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Abstract

Solar power forecasting has become an important aspect a�ecting crucial day-to-day
activities in people's lives. Many African countries are now facing blackouts due to
a shortage of energy. This has caused the urge to encourage people to use other
energy sources to rise, resulting in di�erent energy inputs into the main electricity
grid. When the number of power sources being fed into the main grid increases,
so does the need for e�cient methods of forecasting these inputs. Thus, there is
a need to come up with e�cient prediction techniques in order to facilitate proper
grid management. The main goal of this thesis is to explore how Gaussian process
predicting frameworks can be developed and used to predict global horizontal irra-
diance. Data on Global horizontal irrandiance and some weather variables collected
from various meterological stations were made available through SAURAN (Southern
African Universities Radiometric Network). The length of the dataset ranged from
496 to 17325 datapoints. We proposed using Gaussian process regression (GPR) to
predict solar power generation. In South Africa, studies based on GPR regarding
forecasting solar power are still very few, and more needs to be done in this area. At
�rst, we explored covariance function selection, and a GPR was developed using Core
vector regression (CVR). The predictions produced through this method were more
accurate than the benchmark models used: Gradient Boosting Regression (GBR)
and Support Vector Regression then, we explored interval estimation, Quantile re-
gression and GPR were coupled in order to develop the modelling framework. This
was also done to improve the accuracy of the GPR models. The results proved that
the model performed better than the Bayesian Structural Time Series Regression.
We also explored spatial dependence; spatio-temporal regression was incorporated
into the modelling framework coupled with GPR. This was done to incorporate var-
ious weather stations' conditions into the modelling process. The spatial analysis
results proved that GPR coupled with spatial analysis produced results that were
superior to the Autoregressive Spatial analysis and benchmark model used: Linear
Spatial analysis. The GPR results had accuracy measures that proved superior to
the benchmark models. Various other tools were used to improve the accuracy of
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the GPR results. This includes the use of combining forecasts and standardisation
of predictions. The superior results indicate a vast bene�t economic-wise because it
allows those who manage the power grid to do so e�ectively and e�ciently. E�ective
power grid management reduces power blackouts, thus bene�tting the nation eco-
nomically and socially.

Keywords� Core vector regression; Gaussian process; Minimum enclosed ball; Quantile
regression; Solar power; Spatio-temporal.
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Chapter 1

Introduction

1.1 Background

Electricity is one of the most important needs of people in various parts of the world.

Many developing countries, like South Africa, use coal, water, and other alternative forms

of energy to produce electricity. Many alternative energy sources in South Africa provide

electricity to urban and rural populations. Although we have these various sources, the

energy de�cit is still a problem that policymakers should solve. The energy de�cit has

e�ectively stunted Africa's development, with many people who stay in sub-Saharan Africa

without reliable access to power sources. According to President Cyril Ramaposa, the

country has an installed capacity of 46 000MW of electricity, and the peak demand for

electricity is 32,000 MW. Only 60% of the 46 000MW installed electricity is being supplied

to the nation (Government, 2022). This leaves the country with a de�cit of about 4 400MW,

which has caused industries, schools, and health facilities to operate without electricity for

some hours.

In the past, energy production mainly depended on thermal power and hydroelectricity.

Using thermal power has a major problem. It produces high concentrations of greenhouse

gases like carbon dioxide, carbon monoxide, and hydrocarbon sulfur dioxide. These carbon

1
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emissions play a signi�cant role in air pollution resulting in climatic change. The emissions

trap heat in the atmosphere, which builds up, resulting in global warming e�ects. Air

pollution also causes depletion of the ozone layer resulting in direct sun reaching the earth.

Direct sun rays cause very hot temperatures, which are not good for nature. Global warming

a�ects and changes both present and future weather patterns, thus disturbing the balance

of nature. They also harm people's health. It causes diseases such as cancer. Sulfur dioxide

also causes respiratory problems and contributes to acid rain. The health problems are

caused by inhaling carbon emissions and high temperatures that cause heat waves.

South Africa has measures that have been put in place in order to solve the prob-

lem of carbon emissions. One major step is signing agreements that rectify practices that

cause carbon emissions. The signed agreements include the Paris Agreement. This climate

change agreement was signed in New York, United States, in 2015 between United Nations

and South Africa. It looks at a commitment by the international community to �nding

signi�cant ways of reducing the emissions of greenhouse gases. This is achieved by pro-

moting using clean energy (Ministry of forestry and the environment, 2016). Other policies

have been put in place. These include the IRP (Integrated Resource Plan), which aims

to make electricity cheaper, reduce water usage, and encourage electricity generation from

di�erent sources. The Ministry of Resources and Energy formulated the plan in March

2011 (Ministry of minerals and energy, 2019). Another agreement that promotes reducing

greenhouse gases was signed through the World Bank. The documents provide various ways

the country will use to preserve the environment. The report is called Country Climate

and development report. It is a diagnosis plan that re�ects the plans to be used by the

nation to prioritise actions that reduce the emission of these gases, especially promoting

low carbon emission (WorldBank, 2022). Another important agreement is South Africa's

Just Energy Transition Investment Plan (JETIP), which should run from 2023 to 2027. It

is an agreement signed between South Africa and other European countries. The JETIP
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looks at a commitment by SA to reduce gas emissions by considering the impact of the

energy transition on people's lives.

Other e�orts have been made in South Africa in order to promote the use of other power

sources. These include the establishment of solar power plants to boost the power supply.

Several solar plants have been established in South Africa. An example is the De Aar Solar

power plant. Figure 1.1 shows the Northern Cape Province's De Aar Solar Power plant. It

is located outside the De Aar town and has 167 580 panels (DeAar, 2022). All the solar

plants in SA are linked to Eskom, the major electricity supplier, to facilitate control of the

energy supply from such facilities.

South Africa can engage in projects that promote the use of solar power. It receives

signi�cant solar radiation; thus, we focused on solar energy. South Africa receives quite a

substantial amount of solar radiation compared to other countries, which can be generated

into electricity (Resources and Energy Department, 2016). Daily, Africa receives more hours

of sunshine than other continents do yearly. This has made SA an ideal place for generating

solar energy. Solar power has gained popularity in Africa since it is less costly and readily

available.
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Figure 1.1: De Aar Solar Power plant in the Northern Cape Province. Source https:
//deaarsolar.co.za/.

https://deaarsolar.co.za/
https://deaarsolar.co.za/
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Figure 1.2: SA solar map. Source: Global Solar Atlas 2.0, Solar resource data:
Solargis. https://solargis.com/maps-and-gis-data/download/south-africa.

Figure 1.2 shows a summary of GHI(Global Horizontal Irradiance) which is solar radia-

tion distribution in SA. It gives average values of daily and yearly average radiation. Daily

https://solargis.com/maps-and-gis-data/download/south-africa
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average values range from 5.0-6.2, and yearly totals range from 1826 to 2264, with only a

few coastal areas receiving less irradiance than these averages. It re�ects that SA receives

much solar radiation that can be used for powering the country. This makes solar energy

one of the largest sources of power in South Africa.

Figure 1.3: Pie Chart of energy distribution in SA. Source:IAE //www.iea.org/

data-and-statistics.

Figure 1.3 shows that only a little of the generated solar is used. President Ramaposa

pointed out in his speech Government (2022) that about 27000W of energy is being supplied.

From the pie chart, only 5.5% is coming from renewable sources, and 1.1% is coming from

solar power, which is about 15.18W, but 2264 can be used instead, easing the problem of

electricity shortage.

Solar power is the radiation obtained through harnessing energy from the sun's rays.

//www.iea.org/data-and-statistics
//www.iea.org/data-and-statistics
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It is converted into electrical energy that can be used for heating, lighting, water, and

commercial, individual, or domestic use. It is a clean, reliable, and cheap source of power.

The main energy producer in South Africa, Eskom, has implemented several solar energy

projects. They have installed heating equipment for solar energy in private buildings. Eval-

uating these locations is an ongoing identifying process to quantify attainable reserve funds

from solar power and the establishment of water heating tools. Solar power is produced as

Photovoltaic (PV), and the measurement unit is Kilowatt peak (kWp), the voltage yield

generated by solar cells to produce electricity. PV forecasting over time can help PV plants

e�ciently supply solar energy for power frameworks without underestimating their ability

to utilise solar power boards. South African produced solar power is measured based on

photovoltaic power. Photovoltaic relates to the production of electricity after exposure to

sunlight.
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Figure 1.4: World solar power map. Source: World Bank Group (ESMAP, Solargis).
https://solargis.com/maps-and-gis-data/download/world.

Figure 1.4 shows an aggregated and harmonised view of the world's potential photo-

voltaic(PV) power. It can be seen from the map that for South Africa, the amount of

solar radiation received is more than most countries in the world. In order to e�ciently

incorporate solar power into the power grid, we need to forecast it accurately.

We used Global Horizontal Irradiance (GHI) measurements for this study, which gives

https://solargis.com/maps-and-gis-data/download/world
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the actual yield. GHI is the solar energy measured concerning time, produced by all com-

ponents of the atmosphere and reaching the Earth's surface. It combines Direct Normal

Irradiance (DNI), Di�use Horizontal Irradiance (DHI), and re�ected ground radiation. It is

measured in W/m2(watts per square meter). According to NERSA (National Energy Reg-

ulator of South Africa), 1329 MW has been recorded as the installed solar power of South

Africa, and the country's capacity is expected to be at 8400 MW by 2030 (NERSA, 2016).

Policymakers have been trying to put measures in place to promote the use of solar power.

The measures include the expense-motivating force of tax payments through the South

African Revenue Service as of 1 January 2016 for establishing photovoltaic sun-powered

vitality frameworks. Other than the administration motivation, certain regions have addi-

tionally structured motivators for private and business clients, for example, feed-in tari�

and net metering. Solar power comes from the sun captured through heat and light, which

is captured using di�erent types of equipment such as solar architecture, photovoltaic, and

solar power. It is a crucial energy source that is renewable. Technologies are active solar

and passive solar, which rely upon the technique used to capture sun-oriented energy. In

2000 the United Nations, through its development program called World Assessment, re-

vealed that the yearly solar energy that can be produced was 1575-49837 exajoules(EJ),

which is higher than the consumption of world energy, which was 559.8 EJ (Smart-Energy,

2022).

1.2 Statement of the problem

The need for additional power from other sources should be addressed, and solar power has

been chosen as a potential power source for this research. This was done to promote the

use of solar power by indicating the amount of solar power available to boost energy in SA.

This aims at addressing the shortage of electricity as well as reducing carbon emissions.
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Figure 1.5: Load shedding dominating. Source:https://www.csir.co.za.

Figure 1.5 shows that SA has been facing electricity challenges resulting in load shed-

ding, with some parts of the country experiencing Stage 4 load-shedding in 2021. This

means you will be scheduled for load-shedding 12 times over four days for two hours or 12

times over eight days for four hours at a time. Hence the need to look at ways of solv-

ing the problem of electricity. A method rarely used for predicting solar power in South

Africa was constructed and applied. Solar energy needs to be integrated into the main

grid (Ismail et al., 2015). However, planning and operating power grids reliably are af-

https://www.csir.co.za
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fected by �uctuations in the penetration of solar energy (Sun et al., 2021). Solar power

forecasting traditionally relies on data mining methods to progressively predict the power

output over a given period as re�ected in historical data, such as time series modelling and

arti�cial neural networks. There are limitations to adopting such methods, as accuracy is

restricted by data availability when data recordings are missing due to several reasons. One

of the reasons may be that data collection may be interrupted by information estimation

failure or incorrect recordings, and such errors may a�ect forecasting accuracy. Therefore,

there is a need to improve PV forecasting accuracy by capturing such complexities. Solar

power prediction has the challenge of being unpredictable due to changes in weather pat-

terns and other unforeseen factors. Unlike hydroelectricity and thermal electricity, solar

power cannot be planned or controlled because of inherent features such as volatility, ran-

domness, and intermittence, which is a challenge in integrating solar power into the grid.

This calls for a prediction method that captures uncertainty and complexity in the dataset

used. Hence GPR was chosen for this research. Selecting Kernel functions forms a crucial

part of GPR. Not much has been done to �nd an appropriate method of selecting kernel

functions e�ectively. Williams and Rasmussen (2006) has explored covariance function se-

lection in Chapter 4 of their book, they indicated that the functions are chosen based on

cross-validation. On the other hand, Abdessalem et al. (2018) used Approximate Bayesian

Computation(AB)algorithm for kernel selection.

Researchers have been concentrating on point estimations, paying little attention to the

di�erences in the weather conditions of various meteorological stations. As a result, Quantile

Regression was used for predictions that are interval based in order to improve prediction

accuracy. Weather conditions at times vary and change with distance, so there is a need to

check the relatedness of datasets from di�erent weather stations before generalising results

to the whole country. Dependences of meteorological dependencies were used to capture

the variation in weather conditions through spatial analysis. Another important aspect of
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forecasting is accuracy. Thus, the purpose of this study is to identify appropriate models

that captures uncertainity and variability. These approaches include standardisation and

combining forecasts. All the tools were applied to make the GPRmodel robust and accurate.

1.3 Research questions

This study will answer the following main research questions:

1) Does the Core vector regression provide a better way of selecting a kernel function

for short-term Global Horizontal Irradiance forecasting?

2) Does the combination of Quantile regression and GPR improve GHI predictions?

3) Does capturing spatial dependencies improve GHI predictions?

1.4 Aim and objectives of the study

Aim

This study aims to construct and evaluate Gaussian process regression models for solar

power forecasting.

Objectives

The objectives are to:

1) construct a GPR model coupled with Core vector regression for short-term forecasting

of global horizontal irradiance.

2) evaluate and compare the predictive abilities of GPR models combined with Additive

Quantile Regression (AQR) and Bayesian Structural Time Series (BSTS) models in

the short-term forecasting of global horizontal irradiance.
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3) construct spatio-temporal GPR models coupled with autoregressive models for multi-

site prediction of global horizontal irradiance.

1.5 Signi�cance of the study

This study's main contribution is the development of GPR models for forecasting solar

energy production. Due to the integration of large solar farms into the power grid, solar

energy forecasting becomes important to system operators responsible for making decisions

concerning the operations of the power grid and the operators of the electric market. This

study will help the power grid system operators to take optimal decisions.

1.6 Contributions

Solar power forecasting was done using Gaussian Process Regression using South African

data. A crucial aspect of GPR modelling was addressed. In order to e�ectively choose an

appropriate kernel function, core vector regression was coupled with GPR. This was done to

improve the performance of Gaussian Process Regression; choosing the appropriate kernel

yields robust results. Applying the minimum enclosed ball produces approximately optimal

solutions because of core sets. Core vector regression uses the 2-norm error that makes

the model robust against outliers. CRV enabled the optimisation of the kernel function

parameters and removed arti�cial factors in the prediction process, having higher precision.

Another important aspect of forecasting was addressing variable selection through various

modern methods. Most research articles make use of just one particular method for variable

selection. In one of the publications produced in this research, many variable selection

methods were adopted, and just one, which proved to be more accurate based on the dataset

used, was selected. Variables were selected using various variable selection techniques,

which included shrinkage methods like lasso and elastic net, model-based methods like GBR
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and MARS, and Boruta. Also, other methods like OPERA were used. The method that

produced the minimum value of MAE was used for variable selection. Another important

aspect applied in this research was the improvement of forecast accuracy through forecast

combination and standardisation. Forecasts combination was applied in order to improve

the predictions.

GPR was combined with the following models: Core vector regression, quantile regres-

sion, and Opera. Various authors like Bates and Granger (1969) and Gaillard et al. (2021)

did studies on forecast combinations and proved that they improved forecasts accuracy.

Standardisation of data scales forecasts to the same range of values to improve the predic-

tions' quality. This creates consistency in the dataset by avoiding wider ranges from the

data. Spatial Regression through temporal-spatial dependencies between meteorological

stations in di�erent geographic locations. This is another unique contribution. Three prob-

lem areas that have prompted this research that something beyond the usual GPR model

was done is the need to improve forecasts and develop more robust forecasts through core

vector regression, quantile regression, and multiple sites.

1.7 Outline of thesis

The structure of the thesis is given in eight chapters. The highlights of the chapters follow.

The next chapter is Chapter 2, the Literature Review. We will review the existing literature

on renewable energy forecasting, solar energy forecasting, and forecasting using Gaussian

Process Regression. Chapter 3 provides a general theory of the methodologies adopted

and the research design implemented in this study. Chapter 4 is on Data and study sites.

Chapter 5, Chapter 6, and Chapter 7 provided how the objectives were achieved through

di�erent publications produced during this research. Firstly, in Chapter 5, Gaussian pro-

cess regression coupled with Core vector regression was used to predict GHI. We adopted
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a core vector regression approach called the minimum enclosing ball (MEB) technique to

select the best possible kernel for the analysis. The variables were selected via hierarchical

interactions using the least absolute shrinkage and selection operator. The results showed

that the GPR models gave the most accurate predictions compared to those from gradient

boosting and support vector regression models. Secondly, in Chapter 6, Gaussian Pro-

cess Regression (GPR) combined with Quantile Regression and Bayesian Structural Time

Series (BSTS) model in short- and long-term forecasting was used to forecast GHI. Four

methods were adopted for variable selection, Lasso, Elastic net, Boruta, and GBR (Gra-

dient Boosting Regression). The variables selected using GBR were used because they

produced the lowest value of MAE (Minimum Absolute Errors). In order to improve the

forecasting accuracy of the models, forecasts were combined with the following forecasting

models: Linear QRA(Quantile Regression Averaging), QRNN(Quantile Regression Neural

Network), PLAQR(Partial Linear additive Quantile Regression), and Opera(Online Pre-

diction by ExpRt Aggregation). The GPR model was selected as the best model. Lastly,

Chapter 7 explored Spatial Gaussian Process Regression (SGPR) and the Spatial GPR

Autoregressive (SGPR-AR) models to predict GHI using data from seven radiometric sta-

tions from South Africa and one from Namibia. The benchmark model used was the linear

Spatial Temporal Regression (LSTR) model. Five validation sets, each comprising three

stations, were chosen. For each validation set, the remaining �ve stations were used for

training. The GP model gave the most accurate forecasts across the validation sets based

on root mean square error and statistical evaluations. One of the study's contributions was

using standardised forecasts and including a nonlinear trend covariate, which improved the

accuracy of the forecasts. In order to improve the forecasts, a monotone composite quan-

tile regression neural network and a quantile generalised additive model were combined.

The results showed that Gaussian Spatial Temporal Regression produced superior results.

Chapter 8 is based on the Conclusions and recommendations from the research.



Chapter 2

Literature review

2.1 Introduction

This chapter provides reviews of the main concepts that were used as the basis of this

thesis. A thorough examination of other researchers' key and recent contributions to re-

search periodicals was done. This chapter cited other researchers' views and �ndings in the

�eld of Global horizontal irradiance, renewable energy forecasting and Gaussian Process

Regression. This research was based on forecasting solar power generation using Gaussian

Process Regression.

2.2 A review of renewable energy forecasting on South

African data

Various authors have looked at forecasting renewable energy sources using di�erent method-

ologies. A review of some of them follows. Arti�cial neural networks (ANN) are one of

the techniques widely used to forecast GHI, and some of the approaches follow. Leholo

et al. (2019) did a comparative analysis based on the training functions of arti�cial neu-

ral networks. The training functions used are scaled conjugate Gradient, Quasi-Newton,

Levenberg-Marquardt and Resilient Backpropagation. Based on the mean absolute percent-

16
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age error and root mean square error, Leevenberg-Marquardt's function performed better.

The study was based on South African data. Daniel et al. (2020) forecasted wind speed us-

ing South African data. They used arti�cial neural networks, Bayesian analysis, Stochastic

gradient boosting and generalised Additive models to predict wind speed. Additive quantile

regression averaging proved to perform better in terms of validity, reliability, quality and

accuracy. Their proposed methodology was very e�ective, and they found that a combi-

nation of point and interval estimation improved the forecasts. Exploring other machine

learning algorithms would have improved the accuracy of the predictions. The two studies

by Leholo et al. (2019) and Daniel et al. (2020) were based on Neural networks (NN), which

has its disadvantages. NN are black boxes, meaning the technique does not give much in-

formation about the independent variables. A GPR model's results can explain the e�ects

of the independent variables.

Time series analysis is also one of the widely used techniques, and some of the reviews

follow. Milligan et al. (2003) investigated wind power. The analysis was based on United

States data. They used autoregressive moving average models (ARMA) to forecast wind

speed and power output. The performance of the ARMA models was investigated over

di�erent periods. Based on periods of 10 minutes, they predicted wind power. However,

time series analysis handles the dynamics of sequences to predict future values. This mod-

elling approach has its drawbacks. Using time series techniques is not easy to capture prior

knowledge. GPR can handle prior knowledge, which makes it more robust. Dealing with

a multivariate dataset is also very complex. In our proposed methodology, we used BSTS

(Bayesian Structural Time series), one of the methods that dealt with this problem. GPR

also deals well with this kind of problem.

Various techniques were also used in the past to predict energy. Chen et al. (2013) fore-

casted wind power by combining numerical and probability techniques based on a South

African dataset. Gaussian process regression and numerical methods were applied to fore-
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cast one day ahead of wind power. Gaussian process regression was applied to establish the

relationship between power output and wind speed. The proposed method output was com-

pared to the benchmark model, Arti�cial Neural Networks (ANN) and proved to improve

forecasting accuracy based on Mean absolute error. Historical data was used to build the

model. Gaussian processes were used to develop a speed power model, and the variables for

numerical weather prediction were chosen using Automatic Relevance Determining (ARD).

ARD is a method that �ts a regression equation using Bayesian Ridge regression. Two

ways were used to predict wind speed: GP direct and GP based on corrected speed. The

results showed that the simulation study that improved the forecasts was the one with the

corrected speed. The shortcomings of applying numerical methods are that the equations

used by the models to simulate the weather variables are not exact, which leads to some

errors in the forecasts. Another research by Chikobvu and Sigauke (2013) analysed the

in�uence of temperature on electricity daily demand using South African data. They used

generalised extreme value distribution and a piecewise linear regression modelling frame-

work to �t the temperature data. The results showed that temperature is an important

variable explaining electricity demand. The results produced by this study are robust when

dealing with extreme events though when dealing with uncertain conditions, it is complex

to work with. GPR models are nonlinear, can cater for many mean functions, and are

interpretable. GPR captures uncertain conditions.

In another study, Sigauke (2017) forecasted hourly electricity demand on a medium-term

basis. A generalised additive lasso model was used. The analysis was further extended to

GAM-te-Lasso by including the tensor product interactions. The results of this model were

compared to the gradient boosting method. Based on the pinball loss function, the GAM-

te-Lasso performed better. The pinball loss function is a metric used to assess a quantile

forecast's accuracy. The generalised additive model has a limitation in that it tends to

over�t the predictions because it is nonparametric. The fusion of GPR, a nonparametric
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method, with Lasso, a regularisation technique, deals well with this limitation. Another

study by Adedeji et al. (2022) looked at the prediction of electricity consumption based

on South African data. Comparison analysis between the adaptive neuro-fuzzy inference

system and particle swarm optimisation was performed based on multi-campus university

data. Adaptive neuro-fuzzy is a method that combines the Fuzzy Logic method and Ar-

ti�cial Neural networks. Fuzzy inference is a method that interprets the values in the

input vector and is based on some rules that assign values to the output vector that use

if-then logic operators. Neural networks are a collection of simple computational units that

interlink connections. Based on the evaluation metrics, RMSE(root mean square error),

MAD(mean absolute deviation) and MAPE(mean absolute percentage error), the adaptive

neuro-fuzzy inference system model performed better. The methodology is e�cient but

has a challenge of computational complexity when applied to a large dataset with many

variables.

