.47)

Vi
From the definition, if ¢ # j, then:
G0
() = lim ’ﬁ’—(i’?i—hl > 0. (2.48)
So

aij(t) <0 = qi(t) = — Z ij(t) (2.49)

Vj.J#i
As an example, suppose we have an HIV progression model with three states,

namely HIV+ (H), AIDS (A) and DEAD (D), connected as shown below:

The transition rate matrix is given as

—(p(t) +o(t)) p(t) a(t)
Qt) = u(t) —(u(t) + a(t) alt) (2.50)
0 0 0
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The transition rates form a matrix known as the infinitesimal generator ma-
trix Q. The transition rate matrix can be directly obtained from the holding
times and the jump times. Consider the case where the holding time of a
given state \; # 0. We make an approximation that in a small time A, the
chain will make only, at most, one jump, that is as &y — 0. First, consider

the state j # i. We have:

i pij(At) — p;(0)

Qi = Allt_)o AL (2.51)
o pig(At)
= 1o B0 252
o (1 —exp(=N\At))R;;
e Ahtl—?o At S
Y (2.54)

where R is the stochastic matrix that gives the transition probabilities of the
jump chain.

The assumption that was used is that, if the chain goes from i to j in time
At, then the chain must make one jump in the interval [0, At], and when it
makes this jump, it must go to j.

Computing Q;;:

pii(At) — pii(0)

e LBy = Gl
e nacPulBt) = 1
e Alir—r»lo At i
i s & s exp(—NAt)) — 1 :
il v At ol
& =k (2.58)

This proof uses the fact that being in state ¢ and remaining in the same state
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in time t = 0 has probability of 1 since there is no time that has elapsed

me state after a small change in time At is

The probability of being in the 5&
uted with parameter At

exponentially distrib
atriz of transition Tates Q = (g) 8 known as

Definition 2L The M

infinitesimal generator matric,

Q1 912 qi1,3
g1 922 qodis 7
Q) = (2.59)

qs1 432 qs3,3

= E:ig qi,1 ql,2 Q3
qz,1 7 2?21,#2 42,3 A (

= 2.60

gs,1 g3,2 i Zﬁl,i#{i )

ch column sum is zero and each diagonal

Matrix @ has 2 property that ea

ve of the sum of off diagonal element in that column

element is the negati

2.6.2 Kolmogorov’s forward and backward equations

for continuous—time Markov models

The Kolmogorov backward equation is useful when the question is: Given
that the system at 2 future time S pas a particular behaviour, what can
the distribution at time t < g? This means predicting the

we say about
omenorn. Likewise Kolmogorov’s forward

past events using the present phen
predict future events:

equation can be used toO
’s forward equation

Lemma 2.3: KolmogoroV
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Let Pyj(s,t) denote the transition probabilities of a Markov jump process with

associated transition rate oq;(t). Then:

Q%%S’_t) = 3 Puls, (1) (2.61)
Or in matriz form
iff%%t_) — P(s,t)A(t) (2.62)

where A is the transition rate matriz (A1) = i (t)

Proof

Consider P;(s,t+ h).
Z Pu(s, ) Pej(t, t +R), (2.63)
Vk

(5, 0) Pyt + )+ D Puls,t)Py(tt + h)(2.64)
Vk,k#j

Pij(é', t+ h) ]

But:
haij(t) Iz O(h) ’k 7é I (265)

pij(t,t + i { 1+ hay;i(t) + O(h)

Substituting in our equations gives:

3" Pals, ) [hay(t) + O(h)] (2.66)
Vk,k#j
Py(s,t) + Z Pi(s,t) [haj(t) + O(R)] (2.67)

Py(s,t + h) = Py(s,1) [1+ ha;(t)] +

P;j(s, t+h)=

Py(s,t +h) — Py(s,t) = %‘Hk 5,t) [ha;(t) + O(h)] . (2.68)

Dividing by & and taking limits as h — 0 yields:

313”(” ZPk o (t (2.69)
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Lemma 2.4: Kolmogorov’s backward equation
Let P;(s,t) denote the transition probabilities of a Markov jump process with

associated transition rates aij(t)' Then
8PL] s f) o t)P 85 t) (2 70)
AN Al k kj '
£ Z :
Or in matriz notation,
S

where A(s) is the transition rate matriz (A(8))ij = cij(s)-

Proof

Py = 3 Puls,s+ W) PonsPule 2+ WPyls+ht)+ > Pu(s,5+h)Py(s + h,t)

vk Yk, k#j
But:
hoyj(s) +O(h) Kk #J, o
pij(s’Hh):{1+ha,-j(s)+0(h) N )
So we have:
(8,t) = [1+ haig(s) + O(h)] Py (s + 1, t) +szk¢i [havij(s) + O(h)] Pij(s + h,t)

PU(S t) i z]( +h t) +Z haU +O(h)]PkJ(3+h t)
Pij(s,t) — Pj(s+h,t) Z [heij(s) + O(h)] Pyij(s + h,t)

Pyfant) = Pylstht) _ 5, [ 0+ 2| Pgto +

h
2 (Bj(s+ h,t}i - Pz’j(S,t)) & g [ D) Oi(zh))J R O
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Taking limits as i — 0 yields
OP” 51 Zak ) Pej(,1)- (2.73)
Or
()P“ a1t Za‘ )Pij(s,t). (2.74)

For example, if we have a model for HIV+ patients who are not on treat-

ment, the model can have three states, namely HIV (H), AIDS (A) and Dead
ent. the assumption is that these states are not recur-

(D). With no treatme
rent. such that the time homogeneous model looks like the one shown in

Figure 2.8

S %
( K
I

Figure 2.8: Tliness-death model for HIV

By using Kolmogorov's forward equations, the differential equations for the

e:
various movements between states ar
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_(?_&I%i(ﬁ’—t—)- - —[)\+/1']P1111a
a’lﬁf_ait(f’_t_)_ —(A+uPaat APaa,
aPHgt(s’t) vk __[/\ + N]PHD + AFPap + NPDD,
OPaa(s,t) _ _BPaa,
ot
aPAD(S,t)
O Al
ot
dOPpp(s,t)
e ———
ot

v “ptln 1)
= 0.
Solving equation (2.75) by integrating from s tot yields
Pyu = €XP {-(A+ p)th.
From (2.78)
Paa = €XP {=At}.
For equation (2.80) the solution is
Ppp(s,t) =1

Equation (2.76) becomes:

2PgA®) = — A+ 4] Pia+ Nexp {=Xt}.
Equation (2.77) becomes:

"’—P%f—(tl = — [/\+,u] Pup + pPap + .

(2.75)
(2.76)
(2.77)
(2.78)
(2.79)

(2.80)

Explicit solutions for equations (2.79), (2.76) and (2.77) can be found by

using R software or Matlab.
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2.6.3 The time-homogeneous continuous Markov model

e homogeneity simplifies the Markov model and is

The assumption of tim
is. All the other models can be obtained

often a convenient baseline for analys
ion explores the theory

by examining departure from this model. This sect
Markov model and illustrations as to how important

of time-homogeneous
lding the model is done using examples.

parameters are calculated when bui
ontinuous, that is, the

Multi-state homogeneous Markov models are time-c
only depends on the difference between the two times

transition probability
rch, the state of the patient at observation

one is considering. In medical resea

: ' v i
time is the only thing known. The researcher 1
not the exact time. Thus, homogeneous

ay know the time interval in

which a transition has occurred, but
ed (Gibson, 2008). That is, if for all ¢ > 0,

Markov models are interval censor
the probability of moving from state 7 to state j is given by:

Pt 5) = P(X, = jiXe = 1) = P(Xat = X0 = 1),V 2.0 for s > 1281)
R U e ]

omogeneous models are based on the assumption that the intensi-
ns of time. Assuming that we have n patients mov-

states X = {1,2,..., 2}, the following property

Time-h
ties are constant functio
ing independently within the
holds for a time homogeneous model:

Q) =Q, V.

Once the value of () has been obtained, the transition probability matrix can

be obtained using the Chapman-Kolmogorov’s forward or backward equa-

tions:
daP(t) _ P(t)Q.

dt
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Solving the differential equation with boundary initial condition P0O) =1
ving t

yields;

Qt_iE@i

Plt) = ¢ % 2 i
2t2 Qﬂtli
= I+Qt+%—+—§r+....

Eel i S
Matrix @ is then diagonalised into the form BDB™" provided the eigenvalues

of @ are distinct. Matrix D represents the diagenal matrix with diagonal

entries representing the cigenvalues of Q and B is matrix whose column

representing the respective eigen-vectors.

P(t) = BIB™" + Bdiag(ds, - -- .d,)B~'t/1! + Bdwag(dy; . .. ,do)B~1t%/2! +
Bdiag(dy, . - -  dg)B71 /31 + ..,

Now we have:

= dit' dit' =
P(t) = B\: diag (—ll'—,,_;r)]B 1

i=0
=, dit? = ditt =
= B[diag(Z—;'—,...,Z—;!— ;g
i=0 i=0
- d't dst) i
— diagZ(e S /; | i
i=0

— Bexp(tD)B™".
As a result, the transition probability matrix will be computed as follows:

P(t) = Bexp(tD)B™".
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f finding the transition probability matrix to a

This reduces the problem 0O
he eigenvalues and eigen-vectors of the tran-

problem of simply determining ©

Q. e 1ting these are readily

ALy ; : wares for comp!l
sition intensity matrix, ft

available.
e model with state 0, Alive, and

For example, suppose we have & tWO stat
state 1. Deald If oot represents the rate of moving from state 0 to state 1
: .

then —og; represents the force ©

f being 10 state 0. Then:

—qp1 ©ol

O=lde
Then d any and dz =0 and the corresponding eigen-vectors are (1,0)
& 1 TRy 01

and (1,1)'. Thus:

1 1 —1
B = : ) B—‘l =

0 R

We then have
P(t) = Bexp(tD)B”
7 g—eot 0 g el
= G 0 it b3

e—amt 1— e’amt

as desired. : : P
ain, according to Privault (2013) is

: i arkov ch
A two-state contmuoue—hme Marko

Conside time Markov process with state
Jlows: Consic®

; continuous”
lustrated as fo Jog

space S = {0, 1},

with the inﬁnitesimal generator Q of (Xi),t > 0, is of the

form
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da’ @
B'= ,
e
with o, 8 = 0. The forward Kolmogorov equation for this is:

—Q o

p(t) = P(t) e

t>0,

that is:
Po,o(t) Poa(t) Sy B o

P (2% Foa®) _ ‘
. : Pio(t) Pia(t) & =

Plo() Pialt)

which is a system of differential equations:
Poo(t) Poa(®)\ _ 110} .
0) =
i Pro(t) Pia(®) i1

The solution of the forward Kolmogorov equation is given by the matrix

eXPOnentiad
— X o

P(t) = p(0)e? = ot@ = exp |t A

PI‘Oposition i

The solution P(t) of the forward Kolmogorov equation s

—t(a+B)

e s
a—% 4 ﬁ?e’t(aw) 74 a;ﬁe (a+B) g
9 e —t(a+
P(t) Eﬂiﬁ 2, E%e—t(Mﬂ) 85 e
Proof: i | b
Matrix @ has tWO cigen-vectors (1,1 and (= B) with respective eigen-
atrix ' | |

0 and A o e BENER Q can be expressed in the diagonal
values, Ay Hana a3 s :
form:
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@)t
Q= MDM™".
1 —af |M 0 Z%E pra
Q= £

il 5 0 A2 iﬁ a+p

Consequently, we have:

Pl) = ,Q’Zt”@n,zn (MDM )"

n=0 n=0
oo 00 % n o r—1
n

n

3_\w
e A

n=0
i i JL s
et = _‘ -t)\l at+B a+ﬁ} ’
i o =% Foughs
Ll ﬁ tA2 m =3
P aio
i -—a-‘ a+B a+ﬂ} :
> dger LIS
Ll ﬁ e "t(a+ﬁ) m CX+{3
il Oé@ﬂt(a‘kﬂ) a+ﬂ a+ﬂ ;
e -y g
LO /Be—i(a‘h/;) m LB
r G —t(a+B)
e —f(ﬂ+/3)

= 8. —t(a+B) a‘f’-’ﬂ”"wb‘

2.6.4 Time homogeneous Markov models and covari-

ates

in any given subject, so many covariates

’ . y A1 1
When analysing disease progression ’

ble f causin o be non-homogeneous over time.
ible for €

are respons g the process t

arié ime-homogeneity is violated

i e as & covariate, t1me , :

For example, if we consider 28

in that, with chronic disease; ageing has a significant influence on mortality
¥

osgood, 2002). To ensure o
separate matric

mogeneity, infected individuals are put

rates (H
es are created for each age group.

in different age groups and
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These matrices are then compared t0 €€ the effects of age on the progression

so be used with fixed covariates such as

of the disease. This strategy can al

gender.
Let 1, %j2: -1 Zjn be the states that mdmdual j occuples at times tj1, 152, -+ 7
then the likehhood over all k processes or patients is:

HJ"lH =2 Pm] 1——177'_71,( 2 t_),’t—l)

ariates are considered. For

gender, age, paseline CD4 cell count,

a few. There is need to study the

As the longitudinal data is collected, a 1ot of cov

this project, the covariates include

clinical stages of the diseas¢,
riates and the transition intensities, Gij, in

relationship between these cova
albfleisch and Lawless (1985) defined the likelihood as

the Markov model. K

follows:
h individual has an associated vector of s covariates, 7 =

Suppose that eac
— 1. For any given v

ion mtenslty matrix:

ey ot + j, where By =

we suppose that the process

(21,22, - A where 21

is homogeneous Markov, with transit

Q(H) (qU(Z)) where qU(
(Buijs - - -2 P ;) is @ vector of 8 regression parameters relating the instan-
g from gtate i b

taneous rate of transition

this model, Gii = ks (Iij(g)'

o state j tO the covariates Z. For

2.6.5 Approaches to fitting inhomogeneous models
When dealing with medical data, quite often, it does not make sense to

assume homogeneity % underlyin

g intensities. Non-homogeneous models

hange as subjects age (Hubbard and

are required because transition rates ¢

58

© University of Venda



Zhou, 2011). Therefore, there is need t0 employ methods that can account

for intensities that are functions of time. There are various approaches that

can be employed for fitting the inhomogeneous models. These approaches
include:
e Allowing transition intensities to be piece-wise constant (PWC). This

is the most commonly used method;

e Allowing transitions to have smooth parameters form, for example the

Weibull hazard functions. For Markov mocels, this requires solving the
Kolmogorov forward equations which are set to be non-linear ordinary
differential equations for time homogeneous models; and

e Non-parametric or semi-parametric techniques

This study is going to focus on the PWC model. Define © as a non-
homogeneous vector of intensities, © = O@)D<t<T, to be estimated,

where T is the maximum observed time. By using the HIV states Scfiaed foF

this study:

o(t) = [fhz(t),Q16(t),(117(t),6121(t),Q23(t),Q26:t),Q27(t), i i) (2.82)

with each entry a function of time. Aalen and Johansen (1978), employ the
product integral, denoted by 7, to relate transition probability matrix to the

cumulative intensities, defined as:
Z(t) = meey (L + X(ds)) = limmazlt—ti—xl—*Ol_‘(I + X(t;) — X(ti-1), (2.83)

where X (¢) is a K x K matrix valued function of time ¢ and Lis the identity

matrix. In the MSM context, let A be a K x K matrix where the entries
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Ay, u # v, are integrated intensity functions for transitions from state u to
uvy L v,

state v. Then the relationship between P and A is defined as follows:

P(s,t) = T+ dA(u)): (2.84)

The method seems difficult to implement casily in the context of the MSM

models. A more commonly implemented method to estimate O(t) is to use

a piece-wise constant (PWC) model. Models involving constant intensities

between states allow the assumption of time homogeneity to be relaxed,

while. at the same time, retaining closed form algebraic expressions for the

transition probabilities (Titman, 2007).
The PWC model partitions the entire time interval into R continuous,

disjoint intervals, T1,.--» TR where 7, is the interval from time ¢,_; to ¢, and

7, < 7. Each time interval is treated as a distinct time homogeneous process.

This method is an extension of a time homogeneous case. If we have two

time dependent segments Q and O, defined as follows:

Q(t) = Qy, temr (2.85)

O(t) = Oy, tet. (2.86)

Computing P(0,t; for at; in segment 7y, entails multiplying all the transition

matrices across the various intervals as seen below:
P(0, t;) = 1 PO ()] PO (-1, i), (2.87)

where P® is the transition matrix using Q; for the bt" segment, 7. If subjects

are observed on an equal spaced grid and segments are divided up along these
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)™ element of the matrix

time points, then P,.(0,ti) would simply be the (¥,
re not equally spaced, then observations

in the above equation. When data &
would be (:onsidered missing at the preakpoints-: To resolve this, a model
veen the last observed state in

that accounts for all possible pathways betv

, and the first © ment b was suggested. For

the segment b;— bservation in seg

example, if & breakpoint ¥
om interval tj, t

Z P (t, )P

is created between tWO points t; and t, then the

likelihood contribution fr for individual i can be found as:
(tlvtk)7 (288)

for states u, V- A 1ikelihood ratio test can then be used to determine whether
an the constant model. The next section

a better fit th
g model fit with the likelihood ratio

used for gssessin

a PWC model 8
explores the techniques

test included.

r assessing model fit

Titman (2007) suggcstcd methods that can be used as diagnos-

he fitted Markov models.
the informal m

He classified the methods into two

tic tools for t
ethods. The formal methods

groups, the formal methods and
Jikelihood ratio tests (

1’1kelihood ratio test is used to compare two differ-

a Markov

LRT) and the Pearson’s

included the use€ of the log-

chi-squared test. The log-
ent fitted MO dels, for example, model without covariates with a
Pearson chl—bquared test is used to compare

d expected frequencies.

compare the fitted model with the

Markov model with covariates:
prevalence counts using observed an

s use graphs to

The informal method
ulation of likelihood ratios. The

observed data and they do not involve & calc
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informal methods are preferred pecause they give a clear picture of how the

ares with expected model.

fitted model comp

9.7.1 Testing the MarkoVv assumption

that a future state of a process only depends on

dent of the past.
data for the exact transition times be-

The Markov assumption 18

e and is indepen The method by Kay (cited

the current stat

by Titman 2007) involves creating
tween states, using interpolation when the data s completed and a test is
en an illness—death model with two communi-

performed. For example, 81V
| being the absorbin

nd 2, and deatl g state and letting  be

cating states, 1a
te 2 during the last sojourn in state 1, we can fit the

the time spent in sta
31 )\Oeg;p(ﬂg:) and test the hypothesis, Hy:B8=0.

model for intensity, d12
t the transition rate to death

This hypothesis will assess the assumption tha

ffected DY the previous sojourn time

from state 1 is una

9.7.2 Testing the homogeneous assumption

The homogeneous agsumption i that the transition intensities are constant
_ This assuml

e, that 18 dij (t) = dij ption is tested using piece-

throughout tim
wise constant transition intensities which use & formal likelihood ratio test for
The fitted parametric time-dependent

two models.
(£) = Gre€®P
v ==

the independence of the

e of the form drs (=Xt) and perform a likelihood

models will b

ull hypothesis Ho

ratio test on the n
i study, is to determine

The purpose of th
whether transition history can be modelled adequately by a homogeneous
Markov model and transition probabilities, thus, exhibiting the invariant be-
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homogeneity is then stated as follows:

Hy : 4 =
0 'Vh'a,} & Xt ath € Rt 5 Qh](t) = Qh71Vt (= [01T>,
esis is that transition probabilities are time-dependent

haviour. The null hypothesis for time-

and the alternative hypoth
s in the transition intensities.

W i v 4
hich can be appr()XlIIlated by structural preak
puted as follows:

The likelihood ratio test is then com

s
LRT — ’Zl()ge (Lg(é)> ’ (289)

arameters and the general model (g)

) with fewer P

for a simpler model (s
ited as a chi—squared random vari-

ptotically distribt
qual to the di

e 1ikelihood ratio

The test statistic is asy™
fference between the number of

able, with degrees of freedom €

WO models. Th test can be done provided

parameters of the t
the simpler model is & gpecial €ase of the complex model.
The LRT can also be presented in terms of deviance, that is:

LR —2(loge(Ls)fl09e(Lg)) (2.90)
= —-ZZOQC(LS)‘*’%OQL)(LQ) (2.91)
(2.92)

_  deviancés — devianceg-

e deviance for the two

yuted as @ difference between th
s also going to be used to compare

arch, the LRT
ovariates and the homogeneous model without

Thus, LRT can be comf

fitted models. For this rese

the homogeneous model with ¢

covariates.

r survival curves

2.7.3 Kaplan—l\/[eie
t estimates of the gurvival function can be com-

Kaplan-Meier product limi
m the fitted Mar

kov models. This can be done

pared to survival estimates fro
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bing state for which time of entry is

precisely known. Kaplan—l\/leier estimates are only valid for the assumption

in cases where & model has an abso

of homogeneous subjects-

074 Contingency table—based methods

gsment of the overall fit of the assumed model.

This method provides ant asses
1t with balanced observation with categor-

Kalbfleisch and TLawless (1985) dea
v considering 0

ical covariates. They fitted the model b pserved and expected

T through & 1ikelihood ratio test or an asymp-

transition frequencies eithe
qudrcd statistic.

totically equivalent Pearson chi-s

However, Chen and Sen

power, partlcularly when the degrees

and that the asymptomc null distribution cannot

argue that Pearson chi-square has low

of freedom are very large

be applied when counts i tabl

e are gmall. A Fisher’s exact test could be

used in case of small counts.

2.8 Summary

suild the models and fit the models for the HIV data

The following chapters b
g and time inhomogeneous models

The time homogeneous

used in the study-
od ratio test

ich & likeliho is computed t0 decide which

are fitted, after wh
models and the observed

model fits the data best-
; and gurvival probdblhw curves. Since

is done using t
made up of patients o treatment, the main

the data used for this study 18
jmmune recoverys which is defined as the

focus of this research is the rate of 1
D4+T cell count 0 2 higher CD4+T cell count.

movement from & lower C
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er 4 and Chapter 5, and comparison of

e built in Chapt
wever, before fitting

These models ar
1 Chapter 6. Ho the models, some

fitted models is done 1

a analysis 1

g done in Chapter 3-

preliminary dat
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Chapter 3

Preliminary Data Analysis

3.1 Introduction

¢ was used in the study. The trend of the

ribes the data tha
ased on CD4+ T-

and a model

This chapter desc
ents is also examined

cell count, in pati

HIV progression, b
by means of line graphs, that explains the relationship i fitted.
also used in order to have a general

ression model 18

The Aalen additive reg
ession of HIV with time.

view of the covariates effects on the progr

3.4 Variable coding
ere coded as follows:

analysis, the variables W
TBB4> 1 - yeS, 0=

For the purpose of
Gender: 1 - Male ,
d TB on ART (DTB): 1-yes,0
s U nderweight=
ese— 2 S{0)

TB before enrolment (

0 - Female;
no: Develope - no; Reacted to ART: 1 - yes

0 - no; The BMI are as follow
{25;25.9], Ob

< 186, ¥ ormalweight —

[18.5;24.9], Overweight =
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) was measured in kg /m2 and was calculated

The body mass index (BMI
measured in kilogrammes

using the formula; BMI = (,% where weight 15

S measured in metres.
4z 750, 250

0, 5f0§CD4<200;

sl Otherwise; Ages are as

and height 1
o< CD4< 750, 3—350 <

The CD4BL are as follows: 1 .,

D4 < 500y 4= HUEHEREES 35
1 - WSBL

The WSBL are a8 follows:
40; The VLBL are as follows: 1 —VL 2

follows: 1 — age < 40, 0 — age =~

10,000 0 = VL < 10, 000.