Finally, Masike and Vermeulen (2022) did a study on predicting electricity demand

based on time-varying elasticity. A time-varying and parameter-based model was used

based on a South African dataset. The evolution of the elasticities was estimated using the

Kalman �lter. The results showed that the coe�cient of elasticity increased when prices

increased. The results also showed that consumers might move to other energy sources if

the electricity price continues. The Kalman �lter has a non-realistic assumption that the

system and models are linear. Linear relationships do not occur in all living conditions.

GPR captures nonlinear relationships. The next section looks at GHI forecasting literature.
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2.3 Review of global horizontal irradiance forecast-

ing literature

This section looks at reviews of studies that are based on GHI forecasting. Previous re-

searches show increased studies that try to solve energy generation-related problems. This

is due to the vast increase in energy generation to support the power grid, especially wind

and solar energy. The increase in energy production has created the need for reliable energy

forecasting since uncertainty will rise due to variability in the production of the demand

energy sources. Various methods have been applied to forecast solar power. We shall review

some of them.

The following authors used Arti�cial Neural networks to forecast neural networks to

predict solar power. Arti�cial Neural Network(ANN) is a popular method for forecasting

solar power. We will look at a few reviews on the application of Neural Networks. Cervone

et al. (2017) applied ANN and an Analog Ensemble (AnEn) to come up with 72-hour fore-

casts of solar energy using input from a numerical weather prediction model, and they also

used astronomical variables. They applied ANN and ANEn separately and then combined

the two to develop forecasts for three di�erent stations in Italy. The proposed technique

is tested using synthetic data simulated power station. The results are based on US time.

The results show that combining the two methods gave the best results.

A comparative analysis was done by Gbemou et al. (2021), Gaussian Process Regression,

Support Vector Regression and Arti�cial neural networks were used for the analysis. A

benchmark model called persistence on the clear sky index was also applied. The results

showed that the GPR model using a rational quadratic kernel performed better. Their

analysis was based on measuring the goodness of �t of the models used. Aslam et al. (2020)

did an analysis comparing various models using solar power data. The comparison on

neural networks, long short-term memory, gated recurrent units, support vector regression
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and feedforward neural networks. The research is based on a Korean dataset. The results

which implemented gated recurrent units is the one whose performance proved to be better

than the other models though the performance of the other models was also good. The

Gated recurrent unit is a recurrent neural network with specialised memory elements. It

contains a reset gate that is replaced with an update gate to reduce the data's redundancy

and complexity. The developed models outperformed the traditional methods, thus proving

their e�ciency. Applications of neural networks have their challenges. They tend to be

black boxes. Using the method on di�erent datasets and complex when dealing with large

datasets will be di�cult.

Other statistical methods have also been used to predict solar power. Mpfumali et al.

(2019) did a probabilistic forecasting analysis on solar power prediction. The study was

based on analysis twenty-four hours ahead, using data from the Tellerie radiometric sta-

tion in SA. They applied pinball loss function and quantile regression averaging (QRA).

Prediction interval coverage probability was used to select the best forecasts. The results

showed that Quantile regression averaging produced robust results. The proposed approach

produced results that optimised the integration of solar power into the national grid. Quan-

tile Regression has many merits but is limited because estimating its parameters is harder

to estimate than other regression techniques. Calibration and centred intervals' ability is

limited by pinballs causing poor quantiles.

The following studies are based on deep learning techniques. Amarasinghe et al. (2020)

applied an ensemble method which used deep learning methods to predict solar power

forecasts accurately. They applied the method to data from solar power facilities in Ger-

many. The weather parameters used in the study were selected using the feature selection

technique, and the weather classi�cation method was used to cluster the data. Di�erent

ensemble approaches are assigned to each cluster. An ensemble approach is developed

based on prediction errors. The mean square error is used to evaluate the models, and the
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proposed method performed better than the deep belief network, random forest regression

models and support vector regression. The ensemble approach can be improved by ap-

plying more machine learning algorithms and using short forecasting resolutions like one

hour. Gensler et al. (2016) did a study on deep solar power forecasting. They applied

deep learning methods and arti�cial Neural networks like Auto-Encoder and Deep Belief

Networks. They applied a combination of the stated method to forecast solar power and

compared the results. The results of the deep learning methods proved to perform better

than the Arti�cial Neural Networks and other physical methods. Dairi et al. (2020) used a

variational Auto-Encoder (VAE) Deep learning technique to forecast solar power. VAE are

probabilistic generative models that make use of neural networks. It generates new content,

detects anomalies and removes noise from data. A short-term approach was developed to

develop an accurate and e�cient way of forecasting solar power. Single and multi-step

ahead predictions were produced in this research. The data was collected from one plant in

the United States and another from Algeria. The results of the VAE model were compared

to Bidirectional LSTM(Long short-term memory), Convolutional LSTM, long short-term

memory, Logistic and Support vector regression. Mabasa et al. (2020) studied six climatic

zones from South Africa. Annual regression coe�cients of the Angstrom-Prescott(AP)

model were applied to solar data. This method was used because the network of the radio-

metric stations was on a landscape with dynamic climate and weather shifts. The results

showed that the observed and estimated GHI values were strongly correlated. The proposed

AP model proved e�ective in prediction, as was proved by the valuation metrics, the Mean

Absolute Error and relative Mean Bias errors. These methods have been based on deep

machine-learning techniques. The advantage of using deep learning techniques is that they

are not dynamic, they will not perform well under unfamiliar conditions, and that is when

conditions change.

Another study by Pattanaik et al. (2020) applied Genetic Algorithm(GA) to forecast
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solar photovoltaics based on two important factors: temperature and amount of solar in-

solation. GA is an optimisation algorithm that works with an objective function band and

its boundary value to �nd the most suitable solution. The study was done on a dataset col-

lected from Odisha, India. The results showed that this method is accurate and convenient

based on the goodness of �t, MAE, RMSE and MAPE measures. The research was based

on an analysis based on two variables only, but other weather variables can also a�ect GHI,

compromising the accuracy of the predicted values. The other variables that can be in our

research we added other variables that also a�ect it.

A study by Lawin et al. (2019) looked at a variability and trends analysis of Burundi's

solar power and temperature. Mann-Kendall and t-tests were used to detect trends and

changes in the future climate. A standardised index was used for variability analysis.

Variability was analysed monthly, and the results showed that solar irradiance was in excess

in the dry season, which showed that it might be a high solar power production period.

Another study by Sigauke et al. (2022) was based on modelling the dependence of Global

Horizontal irradiance with temperature and relative humidity based on a radiometric station

in South Africa. They applied multivariate adaptive regression splines, extreme value theory

and copula models. Their results showed that temperature and relative humidity had a

negative extremal dependence on GHI. The Copulas used are Clayton, Frank and Gumbel.

Frank Copulas produced the best model. Lawin et al. (2019) and Sigauke et al. (2022)

looked at predicting solar power based on one and two variables. They would have produced

better results if they had included many weather variables. In this research, we included

all variables we found in the literature.

In another study, Jang et al. (2016) looked at a model-based approach on various satel-

lite images and support vector regression based on a Korean dataset. Satellite images were

used on datasets inputs and outputs for Support Vector Regression. The proposed model's

performance was compared with arti�cial neural networks and time series modelling and
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performed better than the benchmark models. Mutavhatsindi et al. (2020a) looked at

hourly solar power forecasting using South African data from Pretoria radiometric station.

A comparative analysis was done based on predictive long-short term memory, feedforward

neural networks and Support Vector Regression. Principle Component analysis was used

as the benchmark model. They also used forecasts combination using quantile regression

averaging and convex combination. Quantile regression averaging was the best-performing

model based on Diebold Mariano and Giacomini-White tests. Jang et al. (2016) and Mu-

tavhatsindi et al. (2020a) applied Support Vector Regression. SVR only works well on large

datasets and when the dataset has much noise. So using this method on such a dataset

compromises the accuracy of the models.

Prediction of solar energy can be made using time series models. Isaksson and Karpe

(2018) did a comparative study using time series analysis against some learning machine

methods on Sweden's solar data. They used an arti�cial neural network (ANN) and GBR.

Their results showed that the application of time series was complicated because the energy

data was nonstationary. The two machine learning techniques proved to be easier to work

with. Time series modelling is very e�ective in terms of simplicity and accuracy. However,

the major problem with this technique is that it is di�cult to generalise the results from

one study to another.

Finally, Sharma et al. (2021) applied quantile regression (QR) to predict solar power on

the Australian dataset. They used long short-term memory (LSTM) and a fully connected

neural network. QR produced better results than the polynomials, but its results were

similar to those of the fully connected neural network. Quantile regression has properties

similar to GPR, but its major drawback is that estimating its parameters is hard. The

section that follows looks at a review of GPR techniques.
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2.4 Review of studies applying Gaussian process re-

gression on renewable energy

This section is based on a review of literature based on GPR. Leith et al. (2004) forecasted

electricity load using GPR using an Irish dataset. They used GPR models based on Basic

Structural Models (BSMs) and Seasonal Auto-Regressive Integrated(SARI). Their research

showed that BSM and SARI-based models improved the accuracy of the traditional GPR

using MAPE as a measure of accuracy. The use of GPR coupled with structural models is

very noble, although it has its limitations. Structural models simultaneously apply various

relationships, leading to the methodology being computationally intensive and the compu-

tation of iterative algorithms to reach optimal solutions, resulting in parameter estimation

problems Hair et al. (2021). Another study by Lourenço and Santos (2010) applied GPR

models as STLF(Short Term Load Forecasting) method to distribution systems of forecast-

ing electricity. The study considered studying input predictors from contiguous values to

include the strictly necessary instances of endogenous predictors. Real data from 3 electric-

ity substations in Portugal were used for the study. The proposed results proved accurate

in forecasting electricity for di�erent climatic areas. The limitation of this methodology is

that because of the short prediction horizons taken in modelling, it is di�cult to perform

the predictions using a larger dataset. The predictions can only handle a dataset for a few

months because of the forecasting horizons, which might compromise the accuracy of the

predicted values.

Chen et al. (2013) applied Gaussian processes on the outputs of Numerical weather

prediction. They forecasted wind power using Numerical weather prediction to correct

censored GPs using a dataset from South Africa. The results of the proposed method were

compared to Arti�cial Neural Networks and the persistence method. The proposed model

produced an 11% improvement in forecasting accuracy compared to ANN and 5% compared
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to the persistence model. The advantage of applying numerical weather forecasts is that

the equations produced to simulate GHI need to be more precise.

In another study, Tolba et al. (2019) used GPR to forecast GHI over 30min to 5h based

on a dataset from France. GPs with di�erent kernels have been applied on two datasets

of 45 days. The results showed that when applying the quasiperiodic kernel, the GPR

outperformed the persistence and GPR models based on other kernels. The performance

of the GPR would have been better if various kernels had been explored. Ma et al. (2020)

used a physics-informed Gaussian process technique to forecast and estimate wind gener-

ation using a US dataset. Stochastic equations were used to compute prior statistics for

power grid dynamics. The equations called swing equations were solved with Monte Carlo

Simulation techniques. The results showed that the Phi GPR model accurately forecasted

wind power. The Phi GPR also produced more accurate results than the Autoregressive

integrated moving average. The �aw of this methodology is that the application of Monte

Carlo simulation is computationally ine�cient. It could perform better when there are few

variables.

Lubbe et al. (2020) developed a Gaussian process regression model to predict solar ra-

diation based on South African data. They were concerned with developing an appropriate

kernel for the GP for proper interpolation and prediction of GHI data. The study was

done using a forecasting horizon of 5 days. The interpolation and prediction were done

using a multi-in-single-out GPR adopting the Radical Quadratic and Periodic kernels on

hourly averaged data. The results showed that the combination of the periodic and ra-

tional kernels produced the best results. Their results may have been better if they had

tried di�erent kernels and chosen the best. Cao et al. (2021) applied Gaussian Process

regression on electricity load forecasting using a limited dataset from Italy. They used a

probabilistic approach to Anomalous events allowing extreme scenarios to be dealt with,

thus causing short-term load behaviour changes. A probabilistic approach for anomalous
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events is a probability method that models outliers with spatial and temporal anoma-

lous behaviour. A comparison analysis was done using support vector regression, Double

Stochastic Variational, Backpropagation neural inference networks, recurrent Neural Net-

works and convolution Neural Networks. Support Vector regression is a machine learning

algorithm used to solve classi�cation problems, separating two data classes. It aims to �nd

a hyperplane that classi�es data inputs. A double stochastic variational method is used

to �nd a posterior means approximation using a Monte Carlo evaluation of the expecta-

tions. Backpropagation neural inference networks are a process of tuning neural networks

to improve the accuracy of predictions. Recurrent Neural Networks is an arti�cial neural

network that uses sequential and time series data. Convolution Neural Networks are dis-

tinguished from other neural networks by their superior performance with image, speech or

audio signal inputs. The proposed method outperformed the other benchmark models.

Zhang et al. (2021) looked at the probabilistic prediction of solar power using K-means

time series clustering. A comparison was done between k-means time series clustering

and astronomy and K-means methods. Various Gaussian Process kernel functions were

compared, and the best one was selected using deterministic and probabilistic forecasting.

The research used data from Tibet province, China, to verify the validity and practicability

of this research model. Two benchmark models were used, Arti�cial neural networks and

Support Vector Regression. The results of the GPR model based on k-means time series

clustering performed better than the other models. K means to have limitations; they do

not perform well when clusters have di�erent sizes.

Ferkous et al. (2021) used a Gaussian process model coupled with a wavelet model

to predict solar power. An Algerian three-year dataset was used. Various wavelets and

data combinations were used based on relative humidity, temperature and solar radiation.

The results showed that the proposed method performed better than the ordinary GPR

based on root mean square error (RMSE), relative root mean square error (rRMSE), mean
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absolute error (MAE) and determination coe�cient (R2). Although Wavelet is a powerful

tool, it has the disadvantage that it does not work well on a larger data set and has much

redundancy.

Gbémou et al. (2022) developed a time-based GPR model and an observation-based

GPR model to forecast GHI. A comparison is done between a horizon-speci�c and multi-

horizon-speci�ed model. A scaled persistence model is used as a benchmark model. The

horizons used are 10 minutes, 1 hour, 3 hours, 5 hours and 24 hours. The best model chosen

was the one with a quasiperiodic kernel and time-based. On horizon based, the best model

chosen is the one that used the automatic determination rational quadratic kernel. Finally,

a two-staged model was developed by Mitrentsis and Lens (2022). The Natural Gradient

Boosting method was �rst developed to develop probabilistic predictions, and then the

Shapley additive explanation was calculated. The research made use of using a dataset

from Germany. A comparison analysis was done based on two Algorithms, the Gaussian

Process and lower bound estimation, based on overall model performance. The forecasting

accuracy was evaluated using interactive and force plots. The results showed that the

proposed model had higher accuracy, and the predictions were sharper. This method has

its limitations, the application of Shapley additive is computational ine�ciency, and when

the model is not additive, the results may be misleading. The use of Natural Gradient

Boosting tends to over�t the data. This means that the use of these methods distorts the

accuracy of the models.

2.4.1 Twenty-four-hour ahead probabilistic global horizontal
irradiance forecasting using Gaussian process regression

Probabilistic forecasting of power grid states promotes energy use and planning manage-

ment. The measure of the use of renewable energy sources like solar aims at lowering

e�ects such as that greenhouse gas emissions. This harms climatic changes and positively



29

impacts �nancial costs associated with using other energy forms like thermal or hydroelec-

tric power. The impact is visible, especially when predictions are based on short intervals.

Short-term forecasting has a greater impact on the safety and �nancial implication of the

electric grid. Regardless of considering short terms in predicting energy, it is necessary to

use e�cient statistical techniques. This study uses Gaussian processes (GP) to predict solar

power because solar power has a stochastic and uncontrollable nature. Applying Gaussian

processes requires the computation of the covariance functions, also called a kernel and

a key element that deeply in�uences the forecasting results (Jäkel et al., 2007). Hence,

selecting an e�cient method to develop a more accurate kernel is critical. Thus, the MEB

(Minimum Enclosed Ball) technique was applied to select the best kernel used in Gaussian

Process Regression. Minimum Enclosed Ball Technique is a core vector regression class

expected to improve the forecasting results. The proposed Gaussian Process Regression

coupled with core-vector methodology is believed to produce more accurate forecasts than

the conventional benchmark models.

Various authors have ventured into solar power forecasting in areas such as numerical

weather models, time series regression, arti�cial intelligence, and many more. Authors like

Raza et al. (2016) reviewed Photovoltaic forecasting methods and a review of factors a�ect-

ing predicting it. The factors considered are its yield control pro�le and execution matrices

to assess the predicted model. They discussed factors such as forecast horizon, forecast

model performance, input data pre-processing, and prediction model inputs that a�ect

PV forecasting. Various methods were reviewed. Those include Arti�cial neural networks

(ANN), persistence models, and Radial Basis Function Neural Networks (RBFNN). Their

research was mainly based on time series regression techniques and arti�cial intelligence.

The time series methods that were reviewed are the Autoregressive(AR), Moving Aver-

age(MA), Autoregressive Moving Average(ARMA), and Autoregressive Integrated Moving

Average(ARIMA). The data used for this research was collected from a university in Aus-
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tralia, Queensland. The methods used are good prediction techniques, but they have �aws,

some of which we have mentioned in earlier reviews. This makes them less superior because

they cannot handle datasets' uncertainties. In Hong et al. (2013), the authors did a study

on introducing Global Energy Forecasting in a competition in 2014, a probabilistic estima-

tion of energy using four tracks for the following variables price, wind, load, and sunlight

energy-based predictions.

The study aimed to summarise decade-ahead probabilistic forecasts of competition re-

sults. Various methods were used for wind power forecasting for the competition. The

methods included: Gradient boosting regression, regularised least squares linear regression,

neural networks, AR Models, Sparse Bayesian technique, and kernel-based regularised re-

gression. The persistence model-based random walk model was used as the benchmark

model. A day ahead prediction of sunlight-based power yield extracted from solar plants

from Southwest America was done by Larson et al. (2016). Predictions were done for the

day ahead hourly averaged energy output from solar power plants based on weather fac-

tors. The predictions made use of least squares optimisation of Numerical weather. Three

di�erent numerical variations for prediction strategies were assessed for four years against

data from two tracks 1MWp plants in California. The results of the proposed method were

compared to the benchmark model, the persistent model. The results showed that the

model performed better than the benchmark model. Spatial averaging was done between

two meteorological stations, and the results showed reduced error.

Kernel density approaches were applied by Trapero (2016) using a dataset from Spain.

The application of the methods was compared to instability prediction models. Combin-

ing the two techniques was also done with the main thrust of enhancing the predicting

interim performance. An analysis was done using the two methods based on nonparametric

kernel density estimation on a minute-to-minute solar irradiance. GARCH (Generalized

Autoregressive Conditional Heteroskedasticity) and SES(Single Exponential Smoothing)
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estimations incorporated volatility forecasts. The results showed that the combined ap-

proach to forecasting produced good results based on prediction interval tests. Ranganai

and Sigauke (2020) applied Additive quantile regression to model global horizontal irra-

diance. Predictions were done based on data from three radiometric stations from South

Africa. Models based on long-range dependent models, models incorporating seasonality

components, hybrid models, and those incorporating stochastic components were used.

The models were combined with quantile regression in order to improve their robustness.

The results showed that the models with combined forecasts had better levels of accuracy

based on the Diebold-Mariano test. Furthermore, in Govender et al. (2018), the authors

looked at the clustering of solar irradiance patterns. The predictions were related to cloud

cover and were done using numerical data of solar power or irradiance for the following

day. K-means clustering was used to develop diurnal patterns based on weather conditions.

Predictions were based on two methods. One was based on k-means clustering of daily

cloud cover pro�les predicted daily. The other method was based on pro�les of cloud cover

average being above or below 50%. The results showed that the performance of cloud cover

was better on sunny and cloudy days, for the 50%

Amarasinghe et al. (2020) used a generalised ensemble model incorporating deep learn-

ing methods to develop solar power predictions. The data is clustered using the weather

classi�cation approach, and each cluster is assigned an ensemble approach. This method's

performance was compared against the benchmark models, support vector regression, Deep

belief Network, and random forest regression models. The results showed that their pro-

posed method performed better, and results with clustered data gave the best results.

Maritz et al. (2018) applied GPR for energy predictions using the Bayesian framework. A

Gaussian Process Regression framework was constructed for measurement and veri�cation.

The periodic kernel multiplied by the squared exponential kernel was selected as the most

appropriate one. The methodology adopted could have produced superior results if the
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horizon of forecasts were hourly based. Also, adopting a more e�cient kernel selection

method and a multi-dimensional analysis would have added more value. Dahl and Bonilla

(2019), the authors worked on a study applying Gaussian process models to forecast solar

power for 37 residential sites in Adelaide, Australia. They used an integrated multi-site

model without using prior data detrending. This was achieved by capturing diurnal cy-

cles. They applied to multitask GP models with linear observations with several latent

node functions based on weight functions on priors. They used grouped coupled priors to

solve spatial dependence between functions. Their method improved forecasting accuracy

as compared to the benchmark models used. It discovered that the multi-site modelling

was better than the single-site methods with varying weather conditions. In Tolba et al.

(2019), the authors did a forecasting study on GHI by applying GPR based on kernel study.

The dataset used in this research is from southern France. They applied several kernels

and found that the quasiperiodic kernels outperformed most. The results generally showed

that the GPR performed better than the persistent model. GPR structure produces bet-

ter results through omnipresent periodic components. Reviewing these studies has shown

that much research has been done using various time series approaches, numerical analysis,

neural networks and deep machine learning techniques. For research done on Gaussian

Process regression in South Africa, many things needed that we had to work on. These

improvements include using multi-dimensional analysis and adopting a superior method for

kernel selection, among others.

2.4.2 Probabilistic forecasting of global horizontal irradiance
using ensemble GPR-AQR-BSTS

Over the past years, South Africa has su�ered an energy crisis due to climatic changes. This

has led to a major provider of electricity, Eskom, opting for other energy sources like solar

power. Solar power is another source of energy that is clean, in-exhaustive, sustainable, and
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extremely abundant, relating to di�erent energy sources. Solar energy is highly preferred

because it is cheap and does not pollute the environment. Accurate Global Horizontal

Irradiance (GHI) forecasting has become an important part of the energy management

system. It ensures its integration with the economy's security since solar power generation

is directly connected to the control of the power grid (Yang et al., 2013). The United

Nations, Sustainable Development Goal (SDG) number 7, �A�ordable and clean energy"

Nations. (2021), encourages the use of renewable energy as a solution to mitigating climatic

changes. The goal encourages the utilisation of renewable energy sources such as solar and

wind because they are a�ordable, reliable, and appropriate.

Thus, it is crucial to encourage the use of solar power and forecast it accurately. This

calls for e�cient ways of predicting the commodity. This research uses a probabilistic

modelling approach to forecast short-term solar energy generation. A comparison is done

between Bayesian Structural Time Series (BSTS) and the Gaussian Process Regression cou-

pled with Quantile Regression. BSTS is a high-performing �tting algorithm that provides

probabilistic estimation. The advantage of using this method is that the Bayesian tech-

nique in the multivariate analysis helps to avoid over-�tting. The results from BSTS were

compared to the Gaussian Process Regression (GPR) results. BSTS is a feature selection

technique and time series forecaster (Brodersen et al., 2015).

Over the past few years, researchers have been looking for machine learning techniques

that perform accurately. Various methods have been proposed to predict multivariate

solar power generation at di�erent scales. Methods explored to date are Linear regression,

gradient boosting regression, neural networks, time series analysis, and support vector

regression.

Brodersen et al. (2015) and Peters et al. (2017) looked at a method applied to a multi-

variate dataset with various components. This method better handles uncertainty, a key as-

pect of predicting future values. It also eliminates the complexities of the Bayesian approach
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because of its ability to handle unpredictable data. On the other hand, GPNN(Gaussian

Process Neural Networks) was used since the parameters of this model are estimated using

probabilities and predictions. GPNN enables updating uncertainty values of forecasts ef-

fectively by removing overcon�dence on out-of-sample points by neural network retraining,

thus improving uncertainty prediction.