3.3 Summary statistics

The analysis is done OF patients who were enrolled at the clinic in 2004 and
ent of treatment for these patients was in 2005 and follow

¢ every 0 months. The size of the

2005. Commencem
population was 318.

up was done afte
nd females for each

Table 3.1 shows the frequency distribution for males &

given baseline variable.

les and 91 males. Geventy-three of the

997 were fema
e enrolled for ART. The WHO

Of this population,
s had TB pefore they wer

females and 36 male
67
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stage baseline of the individuals

ment of treatment. However, of th

baseline of on

baseline of thre

the majority of the HIV—infected

four. The CD4+T baseline of the se

174 hav

2 to 5, with the majority, 318

HIV-infected individu

Table 3.2: Gummary statistics
1B |
CD4 BL

BMIBL
Lippiiadidiatnl

e
Age BL (Years)

Minimum

1st Quartile

Median ’56’/
Mean 36.47

e and 1562 had a WH
individuals in the

als, 52 develope

ranged from one to

ng

Table 3.2 shows the summary gtatistics

0

16.66
19.38
19.17

3rd Quartile

Table 3.2 shows that
under study, ranged

years and a median ag

to 818600 viral particles in each

and a median of 58523. Figure

baseline for each category-

at enrollment, t

from 2 years t

e of 36 years- 3%

46.2

millili

3.3 show

68

ese individuals, only
e, 13 had 2 WHO stage paseline of two,
O stage paseline of fo

study, had a baseline of

Jected patients
a CD4+T paseline of
d TB while they were

for the variables used i1

e b

A B

1o7_|
B

four before commence-
one had a WHO stage
50 had a WHO stage

ur. This shows that

enrollment ranged from
5. Out of the 318
on treatment.

1 the study.

M Viral load BL
—‘1//"/ 2 56
i/_,_ 4 19719
_f,/ ) 58523
it v iz nl - 105573
i/ 5 148520

4 5 818600

he ages Of the HIV-in
o 77 years, with a m
he viral load baselin
tre of blood, with a

5 the frequency distri

© University of Venda

fected individuals,
ean age of 36.47
e ranged from 56
mean of 105573
pution of CD4



ks Distribution of CD4 baseline

Figure 3-
jents in each CD4 baseline

Figure 3.1 shows the percent?
. ith CD4BL> 750; the

level. The results show that ther

bulk of the patients had cD4 < 200

750. The interval, cD4 < 200, 1s 1L

ing stage. This means that the majo

had 200 < CDABL <

(70%) and 30%
o as the AIDS defin-

ormally referred t

rity of the patients started medication

when they were already gick from AIDS. There were No subjects with a CDh4
baseline level of 1 before nitiation of treatment-

Figure 3.2 gives & distribution of CD4 baseline levels by age group- In
Figure 3.2 the age groups for the subjects were defined as follows:
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1: 0-—10 years
2: 11 — 20 years
3: 21— 30 years
4: 31— 40 years
5: 41 — 50 years
6: 51— 60 years
7: > 60 years

120

100

80

60

Frequency

40

20

BL5

mCD4BL2 mcD4BL3 mcp4BL4 mCD4

Figure 3.2: Comparison of CD4 paseline by a9€
Figure 3.2 shows that the distribution of the age groups is negatively
at there were very few participants in the age groups 1

e highest number of
91-30 years).

skewed. It shows th
(0-10 years) and 2 (1
the age group 4 (31-40

1-20 years)- Th participants were in

years) followed by age group 3 (
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3.4  Trend of CEES T cell count from com-

mencement of treatment

HIV progression of six randomly selected

Figure 3.3 shows the trend of the
e classification. The

4T eoll count befor

patients. Focus was on the CD4
progression in an

eral pattern of HIV

purpose of this was to gee the gen
portant role in

individual., The graph helps t© show if treatment plays an im

improving the patients’ ;mmune systern-

e e S M

1000.00
900.00
800.00
700.00
600.00
500.00
400.00
300.00
200.00
100.00

0.00

cD4 cell count

ART based on CD4+T

n z'ndz'm'duals under

Figure 3.3: Progression of HIV 1

cell count

asing trend on the CD4+T cells at every

Figure 3.3 shows & generally incre

a,racterised by & 8

harp decreas® at one particular point

visit. The trend is ch :
as noticed on the

d 6, the decrease W

T patients 1, 3 an

for each individual. Fo
n the 4th visit,

s 5 and 4, the decreas€ was noticed o

Tth visit. For patient
71
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and for patient 2, the decrease Was on the 8th visit.

3.5 Analysing the linear relationship between

time and Cha+ T-cell count

In this section a linear regression analysis for the response variable CD4+
T-cell count of infected individuals and the independent variable, Time in

A linear ré

gression model was fitted to check if there is

between CD4-+ T-cell
+ Bytime + €, for every

years, was done.
count and time. The

ant linear relationship
the form C pa+T

the study. The resu

a signific
_ cellcount; = Boi

model is of
e shown in Table

lts from the analysis ar

ARt R ;
ith individual in

3.3.

the progression of HIV over time

tvalue Pr(> It])

7.003 5.41e-12
16.513 <2e-16

Table 3.3: Fitted model for

Estimate Std.error

110.4 1571
04.61 5.73

Intercept

time

p-value

sq Adj. R-sq F-statistic

df Multiple R-
0.2581 9727 <2.20e-16

780 0.259

Res. std. error

230.9

The results of the linear relationship between CD4+ T-cell count and time
tive linear relationship between the two vari-

Table 3.3 show 2 posi

shown in
¢ relationship between

ables. The linear model that best describes the linea
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state and time is:

; — 110.04 + 94.61 x time (3.1)

cp4a+T— cellcoun
tudy, the CD4+ T-cell count of an

This shows that during the Peind of s
ation of effectiveness of

d with time. This is an indic

individual ¢ increase
ministered tO the patients. The p-values of 5.41e — g

ART that was being ad
d time contribute significantly

and < 2¢ — 16 show that both the intercept an

to change in CD4+ T-cell
confirms this. The fitted reg
the variation in CD4+ T-cell ¢
cular CD4+ T-cell count.

count. The overall fit with a P < 2.20e — 16 also

ression model accounts for about 26 percent of

ount by knowing an individual’s time of entry

into a parti

3.6 Aalen model for HIV progression

Torner (2004) described Aalen’s additive regression model as follows: Assume
ed life time of a number of individuals.

the possibly censor

rate of individual

that one observes

Let \; be the hazard i, n be the pumber of individuals and

ates in the analysis. BY considering the column vector

r the number of covari
additive model is given by:

A(t)of hazard rates Xt = .2 the

(3.2)

where the n x (r+ 1) matrix, Y (t) is constructed as follows: If the individual
is a member of the risk set at time ¢, then the ith row of the Y(¢) is the

vector:
Zi(t) = (1, 2 (), 22(t) - A (3.3)
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where z} (t),5 = Liss T are possibly time-dependent, covariate values. If at
isk, then the corresponding roW of Y () contains

time ¢, the individual ¢ jsatr

only zeros.
= (on(), arlt) < _a,(t)), contains the regression infor-
e function, while the remaining

The vector a(t) =
i 18 & baselin

mation. The first element @
asure the influence of the

elements are called regression functions that me
respective covariates. These functions are allowed to Vary freely over time.

3.6.1 Hypothesis testing
riate have any influence

on may beé » does & gpecific cova

times?” This ¢

One primary questi
\e hypothesis:

orresponds with th

on the distribution of life
(3.4)

ariate the analysis. A test statistic for

g to the jth cov

where j correspond
of the vector:

th element Uj

Hj is given by the J
) KX )
Ti

) diagonal matrix of weight function. X(T)Ix is

where K (t) is an (r+1)% (r+1
. on estimator and the test statistic is, there-

gression functio

the cumulative re
ve regression function

fore, simply & weighted gummation of the cumulati

estimator for all events.

3.6.2 Aalen’s additive regression model for HIV data

n = 318 and the number of covariates

n this study,
(C’D4BL), Age, Gender (Male),

For the HIV data used 1
e: CD4 paseline

is j =9. The covariates ar
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TB before enrollment (T'BB4), Developed TB during the course of treatment
(DT B), adverse reaction to treatment (Reaction), the WHO stage baseline
(WSBL), BMI progression (BMI) and viral load baseline (VLBL). The
effects of these covariates on the progression of HIV was analysed using the
package "survival” in R and the results are discussed next.

To identify the model that fits the data best, I considered a full model
in which all the covariates were included. The full model resulted in a
p — value = 0.16, which is not significant. The next step was to remove
the variable V LBL which was highly insignificant (p — value = 0.6170). The
resulting model had a p — value = 0.066, which although marginally signif-
icant, is quite an improvement compared to the full model . In the next
step, the variable W SBL was removed since it had a p — value = 0.399 and
this resulted in a fitted model with p — value = 0.03, which is significant.
A further attempt to reduce the model was done by removing the variable
T BBA4, which had a p — value = 0.15, resulting in the p — value of the fitted

model rising to 0.046. Table 3.4 shows the Aalen model that best describes
HIV progression.

The fitted model in Table 3.4 suggests that the variables CD4, DTB and
gender are significant contributors to the cumulative hazard of HIV progres-
sion in any given subject. The regression parameters B(DTB) = —0.011,
SE=0.00394 and p-value=0.00512 show that the patients who developed
TB have lower incidence rates. B(Gender) = 0.0103, SE=0.00516 and p-
value=0.0452 show that males have higher incidence rates than females. This

could be due to the fact that females are more sensitive to health issues com-
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3.37 0.000741

Intercept
0.000211 8T 0.0609

0.005160 2.00 0.0452
0.002990 1.44 0.15000

0.003940 -2.80 0.00512
282 0.00494
0.0624

Age
Gender
TBB4
DTB
CDh4
BMI

1.86

ficant contributors, the patients who had

though not signi

pared to men. Al
hose who did not have

idence rates than t

nt had higher in¢
atients (below 40 years) had lower inci-

TB before treatme

TB as the initial marker. Younger p
dence rates than older ones (above 40 yearb‘)-

3.7 Summary
linear relationship between D4+ T-cell count and time

In this chapter, the
n model Was then

Aalen regressio used to analyse the

tes on HIV prog

tfalls in the sen

was assessed. The
However, the Aalen

ression with time.

effects of the covaria
ge that it failed to give the covariates

model had some shor
ks to address this

he next chapter se€

progression. 23
Kkov models on HIV data.

offect in each stage of

issue by fitting time homogeneous Mar
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Chapter 4

Fitting a Time-Homogeneous

Markov Models

4.1 Introduction

In this chapter, time homogeneous models are fitted using the methods dis-
cussed in Chapter 2. In this chapter observed and expected prevalences are
used to diagnose the goodness of fit of the models: the model with covariates
and the model without covariates. However, a test for homogeneity is done

in Chapter 6 after fitting the inhomogeneous model in Chapter 5.