Several authors have researched Gaussian regression, Gal et al. (2017), Hafner et al.

(2018) and Yu et al. (2008) among others. Gal et al. (2017) combined Bayesian deep learn-

ing into the active learning framework by developing one with higher-dimensional data.

They applied image data on Bayesian convolutional neural networks. Thus, there was a

great improvement in the RMSE and the loglikelihood of existing learning approaches.

Hafner et al. (2018) did a study whose main goal was to improve the speci�cation of the

noise contrastive prior by applying the contrastive noise priors to enable reliable predictions.

They applied the method on a �ight delay dataset, which produced results that improved

scalability and avoided over�tting outside the training dataset. Yu et al. (2008) developed a

method of extracting trajectories called the Gaussian process factor analysis. They looked

at spike trains that were �rst smoothed using a smoothing technique that accounted for

spiking variability. Sªo«ski (2011) did a comparative analysis on feedforward layered neural

networks on stochastic and Gaussian Process analysis. The research showed that the two

had similar forecasting accuracy and better performance than the linear regression model.

Al-Shedivat et al. (2017) applied long, short-term memory recurrent networks coupled with

GPs. They used marginal likelihood estimation on a convergent semi-stochastic gradient

method and exploited how kernels should be structured for forecasting using expressive

closed-form kernels. The models are applied to self-driven car applications, system identi�-

cation, and power forecasting, and the results showed that the proposed method is e�cient

and convergent. Gal and Ghahramani (2016) developed a modelling framework adopt-

ing dropout neural networks using Bayesian inference. They assessed many non-linearities
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in regression and classi�cation using neural networks. Tsymbalov et al. (2019) applied

a dropout-based model based on Bayesian Regression and Neural network coupled with

Gaussian Process on chemical and real physical life. The results showed that the methods

performed well for neural architectures involving dropout and Bayesian neural networks.

Chandiwana et al. (2021) did a study on predicting Global Horizontal Irradiance using

Gaussian process regression. They predicted GHI based on GPR coupled with core vector

regression. The performance of this method was compared with that of 2 benchmark models:

Support Vector Regression and Gradient boosting regression. Their results showed that the

proposed methodology was the best compared to the benchmark models.

Prediction of solar energy can be done using time series models. Tsymbalov et al. (2019)

did a comparative study using time series analysis against some learning machine methods

on Sweden's solar data. They used the learning machine methods of Arti�cial Neural

Networks and Gradient Boosting Regression. Their results showed that the application of

time series was complicated because the energy data was nonstationary. The two machine

learning techniques proved to be easy to work with.

Sharma et al. (2021) applied Quantile Regression which they used on long-short term

memory neural network and polynomial and a fully connected neural network. The results

showed that Quantile Regression produced better results than the polynomials, but its re-

sults were similar to the fully connected neural network. Finally, Palm et al. (2022) applied

Gaussian Process Regression modelling to optimise the design of power systems. The appli-

cation was based on multi-objective optimisation. A mathematical algorithm was designed

to come up with the modelling framework. The Pareto front algorithm, NSCA-11(Non-

dominated Sorting Genetic Algorithm), and pure Latin Hyper Cube Sampling method were

used. The proposed method proved to be better in terms of e�ciency and e�ectiveness.

Most methods highlighted in the literature do not address the issue of uncertainty.

Gaussian process regression addresses that aspect and the combination of forecasts, im-
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proving forecasting accuracy. Thus, we propose this methodology since we believe it will

produce superior results.

2.4.3 Spatio-temporal forecasting of global horizontal irradi-
ance using Bayesian inference

The use of energy sources that are clean and renewable has been on the rise, hence the

need to e�ciently manage the power grid. This increase has led to the need to come up

with predictions of the available energy sources to ease the management of the power grid.

Power grid planning is a challenging process requiring e�cient and accurate power predic-

tion inputs. This research focused on probabilistic, short-term forecasting to model GHI

e�ciently. Probability forecasting is an emerging research area that handles weather vari-

ables' uncertainty, producing more comprehensive results Hong and Shahidehpour (2015).

A probability approach, Gaussian Process regression, was combined with spatial analysis to

assess the relatedness of meteorological stations. Spatial analysis is a very important tech-

nique in regression, and in this study, it was used to explore spatial dependence between

various meteorological stations. Spatial analysis was used because it can solve complex

location-based problems. Some authors have applied various methods incorporating spatial

analysis. Reviews that follow look at a discussion of some authors who applied spatial

analysis to predict solar power.

The world meteorological organisation produced a guide highlighting the major sources

of uncertainty in forecasted values related to the weather as the process of producing a

forecast, its interpretation, and atmospheric unpredictability (Gill et al., 2022). Most of

the studies reviewed in this research on forecasting global horizontal irradiance (GHI) using

spatial regression considered only the spatial feature, leaving out weather variables and the

variability in GHI. Most classical approaches for predicting GHI rely mainly on a single

power plant. The current study uses a multi-site approach to modelling and forecasting
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GHI using Gaussian process models, including a nonlinear trend covariate.

André et al. (2016) used a spatial�temporal model for short-term solar irradiation fore-

casting. They used a spatio-temporal vector autoregressive model, which was designed

in such a way that it could handle sparse spatiotemporal data. An iterative strategy in

the model process selected related stations and eliminated insigni�cant predictor variables.

This approach is a linear approach to forecasting. It would have been better if they had

applied a nonlinear approach. It would have produced superior results. This research used

a nonlinear approach to forecasting, giving it superior results.

In a study by Liu et al. (2019), an ensemble-temporal deep learning approach incor-

porating multi-sites in a spatial power grid was used to predict solar power. Variational

modelling was used to predict uncertainty, and the proposed methods estimated uncertainty

very well. Although Bayesian analysis is a powerful tool in forecasting, the approach has

a disadvantage: the variational inference uses the variance of the underestimated real pos-

terior. The approach used in this research tends to look for a posterior that optimises the

results through covariance functions used in Gaussian Process regression. Yang (2018) used

the ultra-fast pre-selection method to solve the lasso problem, that of having an insu�cient

degree of freedom and curse of dimensionality. The variables selected via ultra-fast were

then used to develop a lasso-temporal model. Their results showed that their proposed

algorithm did not need meteorological priors and provided the best forecasts. The main

idea behind this research was to develop an e�ective subset of variables for forecasting,

which is crucial in modelling. Our approach also tried to produce subsets of variables that

e�ciently predict GHI by using various variable selection methods and selecting the best.

We further included other methods of improving the predictions, like forecasts combination,

standardising forecasts and applying superior ways of selecting the covariance function.

Another study by Eschenbach et al. (2020) was based on forecasting solar irradiation

using various machine-learning methods. The methods used were ARX (autoregressive
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with exogenous inputs), NN (Neural Network), RRF (random regression forest), and RT

(regression trees). Their results showed that NN produced more accurate results for a short

lead time and dense-temporal input data. The approach is based on nonlinear approaches

to modelling. They would have produced better results with a nonlinear approach. The

NN method produced better results. The methods we used also adopted it as a benchmark

model, proving to be inferior to our proposed methodology.

Kim and Suh (2020) applied a temporal method that combined public and satellite data.

Based on a satellite from South Korea, SVR (Support Vector Regression), ANN (Arti�cial

Neural Network), ARIMAX (Autoregressive Moving Average), and DNN (Deep Neural

Network) were used based on short interval forecasts of GHI data. Their results showed that

the models based on temporal and spatial characteristics gave better forecasts than the other

models that were based on numerical data using weather variables. Time series analysis is

a very simple forecasting tool, although when the data has many predictor variables and

complex relationships, it tends to have no techniques to handle them. This research applied

Gaussian process regression, which deals very well with complex relationships. Neural

networks and SVR are not suitable for larger datasets, unlike the methods used in this

thesis.

Zhang et al. (2023) applied a spatio-temporal Gaussian process state space model with

the Kronecker structure on weather data from Colorado and Global Historical Climatology

Network. The other objective was to develop a kernel that will be used for the Colorado and

GHCN (Global Historical Climatology Network) data. To estimate the hyperparameters of

the spatio-temporal Gaussian model, the Kalman Filter and smoother were used. The re-

sults showed that the forecasting performance improved from the results by Todescato et al.

(2020) based on the desirable properties of the Matern kernel used for both datasets. Zhang

et al. (2023) applied GPR based on Kronecker structure, but we decided to adopt a di�erent

approach coupled with core vector regression, spatial analysis and quantile regression.
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Hamelinjck et al. Hamelijnck et al. (2021) applied variational spatio-temporal regres-

sion coupled with Gaussian processes. A non-conjugate GP technique produced a sparse

state model using separable Markov kernels. The results of the proposed methodology

proved to be more accurate and e�cient due to �ltering parallelisation of spatial locations,

sparsity, and application of variational Gaussian process analysis. The proposed method

outperformed the baseline methods.

Agoua et al. (2018) forecasted photovoltaics using a probabilistic spatio-temporal model

approach using datasets from nearby plants. This technique incorporates short dry fore-

casting of periods of 0�6 h. Quantile regression was combined with Lasso, which was used

for variable selection. The proposed methodology showed superior performance compared

to KDE (Kernel Density Estimation), which was used as the benchmark model.

Banerjee et al. (2008) developed a temporal, spatial model using predictive process

modelling. The method reduced computational burden by reducing the modelling space

to a lower dimensional subspace. The results of the proposed methodology addressed the

problem of misspeci�cation of the model using a larger dataset, which was achieved by

applying the induced speci�cation predictive process. The main aim of their study was to

reduce dimension to allow likelihood evaluation and to allow predictions based on simulation

to avoid misspeci�cations, which produced fair results. Applying Bayesian techniques and

probabilistic and simulation approaches is also crucial. The combination of these tools

surely resulted in superior results.

Luttinen and Ilin (2009) did a Bayesian analysis using sea surface temperature data.

They used a probabilistic factor analysis using spatiotemporal data. Gaussian process

priors were used for the factors and loading matrix. According to their results, the Gaus-

sian Process Factor Analysis outperformed the Bayesian Principal Component analysis. A

drawback in their analysis will be caused by using factor analysis. Factor analysis cannot

produce meaningful output if variables are not correlated and assume that the variables are
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linear. This makes their methodology inferior.

Tomizawa and Yoshida (2022) applied Gaussian Process regression with various Gaus-

sian random �elds to data with problems of spatial variability. The maximum likelihood

method was used to estimate the random and �uctuating �elds' scale. Their results showed

that the model with the Whittle Matern kernel was the best for the random component.

Comber et al. (2022) used Gaussian Process splines regression considering the variational of

geographical areas. The technique is a smoothing parameter used in splines regression com-

bined with Gaussian Processes, optimising the GP splines regression. The model showed

predictions that were more accurate because of accommodating heterogeneity.

Another research was done by Najibi et al. (2021b). They used probabilistic GPR to

forecast solar power using meteorological data. Short-term forecasting was used based on

k-means clustering. A Matern 5/2 covariance function was used. A 5-fold validity test set,

holding out 30 random days, validated the applied method. Root mean square error was

reduced due to the application of the proposed methodology. This might have been caused

by the inability of the method to capture outliers. In another study, Najibi et al. (2021a)

predicted solar power using weather variables. Eight di�erent partitions were used to cluster

the data using k-means clustering, and GPR was used based on the Matern 5/2 covariance

function. The Elbow and Gap techniques were used to develop optimal clusters, and the

results showed that the forecasting error was reduced. The use of k-means clustering might

make the accuracy of the predicted values to be low because it does not capture outliers.

Mendonça et al. (2020) performed a comparative analysis on multilayer perceptron

(MLP) arti�cial neural networks and multigene genetic programming (MGGP). The as-

sessments indicated that MGGP gave more accurate and fast results in single predictions,

and the ANN performed better for ensemble forecasts. Wang et al. This method has

its drawbacks, the major one being that application of Neural networks is complex when

dealing with larger datasets. Another drawback of the methods applied is that the multi-
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genetic programming uses a linear approach to modelling, which makes it inferior to the

GPR, which is a nonlinear approach. Wang et al. (2022) used a cluster-based analysis

on ultra-short-term wind power using a hierarchical directed graph method and dynamic�

temporal correlation. They �rst de�ned three nodes based on wind power, wind speed,

and target nodes. They de�ned temporal-based input samples and correlation matrices

to evaluate the correlation of neighbouring wind farms. They also used directed edges to

connect various nodes to obtain a hierarchical-based graph form, which was later applied

to train the prediction model. The proposed model outperformed the other benchmark

models used. The method proved superior to the benchmark models used, but the method

is very complex since graphs use many pointers.

A summary of previous studies on modelling solar radiation based on spatial analysis

is given in Table 2.1.
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Table 2.1: Summary of some previous studies on temporal dependence modelling of
GHI.

Ref. Data Models Main �ndings

André
et al.
(2016)

Solar power data Temporal vector autoregres-
sive model

Results show that the signi�cant
best order was equal to 1.

Yang
(2018)

Solar irradiation data Ultra fast pre-selection algorithm The method produced results supe-
rior to those that adopted classical
methods.

Liu et al.
(2019)

Solar irradiation data Variational Bayesian conditional
gate recurrent unit network

Results of the study provided e�-
cient uncertainty estimation of solar
irradiation prediction.

Kim and
Suh (2020)

Numerical weather
data and satellite-
based images

Spatial, temporal prediction us-
ing ARIMAX, SVR, ANN, and
DNN

The results based on spatial data
produced results that outperformed
those based on numerical data.

Zhang
et al.
(2023)

Temperature data Gaussian Process Analysis,
Spatial-Temporal Analysis,
Kalman Filter and smoother

There was a con�rmation of im-
provement of model predictions per-
formance through spatial analysis.

Hamelijnck
et al.
(2021)

Air quality data Variational GP, Markov kernel
analysis, Spatial-Temporal Anal-
ysis

The results produced showed a great
improvement as a result of combin-
ing variational inference and spatial-
temporal �ltering.

Agoua
et al.
(2018)

Photovoltaic plants
data

Lasso, Quantile Regression, Spa-
tial Analysis, and Kernel Den-
sity Function

The model produced results that
were superior to those of KDM.

Banerjee
et al.
(2008)

Point referenced
biomass data

Gaussian Process Regression,
Hierarchical modelling, Markov
chain, Monte Carlo methods

Findings addressed the problem of
�tting hierarchical spatial modelling
on large datasets.

Luttinen
and Ilin
(2009)

Sea surface tempera-
ture data

Gaussian Process Regression,
Factor Analysis, Principal Com-
ponent Analysis

Findings proved that the perfor-
mance of GPR improved as a result
of combining it with factor analysis.

Tomizawa
and
Yoshida
(2022)

Real ground measure
dataset

Gaussian Process Regression,
Gaussian random �elds Analysis,
Markov Analysis

The results showed that GPR
with random �elds using a Whittle
Marten produced the best results.

Comber
et al.
(2022)

Social, economic data Gaussian Process Regression,
Spatial Analysis, Splines Regres-
sion

Predictions were improved by mak-
ing use of GAMs model that accom-
modated spatial heterogeneity.

Najibi
et al.
(2021a)

Photovoltaic data Gaussian Process Regression, fea-
ture selection, k-means clustering

The GPR model's prediction ac-
curacy improves from the k-means
clustering.

Najibi
et al.
(2021b)

Photovoltaic data Gaussian Process Regression, k-
means clustering, Elbow and
Gap method

Optimal clusters used are four, and
forecast error was reduced by opti-
mising the clusters.

Wang et al.
(2018)

Wind Graph structured spatial-
temporal analysis

The results indicated that the
method outperformed the bench-
mark models.

Eschenbach
et al.
(2020)

Solar irradiance data ARX, NN, RRF, and RT Results showed that the short term
is more e�ective on data from a
dense enough network.
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2.5 Conclusions from literature

This chapter provided a critical review of the literature survey. The literature explored

and assessed the work of various authors on Global Horizontal Irradiance and its predictor

variables. Applications of Gaussian Process Regression on solar power and renewable energy

sources and the forecasting of GHI using other methods were also reviewed.

In summary, a huge variety of Global Horizontal Irradiance forecasting methods has

its strengths and weaknesses. Regardless of these methods being used on other datasets

comprising di�erent characteristics, it is impossible to determine the most e�ective method

of forecasting GHI. A comparison of various models and methods is necessary to assess the

e�ectiveness of the predictions.

Many GPR studies have been adopting a methodology where various kernel functions

are applied, and the best method will be selected based on measures of goodness of �t,

Gbémou et al. (2022); Aslam et al. (2020); Leith et al. (2004). The method containing

the best measures will be regarded as the one containing the best kernel function. This

research has taken a di�erent approach where the kernel function is selected �rst, and

then that kernel function will be used for GPR forecasting. The method that was used is

Minimum Enclosed Ball, which is a branch of Corevector regression. The selection of the

most appropriate kernel will make the GHI forecasting e�ective. The e�ectiveness of the

predictions of the model produced this way was compared to the benchmark models used.

Most of the GHI forecasting studies are based on point estimates, Leholo et al. (2019);

Cervone et al. (2017); Amarasinghe et al. (2020). To improve the modelling framework

of GPR, quantile regression was also used for forecasting. By doing this, it broadens the

forecasting accuracy. This improves the predictions made.

Most researches on GPR forecasting is based on analysis using a single site, Mpfumali

et al. (2019); Dairi et al. (2020); Pattanaik et al. (2020). We had to explore GPR further,
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including multiple sites. This was done in order to capture spatial dependencies between

meteorological stations.

From the reviewed literature, we can see that little has been done in South Africa

regarding using the Gaussian Process in predicting energy forecasting. This research's

main thrust is on e�ectively predicting solar power usingFrom the reviewed literature, we

can see that little has been done in South Africa regarding using the Gaussian Process in

predicting energy forecasting. This research's main thrust is on e�ectively predicting solar

power using GPR in South Africa.

For various reasons that have been mentioned, it is desirable to make use of the proposed

innovations in order to improve GHI prediction. The following chapter is going to discuss

the methods that were used in this research.



Chapter 3

Methodology

3.1 Introduction

This chapter discusses various methods that were used to achieve the objectives that were

set in this research. The variable selection methods, prediction methods and evaluation

metrics used in the articles published for this study were discussed.

3.2 Gaussian process regression

Gaussian process regression is a concept named after Carl Friedrich Gauss because it is

based on Gaussian distribution. It was originally developed as a probability technique by

Wiener and Kolmogorov in the 1940s. The technique originated in geostatistics as kriging

Krige (1976) and was later used in spatial statistics by Ver Hoef and Cressie (2020) and in

some machine learning researches by Williams and Rasmussen (2006); MacKay and Neal

(1997). Gaussian processes are applied for classi�cation and non-linear regression Williams

and Rasmussen (2006).

Gaussian Process Regression (GPR) is the main method explored in this research. It

is a machine-learning technique used to solve regression and classi�cation problems. GPR

is a class of nonparametric Bayesian Machine learning regression methods incorporating

45
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prior information. The prior information is further converted to a posterior distribution.

Due to the uncertainty and complex nature of Global Horizontal Irradiance, we choose to

forecast it using GPR. The model describes a time-based variable X with a function f(x)

that does not relate to any speci�c distribution. A GPR is built over the assumption that

it comprises a collection of continuous random variables X1, X2, ..., Xn, with n observations

of the joint random variables. The components of a GPR are a combination of a covariance

function, conditional joint distribution and multivariate normally distributed variables. A

mean and covariance function describes the model. The mean function m(x) is assumed to

be equal to zero. A GPR is given in Equation (6.2.7). It is described over a real domain of

X over a function f(X).

f(X) ∼ GP (m(x), k(x, x1)), (3.2.1)

where X is a subset of independent variables X1, X2, ..., Xn, that is meteorological vari-

ables, namely relative humidity, temperature, wind speed, and air pressure. f(X) =

f(X1), f(X2, ..., f(Xn), x and x1 are any input points(locations) of any one of the vari-

able X. f(X) is a function of the dependent variable, GHI. m(x) is the mean vector of µ,

that is, E(f(x)) = m(x), k(x, x1) is the covariance matrix, also called the kernel function.

Various kernel functions can be used when using GPR. We will consider them in the next

section.

GPR was used in this research because it has several advantages. It gives probabilistic

predictions, is versatile and �exible, and handles uncertainty in its predictions and complex

conditions. Another important property of GPR models is that it is nonparametric. This

allows the dataset to explore itself without imposing a speci�c distribution. As a result,

the model is more accurate than parametric models and allows them to learn the train-

ing dataset freely without limitations. GPR provides uncertainty measures over forecasts

Verrelst et al. (2013). This makes them �exible on many datasets. They also use prior in-
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formation as kernel functions; this allows the modelling technique to handle the uncertainty

component in the dataset.

Another advantage of GPR is that it is probabilistic. GPR makes use of probabilistic

techniques when making predictions. One will be able to decide the appropriate region to �t

the model. A GPR model is versatile Erickson et al. (2018). That is, it can develop di�erent

functions under di�erent conditions. Various kernels are used depending on the nature of

the explored variable. Custom kernels can be used, but the kernels can be explored using

a di�erent method and the appropriate one selected, Williams and Rasmussen (2006). It is

�exible for modelling data with heterogeneous conditional distribution. It is more robust

to outliers than other techniques of regression. The method can handle certain outlier data

points e�ectively, Williams and Rasmussen (2006).

3.2.1 Bayesian approach to parameter estimation

The Bayesian approach for parameter estimation is used in this thesis since it gives more full-

density information than the MLE, and the framework is based on Bayesian assumptions.

The Bayesian approach infers the distribution of the data over all the values that �t the

data.

When using the Bayesian approach to estimation, we �rst consider the information

regarding parameters. This includes considering past related data or related studies, Marlin

et al. (2003). The modelling process makes use of a prior distribution, given by π(θ), where

θ is the space of the parameters, that is θ = {θ1, ..., θp}. Secondly, we collect data and use it

to come up with a likelihood function, π(x|θ) where x = {x1, ..., xn}. The likelihood relates

to how the data x hangs on the parameter θ. The third step is to combine the likelihood

function with the prior distribution to come up with the posterior distribution, π(θ|x),

which is the distribution of the parameter θ given the data x. The posterior distribution
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is given in equation (3.2.2).

π(θ|x) =
π(x|θ)π(θ)∫

θ π(x|θ)π(θ)dθ
, (3.2.2)

which can also be given as

π(θ|x) ∝ π(x|θ)π(θ), (3.2.3)

The posterior distribution is proportional to the likelihood function multiplied by the prior

distribution. The normalising constant is the denominator in equation 3.2.2, and the

Markov Chain Monte Carlo (MCMC) techniques are used to compute it. The statisti-

cal inferences in the research will be based on the posterior distribution because it gives all

the information on parameters (Marlin et al., 2003). For example, point estimation gives

the mean in equation (3.2.4),

E(θ|x) =
∫
θ
θπ(θ|x)dθ, (3.2.4)

can serve as an estimate of the parameter θ. Future values of x can also be predicted by

using the posterior predictive distribution π(xn+1|x) which is given in equation (3.2.5).

π(xn+1|x) =
∫
θ
π(x|θ)π(θ|x)dθ. (3.2.5)

For solar power forecasting, the Bayesian approach gives a full range of sample inferences,

including the predictive distribution of solar demand. This is not easy using classical

statistics. When using large samples, the Bayesian approach based on informative priors

gives results for parametric models similar to results from frequentist methods. However,

the Bayesian approach is superior to other modelling methods because it combines prior

information with data. The estimation based on Bayesian analysis is robust and allows

predictions using small samples (Ardia and Hoogerheide, 2010). The Bayesian analysis

gave an e�cient modelling framework based on conditions that are uncertain (Marlin et al.,

2003). Bayarri and Berger (2004) shows that the Bayesian technique is superior in many

ways.
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3.2.2 Gaussian process prior

The inputs are de�ned by a variable related to the input domain variables as described

by the mean and covariance matrix. The priors are based on specifying the priors of the

distribution. This is done by incorporating the speci�ed information on the mean and

selecting the appropriate covariance function. Consider any input points(locations), x and

x1, i for a covariance function k(x, x1) to be choosen. When this covariance function is

chosen, we need to set prior conditions on the distribution. The Gaussian process prior is

given by equation (3.2.6).

f(X) | Y ∼ GP (m(X)) ≡ 0, (3.2.6)

where X are the predictor variables, Y is GHI, and m(X) is the mean function. GP priors

are evaluated based on mean and covariance functions on X and are applied to a Gaussian

distribution. For most regression computations, the mean function is usually set to zero

and uses the central tendency of the function.

For Bayesian estimation, we can either use the informative or noninformative approach.

The informative approach was used because it uses priors from the kernel simulations.

Informative priors

An informative prior is a prior that expresses speci�c, de�nite information about a variable.

When a prior distribution dominates the likelihood, then it is an informative prior. The

kernel function depends on di�erent hyperparameters whose prior distribution should be

speci�ed. These sorts of distributions must be indicated with consideration in the actual

application. Then again, the best possible utilisation of prior distributions illustrates the

intensity of the Bayesian technique: historical data, previous experience, or expert opinion

can be joined with present data ordinarily.
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3.2.3 Gaussian process posterior

The posterior is based on Bayes and is drawn from prior data. A GP posterior is given in

equation (3.2.7).

Posterior =
likelihood ∗ prior
marginal likelihood

(3.2.7)

=
P (y | X,x)× p(x)

P (y | x)
,

where y- output values,
∑

p is the covariance matrix.

3.3 Gaussian process kernel regression

As alluded to in the previous sections, the GP is parametrised by the mean function given

by µx and a covariance function given by k(x, x1). The mean function is assumed to be

approximately equal to zero. The covariance function is the kernel function, and it should

be computed. This has parameters that are interpretable and can be learned from the

data. The kernel function describes how a feature of the dependent variable of a function

change depending on how all other features of the independent variable change. The kernel

function should be positive de�nite, and speci�ed. It is said to be positive semi-de�nite if

the function in (3.3.1) is satis�ed.∫
k(x, x1)f(x)f(x1)dµ(x)dµ(x1) ≥ 0, (3.3.1)

where k(x, x1) is the covariance function and (x, x1) are the sample pairs.

3.3.1 Kernel regression

Kernel methods for regression are the deterministic regression model and the probability

regression model. The deterministic regression model is given by

y = f(x), x ∈ RN , y ∈ R, (3.3.2)
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and the probabilistic regression model is given by

y = f(x+ ε), (3.3.3)

with ε an estimate of the noise model ε ∼ N(0, σ2) and f is the support vector.

The kernel functions depend on di�erent hyperparameters whose prior distribution should

be speci�ed. It is the form of the probability function in which any factors that are not

functions of the variables in the domain are omitted. There are many common functions.

These are: Constant, Gaussian Noise, Squared exponential, Ornstein-Unlenbeck, Matern,

Periodic, and Rational quadratic

3.3.2 Common kernel functions

A kernel is used to develop a covariance kernel of a Gaussian process of a stochastic random

process. In order to come up with the most suitable kernel to be used, we use prede�ned

kernels to model various processes. The kernel function is a probability model in which any

factors that are not functions of the variables in the domain are omitted. There are several

common GP kernels described by Williams and Rasmussen (2006). Some are called Linear,

Squared Exponential, Rational Quadratic, and Matern. This study used several popular

kernel functions: Matern, Rational quadratic, Dot product, and Radial Basis Function.

Radial basis function kernel

The radial basis function is given in equation (3.3.4)

k(x, x1) = exp(
|| x− x1 ||2

2σ2
), (3.3.4)

where σ2 is the variance, l is the length scale, α is the scale mixture, and || x− x1 ||2 is the

Euclidean distance, also known as an in�nite sum.

Matern kernel
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It is a covariance function given in equation 3.3.5

k(x, x1) = σ2 2
1−v

Γ(v)
· (
√
2v

d(x, x1)

ρ
)v · kv · (

√
2v

d(x, x1)

ρ
), (3.3.5)

where d(x, x1) is the distance between points, ρ, v are parameters of covariance, kv modi�ed

Bessel function and Γ is the gamma function.

Dot product kernel

It is a non-stationary kernel attained by putting standard normal priors on linear regres-

sion coe�cients. The priors of the coe�cients are such that X ∼ N(0, σ2
0), parameterised

by σ2
0, where σ controls the kernels homogeneity. The kernel function is given in equation

(3.3.6)

k(x, x1) = σ2
0 + x · x1, (3.3.6)

where σ2
0 is a parameter to the kernel.

Rational quadratic kernel It is a kernel function known as a scale mixture. It is given

in equation (3.3.7)

k(x, x1) = (1 +
d(x, x1)2

2αl2
), (3.3.7)

where d(x, x1)2 is the distance between points, α is the scale parameter and l is the length

parameter.

Gaussian kernel

It is given by

k(x, x1) = exp(
− || x− y ||2

2σ2
), (3.3.8)

where σ is the adjustable parameter that plays an important role in the performance of a

kernel.

x and x1 are the input points of the observations of the independent variables: temperature,

humidity, dew point, wind speed, wind direction, and rainfall.
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3.4 Core vector regression modelling

In this research, we used the minimum enclosed ball (MEB) to �nd the best kernel function

for GPR use. MEB was coupled with GPR. Minimum Enclosed Ball (MEB) is a branch of

core vector regression. The MEB algorithm is a method used to �nd a centre c such that

the minimum distance to input points realisations. This is done to fully contain all relevant

data points that accurately describe the dataset. The Minimum enclosed algorithm was

applied to several kernel functions. The kernel function that gave the minimum radius was

the one selected for Gaussian process modelling. The ball that gave the minimum radius is

the one that had the minimum enclosed ball.

The MEB method computes the ball with a minimum radius that captures a set of points

as a ball. The method was �rst developed by Badoiu and Clarkson (2003), who discovered

that the approximation of the ball was (1+ ϵ) of the MEB obtained through core sets. The

MEB has a computational geometry problem, which can be solved by incorporating core

vector regression (Tsang et al., 2005), which is done by observing the approximation of the

optimal solution by an iterative strategy. Let the MEB be the minimum enclosed ball of a

set X. It is given in equation (5.2.2)

K(c; , r) (3.4.1)

with c, r ∈ Z, c is the centre and r is the radius of MEB.

To apply this algorithm, algorithms by Badoiu and Clarkson (2003) and Yildirim (2008)

are used. They are extracted based on the technique of ϵ-core set of X, implying that there

exists C ⊂ X whose MEB is given as (1 + ϵ) of X. An Algorithm by Badoiu and Clarkson

(2003) provides a ϵ-core set belonging toX in less than O(1/ϵ) iterations. Tsang et al. (2005)

introduced core vector regression which supports the reduction of the MEB problem.

There are many advantages of using the core vector regression modelling technique.

Core vector regression reduces time and space complexities. The method uses an asymp-
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totically e�cient algorithm in handling space and time. Another advantage of this method

is that it uses various numerical routes with an iterative strategy that estimates the optimal

solution. The method has a ratio that computes how bad the approximate solution is; it

is then compared to the optimal solution. This makes the method e�cient. An e�cient

method, MEB, calculates the ball with the minimum ball that scales well on dimensional

points.

3.5 Gaussian spatio-temporal predictive modelling

Analysis was also done to model spatial dependences between stations. Spatial analysis

is the process of performing an analysis that involves modelling spatial features of data

like the location and their relatedness to geographical data. In this study, we extended

the research in Gaussian Processes to spatial GP analysis. The advantage of using spatial

analysis is that since spatial data is selected from multiple sources and consolidated, it

improves the accuracy of the models since it captures variations of data from di�erent

sources. The prediction of GHI depends on how far apart are the meteorological stations.

Therefore, these predictions need to incorporate the spatial dependence of stations. This

was achieved by considering the spatial correlation of the stations. Two spatio-temporal

analysis methods were used: Gaussian Spatial analysis and autoregressive spatial analysis.

The results of the two were compared to Linear Spatial analysis,

3.5.1 Spatio-temporal Gaussian process regression model

Gaussian processes were developed by Williams and Rasmussen (Williams and Rasmussen,

2006). Gaussian processes can be presumed as elements of spatial-temporal modelling

because these stochastic processes are de�ned, in this case, over a given region where the

stations have di�erent locations. The spatial analysis aims to develop the best model to
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produce a set of outputs using inputs from various locations at di�erent time frames. A

-temporal Gaussian process (GP) model is given in equation (7.4.1).

Y (si, t) = xT (si, t)β + w(si, t) + ε(si, t), (3.5.1)

where w(si, t) is the spatially-dependent error term (spatio-temporal process), Y (si, t) rep-

resents the response variable (GHI) at station si at time t, for i = 1, 2, ..., n and t =

1, 2, ..., T ; with x(si, t) representing the covariates, β is a vector of constants and ε(si, t) is

the pure random error term. Gaussian processes are characterised by the covariance (kernel)

functions. Various kernel functions can be used, but the Matern and squared exponential

are commonly used. In this study, the Matern covariance kernel was used because it better

balances the roughness and smoothness of the developed model Stein (1999). The family

Matérn kernels were �rst explored by Michael Stein, who took the name based on initial

work by statistician Bertil Matérn, Matérn (2013). The Martern kernel was used for spatial

analysis because it was discovered to suit spatial data Matérn (2013); Stein (1999). The

temporal process w(si, t) is assumed to be a GP with the Matern covariance function given

in equation (7.4.2), (Sahu, 2022).

Cν(d) = σ2 2
1−ν

Γ(ν)

(√
2ν

d

ρ

)ν

Kν

(√
2ν

d

ρ

)
, (3.5.2)

where d represents the distance between two points, Kν is the modi�ed Bessel function of

the second kind and ρ and ν are parameters. That is (7.4.3)

Cov (w(si, t), w(sj , t)) = σ2
wρ (dij |ν) . (3.5.3)

The GP model can be represented hierarchically as shown in equation (7.4.4).{
Yit = Oit + εit,

Oit = Xitβ + wit,
(3.5.4)
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where i = 1, ..., n; t = 1, ..., T assuming εit ∼ N(O, σ2
εI) and wit ∼ N(O, σ2

wSw) with Sw

representing the sample covariance matrix.

The prior distribution assumes a normal distribution as shown in equation (7.4.5).

Wt ∼ N(0, σ2
wSw). (3.5.5)

The posterior distribution is given in equation (7.4.6).{
Y (S0, T + 1) = O(s0, T + 1) + ϵ(s0, T + 1),

O(s0, T + 1) = x1(s0, T + 1)β + w(s0, T + 1),
(3.5.6)

where Y (s0, T + 1) is the 1-step ahead forecast and s0 is an unobserved location at time

T + 1. The hyperparameters θ are solved by maximising the marginal likelihood function

in equation (7.4.7).

L(θ, σ2
noise) = −n

2
log(2π)− 1

2
logKθ + σ2

noiseI −
1

2
Y T (Kθ + σ2

noiseI)
−1, (3.5.7)

where σ2
noise is the noise variance, θ represents the hyperparameters andKθ is the covariance

function. The posterior predictive distribution of Y (s0, T + 1) given y is given in equation

(7.4.8).

ϕ(y(s0, T + 1)|Y ) =

∫
π(y(s0, T + 1)|θ,O, O(s0, T + 1), y)×

π(0(s− 0, T + 1)|θ, y)π(θ,O|y)dO((s0, T + 1)dθ0dθ), (3.5.8)

where ϕ(θ, 0|y) is the joint posterior distribution of O and θ. This study uses the GP-

temporal approach to forecasting solar irradiance.

The predictive modelling process of the Gaussian spatial model is �exible. It reduces

the dimensions of the stations' subspace, reducing the computational burden. Incorporating

spatial dependence enables the model to use datasets from di�erent stations with di�erent

conditions, making the model very e�ective in modelling GHI for the whole country.
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3.5.2 Gaussian process regression based autoregressive model

Another approach to forecasting solar irradiance used in this research is the autoregres-

sive (AR) Spatial-temporal model. The Gaussian process autoregressive model is given

hierarchically as shown in equation (7.4.9) (Sahu et al., 2020).{
Yit = Oit + εit

Oit = ρOit−1 +Xitβ + wit,
(3.5.9)

where i = 1, ..., n; t = 1, ..., T assuming εit ∼ N(O, σ2
εI) and wit ∼ N(O, σ2

wSw) with Sw

representing the sample covariance matrix.

A direct autoregression on the response variable Yit, which is Yit = ρYit−1 + εit gives

challenges when there are missing values in Yit. Parameters of the spatio-temporal AR

model are computed based on prior distributions. Let θ = (β, ρ, σ2
ε , σ

2
w, v, µ0, σ

2
0) denote

all the parameters with π(θ) as the joint prior distribution. Equation (7.4.10) presents the

logarithm of the joint posterior distribution of the parameter.

logπ(θ,o|y) ∝ −nT

n
log(σ2

ε)−
1

2σ2
ε

σT
t=1(yt − θt)

T (yt − θt)

−T

2
log|σ2

wSw| −
1

2σ2
w

σ(ot − ρot−1 − µt)
TS−1

w (ot − ρot−1 − µt)

−1

2
log|σ2

0S0| −
1

2σ2
0

(O0 − µ0)T S−1
0 (O0 − µ0) + logπ(θ) (3.5.10)

The posterior predictive distribution of Y (s0, t) is given in equation (7.4.11).

π(y(s0, t)|y) =
∫

π(y(s0, t)|o(s0, [t]), σ2
ε)π(o(s0, [t])|o(s0, 0),θ,o)

π(o(s0, O)|θ,O0)π(θ,o|y)do(s0, [t])dO(s0, o)dθdo (3.5.11)

One of the advantages of Spatial Autoregressive predictions is that it accommodates

time series dependence, that is, being able to handle cyclical variations in GHI. This enables
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it to handle various time series trends. Another advantage is that the spatial error accom-

modates spatial dependence. The model is �exible and accommodates multiple variables

with lagged values of the dependent variable as its predictor variables.

3.6 Bayesian structural time series

Bayesian structural time series (BSTS) is one of the methods used in this research to predict

global horizontal irradiance (GHI). The approach has been applied by Brodersen et al.

(2015) and Scott and Varian (2015), and they discovered that it had several advantages. It

is a statistical method for feature selection and modelling time series data. A BSTS model

is given in 6.2.8.

yt = ZT
t αt + ϵt, (3.6.1)

where yt are the observed values of GHI, Zt is the output vector, ϵt is the error term and

α is the state vector.

The transition model 6.2.9 gives the latent state that changes over time.

αt+1 = Ttαt +Rtηt, (3.6.2)

where ηt is the q by q dimension error term which is assumed that ηt ∼ N(0, σ2
η), Tt and

Rt are the structural parameters, αt is the latent variable and ηt is the noise error term.

BSTS incorporates both long and short-term forecasting. Both these two methods were

explored in this research. The model was �tted using an R package called bsts, a tool for

�tting Bayesian Structural series functions. BSTS comprises Kalman �lter, spike and slab,

and Bayesian model averaging (BMA).

Kalman �lter

It is an e�cient and recursive method to select variables inferring parameters from uncertain

observations. It produces good results because of its optimality nature. It is named after
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Kalman (1960). Its advantage is that it is computationally inexpensive and has well-

designed recursive properties. BSTS assumes that the state at time k is evolved from k−1,

and the prediction at time k is given in equation (3.6.3).

xk = Fkxk−1 +BkUk +Wk, (3.6.3)

where Fk is the state transition model applied to previous state vector xk−1, Bk control

input model applied to control vector Uk, Wk is the white noise process, xk is the current

state.

At time k an observation zk of the true state xk is made such that

zk = Hkxk + vk, (3.6.4)

where Hk is the noiseless connection model and vk measurement errors, vk is the measure-

ment errors.

Spike and slab

It is a method to select a subset of predictors retained in the model. This method's advan-

tage is that it uses prior information when selecting variables. The Spike and Slab model

was considered by George and McCulloch (1997) and is given in expression (3.6.5).

βℓ|γℓ ∼ (1− γℓ)N(0, τ
2
ℓ ) + γℓN(0, c

2
ℓτ

2
ℓ )

γℓ|πℓ ∼ Bernoulli(πℓ),
(3.6.5)

where βℓ is the vector of coe�cients, γℓ is the vector of latent variables, τ2ℓ is a scale

parameter, is chosen small, and c2ℓ is a scale parameter, is chosen to be large.

Bayesian model averaging

Bayesian Model Averaging (MBA) produces forecasts accounting for uncertainty. Authors

like Raftery et al. (1997), Lee and Carlin (2010), and (Fernandez et al., 2001), discovered
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that the BMA has superior predictive ability. It is found by considering equation 3.6.6.

P (∆|y =

J∑
j=1

P∆|y,Mj
(Mi|y))), (3.6.6)

where ∆ is the quantity of interest, y is the observed quantity, Mj The advantage of using

BSTS is that it uses priors by BSTS to enable the model to handle uncertainty. It uses

spike and slab priors that reduce correlated variables, creating a parsimonious model. This

is because slab and spike priors comprise two parts, spike prior and slab prior. Spike prior

gives the probability of each variable selected, and slab shrinks the coe�cients. It uses

parameters obtained through Bayesian techniques. Thus, it is �exible. Also, BSTS can

incorporate variation from multiple sources.

3.7 Variable selection

The variables used for analysis in this research were chosen using the methods discussed

in the following sections. Variable selection has a vital role in the model-building process

because, in some cases, modelling will result in quite a several candidate independent vari-

ables; hence there is a need for variable selection. Variables are selected to deal with the

following problems encountered in modelling. One of the problems it handles is that it

avoids over�tting by avoiding including too many variables. The process selects a subset

of signi�cant variables to develop a better model removing insigni�cant and irrelevant vari-

ables, thus improving model accuracy. Leaving insigni�cant variables in a model will result

in less precise estimates of coe�cients. This results in producing more accurate models.

There will be a great improvement in predicted values and reduced errors. It deals with

problems of multicollinearity. Multicollinearity is when predictor variables are highly corre-

lated. This creates over�tting problems by producing a more reliable model by eliminating

multicollinearity. Removing irrelevant variables eliminates unnecessary computations, thus

reducing computation time.
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Various methods were used for model selection. This includes shrinkage methods and

feature selection methods. The following sections are based on the methods applied.

3.7.1 Shrinkage methods

Shrinkage methods were used in this research to select variables for modelling. Shrinkage

refers to reducing variation in sampling when data points are shrunk towards a central point,

enabling the minimisation of over�tting and under�tting of a dataset through introducing

the penalty term, thus reducing the MSE error.

3.7.2 Least absolute shrinkage and selection operator

The least absolute shrinkage and selection operator (Lasso) was one of the shrinkage meth-

ods used for variable selection. Lasso was �rst developed by Tibshirani (1996), its main

objective is to improve the predictive accuracy of regression models, and it comes up with

a selected reduced set of covariates used for modelling. Lasso is a penalised regression

technique to develop a subset of independent variables that gives us a minimum error. It

performs L1 regularisation, which results in sparse models with few coe�cients. Those that

become zeros are eliminated from the model. It performs shrinkage and variable selection to

�nd the subset of variables that minimises prediction error. Lasso is a powerful shrinkage

method that performs feature selection and regularisation, and this tackles the problem

of over�tting, which enhances its predictive accuracy. Tibshirani (1996), even states that

Lasso provides probabilities for conducting statistical estimation. Lasso does eliminate the

coe�cients; thus, it automatically selects the models. It implements a constraint on model

parameters that a�ects regression coe�cients for the variables so that they will shrink

toward zero. The method minimises Equation (6.2.4).
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∑
(yi −

∑
xijβj)

2 + λ

p∑
j=1

|βj |, (3.7.1)

subjected to constraint
p∑

j=1

| βj |≤ t, (3.7.2)

where λ is the turning parameter, yi are the observed values of the dependent variable of

GHI, t is a parameter that determines the quantity of regularisation, xij is the covariance

matrix of the independent weather variables, and βj is the column vector of regression

coe�cients.

3.7.3 Lasso via hierarchical interactions

Another shrinkage method used for variable selection in this research is Lasso via hierarchi-

cal interactions. Lasso via hierarchical interactions has been actively researched in many

areas of science, Bien et al. (2013); Lim and Hastie (2015) and proved very e�ective. It is a

technique that uses pairwise interaction regression incorporating a strong hierarchy. Sparse

models are created by adding a set of convex constraints that keep hierarchy restrictions.

For this research, we used pairwise interactions that if k=2, The model we used to select

the variables is given in equation (5.2.1).

Y = β0 +
∑
j

βjXj +
1

2

∑
ΘjkXjXk + εj , (3.7.3)

where Y is the independent variable GHI, β0 is the slope, βj are the regression coe�cients,

XjXk are the predictors with pairwise interaction and Θ ∈ Rp×p.

3.7.4 ElasticNet

In order to select signi�cant variables for the analysis, ElasticNet, a shrinkage regulari-

sation technique, was used. ElasticNet is a technique that produces a hybrid penalty by
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combining penalties from ridge regression(L2) and Lasso regression(L1) to reduce the num-

ber of variables in a regression model. This makes it superior. It combines both ridge and

Lasso methods to overcome their limitations. Elastic net minimises the function in equation

(7.3.1).

minβ0,β

(
1

2N

N∑
i=1

(yi − β0 − xTi β)
2 + λ

(
1− α

2
||β||22 + α||β||1

))
, (3.7.4)

whereN is the number of observations, yi is the dependent variable, GHI. β0 is the intercept,

β is the vector of coe�cients, and x is the vector of the independent variables, weather

variables. Alpha is the mixing parameter between Lasso α = 1 and ridge when α = 0 and

λ is the regularisation penalty parameter.

3.7.5 Feature selection methods

Feature selection techniques isolate the most non-redundant, relevant, and consistent fea-

tures, also known as variables, to use in modelling. The objective of feature selection is

to improve the accuracy of predictive models by selecting the best set of variables to use.

Feature selection methods in this research are given in the sections that follow.

3.7.6 Multivariate adaptive regression spline

Multivariate adaptive regression spline (MARS) is a nonparametric regression method de-

veloped by (Friedman, 1991). MARS uses piecewise linear or cubic splines to select the

signi�cant variables. MARS uses piecewise linear basic functions given in equation (6.2.1).

(x− t)+ =

{
x− t , if x > t
0 , otherwise

and (t− x)− =

{
t− x , if x < t
0 , otherwise

(3.7.5)

where + is positive part, x are the weather predictor variable, y is the response variable

GHI, t is the break point or knot point.
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Mars uses re�ected pairs for predictor variables with knots at each observed value, which

are given as a set S given in Equation (3.7.6).

S = {(xj − t)+, (t− xj)+| t ∈ {x1j , x2j , . . . , xnj}, j ∈ {1, . . . , p}}. (3.7.6)

The MARS model incorporating knots is given in equation (3.7.7). Equation (3.7.7) is the

one that was used for variable selection.

f(x) = β0 +

M∑
m=1

βmBm(x), (3.7.7)

where Bm(x is the piecewise linear function, M is the number of piecewise linear function,

β0 is the intercept and βm is the coe�cient of the regression equation.

3.7.7 Boruta

Boruta is one of the feature selection methods used to develop a set of variables for analysis.

Feature selection is a method that is used to reduce the number of features which is done by

choosing features that have a great in�uence on the variables under study. It is a wrapper

feature selection method that uses Random Forecast. The algorithm makes use of the

following steps

� makes copies of all variables, which are called shadow feature

� removes any correlations by shu�ing the added attributes by training a random

forecast classi�er.

� a random classi�er is run, and a z score is computed and checked if the feature has

higher importance.

� the algorithm stops when all chosen features have higher importance.