4.2 Time homogeneous model for HIV data

In this model, a 7-state structure is proposed for the HIV data. The first
five states are constructed based on HIV/AIDS progression and the last two

states are absorbing states, namely death and withdrawal from the study.

7
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Based on this structure, a two-way transition intensity matrix is developed.
The plot of residuals was used to clearly identify the outliers before fitting the
models. The time homogeneous model is fitted and the effects of the covari-
ates on transition intensities is assessed. The msm package for R developed
by Jackson (2013) is used for all the analysis in this study.

The first stage of Markov modeling involved the computation of transition
counts between the seven states: C'D4 > 750 (SI), 500 < C'D4 < 750 (SII),
350 < C'D4 < 500 (SIII), 200 < CD4 < 350 (SSIV), CD4 < 200 (SV), Death
and Withdrawal. The progression of HIV within an individual is modeled
as shown in the state diagram on Figure 4.1. The arrows in the diagram

show possible transitions from one state to the other. The diagram shows

s s siit { sw g W

N }” 4

* Withdrawal  \< Death

Figure 4.1: The state diagram for HIV progression in the human body

that state Death and state Withdrawal represent the absorbing states. As
HIV progresses in an individual’s body, there is a possibility of an individual
being in the same state in consecutive visit times. The Markov models were
built based on the states shown in the state diagram in Figure 4.1.

The transition count for all the individuals, in the study, were computed

before computation of all the other parameters. The transition counts were
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calculated by counting the transitions from state h to state j from the be-

ginning of the study until time ¢ and these are denoted by:

Niji(t) =D Nag(t),t € [0,T], h # j. (4.1)

=1
The matrix below shows the transition counts from each state for the indi-

viduals in the study:

To \
From SI SII SIII SIV SV Death Withdrawal
Sk B97 184 sbaibii Metes 1000 1
SH AT ocBlbis She hedpdtich 13107 4
SIIT 719 . 9% @ % 8 5
SIV 8 [ : 10k 08 § % 9
K SV o hs o i e ¥ F

The results from the matrix show that only one person moved from ST to
Death, 2 patients moved from SII to Death, 6 moved from SIII to Death,
8 moved from SIV to Death and 42 moved from SV to Death. The results
show that the number of transitions to the death state for HIV-infected
individuals increases as the CD4 cell count per mm? of blood decreases.
The patients in SV have the lowest number of CD4 cells, hence the highest
number moving from that state to the death state. The results also show
that there is no movement from the first five states to the absorbing states,
Death and Withdrawal.

Transition counts for patients who remain in the same state are higher
compared to the movement to different states. The upper part of the matrix

has got lower values compared to the lower part. This means that more peo-
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ple are moving to a better state, which might be an indication that treatment

is effectiveness.

4.2.1 Computing the Transition intensity matrix with-

out covariates

The transition intensity matrix was constructed based on the assumption
that movement from state to state is two-way (forward or backward). This
means that if a process is in state i, the next movement is to state 141,
i — 1 or to either of the absorbing states, Death or Withdrawal, provided

that state 7 is not absorbing. The transition intensity matrix used was of the

form:

((In U g g B BT %7\
gn G2 @3 0 0 g Qo
g2 @33 @4 0 Qs 37
0 Qa3 Qaa Qa5 Qas Ga7 |>»

T R G R | R
8 58 05 9

0
0
0 0 O gsa gs5 gse Gs7
0
0
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where

g = —(q2+qe+aqr),

g2 = —(q21 + qa3 + qo6 + q21),
gz = —(gs2 + qsa + g36 + as7),
qua = —(qu3+ qas + Qe + qar)and
gn = —(gsa+ gse + g57)-

The expressions for the g;;s are based on the assumption that Z?:l gij = 0.
The transition rate matrix defined above is the basis for building the inten-
sity matrix for the HIV data. Computation of the approximate transition

intensity matrix is done as follows:

Nt

s fOT Yy (s)ds 7

for fOT Ya(s) >0, Ya(t) = 0, Yai(t) < n, with Yi;(t) = I(x;_=n), ives the
number of HIV infected individuals in state h just before time ¢. Np,.(t) is

defined in (4.2). The resulting transition intensity matrix was as follows;
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SI SII

—2x LL : 3969.72.

The best state in the HIV progression, according to this model, is ST
with € D4 > 750 and the worst state is SV with CD4 cells in the range
[0,200). The results from the transition rate matrix show a higher rate of
moving to a better state compared to the rate of moving to a worst state
of HIV progression. For example, the rate of moving from SII to SI is
0.6871, which is higher than the rate of movement from SII to SIII at
0.4256. However, the rate of withdrawal from ST is the highest compared to
withdrawal from all the other states. There is a higher rate of dying from
SV than from SII, SIII and SIV. From SIII to SV, the rates of reaching
death are increasing with decreasing CD4 cell counts.

Before proceeding with the building up of the model, there is need to
check whether there are any outlying subjects in the data since these may
have effects on the calculated parameters. This is done by computing score

residuals and then plotting the graph to identify the outlying subjects as

shown in the next subsection.
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SIII SIV SV Death Withdrawal
ST —1.215 0.982 0 0 0 0.1176 0.1153
SII 0.6871 —1.211 0.4256 0 0 0.07264 0.02606
SIII 0 0.4373 —0.8327 0.3382 0 0.0273 0.02983
S1V 0 0 0.5524 —0.8509 0.2242 0.0364 0.03818
SV 0 0 0 0.5482 —0.6744 0.09044 0.03574
Death 0 0 0 0 0 0 0
\W ithdrawal 0 0 0 0 0 0 0
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Figure 4.2: The score residuais plot

4.2.3 Comparison of the homogeneous model with out-
liers and the homogeneous model without out-

liers

To check whether the outliers have any effect on the transition intensities,
: fotine le
the transition intensities recomputed after the outliers were removed. Tab

4.1 is a comparison of the the two models.
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Table 4.1: Comparison

of transition intensities for the model with outliers

and the model WIthOUE e
Without Outliers

Q12

q16

q17

g21

With Outliers

0.982 (0.6695,1.441)
0.1176 (0.06781,0.204)
0.1153 (0.06631,0.2005)
0.6871 (0.4814,0.9808)

g23

0.4256 (0.3129,0.579)

426

q27

q32

q34

q36

0.07264 (0.04059,0.13)

0.02606 (0.009253,0.07338)

0.4373 (0.3605,0.5305)
0.3382 (0.2639,0.4335)
0.0273 (0.0127,0.05865)

q37

0.02083 (0.01551,0.05737)

443

0.5524 (0.4693,0.6503)

445

0.2242 (0.1686,0.298)

qa6

0.03614 (0.01712,0.07629)

qa7

0.03818 (0.02253,0.0647)

gs4

0.5482 (0.4651,0.6463)

qs56

0.09044 (0.06217,0.1316)

qs7

0.03574 (0.02112,0.06048)

-2xLL

3969.72

Table 4.1 shows that the rem

effect on the likelihood, as we

85

0.8872 (0.6355,1.239)

0.1016 (0.054112,0.1907)

0.1418 (0.08426,0.2386)

0.5183 (0.3723,0.7217)

0.4959 (0.3729,0.6593)

0.08105 (0.04678,0.1404)

0.03772 (0.01674,0.08498)

0.4231 (0.3451,0.5186)

0.3324 (0.2605,0.4241)

0.0145 (0.004737,0.04439)

0.0311 (0.01656,0.05843)

0.5183 (0.4389,0.612)

0.2523 (0.1936,0.3287)

0.003325 (0.0149,0.07419)

0.05414 (0.03518,0.08333)

0.5164 (0.4356,0.6123)

0.09058 (0.06249,0.1313)

0.0288 (0.01582,0.0524)

3941.971

oval of outliers from the data had a significant

1l as on the transition intensity estimates for

© University of Venda
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al of the outliers resulted in 2 change by 27.7 49

the fitted model. The remov
outliers has & significant effect

at the removal of

of the —2LL, which shows th
outliers has lower transition

on the model. Generally, the model without

i e i : g .
ntensities (,ompared to the one with outliers.

4.2.4 Mean gojourn times for homogeneous Markov

model

a transient state T is estimated by =
. g% where grr

The mean sojourt time in
ated transition intensity matrix

nal of the estim

is the rth entry on the diago
ce the average time of stay in

The mean sojourn times Were
n in the Table 4.2;

results are show

each state by the

ean sojournt times
nterval

the mean sojourn time results

probability matrix,
ime in state gV, followed by state

Just like the transition
confirm that the process gpends MOTe t
SITI compared to the time spent in the other states. The results from the
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h is the class with the lowest number

of 1.5728.

matrix show that death from SV, whic

of CD4 cell counts, 18 rapid, with a mean

4.2.5 Computing the probability of each state being

next
This subsection seeks to answer the question: »Quppose an HIV+ individual

is in state r, what is the probability of that individual being in the next

state. either r +1, T — 1. death or withdrawal”. The computed matrix of
it . b )

probabilities of each state being next, together with the mean sojourn times

in each state, fully define & continuous-time Markov model. This is a more

intuitively meaningful description of a model than the transition intensity

matrix. The matrix for the probability of each state being next is shown

below:
To
From SI ST ST SV SV Death Withdraw
SI 0 0.7847 0 0 0 0.08986  0.1254
SIT 0.5281 0 0.4377 0 0 0.07154  0.03329
SIIT 0 0.5281 0 0.4149 0 0.0181  0.03883
SV 0 0 0.6041 0 0.294 0.03875 0.06311
SV 0 0 0 0.8123 0  0.1425  0.04529
Death 0 0 0 0 0 0 0
kW’it hdraw 0 0 0 0 0 0 0

The results from the fitted matrix show that, from any given state, the prob-

ability of a state of immune recovery being next is higher than the probability
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of moving to a state of immune deterioration. This is an indication of the
offectiveness of treatment. Probability of the death state being next is higher
for those patients with CD4 counts less than 500. These probabilities increase

with the decreasing number of CD4 counts.

4.2.6 Computation of the probability matrix

The fitted transition probability matrix P(t) over an interval t = % year was
constructed to compare the probabilities of immune recovery with probabili-
ties immune maintenance and the probability of immune deterioration. The

results are shown in the matrix below.

Death 0 0 0 0 0 i
sz’thdraw 0 0 0 0 0 0

The fitted probabilities suggest that in half a year, 31%, 12.5%, 2%, 0.2%,
11% and 13% of the patients in ST will be in SIT, SIIT, SIV, SV, dead and
withdrawn, respectively. The results from the probability matrix show that
there is a higher probability of transition from any given state to a better

HIV state than that of moving to a worst HIV state. For example, given
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To
From ST SITT STIT oy SV Death Withdraw
ST 0.2912 0.3131 0.1256 0.02115 0.002141 0.1148 0.132
ST 0.1829 0.3503 0.234 0.05481 0.007209 0.09679  0.07403

SIII 0.06261 0.1996 0.4329 0.1726 0.03287 0.04426  0.05511
SIV 0.01644 0.07201 0.2692 0.3847 0.1382 0.05277  0.06584
SV 0.003407 0.01963 0.1049 0.2829  0.4388  0.1026  0.04775

0
i |

!




b
(§)mtme

that the process is in state STV, the probability of moving to SIII is 0.2692,
which is greater than the probability of moving to SV. The probabilities get
smaller and smaller for every step in the movement to a worst HIV state.
If the process is in state SI, the probabilities get smaller for every step
transition to state SV. The probabilities of being in a state and remaining
in that state are higher than the probabilities of moving to the next state.
The probability of remaining in state SV is the highest, with a probability
of 0.4388, compared to the probability of remaining in the other four states.
This is an indication that HIV-infected individuals on treatment take more

time in SV, which is the AIDS defining state.