The advantages of using the Boruta package are that it does both classi�cation and

regression analysis and deals with the interaction between variables.
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3.8 Forecasts combination

In order to get the superior performance of the model, a forecast combination was per-

formed. It is achieved by combining two sets of forecasts based on two hybrid models

making the forecasts robust. The idea of forecast combination was �rst used by Granger

(1989) and Crane and Crotty (1967). Various authors like Clemen (1989), Timmermann

(2006) and Nowotarski et al. (2014), have used a combination of forecasts and the predicted

values showed that it improved forecasting accuracy. The advantage of combining forecasts

is that it reduces prediction errors and variability of various combination accuracy.

3.8.1 Partially linear additive quantile regression

Partially linear additive quantile regression (PLAQR) is a hybrid model produced from

the combination of Generalised Additive and Quantile Regression models. The proposed

methodologies in this research were combined with PLAQR to produce a hybrid model that

would improve the predictions. The PLAQR is given by Equation (6.3.1).

yth = βoh,τ +

p1∑
j=1

sjh,τ (xthj) +

p2∑
j=1

βhj,τZthj + εth,ττ ∈ (0, 1), (3.8.1)

where yth is the GHI on day t and hour h, βoh is the intercept, βhj,τ are the model parameters

h-hours, sjh,τ smooth function is the independent variables and zthj is the linear variables.

εth,ττ is the quantile error. The advantages of applying this method are that it is robust to

outliers, the sparsity level can be changed with quantiles, and conditional distribution can

be analysed thoroughly, Mpfumali et al. (2019).

3.8.2 Quantile regression neural network

A quantile regression neural network (QRNN) is a hybrid model combining Quantile re-

gression and Neural Networks. It has the advantage of capturing non-linear patterns in
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datasets and overdispersion and underdispersion in the dataset. The QRNN model was

improved by Zhang et al. (2018) and is given in Equation 6.3.2.

f(xt, v, w) = g2

 m∑
j=0

vjg1

(
n∑

i=0

wjixit

) , (3.8.2)

where n-number of inputs, m-units of the hidden layer, xit are the predictor weather vari-

ables, g1(.) and g2(.) are activation functions, wij and vj are variable weights of parameters

to be estimated.

3.8.3 Linear quantile regression averaging

Linear quantile regression averaging (LQRA) was used for forecasting combinations in this

research. It is a linear modelling approach that makes use of prediction intervals. Quantile

Regression is a method that uses least squares regression to create a conditional mean of

the dependent variable GHI over di�erent values. It was �rst introduced by Koenker and

Bassett (1978) and is widely used for energy forecasting, Liu et al. (2015); Elamin (2018);

Uniejewski and Weron (2021). The Linear QRA model is given in Equation (6.3.3)

Qτ (yi) = β0(τ) + β1(τ)xi1 + ...+ βp(τ)xip, (3.8.3)

where p is the number of independent variables, which are the weather variables, τ is the

τ th quantile, yi is GHI, and xij are the weather variables.

The best Linear QRA model is given by (6.3.4)

min(ρτ (Yi − (β0(τ) + β1(τ)xi1 + ...+ βp(τ)xip)), (3.8.4)

where ρτ (z) is a loss function. QRA is when forecast combinations are done on prediction

intervals given on point predictions done on individual models. The combined forecasts

produced by LQRA are given in Equation (6.3.5).

ŷiq = β0 +
k∑

k=1

βkŷij + ϵiq, (3.8.5)
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where β0 is the intercept, βk are the coe�cients of the independent variables, ŷiq is the

combined forecasts, ŷij is the forecast for the jth technique and ϵiq are the residuals. It is

used to explore the conditional distribution of the variable of interest GHI incorporating

explanatory variables, which are the weather variables.

3.8.4 Online prediction by ExpRt aggregation

Lastly, online prediction by ExpRt aggregation (OPERA) is one of the packages used for

combining forecasts Gaillard et al. (2021). It is a method that is based on regression-oriented

time series forecasts. Given a set of observed values for a particular variable Y , GHI, with

a sequence of values y1, y2, ..., yn, the predicted values. For a given time step t = 1, 2, ..., n,

there are predictions from independent variables, which are the weather variables given by

xk,t, where k is a set of �nite methods k = 1, ...,K combines a multiple of algorithms of

online learning, and they predict forecasts. The OPERA forecasts are given by (6.3.6).

ŷt = s

K∑
k=1

Pk,txk,t (3.8.6)

The method uses various online learning literature algorithms that combine experts' fore-

casts based on historical performance. It gives three important features, mixture, prediction

and oracle. The mixture is used to build the algorithm's object, and prediction is used to

make predictions using the algorithm. Oracle is for performance evaluation of the experts

and comparing the algorithm.

3.9 Parameter estimation

This section looks at the parameter estimation of the Gaussian processes. The parameters

to be estimated are β, the regression coe�cients, σ2, the scaling parameters, and δ, the

correlation length. We can either start with the maximum likelihood of these estimates

by marginalising β and σ2 out or using a Bayesian approach to estimate parameters. We
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then focus on correlation lengths to investigate the e�ect of several design points of the

estimation. This is considered a function of the inputs dimensionally and the correlation

length of the data.

3.9.1 Bayesian approach to parameter estimation

The Bayesian approach for parameter estimation will be used. The Bayesian approach

is more attractive than the frequentist maximum likelihood estimation (MLE) approach

as it combines prior information with data, enables robust analysis with small samples,

and makes the estimation robust. The Bayesian approach does not rely on asymptotic

approximation. It obeys the likelihood principle, which states that any two probability

models with the same likelihood function yield the same inference for a given sample of

data.

3.10 Forecast evaluation metrics

Predicting future values is very useful, especially for decision-makers. Energy forecasting

helps power grid managers to make informed decisions. When dealing with prediction

models, the forecasted values should be evaluated. Prediction accuracy is very important

in the model-building process to come up with accurate predictions. Forecast evaluation

metrics are measurements that compute the reliability of the forecasts.

3.10.1 Deterministic forecast evaluation metrics

Many metrics can be used to evaluate forecasts. In this research, we used metrics such

as the mean absolute error (MAE), root mean square error (RMSE), mean absolute error

(MAE), mean average percentage error (MAPE) and percentage bias (PBIAS) will be used

for model evaluation to come up with models for each of the two di�erent areas, Diebold

and Lopez (1996).
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Mean absolute error

Mean absolute error (MAE) measures the average of all magnitude of errors. MAE is a

measure of the accuracy of a given model. Absolute error is a measure of the amount of

error in a model. It is de�ned in Equation (6.3.7).

MAE =
1

n

n∑
j=1

|yi − ŷj | (3.10.1)

It is a measure of the mean forecast errors expressed in percentages. This shows the level

of inaccuracy we should get on the prediction mean. When the value is equal to zero, the

predicted values are correct. The lower the value is, the more accurate the model is.

Root mean square error

Root mean square error (RMSE) measures a quadratic scoring rule for the average magni-

tude of errors. It is de�ned in Equation (6.3.8).

RMSE =

√
1

n

∑
(yi − ŷj)

2, (3.10.2)

where yi-are the observed values, ŷj- are the actual values and n represents the number of

observations. The lower the value of RMSE, the better the predictions.

Mean absolute percentage error

The mean absolute percentage error (MAPE) is a measure that expresses accuracy as a

percentage of error. It is given in Equation (5.2.8).

MAPE =
100

m

m∑
i=1

| εi
ŷi

|. (3.10.3)

The low the value of MAPE, the higher the model performance.
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Percentage bias

Percentage bias (PBIAS) measures the average tendency of the predicted values to be bigger

or smaller than the observed values. It is given in Equation 3.10.4

PBIAS =

∑n
i=1 Yi − Ŷi × 100∑

Yi
, (3.10.4)

3.10.2 Probabilistic evaluation metrics

We need to choose among di�erent data models by selecting a model among several models

that can best capture the underlying regularities. So, the question will be, how do we

identify such a model? So, we want to select a model that solves problems with complex

conditions and complexity. Complexity is a model's inherent �exibility that allows it to �t

a wide range of data patterns. We need to compare several models using various selection

methods. Making predictions from probability distributions for future events is an inter-

esting research area. Various authors have looked at probabilistic forecasting, Clements

(2004), Gneiting and Raftery (2007), among others. Many authors are showing interest

in probabilistic forecasting; hence there is a need to develop methods for evaluating the

appropriateness of forecasting techniques. Various tools were also used to evaluate fore-

casts further. The tools used in this research are: proper scoring rules, pinball losses, and

Murphy diagrams were used to evaluate the appropriateness of modelling techniques.

Pinball Loss

The pinball loss (PL) is a measure that assesses the accuracy of a quantile forecast. It is

given by (6.3.9).

PL(qτ, t) =

{
2(1− τ)|yt − qτ,t| if yt < qτ,t

2τ |yt − qτ,t if yt ≥ qτ,t
, (3.10.5)
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where y is the observed values, q-quantile forecasts and τ -is the selected quantile and t is

time. More accurate predictions produce a lower pinball loss.

Proper scoring rules

Proper scoring rules were used in this research to evaluate the e�ectiveness of probability

models. Scoring rules are functions used to evaluate the accuracy of the probability function.

Scoring rules were introduced by Jordan et al. (2017) as functions that give functions

that are used to compute scoring rules for a variety of distribution functions. These were

produced in order to measure how good a probabilistic forecast is. It gives a numerical

score that is based on a predictive distribution. The numerical score is the expected score.

It is given in equation (6.3.10).

S(P,Q) = EY∼P (S(F,Q)), (3.10.6)

where F is the probabilistic forecast, X is a random variable, Q is the probabilistic distri-

bution. The forecast is minimised in the expectation by the true probability for a proper

score. Many scoring rules can be used: continuous ranked probability score, logarithmic,

spherical, pseudospherical, Dawid Sebastian score, and quadratic scores. We have used the

Logarithmic score(LogS), Dawid Sebastian Score(DSS), and Continuous ranked Probability

score(CRPS).

The uses of scoring rules are to

� evaluate the forecasting performance of a model,

� eliciting probabilities,

� estimating parameters.

The scoring rules in this study were used to evaluate the forecasting performance of a model.

The R package scoringRules was used to develop the scoring scores (Gneiting and Raftery,
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2007).

Logarithmic score Logarithmic scoring (LogS) is a scoring rule used to measure a

probability function's e�ectiveness in prediction models. A logarithmic score was used in

this research to evaluate probabilistic models. Let Y be a random variable over a sample

of size n assuming values x1, x2, ..., xn. Suppose we are given the probability values as

p1, p2, ..., pn belonging to a forecasting distribution F with Pi ∈ [0, 1] and
∑

Pi = 1. The

logarithmic scoring is given in equation (6.3.11)

S(F, yobs) = logP (yobs), (3.10.7)

where yobs are the observed values.

Continuous rank probability score Continuous rank probability score(CRPS) is a

scoring rule used mainly in meteorological studies. The score is given in equation (6.3.12).

S(F, yobs) =

∫ ∞

−∞
(F (y)− 1 {y ≥ yobs})2dy, (3.10.8)

where F (y) cumulative function of the predictions.

Dawid-Sebastian score Dawid-Sebastian score (DSS) is a measure for evaluating the

accuracy of multivariate forecasts. The score is given in (6.3.13).

DSS(F, y) =

(
y − µF

σF

)2

+ 2logσF , (3.10.9)

where y − µF is the square error score, µF and σF are the mean and variance respectively.

3.10.3 Murphy diagrams

Murphy diagrams were used for comparing predictions made by various models. The tech-

nique was proposed by Ehm et al. (2016). In order to evaluate probability forecasts, we
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plot a function of θ given in equation (6.3.14).

S(θ) =
1

n

n∑
i=1

Sθ(yi, y
∗
i ), (3.10.10)

where yi is the point estimate and y∗i is the actual GHI observation and Sθ(yi, y
∗
i ) is a

function given in equation (6.3.15).

Sθ(yi, y
∗
i ) = ϕ(y∗i )− ϕ(yi)− ϕ1(yi)(y

∗
i − yi), (3.10.11)

where ϕ is convex, and ϕ1 is the gradient.

A plot of the function S(θ) is compared against the predictions to check if it �ts perfectly.

3.10.4 Averaging forecasts

It is well established in the literature that combining forecasts improves forecast accu-

racy, Armstrong (2001); Granger (1989); Batchelor and Dua (1995). This study combines

forecasts with two models, the monotone composite quantile regression neural network

(MCQRNN) and the QGAM.

Given the forecasts ŷk, from models k = 1, . . . ,K and the combined forecasts ŷcomb,

MCQRNN seeks to minimise the loss function given in equation (3.10.12).

L(θ) =
1

k

K∑
k=1

L(τk) =
1

NK

K∑
k=1

N∑
i=1

ρτk

(
ŷcombi − ŷik

)
, (3.10.12)

where

ρτk(u) = τkuI(u ≥ 0) + (τk − 1)uI(u < 0)

is the conditional quantile of y at τk and θ is a vector of unknown parameters. For a

detailed discussion of MCQRNN, see Zou and Hastie (2005).
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Table 3.1: Model comparisons of the proposed techniques.

Models Strengths Weaknesses

Spatial Linear 1. It is easy to implement, 1. It is sensitive to outliers
train and interpret.
2. The algorithm is less
complex
then other models are used.
3. Uncertainty is captured
directly.

Spatial GP 1. It uses kernel functions, 1. Spatial GP is
making the model computationally expensive.
computationally cheaper,
giving minimum loss.
2. Can handle complex
datasets.
3. The kernel function uses an
inner product to combine
features
from di�erent locations.

Spatial AR 1. They allow the
investigations of

1. Robustness is limited

the associativeness of an
individual.

against non-stationarity

independent variables,
adjusting

and additive noise.

the non-independent variables.
2. The model can determine if
randomness is lacking in the
spatial function.
3. It can predict patterns that
are
related to recurring datasets.

QGAM is a hybrid model combining a generalised additive model (GAM) and a quantile

regression (QR) model. QGAMs were developed by Fasiolo et al. (2020). The QGAMmodel
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is given in equation (3.10.13).

qY |X(τ) =

N∑
i=1

ρτ

(
ŷcombi −

K∑
k=1

skŷik

)
, (3.10.13)

where ρτ is the pinball loss function.

3.11 Descriptive analysis

Various descriptive statistics measures are applied in this research. Both graphical and

numerical measures were used. To describe GHI, the numerical measures used were median,

mean, quartiles, minimum, maximum values, kurtosis, and skewness. Correlations between

variables were calculated in order to establish the kind of relationship that existed between

variables. Real-time analysis was also done to see if there were any cycles in the time

series plots. A Matrix of scatter diagram and histogram was also produced to visualise the

distribution of the datasets of the variables used.

3.12 Forecasting

Forecasting is the estimation of the value of a variable (or set of variables) at some fu-

ture point in time that is done to aid planning and decision-making. In this research, we

are estimating Global horizontal irradiance using meteorological irradiance. Various types

of forecasting methods are classi�ed according to the interval it is estimated. The fore-

casting horizon is classi�ed as very short forecasting, which looks at seconds up to 1-hour;

short-term forecasting ranges from 1hr to 168hrs(one week), while medium-term forecasting

ranges from 1 week to 6 months. Last is long-term forecasting, which is done between six

months and several years.
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3.13 Conclusion

This chapter highlighted several stages in data analysis and models used. It covered de-

scriptive statistics and data visualisation, which intends to generate understandable results.

It also reviewed data training and how data is split into train and test sets, variable se-

lection and forecast combination methods. Lastly, various evaluation methods were also

discussed in this study, including probabilistic evaluations to check for any irregularities.

The following chapter will discuss the data and study sites.



Chapter 4

Data and study sites

4.1 Introduction

Secondary data was used in this study, though �rst-hand data is intrinsically good, as it

most likely provides trustworthiness and transparency about the phenomena researchers

focus on, is expensive to obtain or gather, and, overall, is limited. Thus, in this study, a

secondary dataset was used (Martins et al., 2018). This chapter discusses the data for the

study, outlining how the data was used and manipulated to obtain the best possible results

that answered the research questions.

4.2 Overview of data

The data used in this study is South African hourly data from SAURAN (Southern African

universities radiometric network). A Namibian dataset was also used in this research as

part of the dataset that was used for spatial analysis. SAURAN provides solar radio-

metric data, accessible at http://sauran.ac.za. SAURAN currently has 19 South Africa,

Botswana, and Namibia radiometric stations. The radiometric stations use Kipp and Zonen

CMP11 pyranometers for global irradiance measurements. The data that was obtained from

SAURAN had measurements of various predictor variables. Only weather variables were
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used for this research as the predictor variables. The predictor variables are Air tempera-

ture, total rainfall, humidity, wind direction, wind speed, and barometric pressure. Other

variables were added to the weather variables to improve the predictions' forecasting accu-

racy. These included lagged dependent variables and adaptive trend variables. GHI(Global

Horizontal Irradiance) was predicted based on weather variables, and it was the dependent

variable. The following section will discuss various variables used in this research.

4.2.1 Global horizontal irradiance

The variable of interest is the Global Horizontal Irradiance (GHI), the dependent variable.

It is the variable of interest that is used to measure solar power. GHI is the total solar

radiation, the short wave received above the earth. It is the radiation of the sun that

reaches the Earth. When the sun's rays hit the solar cells inside the solar panels, these cells

transform into electricity. GHI value includes direct normal irradiance (DNI) and Di�use

Horizontal Irradiance (DHI). It is recorded as the amount of solar energy per unit area per

unit time in W/m2. The next section is going to discuss the predictor variables.

4.2.2 Meteorological variables

The energy that comes from solar power depends on several meteorological variables. The

performance of a solar cell is believed to be a�ected by them. We shall explore the variables:

relative humidity, temperature, wind speed, air pressure, wind speed, rainfall, Clearness

index, nonlinear trend, and lagged variables.

Air temperature

Air temperature a�ects the transference of GHI. Air temperature is a physical quantity that

expresses how cold or hot the air is. It is measured using a Fahrenheit scale (denoted as

°F). Temperature contributes to the production of voltage. Too much of it destabilises it.
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Solar power generation works well at low temperatures. When the temperatures are high,

there is a shift in semiconductor properties which results in a slight increase in current,

but it decreases in voltage. A temperature rise will cause damage to the cells leading to

a reduction in e�ciency and the cells' lifetime. The temperature dropping increases the

solar panels' e�ciency, and the voltage between cells drops when there is a decrease in

temperature.

Barometric pressure

Barometric pressure is one of the predictor variables used in this study. It is also called

atmospheric pressure. The pressure at any location exerted on the Earth is proportional

to the gravitational force. It is measured using an instrument called Barometer. The

units of measurement are given in millibars(mb). Low-pressure results in cloudiness and

precipitation, which harm the solar panels.

Relative humidity

Humidity is the quantity representing the amount of water vapour in the air. It is measured

as a percentage. An increase in relative humidity reduces solar cell output. Humidity might

cause fog or cloud formation, blocking irradiance and reducing voltage if the air outside

becomes warm due to increased humidity. Relative humidity brings down the utilisation

of solar power panels. A temperature that is constantly hot and humid can degrade solar

panels. Humidity can result in water droplets collecting on solar panels, and these re�ect

sunlight away from solar cells.

Rainfall

Another important variable a�ecting solar irradiance production is Rainfall, recorded as the

total rain. Rainfall is the rain falling in a given time and area, usually expressed in mm.

Rainfall itself does not have an impact on the panels but the rain clouds. The proportion of
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solar irradiance is reduced when it reaches the Earth due to rainfall and overcast conditions

caused by it. Cloud cover due to rainfall might be too thick to allow the panels to produce

electricity. Cloud-like �u�y cumulus that brings rain that passes in front of sunlight, the

wispy edges will act as a magnifying glass that will cause a strong beam of sunlight to reach

the solar panels to rainfall.

Wind direction

Wind direction a�ects the amount of solar power received on the earth's surface. The wind

is the air moving relative to the Earth's surface, which controls the weather. The e�ect

of wind boosts the e�ciency of solar power. When the panel is hot, e�ciency is reduced;

when its cooler e�ciency is improved, the wind cools it. When the panel is cooled, more

energy gets through it.

Wind speed

Wind Speed also a�ects the solar radiation received on the earth's surface. As wind speed

increases, the amount of solar radiation is reduced.

Clearness index

The clearness index is a measure of the clearness of the atmosphere. It is a measure between

0 and 1, a fraction of the solar radiation transported through the atmosphere to reach the

Earth. When the atmosphere has clear conditions, the index is high and has a low value

when it is cloudy. It is recorded on an hourly and monthly basis. The data for the clearness

index was collected from the Homer Pro website. The equation that de�nes the average

clearness index is given by equation (4.2.1)

Kt =
Have

H0,ave
, (4.2.1)
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whereHave is the monthly average radiation received on earth. H0,ave is the extraterrestrial

radiation received on earth given in [kWh/m2] per day.

Lagged variables

Lagged variables were used in this research. This was done in order to incorporate feedback

over time. A lag variable is based on the past values of the time series. Lagged variables

were created in this research as explanatory variables and added to regression models.

Lagging of explanatory variables is necessary because it helps predict future values t using

knowledge of what happened before t− 1. Lags at 1,12,24,48 were used, 1 for one hour, 12

for 12 hours, 24 for a day, and 48 for two days.

Lagged variables are used when hybrid models are constructed to show important inter-

actions between periods. Lags for distinct periods in the data were used. This was done to

check whether there was a causal e�ect between the lag and the dependent variable. Lagged

explanatory variables are used when a researcher suspects the existence of a statistical re-

lationship between the lags in time, like hourly or daily e�ects. Variables are lagged to

remove autocorrelation in variables. After the lagged variables have been added, whether

the model has bene�tted from them is checked. Adding lagged variables produces a more

accurate parameter estimate (Wilkins, 2018). A dependent variable Yt that is lagged will

be a lagged variable with a lag of one period Yt−1. In this research, Yt−1 is the variable

that is 1 hour. This is done to check whether 1 hour will a�ect the forecasting results of

the model being a�ected by the next period.

Nonlinear trend

A nonlinear trend variable was used as a predictor variable in this study. Time series

nonlinear trend covariate is �tted in this research to capture non-normality in the dependent

variable. The simplest way of �tting the nonlinear trend is to use the highest order trends
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or quadratic forms by considering X1.t = t and X2,t = t2. The nonlinear trend variable

is added to transform a forecast variable before estimating the regression model. In this

research, we used regression splines to �t a nonlinear trend. It mainly transforms a nonlinear

dataset before predictions to reduce residual confounding.

Regression splines

Regression Splines Regression is a technique that is used to model nonlinear relationships. It

performs interpolation smoothly between points. They are a series of polynomial segments

that are combined. The regression spline model is given in Equation 4.2.2,

Yi =

{
β0 + β11xi + β21x

2
i + β31x

3
i + ϵi xi < 0,

β0 + β12xi + β22x
2
i + β32x

3
i + ϵi xi ≥ 0.

(4.2.2)

The advantage of splines is that they are more stable because they are piecewise, making

them �exible.

4.3 Data training

The data used in this study was �rst trained before analysing it. Training data is the initial

data set used to train machine learning models that act as a base for forecasting. They are

fed to machine learning algorithms to teach them how to make predictions for particular

tasks. Training data is either supervised or unsupervised. Supervised training depends on

the person performing the analysis. They either tag or annotate the data to their criteria.

Unsupervised learning involves the models �nding patterns in the data and then making

inferences to reach conclusions.

This study splits the data into a training data set and a test set used for model val-

idation. A model built using a training dataset is usually evaluated using a test dataset.

There are various methods of splitting the dataset. Some use the Pareto ratio of 80:20, and
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others use 70:30. In this study, we used the Pareto ratio. The advantages of data training

are that the model is more robust and over-�tting is avoided.

4.4 Single site modelling

Single sites analyses were done on the �rst two research articles. Paper 1 used two stations;

each analysis was independent of the other. The stations used were from Stellenborcsh

University (SUN) and the University of Venda(UNV). The two were selected because one

was from a coastal area and the other was from an inland.