4.2.7 Prevalence for the model without covariate

Using the fitted time-homogeneous Markov model, the percentage prevalence
plots were done to compare the fitted model with the observed. The percent-
age prevalence plots were fit for each state. The results are shown in Figure
4.3.

The results show a sharp decrease on SV percentage prevalence with the
fitted model, underestimating the model for observed data up to time = 7.
The percentage prevalence for the death state is increasing at a slow rate with
some form of stationarity time = 2 to time = 8. For all the other states, the
model seems to be fitting very well except for the withdrawal state where

the fitted model over estimates the observed by a very high margin.
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Figure 4.3: Comparison of observed and expected prevalence from the time-

homogeneous model without covariates

4.2.8 Kaplan-Meier Incidence

The Kaplan-Meier incidence was developed by assuming that an individual’s
state at time ¢ was the same as the state at their previous observation time

for all individuals. For any given time, ¢;, suppose we have n(t;) HIV-infected
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CD4 count, the lower the incidence probabilities. This means that, by the
end of the study, we will be having the highest number of individuals in state

2 (SII) and lowest in state 5 (SV).

4.2.9 Comparison of transition intensities by CD4BL

levels

The CD4BL levels range from 2 to 5 since at the beginning of the study there
were no individuals with CD4 > 750. The results for the effects of each of

the levels to the transition intensities are shown in the Table 4.3.

The results from Table 4.3 show that transition rates from SII—SI, SIII—
SII, SIV — SIII and SV — SIV increase with the increasing CD4BL. In-
dividuals with a C D4BL = [500,750) had highest transition intensities to a
better state, and those with CD4BL = [0,200) had the lowest transitions
to a better state. The transitions intensities SI — Death, SII — Death and
SIIT — Death are the lowest for the individuals who had a CD4BL in the
range [500,750) and the intensities decrease as the CD4BL decreases. The
transition rates ST — SIT and SII — SIII are the highest for those individ-

uals who had a CD4BL below 200, and these rates decrease with increasing

CD4BL.
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Table 4.3: Transition intensities for each CD4 baseline

CD4 Baseline (CD4BL)

(500;750) | [350;500) | [200;350) (0;200]
SI-SII 3.128 6.318 12.76 25.78
SI-Death 0.01249 | 0.02031 | 0.03302 | 0.053€9
SI-Withdraw | 0.03888 | 0.05601 | 0.0807 0.1163
SII-SI 0.6644 0.5991 0.5407 0.487
SII-SIII 0.2842 0.4054 0.5783 0.8249
SII-Death 0.01763 | 0.01848 | 0.01936 | 0.02029
SII-Withdraw | 0.02269 | 0.0278 0.03406 | 0.04172
SIII-SII 0.245 0.1658 0.1123 0.076
SIII-SIV 0.2749 0.1781 0.1153 0.0747
SIII-Death 0.007937 | 0.008799 | 0.009755 | 0.01031
SITI-Withdraw | 0.03473 | 0.03324 | 0.03182 | 0.03045
STV-SIII 1.399 0.8116 0.4708 0.2731
SIV-SV 0.8935 0.6913 0.5348 0.4138
SIV-Death 0.01097 | 001062 0.01027 | 0.009937
SIV-Withdraw | 0.04956 | 0.05095 | 0.05239 | 0.05387
SV-SIV 13.14 5.33 2.162 0.8774
SV-Death 0.01921 | 0.01667 | 0.01448 | 0.01257
SV-Withdraw | 0.3747 0.2259 0.1362 0.08209

4.2.10 Comparison of transition intensities by WSBL

levels

The WSBL for the individuals in the study ranged from 1-4. T hese stages
were developed by WHO in 1990 arég were further revised in 2007 based

© University of Venda
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Table 4.4: Transition for the WSBL

WHO Stage Baseline (WSBL)

1 2 3 4
SI-SII 0.5143 | 0.1289 | 0.05286 | 0.02168
SI-Death 0.004379 | 0.004059 | 0.003763 | 0.003488
SL.Withdraw | 0.01389 | 0.0103 | 0.007634 | 0.00566
SII-SI 0.846 | 0.8758 | 0.9066 | 0.9384
SII-SIII 0.125 |0.1119 |0.1001 | 0.08961
SII-Death 0.01711 | 0.01824 | 0.01944 | 0.02073
SIL-Withdraw | 0.01394 | 0.1286 | 0.01185 | 0.01093
SIII-SII 08116 |1.232 | 1.87 2.839
SIII-SIV 08856 [1.108¢ |17 |2185
SIII-Death 0.007244 | 0.008124 | 0.009111 | 0.01022
SITI-Withdraw | 0.0305 | 0.02453 | 0.01973 | 0.01587
SIV-SIII 4593 |5075 |5607 |6.195
SIV-SV 1.236 1.024 | 0.8484 | 0.7028
SIV-Death 00139 | 0.01647 | 0.01953 | 0.02315
SIV-Withdraw | 003253 | 0.02258 | 0.01567 | 0.01088
SV-SIV 67.22 | 5663 |47.71 | 40.19
SV-Death 003897 | 0.05961 | 0.09117 | 0.1394
SV-Withdraw | 05792 | 0.3253 | 0.1827 | 0.1026

from a level of C'D4 > 750 to a level of 500 < C'D4 < 750 than patients who

did not react to treatment.
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one, meaning that starting treatment with a WHO stage of 4 is a leading

cause of being absorbed in the death state.

4.2.12 Linear effects of covariates on transition inten-
sities

The object project.cov.msm was assigned to the Markov model to analyse the

effects of the covariates; Age, CD4BL, VLBL, WSBL, Reaction, DTB, TBB4

and Gender on transition intensities. The function coef(project.cov.msm)

was then used to assess the linear effects of each of the covariates on the

baseline transition intensities. The results are shown in two separate Tables

4.6 and 4.7;

The fitted time homogeneous model with covariates has -2xLL=3699.259,
which represents an improvement of 242.712 compered to the model without
covariates. The results from the table show that the rates of recovery of the
immune system for both models are higher than the rates of immune deterio-
ration. The transition intensities for the model with covariates are generally
lower than the transition intensities for the model without covariates.

The next table shows the linear effect of each of the covariates on the
baseline transition intensities (BL intensities) computed above. The model
was fit with an assumption of patient homogeneity including covariates on
the transition intensities gij, such that the transition intensity for patient k

is given by:
Qij = qg-))e:vp [ﬁ,-(f eaction) peqctionk + - - - + ,[)’ff T DT By + ﬂfJT i B4k],
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Table 4.6: Baseline intensities for the covariates effects

AdvHal

40 ALISHIAINN

YAN3A

Intensities (gi;) | BL Intensities(qg.)))
SI-SII 0.8872 0.503
SI-Death 0.1016 0.020
SI-Withdraw 0.1418 0.0175
SII-SI 0.5183 0.390
SII-SIII 0.4959 0.444
SII-Death 0.08105 0.0111
SII-Withdraw 0.03772 0.0116
SIITI-SII 0.4231 0.376
SITI-SIV 0.3324 0.2333
SIII-Death 0.0145 0.0.00630
SIII-Withdraw 0.0311 0.00946
SIV-SIII 0.5183 0.560
SIV-SV 0.2523 0.230
SIV-Death 0.003325 0.00704
SIV-Withdraw 0.05414 0.0084
SV-SIV 0.5164 0.502
SV-Death 0.09058 0.0198
SV-Withdraw 0.288 0.00547
-2xLog-likelihood | 3941.971 3699.259

g»)) s the baseline intensity and Bi; is the contributing effect of covari-

ate k to the transition intensities. The baseline transition rates presented

where ¢

in Table 4.6 refers to patients who did not react to treatment; patient who
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did not develop TB during the course of treatment; thase who did not have

d those who had gender 0 indicating that they are

TB before enrollment; an

females.

s of covariates on irtensities

Table 4.7: Linear effect

VLBL CD4BL WSBL Reac DTB TBB4 Gender Age

Param.

Bz 031

-0.59 155 0.83 skt kr1is - U317

Bis 0.45 027 0101 -0.52 014 011 04379 -0.18

8, |0.0071 -0.088 058 -0.39 -0.039 000086 0.23 -0.90

B21 073 0.156 -0.31 038 013 -028 029 097

G 054 B 040 068 039 187 -0.92

Bae 0112 -0.0028 0.150 -0.63 -0.044 053 0.37  0.100

By | 026 ¢ BEE 032 017 065 -0.077 -0.36

fa | ~030 N 028 073 046 0096 08 -0.18

Bsa 086 045  0.057 059 094 -0.63 0036 -0.116

Bas -0.085  0.047 638 058 010 0.71 0.18 0.57

Bsz 029 0181 -024 -163 018 085 A8 U1

Bas 042 -132 -0.17 0.020 054 -0.15  -0.49 0.080

By | -0.305  0.049 077 -043 081 050 53t H12

Bas 027 00079 034 -1.50 0.087  0.089 046  0.67

PR 016 063 055 078

Bsa 066 -0501 -091 027 0.62 0022 -0.22 -0.46

Bss | -0.079  0.0030 074 -283 -043 -0.89 0.74 0.95

5, |00 Gist w8 Ae 01 61 08 0N
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The results from Table 4.7 show a higher positive linsar relationship between
developing TB during the course of the treatment and HIV progression than
that of recovery. This is an indication that developing TB affects the rate
of immune recovery for HIV patients. There is a positive linear effect for
patients who developed TB on the transition from a CD4 level below 500
to Death, with the highest effect being from a CD< count between 350 and
900. This supports the results from hazard ratios which show that transition
intensities from a CD4 count between 350 and 500 (SIII) to Death are the
highest for patients who developed TB while on ART.

Having TB before enrollment has the highest effects on the progression
from a CD4 count between 350 and 500 (SIII) to Death compared to the
other covariates. It is also the highest contributor to the rate of withdrawal
for patients with the CD4 counts between 350 and 750.

Reaction to treatment contributes highly to the progression from a CD4
count > 750 (SI) to a CD4 count between 500 and 750 (S1I).

Being male, generally, has negative effects in the progression of HIV to a
better state and a positive effective effect to the progression to a worst state
except for the transition from SIIT. This means that the response of males to
treatment is lower compared to the response of females. A better explanation
for the effects of the covariates on HIV progression has been illustrated by

the use of hazard ratios.

4.2.13 Prevalence for the model with covariates

The prevalences for the model with covariates were plotted to examine areas

of poor fit of the time-homogeneous model with covariates. The plots are
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Figure 4.5: Comparison of observed and expected prevalence from the time-

homogeneous model with covarates

Figure 4.5 shows that the expected counts are relatively close to the
observed counts for all states. The model is quite an improvement since

the expected and the fitted models for the withdrawal state are quite close.
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However, the model still shows a poor fit for the death state from ¢ = 9.