SUN station is located in a coastal area in Stellenbosch, South Africa and has a latitude

of -33.9281, longitude of 18.8654 and Elevation is 119m, and the solar equipment is located

on top of the roof of an Engineering building. Stellenbosch University is well known for

its dedication to solar-related research, producing highly e�cient equipment for recording

information related to solar measurements. They have di�erent projects in place. This

includes CPS(Concentrating Solar Power) project and SUNSPOT(Stellenbosch Solar Power

Technical project). The university also has a group of researchers that belong to a group

called STERG(Solar Thermal Research Group), which is a �rm that concentrates on solar

and thermal energy research. The university is the �rst to build solar research on the roof

of a building. Figure 4.1 shows the solar research equipment.
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Figure 4.1: Source STERG website https://sterg.sun.ac.za/about/.

VEN is an inland station located in Vuwani, South Africa, with a latitude of -23.1310,

a longitude of 30.4239 and an Elevation of 628m. The solar equipment is located at the

Vuwani Science Research Centre, as shown in Figure 4.2.

https://sterg.sun.ac.za/about/
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Figure 4.2: Source: SAURAN website https://sauran.ac.za/.

The second paper used a dataset from the University of Pretoria(UPR) radiometric

station. The SAURAN UPR station is at the University of Pretoria, South Africa. The

pyranometer is on top of a science building, giving them good solar exposure. Figure

4.3 shows the position of weather instruments at the top of a building, giving them good

weather exposure.

https://sauran.ac.za/
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Figure 4.3: UPR Weather instruments.

4.5 Multi-site modelling

This research relates to more than one site performing research based on data from di�erent

sites. Paper 3 made use of multiple site analysis. Eight radiometric stations were selected

for the study. These were the only radiometric stations from SAURAN that had clean data

for the sampling period. However, future research will include the use of satellite data and

more stations, including the use of gridded data covering the whole country.

The stations are CSIR - CSIR Energy Centre (1), CUT-Central University of Technology

(2), UFH-University of Fort Hare (3), UNV-University of Venda (4), UNZ-University of Zu-

luland (5), UPR-University of Pretoria (6), MIN-CRSES Mintek (7) and NUST-Namibian

University of Science and Technology (8).
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4.6 Descriptive Statistics: All Meteorological Sta-

tions

Table 4.1 shows the descriptive statistics for the meteorological stations used in this re-

search. The dataset used to achieve objective 1 was obtained from UNV(University of

Venda) and SUN(Stellenbosch University) stations, and it was an hourly solar dataset.

The second dataset was used to achieve objective number 2, and it was obtained from

UPR(University of Pretoria); it was an hourly dataset. The remaining dataset was used

to achieve objective number 3, and it was obtained from 8 meteorological stations, CSIR -

CSIR Energy Centre, CUT-Central University of Technology, UFH-University of Fort Hare,

UNV-University of Venda, UNZ-University of Zululand, UPR-University of Pretoria, MIN-

CRSES Mintek and NUST-Namibian University of Science and Technology. The dataset

used was a monthly daily dataset.

Table 4.1: Descriptive statistics for all stations.

Datapoints Min Q1 Median Mean Q3 Max Skew Kurt

VEN 9858 0.0005 238.99 368.39 368.39 378.31 1179.16 1.31 0.84
SUN 17325 0.0002 15.73 28.19 220.58 387.88 1106.53 1.29 0.39
UPR 8791 0.0001 13.46 97.50 245.59 443.19 1142.51 1.11 -0.03
CSIR 62 37.53 187.16 267.44 250.35 331.92 386.41 -0.53 -0.68
CUT 62 43.45 257.17 318.27 301.15 365.21 504.55 -0.70 0.43
FRH 62 50.86 204.34 272.86 260.89 339.02 389.10 -0.54 -0.58
UNV 62 49.89 178.34 245.59 233.37 302.89 356.90 -0.53 -0.84
UNZ 62 62.69 167.36 269.01 245.12 321.84 350.45 -0.48 -1.13
UPR 62 31.16 191.20 254.57 246.36 332.57 379.90 -0.58 -0.58
MIN 62 60.22 208.79 289.37 259.85 336.06 377.33 -0.69 -0.52
NUST 62 148.60 264.90 323.80 317.60 381.10 397.60 -0.69 0.52
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4.7 Conclusion

The chapter highlighted the data and study sites. It covered the dataset description, the

study's variables, and the weather stations used. The following chapter is based on the �rst

publication. It looks at a method that couples GPR and Core vector regression.



Chapter 5

Twenty-four-hour ahead probabilistic

global horizontal irradiance

forecasting using Gaussian process

regression

5.1 Introduction

In this study, we ventured into various methods adopted to forecast solar power by other

researchers. Solar power forecasting can be used as a venturing area to eliminate certain

di�culties, for example, reduction in power cuts and carbon emissions-related challenges.

Solar power forecasting depends on indicators such as moistness, the sun's path, tempera-

ture, and solar power yard attributes that utilise energy from the sun to deliver solar power

and dissipating process. The forecasted values will bene�t policymakers by providing fore-

casting information that is vital for competent use. The other important bene�ts are that

it will promote solar power trading, manage the electricity grid, and improve the energy

quality supplied to the grid. This will help decrease the costs that are caused by climate

reliance.

Solar power forecasting based on several time horizons is vital in health facilities, pow-

89
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ering homes, research activities, educational purposes, PV storage structures management,

and many other activities that depend on energy. It helps power grid operators accommo-

date the load to enhance energy transportation, assign the necessary balance energy from

other sources during the period when solar power is inaccessible, and perform activities to

do with maintenance at the power manufacturing locations.

The main contribution is using a GPR model coupled with the core-vector methodology

in forecasting GHI using South African data. According to our knowledge, this is the �rst

application of GPR coupled with core-vector regression in which the minimum enclosing

ball is applied to GHI data.

This chapter discusses Gaussian process regression (GPR) coupled with core vector

regression for short-term hourly global horizontal irradiance (GHI) forecasting. The major

challenge this chapter addresses is predicting solar power within short periods. GPR is a

powerful Bayesian nonparametric regression method that works well for small data sets and

quanti�es the uncertainty in the predictions. Choosing the appropriate kernel characterising

the covariance function is crucial in Gaussian process regression. This chapter adopts the

minimum enclosing ball (MEB) technique to select the best kernel function used in Gaussian

Process Regression. The MEB improves the forecasting power of GPR because the smaller

the ball is, the shorter the training time and captures uncertainty. Hence the performance is

robust. Forecasting of real-time data was done on two South African radiometric stations,

Stellenbosch University (SUN) in a coastal area of the Western Cape Province and the

University of Venda (VEN) station in the Limpopo Province. Variables were selected via

hierarchical interactions using the least absolute shrinkage and selection operator. The

Bayesian approach using informative priors was used for parameter estimation. The GPR

models were compared with its benchmark models based on the following evaluation metrics:

root mean square error, mean absolute error, and percentage bias. This research's main

contribution is using a GPR model coupled with the core vector methodology for forecasting
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GHI using South African data. This is the �rst application of GPR coupled with core vector

regression in which the minimum enclosing ball is applied to GHI data, to the best of our

knowledge.

5.1.1 Research highlights and contributions

This research used a modelling framework of the Gaussian process Regression coupled with

core vector regression (CVR). Lasso via hierarchical interactions was applied to select appro-

priate variables. Application of the GPR technique was used to determine the parameters of

the models, which was done using the Bayesian approach to estimation using the informa-

tive approach. CVR is a method that was used for kernel selection by applying the concept

of the minimum enclosing ball to choose the appropriate kernel to use. The ratio between

the margin and radius of the minimum enclosed ball (MEB) is used to measure a kernel's

goodness to produce a new minimisation formulation of kernel learning. After developing

the Gaussian process regression model, we compared the results with two benchmark mod-

els: the gradient boosting method (GBM)and support vector modelling (SVM). The model

evaluation was done using the following metrics: root means square error (RMSE), mean

absolute error (MAE), mean average percentage error(MAPE), and percentage bias(pbias)

RSME and the MAE for predictive models in each of the two di�erent areas.

This research's �rst contribution is applying GPR to forecast solar power energy. This

method is rarely used to forecast energy. It captures model uncertainty by giving the pre-

dicted value as a distribution. Other models do not directly capture this uncertainty. GPs

use prior information to produce kernels to describe GHI data, enabling direct optimisation.

Hence there is a better trade-o� between predicting the data and smoothing it.

The second contribution is the application of MEB to select an appropriate kernel

coupled with GPR. It �nds the ball that contains a given set of points with a minimum

radius. The selection of kernels using MEB gives us an accurate description of the data
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domain for a given data set. The CVM algorithm is much faster than the benchmark models.

It can manage a bigger data set than the SVM and GBM. The minimum enclosed ball is the

smallest circle's computation that accommodates the set of points in the Euclidean plane.

The last contribution is that of combining forecasts. This was done by combining

GPR and CVR. Bates and Granger (1969) analysed the e�ects of combining forecasts.

Combining the two coupled models improves forecasts since it reduces errors, making them

more accurate.

This chapter discusses the data analysis and �ndings of the research study based on

Gaussian process regression coupled with core vector regression. The �rst segment was to

develop exploratory data analysis of the GHI dataset, subdivided into two meteorological

stations. Gradient boosting regression and Support vector regression was the benchmark

models used to compare with the proposed method. A comparison was done based on

RMSE(Root Mean Square Error), MAE(Mean Absolute Error), and Pbias(Probability er-

rors) metrics.

5.2 Methodology

5.2.1 Lasso via hierarchical interactions

Lasso via hierarchical interactions was used for variable selection. It is a technique that

uses pairwise interaction regression for this research, and we used pairwise interactions that

if k=2, The model we used to select the variables is given in equation (5.2.1).

Y = β0 +
∑
j

βjXj +
1

2

∑
ΘjkXjXk + εj , (5.2.1)

where Y is the independent variable GHI, β0 is the slope, βj are the regression coe�cients,

XjXk are the predictors with pairwise interaction and Θ ∈ Rp×p.
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5.2.2 Minimum Enclosed Ball

In this research, we used the minimum enclosed ball (MEB) to �nd the best kernel function

for GPR use. The kernel functions explored are Matern, Radial Basis Function, Rational

Quadratic and Dot Product. MEB was coupled with GPR. Minimum Enclosed Ball (MEB)

is a branch of Core vector regression(CVR). The MEB algorithm is a method used to �nd

a centre c such that the minimum distance to input points realisations. This is done to

fully contain all relevant data points that accurately describe the dataset. The Minimum

enclosed algorithm was applied to several kernel functions. The kernel function that gave

the minimum radius was the one selected for Gaussian process modelling. The ball that

gave the minimum radius is the one that had the minimum enclosed ball.

Let the MEB be the minimum enclosed ball of a set X. It is given in equation (5.2.2)

K(c; , r) (5.2.2)

with c, r ∈ Z, c is the centre and r is the radius of MEB. To apply this algorithm, algorithms

by Badoiu and Clarkson (2003) and Yildirim (2008) are used.

5.2.3 Gaussian process regression

After selecting the appropriate kernel function, GPR was used to forecast GHI using the

selected kernel. The model describes a time-based variable X with a function f(x) that

does not relate to any speci�c distribution. A GPR is built over the assumption that it

comprises a collection of continuous random variables X1, X2, ..., Xn, with n observations

of the joint random variables. The components of a GPR are a combination of a covariance

function, conditional joint distribution and multivariate normally distributed variables. A

mean and covariance function describes the model. The mean function m(x) is assumed to

be equal to zero. A GPR is given in Equation (6.2.7). It is described over a real domain of
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X over a function f(X).

f(X) ∼ GP (m(x), k(x, x1)), (5.2.3)

where X is a subset of independent variables X1, X2, ..., Xn, that is meteorological vari-

ables, namely relative humidity, temperature, wind speed, and air pressure. f(X) =

f(X1), f(X2, ..., f(Xn), x and x1 are any input points(locations) of any one of the vari-

able X. f(X) is a function of the dependent variable, GHI. m(x) is the mean vector of µ,

that is, E(f(x)) = m(x), k(x, x1) is the covariance matrix, also called the kernel function.

5.2.4 Benchmark models

Various Benchmark models were used in this study. Benchmarking is a technique used to

make comparisons between models. The benchmark models used in this research are given

in the following sections.

Support vector regression

Support Vector Regression (SVR) is one of the benchmark models used. It is a supervised

machine learning technique involving statistical learning theory and structural risk min-

imisation principle. SVR was introduced by Drucker et al. (1997) and extended from the

SVM model. Support Vector Machine (SVM) is one of the most used supervised learning

methods for classi�cation problems and regression. Its main purpose is to come up with

the best line that can be used to come up with predictions. SVM is a robust forecasting

method based on statistical learning. An SVM comes up with a hyperplane in a high or

in�nite-dimensional space that can be used for regression classi�cation or detecting outliers.

Stochastic gradient boosting regression

Stochastic Gradient Boosting Regression (SGBR) was one of the regression techniques

used as a benchmark model in this research. The model is solving and minimising the loss
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function L(x, f(x)) using Equation (6.2.2)

ˆf(x) = argminEx,y [L(y, f(x))] , (5.2.4)

where y are the observed values, and f(x) in Equation (6.2.3)

f(x) =
M∑

m=1

βmb(x; γm), (5.2.5)

where the base function b(x; γm) ∈ R are functions of x which are characterised by the

expansion parameters γ, βm. The parameters βm and γm are �tted stage-wise, a process

which slows down over-�tting.

5.2.5 Forecast evaluation metrics

The metrics used for forecast evaluation are the mean absolute error (MAE), root mean

square error (RMSE), mean average percentage error (MAPE) and percentage bias (PBIAS).

Mean absolute error

Mean absolute error (MAE) measures the average of all magnitude of errors, and it is

de�ned in Equation (5.2.6).

MAE =
1

n

n∑
j=1

|yi − ŷj |, (5.2.6)

Root mean square error

Root mean square error (RMSE) measures a quadratic scoring rule for the average magni-

tude of errors. It is de�ned in Equation (5.2.7).

RMSE =

√
1

n

∑
(yi − ŷj)

2, (5.2.7)

where yi-are the observed values, ŷj- are the actual values and n represents the number of

observations.
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Mean absolute percentage error

The mean absolute percentage error (MAPE) is a measure that expresses accuracy as a

percentage of error. It is given in Equation (5.2.8).

MAPE =
100

m

m∑
i=1

| εi
ŷi

|. (5.2.8)

Percentage bias

Percentage bias (PBIAS) measures the average tendency of the predicted values to be bigger

or smaller than the observed values. It is given in Equation 5.2.9

PBIAS =

∑n
i=1 Yi − Ŷi × 100∑

Yi
, (5.2.9)

5.3 Results

5.3.1 Data and data pre-processing

Section 5.3.1 represents the results of the analysis. Results of forecasting solar power

hourly data were done on two di�erent datasets from radiometric stations, VEN (Univer-

sity of Venda) from Limpopo Province, which is an inland and SUN(Stellenbosch Uni-

versity) from the Western Cape, which is a coastal area, both from South Africa. The

predictor variables used are Barometer Pressure, Relative Humidity, Temperature, Wind

Direction, Wind Direction Standard deviation, Wind Speed, Wind Velocity Magnitude,

hour, month, day and clearness Index. Lag variables were created, lag 1, lag 2, lag 12,

lag 24, lag 48, and a covariate temperature×GHI. Data that was incorrect, corrupt, in-

correctly formatted, and duplicate data within the dataset were removed. Data that was

missing was imputed using a package called MICE in R. The data used for the analysis

was split into two, training sets consisting of 80% of the dataset and the remaining 20%
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was the test set. The statistical software R(4.2.1) programming performed the exploratory

analysis, Lasso, and benchmark models. The packages that were used for the research are:

glmnet-Lasso,gbm-gradient boosting, forecast-forecasts evaluation, e1071 -SVM, hydroGof -

Goodness of �t functions. The software Python 3.8.8 was used for GPR and MEB. The

following packages were used numphy-multidimension array, pandas-datasets, matplotlib-

visualisation,sklearn.gaussian_process.kernels-GPR analysis, sklearn.gaussian_process.kernels-

incorporates kernels and miniball -Minimum Enclosed Ball.

5.3.2 Exploratory data analysis

Exploratory data analysis was done on the dependent variable GHI. Exploratory analy-

sis is a method of analysing datasets to summarise their main characteristics and under-

stand the data. A summary of the datasets of the two radiometric stations was produced,

VEN(University of Venda) and SUN(University of Stellenborsh), based on their main char-

acteristics through observing descriptive statistics through visualising graphs and descrip-

tive numerical measures. We started with analysing GHI using the VEN dataset. Descrip-

tive numerical values were computed and are shown in Table 5.1. The maximum value of

the GHI for the VEN data is 1179.16 W/m2. The coe�cient of skewness is a measure of

the asymmetry of the dataset. The dataset is said to be skewed to the right or to have a

positive skew if it has a longer tail to the right.

On the other hand, it is said to be skewed to the left or negatively skewed if it has

a longer tail to the left. The coe�cient of skewness is 1.31, indicating the distribution is

right-skewed, and the skewness can also be seen in Figure 5.1, the tail is longer on the right

side. The coe�cient of skewness is 1.29, and the value is positive, indicating that the data

are skewed to the right.
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Figure 5.1: Empirical probability density function showing the distribution of GHI
values (W/m2) at the University of Venda site.

The coe�cient of kurtosis is a measure of the peakedness or �atness of distribution,

and it is based on the moments of the distribution, and it is based on moments of the

distribution. It is used to describe the shape of the distribution. When the kurtosis is

greater than 0, the distribution is peaked, and when the coe�cient is less than 0 indicates

a �at distribution. The coe�cient of kurtosis is greater than zero, meaning that the distri-

bution is peaked. The coe�cient of kurtosis is 0.398, which means the distribution appears

moderately distributed.
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Looking at SUN data, the maximum GHI is 1106.53 W/m2, and the mean is 220.58.

Table 5.1: Descriptive statistics for VEN and SUN data.

Min Q1 Median Mean Q3 Max Skew Kurt

GHI(VEN) 0.0005 238.99 368.39 368.39 378.31 1179.16 1.31 0.84
GHI(SUN) 0.0002 15.73 28.19 220.58 387.88 1106.53 1.29 0.398

The Density plot in Figure 5.2 also show how the data is distributed. It is skewed to

the right and peaked.
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Figure 5.2: Empirical probability density function showing the distribution of GHI
values (W/m2) at the Stellenbosch University site.
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Table 5.2 shows the correlations between the GHI of each radiometric station and the

important weather variables used as covariates in this study. There is a fairly strong positive

correlation between GHI and temperature. Similarly, there is a strong negative correlation

between GHI and relative humidity, while the relationship between GHI and barometric

pressure suggests a weak negative correlation.

Table 5.2: Correlations between GHI and weather variables.

Temp BP RH WD WD_SD WS

GHI(VEN) 0.589 −0.100 −0.528 −0.221 0.492 0.168
GHI(SUN) 0.626 −0.104 −0.640 0.251 0.189 0.242

VEN data

An exploratory analysis was also done for VEN data; the results are shown in Figure 5.3.
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Figure 5.3: Descriptive analysis plots of Global horizontal irradiance for VEN
dataset.

Plot(a) shows a time series plot of GHI averaged hourly from the beginning of 2018 to

the beginning of 2019. Plot(c), the Q-Q plot, shows that the GHI data is not normally

distributed, and this can also be seen from plots (b), the density plot, and (d), the box

plot. Table 5.2 shows the summary statistics for the VEN data.

Plots of data over time(VEN)

A periodogram is used to identify the dominant periods (or frequencies) of a time series.

This can be a helpful tool for identifying the dominant cyclical behaviour in a series, partic-
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ularly when the cycles are not related to the commonly encountered monthly or quarterly

seasonality. Figure 5.4 shows a periodogram, which identi�es dominant cycles in the time

series, for t = 60, that is a measure every hour the period is equal to 15, which means that

the frequency is 1/15, implying that it takes 15 min periods to come up with a cycle. Thus,

it takes 15 time periods to come up with a cycle.
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Figure 5.4: Left panel: Times series plot. Right panel: Periodogram plot.

Figures 5.5 and 5.6 show the multiple histograms and scatter diagrams for independent

variables. Figure 5.6 shows a matrix of scatter diagrams showing the relationship between

GHI and each independent variable. All the variables except Temperature, Relative Hu-
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midity and Wind Direction appear not linearly related to GHI.
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Figure 5.5: Multiple histograms for VEN station.
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Figure 5.6: Multiple scatter diagrams for VEN data.

SUN Data

An exploratory analysis was also done for SUN data, and the results are shown in Figure

5.7.
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Figure 5.7: Plots of descriptive analysis of Global horizontal irradiance for SUN
station.

Plot(a) shows a time series plot of GHI averaged hourly from the beginning of 2018 to

the beginning of 2019. Plot(c), the Q-Q plot, shows that the GHI data is not normally

distributed, and this can also be seen from plots (b), the density plot and (d), the box plot.

Plots of data over time (SUN)

Plots of data over time were produced to visualise what was happening to the data hourly.

A plot was done to show the trend of GHI for one h.

Figure 5.8 shows a periodogram for SUN data, identifying dominant time series cycles.

For t = 60, the period is equal to 15, which means that the frequency is 1/15, implying
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that it takes 15 min periods to develop a cycle. Figures 5.9 and 5.10, respectively, show the

multiple histograms, scatter diagrams, and correlation matrix that show the relationships

between variables for SUN data.

Figure 5.8: Tsplot real-time data. Left panel: Time series plot. Right panel:
Periodogram plot.
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Figure 5.9: Multiple histograms for SUN data.
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Figure 5.10: A plot showing multiple scatter diagrams and correlation matrix for
SUN data.

5.3.3 Forecasting results

Variable selection using Lasso via hierarchical interactions

We used Lasso via hierarchical interaction to select the variables to be used to model the

data

VEN data The selection of variables was done for VEN data using Lasso via hierarchical

interactions, and a summary of the results is presented in Figure 5.11. Twelve variables
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were selected and used in all the models in this research.
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Figure 5.11: A plot showing the results for Lasso regression for VEN data.

Figure 5.11 shows the Lasso results for VEN data, with the graph showing the 12

selected variables. The variables selected are Temperature, Relative humidity, Rain, Wind

Speed, Wind Velocity Magnitude, Wind Direction, Wind Direction Standard Deviation,

Wind Speed Max, Barometer, noltrend, lag1 and lag2. The plot helps us visualise MSE,

which is on the y-axis with log(λ) and given on the x-axis, the cross-validation curve (with

red dots). The variables which are included at these points are on the top. The two dotted

lines are lower and upper curve limits: the λs. The error is very high when we have a few

variables, but the error approaches zero as the number of variables increases.
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SUN data Variable selection was also done using SUN data. Figure 5.12 shows the

Lasso results, the graph helps us visualise MSE on the vertical axis with log(λ) on the

horizontal axis, and we can see that nine variables were selected. The variables selected are

relative humidity, air temperature, wind direction standard deviation, wind speed, wind

direction, barometer pressure, noltrend, lag 1 and lag 2. In the beginning, the error is very

high, whereas the coe�cients are very small, and then at some point, it levels o�. This

implies the inclusion of good variables.
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Figure 5.12: A plot showing the results for Lasso for the SUN data.
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Gaussian process regression results

The following results are the results of the proposed methodology, GPR coupled with core

vector regression. The analysis was done in two parts, one without interactions and the

other with interactions. This was done in order to see whether interactions had e�ects or

not on the results produced. GPR analysis was done based on the four kernels: Matern,

rational quadratic, dot product, and radial basis function because these are the popularly

used kernels. The results that follow were obtained using the statistical package called

Python 3.8.8.

VEN data without interactions Figure 5.13 shows a static plot of the predicted

solar irradiance values against the observed values of VEN data without interaction. The

output shows the best-chosen results, giving the minimum enclosed ball. The predicted

values are in blue, closely following the observed values in orange. The appropriate kernel

was chosen using the MEB technique, and the radial quadratic kernel had the minimum

enclosed ball. Hence it was used in the forecasting process.
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Figure 5.13: Predicted values vs observed values for GPR using a Radial Quadratic
kernel.