4.2.14 Likelihood ratio test for Model comparison

Likelihood ratio test was performed to compare the two nested models that
were fit in msm, the one without covariates (project.msm) and the other
with covariates (project.cov.msm). The value of the LRT = —2log. (i—:%)
where Ls(é) is the simple model (project.msm) and Lg(é) is the general
model (project.cov.msm). A likelihood ratio test statistic of 1770.618 was
compared to a x? distribution with 144 degrees of freedom. The results are

shown below:

-2logLR | df | p-value
project.cov.msm | 1770.186 | 144 | 0.00

The results show that the model with covariates (project.cov.msm) fits sig-
nificantly better than the model without covariates (project.msm)

Another model with covariates effect constrained equal between differ-
ent intensities was fit and this was assigned the variable project.covl.msm.
Constraints were assigned to each of the covariates based on the nature of
transition intensities for that particular covariate. The effects on all deaths
were constrained to be equal. A comparison of the likelihood ratio of 822
with a y?2 distribution with 88 degrees of freedom was performed. The results

are shown below:
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2logLR | df | p-value

project.cov.msm 822.2177 | 88 | 0.00

The results still show that the bigger model project.cov.msm without con-

straints fits the data significantly better.

4.3 Summary

This chapter demonstrated how a time homogeneous Markov model can be
fitted from a cohort of HIV-infected individuals. Identification of outliers
helped a lot in improving the Markov model fitted for the data. A time
homogeneous model was also fitted for the effect of covariates on transition
intensities. The likelihood ratio test showed that the model with covariates

fits better than the model without covariates. In the next chapter a time

inhomogeneity model is fitted.
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Chapter 5

Fitting a time Inhomogeneous

Markov models

5.1 Introduction

. M model for the HIV data
In this ct the time-inhomogeneous Markov
n this chapter, the - : iR
linic in Bela Bela is fitted using the piece-wis g
from a Wellness clinic 1 D&

3 in chapter 4 are used
dels defined in chapter 2 The states that are defined in chap
models defined in cha .

in developing the model.

5.2 Time-inhomogeneous model on HIV data

1 is fitted for the HI data to
In thi ti a picce—wise constant model 18 fitted
n this section, : ‘o eV el
X i ina to change over uime.

' ssibili f intensities Th
examine the 1)0551b111ty o i = ataa d S
used, impl ing that 3 segments are used. Sin d

cut points are used, Y s i )Own(a1S
6 month% it means that the cut-off point I
collected after every S,
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with 2% years, and that of 8 corresponds with 4 years. Selection of the the
5 and 8 cut point was based on the fact that the prevelence rate graphs for
homogeneous models showed some changes in their behaviour around these
time periods. The use of three segments necessitates the computation of all
possible pathways from the last observation time in segment 1 to the first
observed time in segment 2, and from the last observec time in segment 2 to
the first observed time in segment 3. The estimates of Q(t) are broken into

three segments as shown below:
Qt)={ Q2 5<t<8 (5.1)
Q3 Bt <1l

Applying msm to the defined intervals gives the following estimated intensi-

ties:
=
gr . ek MMM LU L. S . . Deih Withdmwaz\
SI —0.6668 0.6668 0 0 0 1115¢—04 9.945e — 07
SII 0494 -0878 0358 O 0 1517e—03 2.467e —02
s/l 0 0379 —0659 0277 0 118%e—03 Ll13le—03
ST 0 0535 —0.778 0224 3.11le—06 1.891e— 02
SV... @ 0 0 0640 —0.741 8.023¢—02 2.142¢ — 02
D 0 0 0 0 0 0 0
K W 0 0 0 0 0 0 0

Matrix Q; is the baseline intensity matrix for the interval [0, 23years). The
matrix shows higher rates of immune recovery compared to immune deteri-

oration. That is, for all the transition intensities gry—1 > Grr+1-
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The intensities for period 1 (0-2.5 years) are given by qf]l ) and for the

periods 7 = 2,3 the intensities are given by:

¢ = ¢exp(B), (5.2)

where 3]; represents the effects for the time in the r** period for the i —
j transition intensities. A model allowing different effects for each of the
transition intensity for the time points 5 and 8 was ftted. Table 5.1 below
shows the effects of the two time periods, (2.5, 4) and [4, inf), on the baseline

transition intensities represented by Q1.

The results from Table 5.1 show an estimated reducticn in transition rates to
death, from most of the states except state STIT for the time period 2.5 and 4
years post commencement of treatment. The rates of reduction of transitions
to the death state STV are tremendously high compared to the other states.
The rate of progression from state SIII to state SI1 is expected to increase
after 2.5 years, but after 4 years, it is expected to decline. However, from state
STIT to state STV its the opposite. For the same interval, the transition rate
from state SIV to the AIDS defining state, SV, it is higher than transition
to a better state. The same period contributed positively to transition to
withdrawal from most of the states. For the time interval represented by
Q3, there is generally an estimated reduction on the rate of withdrawal from
most of the states. The interval also has lower transitions to death compared
to the time interval [2.5, 4).

Table 5.2 shows the hazard rates for the two time periods, (2.5, 4) and

4, inf), relative to the time interval [0, 2.5).
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Table 5.1: Linear effects of different time periods on intensities

Linear effects
—’/—/‘7/
Parameter | Q2 (2.5, 4) Qs: [4, inf)
///
B2 -0.006 0.316
P16 -13.56 1.197
///
B 12.46 -6.419
/_//—
B 0.258 0.618
B e

B3 0.491 0.364
Pl e

Bas -0.864 -13.969
__///

Bar -0.163 -0.251
///

B32 0.149 -0.197
///

Bsa -0.204 0.258
////

Bse 5.24 6.674
A e

Bar 2.112 _7.854
////

Baz 0.0134 0.159

Bus 0.141 0.568
b R b e

Bao -17.06 -19.978
Tt D1t oy

Bar -0.041 -0.733
///

Bsa 0.240 0.877
__///

Bse -0.186 -0.169
B e = i

Bs7 2.0218 2.930

For the time period 2.5 @R the rates of immune deterioration are
covery, and are more pronounced for the

higher than the rates of immune Ie
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For the time period [4, i1 f), the rates of immune recovery are much higher

than the rates of immune deterioration, with the highest rate being recorded

for the transition from state SIII to state SII, which is more than 3. The
period has the highest risks of transition to death. The risk transition from

state SIII to death is quite alarming, with a hazard ratio of 58.46 higher

compared to the time period of 0-2.5 years. This calls for further analysis in
the future to assess the likely cause of this.
The probability matrix for the fitted piece-wise constant model was fitted

and the results are shown in the matrix below:
To \

From ST gy ik O3y SV D 1%%4
SI 0.593  0.339 0.049 0.0045 0.00022 0.0097 0.00571
SII 0220 0.569 0.156 0.0212 0.00140 0.0122  0.0204
SIII  0.041 0.2003 0.584 0.150 0.0148 0.00394 0.00662
SIV  0.0068 0.0496 0.273 0.533 0.1036 0.0173  0.0167
SV 0.000897 0.0087 0.0711 0274 0.567 0.0689 0.00921

D 0 0 0 0 0 1 0

K w 0 0 0 0 0 0 1

The matrix shows that the probabilities of moving from a lower CD4 count

level to a higher CD4 count Jevel are higher than the probability of immune
deterioration. The probabilities of maintaining the same state are almost the
same, all between 0.5 and 0.6, with the highest probability of maintaining
state SI, followed by state SIII. Patients who are in the AIDS defining
state, SV, have the highest probability of dying compared to those in other

states.
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5.2.1 Sojourn times for the inhomogeneous model

For the fitted inhomogeneous model, the time spent in each state (sojourn

time) before moving to any other states was computed. These sojourn times

show how effective the antiretroviral (ARV) therapy is on the progression

of HIV. Table 5.3 shows the computed sojourn times in each state for an

inhomogeneous Markov model.

Table 5.3: Sojourn times for a time inhomogeneous Markov model

499782 | 1.138920 | 1.518583 | 1.286050 1.348762

sojourn time

The sojourn times for the homogeneous Markov model in Table 5.3 show

that the HIV-infected patients in the study spent more time in the worst
states than in the good states. Table 5.3 shows that, for the inhomogeneous
models, HIV infected patients on ARVs spent more time in good states than
in bad states. This is an indication that ARVs are playing an important role

in reversing the progression of HIV to a better state.

5.2.2 Probability of each state being next

Together with the sojourn times, the probabilities of each state being next
in the progression of a system gives a good description of the CTMC. Table
5.4 shows the computed probabilities of each state being next for all the

transient states.
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4: Probability of each state being next

E o i b Widov
s1 v paee ey ol 0 0 00001673 1.492¢-06
— odnid . 0 o 0001728 00281
SIIT 0 0.5759 0 0.4205 0 0.001806 0.001718
SIV 0 0 0.6877 0 0.288 4.001e-06 0.02432
SV 0 0 o0 D 0.02897
Death 0 0 0 0 0 0 9
Withdraw 0 0 0 0 0 0 0
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5.3 Summary

This chapter explored the time inhomogeneous models and their importance
in modelling the progression of diseases. Illustration of how the models work
was done using the HIV cohort from Bela Bela. The effects of time change
on the baseline transition intensities were analysed using three time periods;
[0; 2.5), [2.5; 4) and [4, Inf). The baseline transitional intensities for the time
period [0; 2.5) were computed. The hazard rates to the baseline intensities
were also computed for the time periods [2.5; 4) and [4, Inf). The results
from this chapter showed a general reduction on transitions to death as time
increases. The transition probability matrix also showed that rates of immune
recovery are higher than the rates of immune deterioration as revealed by
the homogeneous model. In the next chapter, the fitted homogeneous and

inhomogeneous models are compared to see which model fits the data best.
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Chapter 6

Comparison of the fitted Time
Homogeneous and

Inhomogeneous models

6.1 Introduction

In Chapter 4 and Chapter 5, the time homogeneous and the time inhomo-
geneous models, respectively, were fitted for a cohort of HIV patients under
treatment in Bela Bela. This chapter applies the diagnostic techniques dis-

cussed in Chapter 2 to find the model that best describes the HIV data.
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6.2 Likelihoood ratio test for time homogene-
ity
We now focus on the question whether a time-homogeneous Markov model
is suitable for rating the transition history for HIV/AIDS progression for
the 318 individuals under study. Our interest is to test the null hypothe-
sis of time homogeneity at a significance level o = 0.05 against the alter-
native of transition intensities with structural breaks. Different partitions
0=ty <ty <...<ty of time interval [0; 11] containing all time since ART
initiation. The maximum number of breaks is set to 2, yielding 3 intervals
where transition intensities could vary. Data for eleven 6-month intervals
was colected.
Under the null hypothesis, we have 18 parameters to estimate that is; the
transition intensities (g;), and for the alternative we have 18 x 3intervals =

54 parameters to estimate, implying that we have 36 degrees of freedom.

From the fitted homogeneous and non-homogeneous models we have:
—9L, = 3941.971 and — 2Ly = 3804.12, (6.1)
respectively. This leads to:
X2 = —2(L, — Lg) = 137.8506 (6.2)

which has a chi-square distribution on 36 degrees of freedom.

The outcome from the computation done in R is shown below:
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-2LogLR Df  p-value
proj.pcil.msm | 110.102 36 1.9466e-09

From the results, proj.pcil.msm represents the fitted inhomogeneous model.
Therefore, we reject Ho(p = 1.9466e —09) at the a = 0.05 level and conclude

that there is an improvement in using the piece-wise constant model.

6.3 Survival probability

By defining survival as "not dying from HIV/AIDS”, the estimated survival
functions were plotted for each of the 5 transient stages of infection. For
each of the states, the probability of survival was initially set to be 1. The

following formula was used to compute the survival probabilities:

Sr,(t) = 1 — Pis(t), (6.3)

where i = 1,2, 3,4, 5.

The graphs in Figure 6.1 show that probabilities of survival decrease
with time, but not at an alarming rate. By the end of the period of study,
the prevalences from each of the five transient states were all above 0.8.
The probability of survival within time t is lowest for those individuals with
previous CD4 count < 200 since they have the highest prevalence, and this
increases as the previous CD4 count increases. Individuals with a previous
CD4 count > 750 have the highest chances of survival. The graph shows an
improvement on the survival function from state SI compared to the one for
the model without covariates. The fitted time-inhomogeneous model shows

that five or more years after commencement of treatment, the probabilities
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Figure 6.1: Comparison of survival functions from each of the fitted models

of survival for each state are greater than 0.8, and the probabilities from each

have approximately the same function.

6.4 Diagnostic plots

Diagnostic plots were used to compare model predictions of the entry time
into a particular state with non-parametric estimates like the Kaplan-Meier
curves.

The results from the diagnostic plots shown in Figure 6.2 reveal that for
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Figure 6.2: Comparison of observed and fitted survival for four multi-state

models

the model with no covariates, the fitted model underestimates the empiri-
cal model by far. For the model with covariates, although the fitted model
also underestimates the empirical model, the fitted line is closer to the em-
pirical model compared to the model fitted with no covariates. The time-

inhomogeneous model with 5 and 8 change point in intensities fits the data
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inhomogeneous model 5 and 8-year change points
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T-cell count, which showed that, as time increases, there is a increase on
the CD4+ T-cell count. This shows that ART helps a lot in improving the
immune system of HIV/AIDS patients. The Aalen model was also fit for
the effects of covariates on the progression of HIV. The model showed that
the covariates gender, DTB and CD4 are significant determinants of HIV
progression with time.

Chapter 4 explored further, the theory of time-homogeneous Markov
models and demonstrated how the parameters of interest can be estimated.
These parameters include transition intensities, mean sojourn times, transi-
tion probability matrix, probability of each state being next and so on.

A time homogeneous model was fitted for the Bela Bela data. The model
was used to analyse the effects of the covariates on the transition intensities.
The likelihood ratio test was used to compare the model with covariates to
the model without covariates. The results from the fitted model showed that
the rates of immune recovery were much higher than the rates of immune
deterioration.

Patients who started treatment whilst their CD4 baseline was > 350 had
higher rates of immune recovery than those who had a lower CD4 baseline.
The probability of dying increases with decreasing CD4 count of the individ-
ual at enrollment. This is supported by the findings of Goshu and Dessie,
(2013), Biadgilign et al. (2012) and Lifson et al. (2012), who also discov-
ered that being in the AIDS defining stage leads to the highest probability
of reaching the death state. The mean sojourn time revealed that patients
take a longer time in the AIDS defining state, compared to the other state,

before they move to the other state .
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The patients who developed TB during treatment had higher rates of
immune deterioration than recovery. Having TB as the initial marker of
AIDS, had higher contributory effects to the deaths from all the states except
from the AIDS defining stage.

Reaction to drugs is the leading cause of transition from a CD4 > 750 to
a CD4 count between 500 and 750. Reaction to drugs had lower contributory
effects to death than those who did not react to drugs.

The younger people below the age of 40 had higher chances of immune
recovery than the older ones. This finding is supported by Alioum (1998)
who further argued that this can be caused by the fact that older subjects
may have a reduced capacity to generate CD4 cells in response to the viral
killing.

The rates of transition to death are higher for males than females. Alioum
(1998) also discovered that females tend to respond to ART compared to
males. The patients who started treatment with a WSBL = 4 had higher
chances of transition to death compared to those in the lower levels of WSBL.

Chapter 5 explained the theory of inhomogeneous Markov models with
particular reference to the piece-wise constant model. Tt also discussed the
methods that can be used in model diagnostics. The methods include the
formal likelihood ratio test, the Pearson test and the informal diagnostic
plots for model comparison. The 3-segment piece-wise constant model to
the HIV data was fitted. The fitted model was compared with the time
homogeneous model using the likelihood ratio test in Chapter 6. The test
showed that the inhomogeneous Markov model has the best fit. Diagnostic

plots were also used to compare the models and the results still confirm that
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the inhomogeneous model is the best model for the data.

The major focus of this study was to explore the rates of immune recovery
on HIV patients on antiretroviral therapy. There is need to further explore
the costs incurred as individuals move from one state of immune recovery to
the other and to come up with a model that best describes the costs.

The results obtained in this study form the basis for future research as

follows:

1. A similar study can be done comparing the impact of different drugs

on HIV progression.

2. The time spent in each state can be used to calculate the costs of the

drugs that are administered to a patient until the CD4+T cell count is
well above 500.

3. The study focused on CD4+T cell as a marker of immune recovery.
There is also need to check on the infectiousness of those under treat-
ment. The study may then focus on viral load as a marker of infec-

tiousness of individuals under treatment.
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Appendices

Appendix A

A1l. Manual computation of transition counts

ns4(0,1) =2 | n5(0,1) =4 | nsa =5
nu(1,2) =2 | n5(1,2) =2 | ngs =2
naa(2,3) =2 | ns(3,4) =1 | na=5
nas(3,4) =1 | n4(1,2) =2 | ng3 =3
na(4,5) =2 | n4(2,3) =4 | ngs =1
n23(5,6) = 1 | na(3,4) =2 | nap =1
naz(6,7) =1 | na(4, 5)=2|ns =3
nge(7,8) = 2 n3(3,4) =1 |nzp =4
ngs(0,1) =2 | n3(4,5) =2 | ngg =1
nsa(1,2) =2 | n3(6,7) =2 | nap =5
na(3,4) =1 | n3(5,6) =1 | nay =1
naa(4,5)=1|ns(7,8)=1|ma =1
na3(5,6) =1 | ny(5,6) =3

nss(6,7) =1 | na(6,7) = 2

nsa(7,8) =1 | na(7,8) =2

na(2,3) =1 | m(7,8) =1

na3(3,4) =1

nga(5,6) = 2

na(6,7) =1

n12(7, 8) =1

ngs(2,3)=1|

MRS s

ng(4,5) =1

ngp(6,7) =1
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Appendix B: R Commands and outputs

B1. R output of Score residuals

v

0.11561943

scoreres1d.msm(pro;
2

0.22140473 0.13116442 0.25737643
12 13 14
0.20070814 0.06628476 0.16884577
22 23 24
0.29274378 0.13755718 0.10474977
32 33 34
0.26071899 0.10366848 0.16804860
42 43 44
0.36928165 0.06628476 0.21900610
52 53 54
0.20854808 0.06675404 0.09232482
62 63 64
0.37878986 0.130865;3 0.349116;}
72
0.06675404 0.26782220 0.05409615
82 83 84
1.58315799 0.24996013 0.52704844
92 94 95
0.33624366 0.14959401 0.30269342
107 108 109
0.15321745 0.38462524 0.03134775
221 222 224
0.13241771 0,12335417 0.13259860
233 234 235
0.06675404 0.27855127 0.06675404
244 245 246
0.07658950 0.10240652 0.07317128
254 255 256
0.06675404 0.02618744 0.06835223
264 265 266
0.26013778 0.11278289 0.27530070
275 276 277
0.06675404 0.03974197 0.06675404
285 286 287
0.06518839 0.12842186 0.28484916
295 296

297
0.08929606 0.16097374

ect.msm, plot=T)
4
0.

. 04630555
236
13246418
247

. 18061551
257
06721678
67

. 01449253
278

. 31636648
288
.30933644
298 299 300 301 302 303
06675404 0,06675404 0.14354197 0.13308053 0.13011743 0.15989713

0.20352050
26
0.19811581
36
0.30414525
46
0.20592545
56
0.17552026
66
0.12080539
76
0.24637303
86
0.40035794
97
0.06179748
215
0.13956161
226
0.20592545
237
0.10022935
248
0.06675404
258
0.01913285
268
0.16844018
79
0.10426570
289
0.14932536

06675404
225

6 7 8
17464319 0.06675402 0.21269317 0.09088715 0.65468604
3 1 17
0.06675404
25
0.02101791
35
0.15776444
45
0.10530518
55
0.62733538
65
0.48308944
75
0.21318123
85
0.31313890
96
0.51787850
214
0.
0
0
0
0
0
0
0
0

0.160625?;
0.31712449
37
0.25409372
47
0.2701317;
0.16386687
67
0.87241259
77
0.13266638
87
0.12656017
99
0.10895094
216
0.06675404
228
0.06675404
238
0.15662181
249
0.18111194
259
0.38640387
270
0.31845592
280
0.34767395
290
0.15268762

133

9

18 19
0.15311757 0.06675404
28 29
0.12585630 0.06675404
38 39
0.12807214 0.10430778
48 49
0.15162415 0.44301554
58 59
0.36557773 0.50933193
68 69
0.05588578 0.04799032
78 79
0.47038945 0.09853061
88 89
0.20808080 0.41259164
100 101
0.21691473 0.05776481
217 218
0.06074001 0.06675404
229 230
0.07630857 0.10462736
239 240
0.06675404 0.12159308
250 251
0.20797888 0.16844018
260 261
0.24937044 0.01617801
271 272
0.30095857 0.06675404
281 282
0.20954009 0.09232482
291

292
0.09318815 0.16597729
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0.15817886
20
0.23946624
30
0.97543869
40
0.06675404
50
0.21569223
60
0.31446748
70
0.21061248
80
0.06448192
90

0.
0
0
0
0
0
0
0
0

06482688
3

10
15045477
219
. 38674713

231

. 05482700
242
05172884
252
49566538
262
11074358
273
. 12376257
283
. 16054662
293
0.

06527355

11
0.06675404

21
0.09978133
31
0.08202976
41
0.06675404
51
0.29126121
61
0.04935855
71
0.17287296
81
1.58315799
91
0.26982135
106
0.05044257
220
0.31616328
232
0.06675404
243
0.16054662
253
0.10421780
263
0.10448986
274
0.01017770
284
0.07305149
294
0.06675404
304
0.10828686
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305
09756426
316

15641371
326
26796618
336
12232250
346
25878261
357
31130188
367
01297174
378
29258367
388
93642039
420
02762763

0
0

0
0
0
0.
0
0
0

306
18432442
317

12915777
327
. 39347504
337
. 06955679
348
. 37263230
358
17193252
368
. 25847933
379
. 23592640
389
.17701390

307
0.38692149
318

0.11480103
328
0.06721678
338
0.10925452
349
0.10817917
359
0.09853061
369
0.40251904
380
0.02912171
395
0.21369502
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10273366
319

18951412
329
15795950
339
01617801
350
43287992
360
10659903
370
25969144
381
16044439
396
14366689
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309 311
17817344 0.11025554
320 321
19792817 0.15683516
330 331
06675404 0.18696905
340 341
51580778 0.17297472
351 352
37640884 0.13959056
361 362
05014792 0.36544890
371 372
48407842 0.14881918
382 383
08633610 0.20214364
399 401
07638729 0. 08111360

312
11417216
322

02882891
332
12569661
342
25425804
253
39300207
363
19631563
374
12240169
384
12501852
402
15852932

313
06675404
323

49566538
333
06675404
343
27535674
354
56086383
364
09853061
375
37154086
385
19217215
406
25238714

314
0.09678201
324

0.14815085
334
0.15393740
344
0.06675404
355
0.29125929
365
0.18524796
376
0.09815004
386
0.01838415
414
0.28832924