Figure 5.14: Observed values vs GPR without interactions using a radial quadratic
kernel over a shorter period.
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Figure 5.14 shows the observed GHI versus the predicted values using GPR with inter-

actions using a radial quadratic kernel for a selected dataset with a shorter time frame for

VEN data. The observed data are in red and predicted in blue, which was observed over

ten h.

VEN data with interactions Forecasting was also done by applying interactions.

Again the radial quadratic kernel produced the minimum radius. Hence it was used to

come up with forecasts. Figure 5.15 shows a static plot for VEN data with interactions.

The observed data are in red and predicted in blue. The observed data is also plotted

against actual data using a smaller dataset, and forecasting was done for ten h using 150

observations, shown in Figure 5.16.

Figure 5.15: A plot of predicted values via GPR using the radial quadratic kernel
using VEN data with interactions.
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Figure 5.16: Plot of predicted values via GPR using the radial quadratic kernel using
VEN data with interactions using a shorter dataset.

SUN data with no interactions Forecasting was also done for SUN data with no

interactions included. The appropriate kernel was chosen using the MEB technique, and the

radial quadratic kernel had the minimum enclosed ball. Hence it was used for forecasting.

Results of the forecasts are shown in Figure 5.17, a static plot of SUN data. The predicted

solar irradiance in blue closely follows the observed values in orange.
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Figure 5.17: Predicted values vs observed values for GPR with no interactions using
a radial quadratic kernel.

Figure 5.18 shows a plot for SUN data, only showing observations over a shorter period

of 150 hours. The observed data are in red and predicted in blue, observed over ten h, and

follow each other very closely.
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Figure 5.18: Predicted values using GPR vs actual values over a shorter period with
no interaction.

SUN data with interactions GPR analysis was also done on SUN data with inter-

actions included. The results are shown in Figure 5.19, a static plot. The predicted solar

irradiance in blue closely follows the observed values in orange. The appropriate kernel

was chosen using the MEB technique, and the radial quadratic kernel had the minimum

enclosed ball. Hence it was used for forecasting. Figure 5.20 shows a real-time plot for SUN

data. The observed data are in red and predicted in blue, observed over ten h, and follow

each other very closely.
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Figure 5.19: A plot of the predicted values using GPR vs actual values for the SUN
dataset with interactions.

Figure 5.20: A plot of predicted vs actual observations for SUN using a shorter
dataset with interactions.
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Benchmark models and evaluation of prediction techniques

Two benchmark models, GBM and SVM, were used as a basis for comparison to the GPR

model. To reduce the amount of diagnostic plots output produced, we only show the

evaluation metrics of the models. The benchmark models' analysis and diagnostic plots are

provided as supplementary material.

To choose the best model, we used the MAE, RMSE, and Pbias to measure the accuracy

of models to compare the benchmark models, Gradient Boosting Regression and Support

Vector Regression, and the GPR model. The idea was to devise a model that minimises

these three measures. The results are summarised in Table 5.3 and 5.4. For both stations,

GPR produced the lowest values of MAE and RMSE.

The models considered are given below

Main Models

M1�gpr-VEN no interaction

M2�gpr-VEN with interaction

M3�gpr-SUN no interaction

M4�gpr-SUN with interaction

Benchmark Models

M5�gbm-VEN no interaction

M6�gbm-VEN with interaction

M7�gbm-SUN no interaction

M8�gbm-SUN with interaction

M9�svr-VEN no interaction

M10�svr-VEN with interaction

M11�svr-SUN no interaction

M12�svr-SUN with interaction



118

where

gpr�Gaussian process regression

gbm�gradient boosting method

svr�support vector regression

Table 5.3: Evaluation metrics for VEN station.

Model RMSE MAE Pbias

M1(GPR with nointeraction) 34.1 20.9 0.2
M10(SVR interaction) 130.5 91.1 1.2
M6(GBM interaction) 142.7 103.8 0.6

M2(GPR with interactions) 148.4 102.8 1.3
M5((GBM nointeraction)) 168.5 126.6 7.1
M9(SVR nointeraction) 173.1 126.6 9.5

Table 5.4: Evaluation metrics for SUN station.

Model RMSE MAE Pbias

M3(GPR nointeraction) 2.7 2.1 0.2
M4(GPR interaction) 122.5 64.9 43.4
M8(GBM interaction) 164.7 110.5 10.6
M7(GBM nointeraction) 173.9 116.9 11.9
M12(SVR interaction) 185.1 104.0 18.4
M11(SVR nointeraction) 199.2 112.9 21.6

The code that was used to produce the GPR models can be found on GitHub at

https://github.com/edina440/Corevector-GPR/blob/main/README.md. The code for

the GBM and SVR, which were done via Python, is found at https://github.com/edina440/Corevector-

GPR/blob/main/SVR
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5.4 Discussion

The present study was motivated by previous research by other authors such as Zhandire

(2017), Mpfumali et al. (2019), Govender et al. (2018) and Mutavhatsindi et al. (2020b)

Maritz et al. (2018), Dahl and Bonilla (2019), among others, and the proposed method was

developed. A new approach to solar power forecasting was done, and the Gaussian process

regression approach was used based on core vector regression. It produced better forecasts

as a result of the best kernel which was selected.

Lasso was performed on the data incorporating interactions e�ects to select variables

for UNV and SUN data. The application of the GPR involved the computation of a

kernel, which was done by choosing an appropriate kernel from the four used. To improve

forecasting results, the MEB was adapted to develop an appropriate kernel that would yield

the best results. Di�erent kernels were used to achieve this: radial basis function, Matern,

rational quadratic, and dot product. Empirical results showed the radial basis function as

the best kernel since it had the smallest radius in all cases.

The various models' results are shown in Table 5.3 and 5.4. Table 5.3 shows the GPR,

GBM and SVR results with or without interactions for the VEN station. The results show

that the model with the least error measurements is GPR without interactions. This means

that the predicted values produced by GPR without interactions performed better than the

other models. Table 5.4 shows the results of the GPR model against the benchmark models

for the SUN stations. The results show that the GPR model without interactions performed

better. Based on the evaluation metrics RMSE, MAE and Pbias, the model that produced

the least values is the GPR model. Interaction e�ects did not change the GPR model but

did for the other benchmark models.

GPR models were developed using the radial basis kernel. A comparison of GHI fore-

casts results of benchmark models SVM and GBM with the GPR was done, and the GPR
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had the lowest mean absolute error and root mean square error for both radiometric stations.

The mean absolute error for GPR on UNV data with interactions recorded the minimum

values. The results showed that the radial basis kernel for both stations outperformed the

other kernels producing the minimum enclosed ball. The decision was arrived at based on

the radius of each kernel.

The modelling framework proposed in this study is important to system operators and

decision-makers in power utility companies who require accurate forecasts of intermittent

solar power, which has to be integrated into the grid in balancing the demand and supply

of electricity in an e�ective way which is environmentally secure and also favours future

economic prosperity of a country. The GPR models developed in this study are robust

and, as such, can easily be adapted to forecasting di�erent datasets, such as wind speed

and electricity demand, among others. System operators can use the developed models in

short-term solar power forecasting.

A limitation of the Gaussian process method is that despite its ability to compute the

covariance functions, there is a lack of information on the uncertainty of the forecasts.

In this case, the mean function is computed using Bayesian regression but is not easily

interpreted for Gaussian process models.

5.5 Conclusion

It is a crucial and hard task to forecast short-term solar power, which greatly impacts

the control and management of the electric grid. This study presented an application of

Gaussian process regression coupled with core vector regression on two radiometric sta-

tions from South Africa. The computation of the covariance function is a key element in

Gaussian process forecasting, and a more accurate kernel was adopted by considering one

with a minimum enclosed ball. The results showed that this improvement in Gaussian
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process regression produced better results than the benchmark models. Most discussions

highlighted that the Gaussian process regression model coupled with core vector regression

provides accurate and robust solar power forecasts. This study could be useful to system

operators of power utility companies who integrate intermittent renewable energies, such

as solar power, with electricity generated by other energy sources on the national grid.

Future research can extend the results of the present study by using additive quan-

tile regression models for probabilistic forecasting, including other probabilistic forecasting

techniques such as Bayesian structural time series models. Furthermore, it will be more in-

teresting to include non-weather variables like calendar e�ects and denoising the data using

either wavelets or empirical mode decomposition before applying the forecasting models.

This chapter discussed the application of Gaussian process regression coupled with core

vector analysis to develop solar power predictions. The predictions done in this study were

point estimates. The chapter that follows is going to make use of quantile regression, which

is an interval-based approach. This was expected to improve forecasting accuracy.



Chapter 6

Robust Modelling Framework for

Short-Term Forecasting of Global

Horizontal Irradiance

6.1 Introduction

This research aims to develop a forecasting model to predict solar power more accurately.

Forecasting is improved in this chapter by moving from point estimation to a probabilis-

tic way of forecasting using interval estimation. Probabilistic modelling is done through

quantile regression, which is combined with GPR. We compared two hybrid models, BSTS

and GPR, to select the best among these two hybrid models. Predicting models are being

developed daily, but an inseparable part needs attention: error reduction. The bigger the

error is, the less accurate the predictions will be. Thus, it is crucial to reduce errors to

improve the accuracy of results. Forecasts were combined using QRNN, PLAQR, QRA

and OPERA to improve the forecasting models' prediction power. We expect to develop

an improved modelling framework for Global Horizontal Irradiance by adopting these hy-

brid models. Adding quantile regression to the Gaussian Process Regression model gives

a methodology that gives more e�cient estimators Koenker and Bassett (1978); Koenker

122
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(2005). Quantile regression is a way of estimating the conditional distribution resulting

in e�ciency being improved. This research combines information from the GPR with the

Quantile regression modelling to gain e�ciency. Adding quantile regression is more robust

to outliers and more comprehensive than other point estimation methods Koenker (2005).

6.1.1 Contributions of the research

The �rst contribution of this research is the coupling of the Gaussian Process and Quantile

Regression to develop a modelling framework to forecast GHI. The approach that was used

in Chapter 5 is the one that was further combined with quantile regression in the chapter.

This approach provides estimates catering to datasets' uncertainty and scalability, hence

its strong performance. Also, a combination of two models gives us a hybrid model. Thus,

we expect to produce improved results.

Secondly, a modelling framework based on the Bayesian Structural time series on GHI

data. This model's performance is superior because it avoids over-�tting. It makes use of a

combination of Bayesian Structural and time series analysis. BSTS avoids over-�tting and

captures the correlation between many state components and multiple time series. This

model is a combination of time series and Bayesian techniques. Thus, we expect better

results since this is also a hybrid model.

Thirdly, the e�ciency of the developed models, the GPR and BSTS, will be compared

against each other to develop a model that best describes solar power generation, thus

selecting the most excellent model. Probabilistic tools like proper scoring rules and Murphy

diagrams were used to evaluate the forecasts.

Lastly, the combination of forecasts was done using GPNN, PLAQR, QRA, and Opera.

These were combined with BSTSlong and GPR. In their research, Bates and Granger

(1969) concluded that combining forecasts reduces errors. The other sections are arranged

as follows: Section 6.4 empirical data analysis, Section 6.5 presents the discussions, and
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�nally, Section 6.6 is the conclusion.

6.2 Methodology

Figure 6.1 shows the schematic presentation of the adopted methodology, with all the stages

laid out step by step.

6.2.1 Schematic presentation of methodology

 

Figure 6.1: Methodology �owchart.

Various methods were adopted in this research and have been discussed in Chapter 3. The

methods are brie�y explained in the subsections that follow.
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6.2.2 Variable selection methods

The �rst thing that was done before modelling was variable selection. Traditionally, for

variable selection, most authors select one particular variable selection method Chen et al.

(2013); Amarasinghe et al. (2020). In this research, various methods were �rst explored

for variable selection, and one method was selected. The methods used include feature

selection techniques and shrinkage methods.

6.2.3 Feature selection methods

The objective of feature selection is to improve the accuracy of predictive models by selecting

the best set of variables to use. The feature selection method is explained in the next

subsections.

Multivariate adaptive regression spline

Multivariate adaptive regression spline (MARS) was one of the methods explored in this

research. It is a nonparametric regression method developed by (Friedman, 1991) and given

in Equation (6.2.1).

(x− t)+ =

{
x− t , if x > t
0 , otherwise

and (t− x)− =

{
t− x , if x < t
0 , otherwise

(6.2.1)

where + is positive part, x are the weather predictor variable, y is the response variable

GHI, t is the break point or knot point.

Boruta

Boruta is one of the feature selection methods used to develop a set of variables for the

analysis. It is a wrapper feature selection method that uses Random Forecast.



126

Gradient boosting regression

Gradient Boosting Regression (GBR) was one of the regression techniques used for vari-

able selection in this research. It is a feature selection algorithm which is a �exible and

straightforward method. GBR regression is solved by selecting a subset of the training set

at each iteration to accommodate the base learner, a basic parameterised model. Gradient

boosting (GB) model is solving and minimising the loss function L(x, f(x)) using Equation

(6.2.2)

ˆf(x) = argminEx,y [L(y, f(x))] , (6.2.2)

where y are the observed values, and f(x) in Equation (6.2.3)

f(x) =
M∑

m=1

βmb(x; γm), (6.2.3)

where the base function b(x; γm) ∈ R are functions of x which are characterised by the

expansion parameters γ, βm. The parameters βm and γm are �tted stage-wise, a process

which slows down over-�tting. The next subsection is based on the shrinkage method.

6.2.4 Shrinkage methods

Shrinkage methods were used in this research to explore variable selection. Shrinkage refers

to reducing variation in sampling when data points are shrunk towards a central point.

This enables the minimisation of over�tting and under�tting of a dataset by introducing

the penalty term, thus reducing errors.

Least absolute shrinkage and selection operator(LASSO)

The least absolute shrinkage and selection operator (Lasso) was one of the shrinkage meth-

ods explored for variable selection. Lasso was �rst developed by Tibshirani (1996). It per-

forms L1 regularisation, which results in sparse models with few coe�cients. The method
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minimises Equation (6.2.4).

∑
(yi −

∑
xijβj)

2 + λ

p∑
j=1

|βj |, (6.2.4)

subjected to constraint
p∑

j=1

| βj |≤ t, (6.2.5)

where λ is the turning parameter, yi are the observed values of the dependent variable of

GHI, t is a parameter that determines the quantity of regularisation, xij is the covariance

matrix of the independent weather variables, and βj is the column vector of regression

coe�cients.

ElasticNet

ElasticNet, a shrinkage regularisation technique, was also explored for variable selection.

Elastic net is a technique that produces a hybrid penalty by combining penalties from ridge

regression(L2) and Lasso regression(L1) to reduce the number of variables in a regression

model. ElasticNet minimises the function in Equation (7.3.1). .

minβ0,β

(
1

2N

N∑
i=1

(yi − β0 − xTi β)
2 + λ

(
1− α

2
||β||22 + α||β||1

))
, (6.2.6)

whereN is the number of observations, yi is the dependent variable, GHI. β0 is the intercept,

β is the vector of coe�cients, and x is the vector of the independent variables, weather

variables. Alpha is the mixing parameter between lasso α = 1 and ridge when α = 0 and

λ is the regularisation penalty parameter.

The �ve methods were explored for variable selection, and the best method was found

based on the accuracy measure MAE.

After variable selection, two models were explored, GPR and Bayesian structural time

series (BSTS).
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6.2.5 Gaussian Process Regression(GPR)

Gaussian Process regression was used in this study. The model describes a time-based

variable X with a function f(x) that does not relate to any speci�c distribution. A GPR

is built over the assumption that it comprises a collection of continuous random variables

X1, X2, ..., Xn, with n observations of the joint random variables. The components of a GPR

are a combination of a covariance function, conditional joint distribution and multivariate

normally distributed variables. A mean and covariance function describes the model. The

mean function m(x) is assumed to be equal to zero. A GPR is given in Equation (6.2.7).

It is described over a real domain of X over a function f(X).

f(X) ∼ GP (m(x), k(x, x1)), (6.2.7)

where X is a subset of independent variables X1, X2, ..., Xn, that is meteorological vari-

ables, namely relative humidity, temperature, wind speed, and air pressure. f(X) =

f(X1), f(X2, ..., f(Xn), x and x1 are any input points(locations) of any one of the vari-

able X. f(X) is a function of the dependent variable, GHI. m(x) is the mean vector of µ,

that is, E(f(x)) = m(x), k(x, x1) is the covariance matrix, also called the kernel function.

Parameter estimation

The Bayesian approach for parameter estimation was used. The Bayesian approach is

more attractive than the frequentist maximum likelihood estimation (MLE) approach as

it combines prior information with data, enables robust analysis with small samples, and

makes the estimation robust.
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6.2.6 Bayesian structural time series

Bayesian structural time series (BSTS) is one of the methods used in this research to predict

global horizontal irradiance (GHI). A BSTS model is given in Equation 6.2.8.

yt = ZT
t αt + ϵt, (6.2.8)

where yt are the observed values of GHI, Zt is the output vector, ϵt is the error term and

α is the state vector. The transition model in Equation 6.2.9 gives the latent state that

changes over time.

αt+1 = Ttαt +Rtηt, (6.2.9)

where ηt is the q by q dimension error term which is assumed that ηt ∼ N(0, σ2
η), Tt and Rt

are the structural parameters, αt is the latent variable and ηt is the noise error term. BSTS

incorporates both long and short-term forecasting. Both these two methods were explored

in this research. The model was �tted using an R package called bsts, a tool for �tting

Bayesian Structural series functions. BSTS_short was based on short-term forecasting,

which ranges from �ve minutes to one week ahead. In this case one hour horizons were

used. BSTS_long stands for BSTS long-term forecasting, which ranges from 6 months to

many years ahead. In this case, it was 24 months ahead.

The methods were compared based on the following metrics to choose the best ones:

RMSE and MAE. GPR was found to be the best model. In order to improve the prediction

accuracy, the forecast combination was done using quantile regression models. The models

combined with GPR are given in the following section.

6.3 Forecasts combination

In order to get the superior performance of the model, a forecast combination was per-

formed. It is achieved by combining two sets of forecasts based on two hybrid models
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making the forecasts robust. The idea of forecast combination was �rst used by Granger

(1989) and Crane and Crotty (1967). Various authors like Clemen (1989), Timmermann

(2006) and Nowotarski et al. (2014), have used a combination of forecasts and the predicted

values showed that it improved forecasting accuracy. The advantage of combining forecasts

is that it reduces prediction errors and variability of various combination accuracy.

6.3.1 Partially linear additive quantile regression

Partially linear additive quantile regression (PLAQR) is a hybrid model produced from

the combination of Generalised Additive and Quantile Regression models. The proposed

methodologies in this research were combined with PLAQR to produce a hybrid model that

would improve the predictions. The PLAQR is given by equation (6.3.1).

yth = βoh,τ +

p1∑
j=1

sjh,τ (xthj) +

p2∑
j=1

βhj,τZthj + εth,ττ ∈ (0, 1), (6.3.1)

where yth is the GHI on day t and hour h, βoh is the intercept, βhj,τ are the model parameters

h-hours, sjh,τ smooth function is the independent variables and zthj is the linear variables.

εth,ττ is the quantile error. The advantages of applying this method are that it is robust to

outliers, the sparsity level can be changed with quantiles, and conditional distribution can

be analysed thoroughly, Mpfumali et al. (2019).

6.3.2 Quantile regression neural network

A quantile regression neural network (QRNN) is a hybrid model combining Quantile regres-

sion and Neural Networks. It has the advantage of capturing nonlinear patterns in datasets

and overdispersion and underdispersion in the dataset. The QRNN model was improved

by Zhang et al. (2018) and is given in equation 6.3.2.

f(xt, v, w) = g2

 m∑
j=0

vjg1

(
n∑

i=0

wjixit

) , (6.3.2)
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where n-number of inputs, m-units of the hidden layer, xit are the predictor weather vari-

ables, g1(.) and g2(.) are activation functions, wij and vj are variable weights of parameters

to be estimated.

6.3.3 Linear quantile regression averaging

Linear quantile regression averaging (LQRA) was used for forecasting combinations in this

research. It is a linear modelling approach that makes use of prediction intervals. Quantile

Regression is a method that uses least squares regression to create a conditional mean of

the dependent variable GHI over di�erent values. It was �rst introduced by Koenker and

Bassett (1978) and is widely used for energy forecasting, Liu et al. (2015); Elamin (2018);

Uniejewski and Weron (2021). The Linear QRA model is given in Equation (6.3.3)

Qτ (yi) = β0(τ) + β1(τ)xi1 + ...+ βp(τ)xip, (6.3.3)

where p is the number of independent variables, which are the weather variables, τ is the

τ th quantile, yi is GHI, and xij are the weather variables.

The best Linear QRA model is given by Equation (6.3.4)

min(ρτ (Yi − (β0(τ) + β1(τ)xi1 + ...+ βp(τ)xip)), (6.3.4)

where ρτ (z) is a loss function. QRA is when forecast combinations are done on prediction

intervals given on point predictions done on individual models. The combined forecasts

produced by LQRA are given in Equation (6.3.5).

ŷiq = β0 +
k∑

k=1

βkŷij + ϵiq, (6.3.5)

where β0 is the intercept, βk are the coe�cients of the independent variables, ŷiq is the

combined forecasts, ŷij is the forecast for the jth technique and ϵiq are the residuals. It is

used to explore the conditional distribution of the variable of interest GHI incorporating

explanatory variables, which are the weather variables.
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6.3.4 Online prediction by ExpRt aggregation

Lastly, online prediction by ExpRt aggregation (OPERA) is one of the packages used for

combining forecasts Gaillard et al. (2021). It is a method that is based on regression-oriented

time series forecasts. Given a set of observed values for a particular variable Y , GHI, with

a sequence of values y1, y2, ..., yn, the predicted values. For a given time step t = 1, 2, ..., n,

there are predictions from independent variables, which are the weather variables given by

xk,t, where k is a set of �nite methods k = 1, ...,K combines a multiple of algorithms of

online learning, and they predict forecasts. The OPERA forecasts are given by (6.3.6).

ŷt = s

K∑
k=1

Pk,txk,t (6.3.6)

The method uses various online learning literature algorithms that combine experts' fore-

casts based on historical performance. It gives three important features, mixture, prediction

and oracle. The mixture is used to build the algorithm's object, predict is used to make

predictions using the algorithm, and Oracle is for performance evaluation of the experts

and comparing the algorithm.

6.3.5 Forecast evaluation metrics

The evaluation was �rst done for the methods explored for variable selection. Mean absolute

error(MAE), a deterministic approach to forecast evaluations, was used for the evaluation.

The methods evaluated are Lasso, Elasticnet, MARS, Boruta and GBR. Secondly, three

methods were compared: GPR, BSTS_short and BSTS_long, the deterministic methods

used for evaluation are MAE, and Root mean square error (RMSE).

Deterministic forecast evaluation metrics

Generally speaking, deterministic metrics measure di�erences, the forecast accuracy of de-

terministic estimates is evaluated by measuring the discrepancy between the forecast and
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actual values through several criteria. The following deterministic metrics were used:

Mean absolute error

Mean absolute error (MAE) measures the average of all magnitude of errors. It is de�ned

in Equation (6.3.7).

MAE =
1

n

n∑
j=1

|yi − ŷj | (6.3.7)

The lower the value is, the more accurate the model is.

Root mean square error

Root mean square error (RMSE) measures a quadratic scoring rule for the average magni-

tude of errors. It is de�ned in Equation (6.3.8).

RMSE =

√
1

n

∑
(yi − ŷj)

2, (6.3.8)

where yi-are the observed values, ŷj- are the actual values and n represents the number of

observations. The lower the value of RMSE, the better the predictions. The performance

of the combined models was measured using the following probability evaluation metrics.