315

.16750682
325

16899140
335
10828686
345
10974149
356
28339354
366
03182753
377
10178168
387
01838415
416

. 07697239
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B2. R output of Q-matrix and P-matrix

> gmatrix.msm

call: :

msm(formula = €04 ~ Ty subject = PTNUM, data = proj, guatrix = twoway7.q, death = 6)
waximum 1ikelihood estimates:

Transition intensity matrix
SIII sV

sI SII
51 >1.131 (-1.495,-0.8551) 0.8872 (0.6355,1.239) 0 s
SII 0.5183 (0.3723,0.7217) 05133 (-1.388,-(,9245) 0.4959 (0.3729,0.6593) 0
ST 0.4231 (0.3451,0.5186) -0.8011 (-0.932,-0.6886) 0.3324 (0.2605,0.4241)
s o2 : gne (0.4389,0.612) ~ -0.858 2-0.9803,-0.7509)
sV 0.5164 (0.4356,0.6
peath 0 0 0 . ( ,0.6123)
withdraw 0 0 : 0
sV peath withdr aw
sI 0 0.1016 (0.05612,0.1907) ~ 0.1418 (0.08426,0.2387)
SII 0 0.08105 (0.04678,0.1404) 0.03772 (0.01674,0.08438)
stz 0 0.0145 (0.004737,0.04439) 0.0311 (0. 01656,0.05843)
SIV 0.2523 (0.1936,0.3287) 0.03325 go.om,o.ouw) 0.05414 (0.03518,0.08333)
sV C0.6358 (-0.7341,-0.5506) 009058 (0.06249,0.1313) 0.0288 (0.01582,0.0524)
peath 0 0 0
withdraw 0 0 0
_2 * log-1ikelihood: 3941.971
> pmatrix.msm(proj.nsm,t-l. 5,ci="normal")
2012 (0.2192,0.3629) 0.3131 (0.2542,0.3669) 01256 ( s
SI .29 z ,0. . . ,0. 11256 (0.09376,0.1624) 0.02115 (0.
orr 0.1829 (0.1385,0.2222) 0.3503 (0.29,0.4043)  0.234 (0.1882,0.2798) ) 0osast ?88%38%883%323
orr1  0.06261 (0.04741,0.07963 0 1996 (0.1654,0.2323)  0.4329 (0.3839,0.478)  0.1726 0.1406,0. 2053)
SIV 001644 (0.01176,0.02217)  0.07291 (0.05871,0.08784) 0.2692 (0.234,0.3025) _ 0.3847 £0. 3405,0. 4243
w 3.003407 (0.002381,0.004838) 8.01963 (¢, 01483,0.02483) 0.1049 (0.08677,0.1227) 0.2829 0.2447,0. 31593
Deat 0 »Ou
withdraw 0 0 0 g
5V peath withdraw
s o/002141 (0.001363,0.0033) 0.1148 (0.07779.0.17773 0.132 (0.08841,0.1982)
SII 0 507200 (0.004959,0.01052) 0.09679 {0 06734,0.144)  0.07403 (0.05257,0.1161)
o1 003287 (0.02387,0.04458) 0.04426 oomz,o.onng 0.05511 (0.03991,0.08371
STV 0.1382 20' 1083,0.1693 0.05277 (0,03832,0.08535) 0.06584 (0.04838,0.09029
v 0.4388 (0.3875,0.4833 0.1026 (0.)7884,0.1384) ~ 0.04775 (0.03367,0.07047
peath 0 1,1 0
withdraw 0 0 141
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tng Future Leaders.

B3. R output of sojourn time and probabilities of each

state being next

» sojourts. nsm(proj. msm)

estimates 5 )i U
sT  0.8844741 0.12602569 0. 6689603 1.169418

511 0.8626571 0.09158707 0.7202261 1.081721
ST1T 1.2482706 0.09636263 1.0729973 1.452175
sV 1.1655588 0.,07925375 1.0201301 1.331720
sy 1.5728163 0.11539878 1.3621492 1.816065

> pqext.msm(proi.msm, covariates = "mean”
v ci=c("delta”, normai",“bootstrap","none 3. Ch= 0.95,

+ B=1000)
SI SII 5111 SIV SV
I 0 0.7847 (0.7028,0.8762) 0 0 0
SIT 0.4575 (0. 3659,0.572) 0 0.4377 (0.3505,0.5466) 0 0
SIII 0 0.5281 (0.4581,0.6088) 0 0.4149 (0. 3467,0.4966) 0
SIV 0 0 0. 6041 (0.5418,0.6736) 0 0.2% (0.2373,0.3644)
SV 0 0 0 0.8123 (0.7568,0.8718) 0
peath 0 0 0 0 0
i v 0 0 0 0

peath withdraw

53 0.08986 (0.04791,0.1685) 0.1254 (0.0?458,0.211)

SII 0.07154 (0.04144,0.1235) 0.03329 (0.01474,0.07516)

SIII 0,0181 (0.005934,0.05521) 0.03883 (0.02078,0.07255)

SIV 0.03875 (0.01757,0.08546) 0.06311 (0.04133,0.09636)

sV 0.1425 (0.09906,0.2049) 0,04529 (0.02506,0.08185)
0

peath 0

withdraw 0 0
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B4. Computated observed and expected Prevalences

> prevalence.msm(proj.msm)
Sog proj

served
state 1 state 2 State 3 state 4 State 5 state 6 State 7 Total
1 4 4 8 47 20 0 0 263
2 1 8 24 66 131 33 2 265
3 1 12 45 87 82 38 3 268
4 5 23 49 75 62 40 8 262
5 14 28 66 51 39 47 11 256
6 15 42 51 7 26 53 16 250
7 26 23 67 38 14 54 19 2%
8 23 35 46 k3l 13 55 24207
9 18 23 41 23 7 58 25 195
10 18 14 16 13 3 60 27 151
5 | 5 11 9 6 2 60 27 10
Sexpected
SI SII SIII SIV sv  Death withdraw Total
1 1.000000 4.000000 8.00000 47.00000 203.000000 0.00000 0.000000 263
> 2.062335 7.528428 30.18410 77.46473 121.165044 17.39482 9.200536 265
3 4.266697 14.359378 45.32436 75.31068 79.412938 30.89576 18.430178 268
i 6809211 19.803980 50.16923 63.83856 53.869623 40.98947 26.519927 262
5 8 889360 23.073183 49.65423 52.80416 38.509660 49.28778 33.781626 256
6 10.170604 24.395012 46.59906 43.64809 28.698261 56.25443 40.225444 250
7 10.585686 24.004973 42.02592 35.88846 21.844487 61.35352 45.296958 241
8 10.183862 22.223879 36.50205 29.10910 16.705418 63.91206 48.363641 227
9 8.613707 18.297724 28.68023 21.73236 11.918724 59.69868 46.058580 195

10 6.404595 13.347836 20.21616 14.74382  7.807400 49,60947 38.870719 151
11 4.802276 9.872918 14.58127 10.33384  5.326246 41.86660 33.216856 120
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§ observed percentages’

state 1 state 2 State 3 State 4 State 5 State 6 State 7
.3802281 1.520913 3.041825 17.870722 77.186312 0.00000 0.000000
3773585 3.018868 9.056604 24.905660 49.433962 12.45283 0.754717
13731343 4.477612 16.791045 32.462687 30.597015 14.17910 1.119403
19083969 8.778626 18.702290 28.625954 23.664122 15.26718 3.053435
- 4687500 10.937500 25.781250 19.921875 15.234375 18.35938 4.296875
- 0000000 16.800000 20.400000 18.800000 10.400000 21.20000 6.400000
10.7883817 9.543568 27.800830 15.767635 5.809129 22.40664 7.883817
11321586 15.418502 20.264317 13.656388 5.726872 24.22907 10.572687
12307692 11.794872 21.025641 11,794872 3.589744 29.74359 12,820513
9205298 9.271523 10.596026 8.609272 1.986755 39.73510 17.880795
1666667 9.166667 7.500000 5.000000 1.666667 50.00000 22.500000

O 00~ W BN
-

OOV OOO

NS WHOoOO

[
(—_

[wry
e

$ Expected percentages’
sI SI1 SIII SIV sV peath withdraw

1 0.3802281 1.520913 3.041825 17.870722 77.186312 0.000000 0.000000
2 0.7782398 2.840916 11.390227 29.231975 45.722658 6.564084 3.471900
3 1.5920511 5.357977 16.912075 28.101001 29.631693 11.528270 6.876932
4 2.5989355 7.558771 19.148560 24.365862 20.560925 15.644837 10.122110
5 3.4724064 9.012962 19.396184 20.626624 15.042836 19.253040 13.195948
6 4.0718776 9.758005 18.639626 17.459237 11.479304 22.501772 16.090178
7 4.3924007 9.960570 17.438141 14.891477 9.064102 25.457890 18.795418
8 4.4862829 9.790255 16.080197 12.823390 7.359215 28.155092 21.305569
9 4.4172858 9.383448 14.707809 11.144798 6.112166 30.614708 23.619785
10 4.2414537 8.839626 13.388187 9.764119 5.170463 32.853952 25.742198
11 4.0018966 8.227431 12.151056 8.611531 4.438538 34.888833 27.680713

138

© University of Venda



	Image00001
	Image00002
	Image00003
	Image00004
	Image00005
	Image00006
	Image00007
	Image00008
	Image00009
	Image00010
	Image00011
	Image00012
	Image00013
	Image00014
	Image00015
	Image00016
	Image00017
	Image00018
	Image00019
	Image00020
	Image00021
	Image00022
	Image00023
	Image00024
	Image00025
	Image00026
	Image00027
	Image00028
	Image00029
	Image00030
	Image00031
	Image00032
	Image00033
	Image00034
	Image00035
	Image00036
	Image00037
	Image00038
	Image00039
	Image00040
	Image00041
	Image00042
	Image00043
	Image00044
	Image00045
	Image00046
	Image00047
	Image00048
	Image00049
	Image00050
	Image00051
	Image00052
	Image00053
	Image00054
	Image00055
	Image00056
	Image00057
	Image00058
	Image00059
	Image00060
	Image00061
	Image00062
	Image00063
	Image00064
	Image00065
	Image00066
	Image00067
	Image00068
	Image00069
	Image00070
	Image00071
	Image00072
	Image00073
	Image00074
	Image00075
	Image00076
	Image00077
	Image00078
	Image00079
	Image00080
	Image00081
	Image00082
	Image00083
	Image00084
	Image00085
	Image00086
	Image00087
	Image00088
	Image00089
	Image00090
	Image00091
	Image00092
	Image00093
	Image00094
	Image00095
	Image00096
	Image00097
	Image00098
	Image00099
	Image00100
	Image00101
	Image00102
	Image00103
	Image00104
	Image00105
	Image00106
	Image00107
	Image00108
	Image00109
	Image00110
	Image00111
	Image00112
	Image00113
	Image00114
	Image00115
	Image00116
	Image00117
	Image00118
	Image00119
	Image00120
	Image00121
	Image00122
	Image00123
	Image00124
	Image00125
	Image00126
	Image00127
	Image00128
	Image00129
	Image00130
	Image00131
	Image00132
	Image00133
	Image00134
	Image00135
	Image00136
	Image00137
	Image00138
	Image00139
	Image00140
	Image00141
	Image00142
	Image00143
	Image00144
	Image00145
	Image00146
	Image00147
	Image00148
	Image00149
	Image00150
	Image00151
	Image00152
	Image00153