6.3.6 Probabilistic evaluation metrics

Probabilistic evaluation tools were also used in this research to evaluate probabilistic fore-

casts. Probabilistic metrics are used to assess the reliability and sharpness of predictive

distributions. The tools used in this research are: proper scoring rules, pinball losses, and

Murphy diagrams were used to evaluate the appropriateness of modelling techniques. The

Quantile regression models that were combined with GPR were the ones that were evaluated

using the probability evaluation metrics.
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Pinball Loss

The pinball loss (PL) is a measure that assesses the accuracy of a quantile forecast. It is

given by Equation (6.3.9).

PL(qτ, t) =

{
2(1− τ)|yt − qτ,t| if yt < qτ,t

2τ |yt − qτ,t if yt ≥ qτ,t
, (6.3.9)

where y is the observed values, q-quantile forecasts and τ -is quantile are the mean and

variance respectively. More accurate predictions produce a lower pinball loss.

Proper scoring rules

Proper scoring rules were used in this research to evaluate the e�ectiveness of probability

models, and it is given in Equation (6.3.10).

S(P,Q) = EY∼P (S(F,Q)), (6.3.10)

where F is the probabilistic forecast, X is a random variable, Q is the probabilistic distribu-

tion. The forecast is minimised in the expectation by the true probability for a proper score.

Logarithmic score(LogS), Dawid Sebastian Score(DSS), and Continuous ranked Probability

score(CRPS) are the scoring rules used in this research. The scoring rules in this study

were used to evaluate the forecasting performance of a model. The R package scoringRules

was used to develop the scoring scores (Gneiting and Raftery, 2007). A summary of the

models used is given in the sections that follow.

Logarithmic score Logarithmic scoring (LogS) is a scoring rule used to measure a

probability function's e�ectiveness in prediction models. Let Y be a random variable over a

sample of size n assuming values x1, x2, ..., xn. Suppose we are given the probability values

as p1, p2, ..., pn belonging to a forecasting distribution F with Pi ∈ [0, 1] and
∑

Pi = 1. The

logarithmic scoring is given in Equation (6.3.11)

S(F, yobs) = logP (yobs), (6.3.11)



135

where yobs are the observed values.

Continuous rank probability score Continuous rank probability score(CRPS) is

given in Equation (6.3.12).

S(F, yobs) =

∫ ∞

−∞
(F (y)− 1 {y ≥ yobs})2dy, (6.3.12)

where F (y) cumulative function of the predictions.

Dawid-Sebastian score Dawid-Sebastian score(DSS) is a measure for evaluating the

accuracy of multivariate forecasts. The score is given in Equation (6.3.13).

DSS(F, y) =

(
y − µF

σF

)2

+ 2logσF , (6.3.13)

where y − µF is the square error score, µF and σF are the mean and variance respectively.

Murphy diagrams

Murphy diagrams were used to compare probabilistic predictions. The technique was pro-

posed by Ehm et al. (2016). In order to evaluate probability forecasts, we plot a function

of θ given in Equation (6.3.14).

S(θ) =
1

n

n∑
i=1

Sθ(yi, y
∗
i ), (6.3.14)

where yi is the point estimate and y∗i is the actual GHI observation and Sθ(yi, y
∗
i ) is a

function given in Equation (6.3.15).

Sθ(yi, y
∗
i ) = ϕ(y∗i )− ϕ(yi)− ϕ1(yi)(y

∗
i − yi), (6.3.15)

where ϕ is convex, ϕ1 is the gradient and θ is the cost loss ratio. A plot of the function

S(θ) is compared against the predictions to check if it �ts perfectly. Murphy diagrams

are graphical checks that check whether one forecast method dominates another under a
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scoring function. They check for signi�cant deviations of one model from another method's

performance. The Murphy diagrams show the Empirical scores and di�erent scores. For

empirical scores, the model mentioned �rst dominates the other; for the di�erence scores,

negative scores indicate that the �rst named model is preferable. Di�erence Scores show

the 95% con�dence intervals for the di�erence between the function. The empirical score

is a plot that shows the empirical score and θ the cost-loss ratio.

6.4 Results

6.4.1 Data and data preprocessing

This research made use of hourly data from SAURAN (Southern African Universities Radio-

metric Network) website https://sauran.ac.za/). The data is from a radiometric station

from the University of Pretoria, South Africa, with a Latitude:-25.75308° (E), a Longitude:

of 28.22859 ° (S), and an Elevation: 1410m. The dataset used is an hourly dataset with

8791 observations.

The independent variable is Global horizontal irradiance (GHI), and the explanatory

variables with their speci�c abbreviations and measuring units are given in Table 6.1.

https://sauran.ac.za/
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Table 6.1: Independent variables: UPR Station.

Name Description Measuring
units

Air Tempera-
ture

Temp oC

Relative Hu-
midity

RH %

Wind Speed WS m/s
Barometer
Pressure

BP mbar

Wind Direc-
tion

WD o

Wind Direc-
tion Standard
Deviation

WD_Stv o

Rain Total Rain_Tot mm
Maximum
wind speed

WS_Max m/s

Missing data imputation was done using the MICE (Multiple Imputation by Chained

Equations) packages. The imputation method used is predictive mean matching. Various

statistical R packages were used in this research. The packages include quantreg for quantile

regression, qrnn for quantile regression neural networks. The other packages used are

devtools and gefcom2017 for pinball losses. For murphy diagrams murphydiagram was

used, devtools for proper scoring rules and kernlab were also used for GPR modelling. The

package bsts was used for BSTS modelling, gbm for Gradient boosting regression, Boruta

for Boruta, eart for MARS and gmlnet for lasso and elasticnet.

6.4.2 Exploratory data analysis

Figure 6.2 is a time series plot of the Global horizontal irradiance. The observed values are

black, while the results of �tting a penalised cubic regression spline to the data are red.
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Figure 6.3 shows density plots of all the variables used in this research.
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Figure 6.2: GHI Smoothing spline.

Figure 6.4 shows the descriptive analysis of GHI from the UPR dataset. Plot (a) is

the time series plot of the data, which shows the distribution of the data. Plots (b) and

(c) are the density and histogram, respectively, indicating that the data is skewed to the

right, with the coe�cient of skewness being -4.842 and Kurtosis being 23.544. Plot (d) is

a normal Q-Q plot that shows that most of the quantile points line on a straight line. Plot

(e) is a boxplot.
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Figure 6.3: Density plots.
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Figure 6.4: Descriptive analysis for UPR.
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6.4.3 Variable selection

Variable selection is one of the most important challenges in statistical analysis that needs

to be addressed. We considered �ve modern data selection techniques: Lasso, Elasticnet,

Boruta, GBM (Gradient Boosting Method), and MARS (multivariate adaptive regression

splines). GBM (Gradient Boosting Method) was selected for variable selection because it

had a lower MAE than other methods.

A Training dataset was used for variable selection. Then Linear Quantile Regression

was applied to the di�erent methods. The evaluation results from the linear quantile models

concerning the variable selection method are shown in Table 6.2.

Table 6.2: Variable Selection.

Method MAE
Lasso 100.48

Elastic net 105.43
MARS 111.54

BORUTA 100.55
GBR 100.36

The method that gave us the most accurate results was GBM (Gradient Boosting

Method), which selected 15 variables in the analysis. Figure 6.5 gives the observed GHI

(black) values versus predicted values of the GPR/GBM model (red). The GPR model

appears to be a good �t. The testing dataset was used to check for the method's accuracy

for variable selection.
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Figure 6.5: Linear Quantile predicted results based on GBM.

6.4.4 Forecasting results

A Gaussian process regression analysis was done using the variables produced from GBM.

A comparative analysis of the GPR model was done with that of BSTS short and long

prediction models, and the comparison was based on MAE and RSME as the evaluation

metrics. The results of the comparison are shown in Table 6.3. The GPR model proved

more e�cient than the BSTS models since it had low values of RMSE and MAE. The next

section is on a combination of forecasts, but we decided to drop the BSTS_short model

because, from Table 6.3, the model had error values higher than the GPR.
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Table 6.3: Comparison of three models.

Model RMSE MAE
GPR 73.10 43.19

BSTS_short 3010.72 2533.07
BSTS_long 260.02 199.10

Combining forecasts

As a way of improving the accuracy of forecasts, forecasts were combined. Bates and

Granger (1969) found that combining forecasts enhances the accuracy of forecasts. We

used forecasts from the following models: linear Quantile Regression, Quantile Regression

neural network combined, Partial Linear Additive Quantile Regression, and OPERA. The

�rst method, linear Quantile Regression, was combined with bstslong and GPR. We are

going to use fQRA to represent the produced forecasts. The second method used is Quantile

regression neural network combined with bstslong and GPR. The combined forecasts will

be referred to as the QRNN model. The third method is Partially linear Additive Quantile

Regression combined with bstslong and GPR. The combined forecasts will be referred to

as PLAQR. The fourth method uses the convex combination using the OPERA R package.

The combined forecasts will be referred to as OPERA. Table 6.4 shows the results for

forecasting the accuracy of the four methods based on two evaluation metrics.

Table 6.4: Combined forecasts

Model RMSE MAE
QRA(GPR+bstslong) 73.18 42.13
QRNN(GPR+bstslong) 70.53 30.53
PLAQR(GPR+bstslong) 72.04 34.08
OPERA(GPR+bstslong) 73.34 42.89

Table 6.4 shows that the QRNN model has the most accurate forecasts based on eval-

uation metrics RMSE and MAE.
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6.4.5 Murphy diagrams

The forecasting models were also evaluated using proper scoring rules, and Murphy dia-

grams were used to compare forecasts. Figures 6.6, 6.7, 6.8 and 6.9 show plots showing

empirical scores and di�erences in scores, and the GPR model proves to be superior to

other models. There is not much comparison that we can do using these Murphy diagrams

because all these forecasts re�ect that there is not much di�erence with the compared GPR

model. The Opera model is very good though the GPR model is a better forecaster than

Opera.
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Figure 6.6: Murphy diagram for QRA vs GPR.
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Figure 6.7: Murphy diagram for QRNN vs GPR.
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Figure 6.8: Murphy diagram for PLAQR vs GPR.
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Figure 6.9: Murphy diagram for OPERA vs GPR.

Plots in Figure 6.10 show a comparison between models(in red) and GHI(in black). The

plots show that models GPR, PLAQR, and QRNN are better forecasters.
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Figure 6.10: Density plots.

6.4.6 Evaluating models using scoring rules

A further comparison of the model was made based on proper scoring rules. The proper

scoring rules used are the logarithmic score (LogS), the continuous ranked probability score

(CPRS), Dawid�Sebastiani Score (DSS), and Pinball Losses (PL). The forecasts which

gave the lowest values of the scoring rules were the ones that gave a better forecasting

performance.

The scoring rules were computed: we �t a parametric distribution to the forecasts. In

this case, the Gamma distribution was the one that �tted the data and then evaluated the

parameters. A comparison of the models is given in Table 6.5 for the models GPR, bstslong,



147

QRA, QRNN, PLAQR, and Opera using probabilistic evaluations. The GPR model was

the best-�tting model based on the probabilistic evaluation metrics CRPS, LogS, DSS, and

PL.

Table 6.5: Probabilistic model evaluations.

Model CRPS LogS DSS PL
GPR 131.76 6.87 11.89 34.28

bstslong 205.93 Inf 12.85 294.27
QRA (GPR+bstslong) 143.79 Inf 12.50 43.45
QRNN(GPR+bstslong) 150.14 Inf 12.53 38.23
PLAQR(GPR+bstslong) 146.80 Inf 12.53 43.15
OPERA(GPR+bstslong) 142.15 Inf 12.48 37.40

6.5 Discussion

This study was based on predicting Global horizontal irradiance at UPR radiometric station

in South Africa using hourly intervals data. The dataset used was from July 2020 to August

2021. GPR was the best model based on RMSE and MAE, compared to bstslong. Further

probabilistic evaluations used proper scoring rules, pinball losses, and Murphy diagrams.

To improve the forecasting accuracy, the models' forecasts were combined. Although the

PLAQR and QRNN forecasts appeared superior to the other combined forecasts, the GPR

individual forecasts outperformed them. The results of the GPR model's accuracy proved

consistent based on RMSE, MAE, and probability measures of accuracy. The values of

RMSE and MAE and the probabilistic evaluation metrics CRPS, LogS, DSS, and PL were

lower for GPR than other models, as seen in Table 6.5.

6.6 Conclusion

The QRA, PLAQR, Opera, BSTS, and GPR models discussed in this study were based on

predicting GHI. Variables were selected using the GBR method, and a comparative analysis
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was done based on QRA, PLAQR, Opera, BSTS, and GPR models. Quantile regression

was then used to combine the forecasts of the GHI.

Based on the weather-independent variables, we recommend using the GPR to predict

GHI in Southern Africa because it proved to be a robust model that performed better than

the combined models. The methods used in this study could be used by companies such

as Eskom to control and manage the power grid, and the results will promote economic

development and sustainability of energy resources. The �rst two studies were based on

single-site analysis. We move on to a multiple-analysis approach. The next chapter will

develop the Gaussian Process regression method by combining it with spatial analysis. This

was done to incorporate spatial dependencies between radiometric stations.



Chapter 7

Spatio-temporal forecasting of global

horizontal irradiance using Bayesian

inference

7.1 Introduction

The current study presents an in-depth analysis and spatio-temporal predictive modelling

of monthly GHI at radiometric stations in sparse geographical regions. To the best of our

knowledge, this is the �rst study to be carried out using South African data. The study also

proposes standardising predictions by normalising them, which improves forecast accuracy.

Another highlight is in the selection of the validation sets. Eight radiometric stations were

used in the study, with three locations in each validation set. This resulted in �fty-six

possible validation sets. An in-depth analysis was conducted from the randomly selected

�ve sets to investigate how the proposed models would perform, especially those stations

far apart in Euclidean space.

The �ow chart of the structure of the study outlining the proposed models and evalu-

ation metrics is shown in Figure 7.1. Two proposed models, the spatio-temporal Gaussian

(GP) regression model and GP coupled with autoregressive (GP-AR) error terms, are com-

149
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pared with a benchmark model, the spatio-temporal linear regression model. The perfor-

mance of the models is evaluated using the root mean square error (RMSE), mean absolute

error (MAE), and skill score (SS).
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Figure 7.1: Flow chart of the structure of the study.

The highlights and contributions made in this study are summarised as follows. The

research focused on moving from a single site to a multi-site forecasting approach, that is,
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using geographically sparse data. Multi-site research is expected to give a diverse or large

sample that is good enough to come up with signi�cant associations between meteorological

stations; hence, it enhances the statistical power of the model. Previously, solar forecasting

has been based on single-site analysis. Exploring the spatio-temporal forecasting approach

is expected to improve modelling accuracy.

This study uses Bayesian inference to predict GHI using spatial regression coupled with

Gaussian process modelling. Though computationally expensive, GP regression has proved

to be a powerful tool for modelling the variability and uncertainty of solar irradiation

(Chandiwana et al., 2021). The combination of these two methods thus produces a hybrid

model that produces favourable results.

A comparative analysis was done between the proposed models, GP Spatial and GP-AR

Spatial, and the linear spatial model was used as a benchmark model. A Linear spatial

regression model is a spatial regression model with a linear speci�cation. The evaluation

metrics used to assess the accuracy of the models are MAE (Mean Absolute Error), RMSE

(Root Mean Square Error), CP (Coverage Probability) and CRPS (Continuous Rank Prob-

ability Score).

Standardisation of the forecasts made from the selected model was also done in this

research. The standardised forecasts were then added to the original forecasts, improving

the forecast accuracy. We used ElasticNet, one of the shrinkage methods used in variable

selection. ElasticNet is a supervised algorithm that identi�es the variables strongly associ-

ated with the response variable. The nonlinear rend variable is another important variable

that resulted in a signi�cant improvement in the forecast accuracy. Finally, we combined

forecasts using QGAM (Quantile Generalized Additive Model) and MCQRNN (Monotone

Composite Quantile Regression Neural Networks). Combining forecasts is a very e�ective

tool for reducing errors.



152

7.2 Methodology

7.3 Variable selection

The variables used for analysis in this research were chosen using the shrinkage variable

methods discussed in the following sections.

7.3.1 ElasticNet

In order to select signi�cant variables for the analysis, Elastic net, a shrinkage regularisation

technique, was used. Elastic net minimises the function in equation (7.3.1).

minβ0,β

(
1

2N

N∑
i=1

(yi − β0 − xTi β)
2 + λ

(
1− α

2
||β||22 + α||β||1

))
, (7.3.1)

whereN is the number of observations, yi is the dependent variable, GHI. β0 is the intercept,

β is the vector of coe�cients, and x is the vector of the independent variables, weather

variables. Alpha is the mixing parameter between Lasso α = 1 and ridge when α = 0

and λ is the regularisation penalty parameter. The R package called glmnet was used for

performing ElasticNet. Glmnet is a package that �ts generalised linear and similar models

via penalised maximum likelihood. The regularisation path is computed for the Lasso or

elastic net penalty at a grid of values for the regularisation parameter lambda. ElasticNet

is a widely used regularisation method and is a logical pairing with GLMs. It removes

unimportant and highly correlated features, hurting accuracy and inference. The main

purpose is to remove the in�uence of predictors that are not useful. Firstly, unimportant

coe�cients are removed by shrinking its coe�cient to zero. This is called LASSO (or L1)

regularisation. Secondly, the coe�cient size of predictors correlated with other predictors

is reduced, called Ridge regression (L2 regularisation). The realisation of the two is called

Elastic Net Regression.
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7.4 Gaussian spatio-temporal predictive modelling

Analysis was also done to model spatial dependences between stations. Spatial analysis is

the process of performing an analysis that involves modelling spatial features of data like the

location and their relatedness to geographical data. In this study, we extended the research

in Gaussian Processes to spatial GP analysis. The advantage of using spatial analysis is

that since spatial data is selected from multiple sources and consolidated, it improves the

accuracy of the models since it captures variations of data from di�erent sources. Two

spatio-temporal analysis methods were used: Gaussian Spatial analysis and autoregressive

spatial analysis. The results of the two were compared to Linear Spatial analysis.

7.4.1 Spatio-temporal Gaussian process regression model

This study uses the GP-temporal approach to forecasting solar irradiance. Gaussian pro-

cesses can be presumed as elements of spatial-temporal modelling because these stochastic

processes are de�ned, in this case, over a given region where stations have di�erent locations.

A -temporal Gaussian process (GP) model is given in equation (7.4.1).

Y (si, t) = xT (si, t)β + w(si, t) + ε(si, t), (7.4.1)

where w(si, t) is the spatially-dependent error term (spatio-temporal process), Y (si, t) rep-

resents the response variable (GHI) at station si at time t, for i = 1, 2, ..., n and t =

1, 2, ..., T ; with x(si, t) representing the covariates, β is a vector of constants and ε(si, t) is

the pure random error term. Gaussian processes are characterised by the covariance (kernel)

functions. Various kernel functions can be used, but the Matern and squared exponential

are commonly used. In this study, the Matern covariance kernel was used because it better

balances the roughness and smoothness of the developed model Stein (1999). The family

Matérn kernels were �rst explored by Michael Stein, who took the name based on initial

work by statistician Bertil Matérn, Matérn (2013). The Martern kernel was used for spatial
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analysis because it was discovered to suit spatial data Matérn (2013); Stein (1999). The

temporal process w(si, t) is assumed to be a GP with the Matern covariance function given

in equation (7.4.2), (Sahu, 2022).

Cν(d) = σ2 2
1−ν

Γ(ν)

(√
2ν

d

ρ

)ν

Kν

(√
2ν

d

ρ

)
, (7.4.2)

where d represents the distance between two points, Kν is the modi�ed Bessel function of

the second kind and ρ and ν are parameters. That is (7.4.3)

Cov (w(si, t), w(sj , t)) = σ2
wρ (dij |ν) . (7.4.3)

The GP model can be represented hierarchically as shown in equation (7.4.4).{
Yit = Oit + εit,

Oit = Xitβ + wit,
(7.4.4)

where i = 1, ..., n; t = 1, ..., T assuming εit ∼ N(O, σ2
εI) and wit ∼ N(O, σ2

wSw) with Sw

representing the sample covariance matrix.

The prior distribution assumes a normal distribution as shown in equation (7.4.5).

Wt ∼ N(0, σ2
wSw). (7.4.5)

The posterior distribution is given in equation (7.4.6).{
Y (S0, T + 1) = O(s0, T + 1) + ϵ(s0, T + 1),

O(s0, T + 1) = x1(s0, T + 1)β + w(s0, T + 1),
(7.4.6)

where Y (s0, T + 1) is the 1-step ahead forecast and s0 is an unobserved location at time

T + 1. The hyperparameters θ are solved by maximising the marginal likelihood function

in equation (7.4.7).

L(θ, σ2
noise) = −n

2
log(2π)− 1

2
logKθ + σ2

noiseI −
1

2
Y T (Kθ + σ2

noiseI)
−1, (7.4.7)
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where σ2
noise is the noise variance, θ represents the hyperparameters andKθ is the covariance

function. The posterior predictive distribution of Y (s0, T + 1) given y is given in equation

(7.4.8).

ϕ(y(s0, T + 1)|Y ) =

∫
π(y(s0, T + 1)|θ,O, O(s0, T + 1), y)×

π(0(s− 0, T + 1)|θ, y)π(θ,O|y)dO((s0, T + 1)dθ0dθ), (7.4.8)

where ϕ(θ, 0|y) is the joint posterior distribution of O and θ.

7.4.2 Gaussian process regression based autoregressive model

Another approach to forecasting solar irradiance used in this research is the autoregres-

sive (AR) Spatial-temporal model. The Gaussian process autoregressive model is given

hierarchically as shown in equation (7.4.9) (Sahu et al., 2020).{
Yit = Oit + εit

Oit = ρOit−1 +Xitβ + wit,
(7.4.9)

where i = 1, ..., n; t = 1, ..., T assuming εit ∼ N(O, σ2
εI) and wit ∼ N(O, σ2

wSw) with Sw

representing the sample covariance matrix. A direct autoregression on the response vari-

able Yit, which is Yit = ρYit−1 + εit gives challenges when there are missing values in Yit.

Parameters of the spatio-temporal AR model are computed based on prior distributions.

Let θ = (β, ρ, σ2
ε , σ

2
w, v, µ0, σ

2
0) denote all the parameters with π(θ) as the joint prior distri-

bution. Equation (7.4.10) presents the logarithm of the joint posterior distribution of the

parameter.

logπ(θ,o|y) ∝ −nT

n
log(σ2

ε)−
1

2σ2
ε

σT
t=1(yt − θt)

T (yt − θt)

−T

2
log|σ2

wSw| −
1

2σ2
w

σ(ot − ρot−1 − µt)
TS−1

w (ot − ρot−1 − µt)

−1

2
log|σ2

0S0| −
1

2σ2
0

(O0 − µ0)T S−1
0 (O0 − µ0) + logπ(θ) (7.4.10)
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The posterior predictive distribution of Y (s0, t) is given in equation (7.4.11).

π(y(s0, t)|y) =
∫

π(y(s0, t)|o(s0, [t]), σ2
ε)π(o(s0, [t])|o(s0, 0),θ,o)

π(o(s0, O)|θ,O0)π(θ,o|y)do(s0, [t])dO(s0, o)dθdo (7.4.11)

7.4.3 Benchmark model

The linear spatial model

The Spatial Linear model was used as a benchmark model. The linear spatial model is

given in Equation (7.4.12).

Y (si, t) = β1x1(si, t) + · · ·+ βpxp(si, t) + ε(si, t), i = 1, . . . , n, t = 1, . . . , T, (7.4.12)

where ε(si, t) is an error term with a zero-mean spatio-temporal Gaussian process with a

covariance structure given in Equation (7.4.13).

Cov {ε(si, tk), ε(sj , tl)} = ρs (|si − sj |; vs) ρt (|tk − tl|; vt) , (7.4.13)

where ρs (|si − sj |; vs) represents an isotropic correlation function Sahu et al. (2020).

7.4.4 Combining Forecasts

This research combines forecasts with two models, the monotone composite quantile regres-

sion neural network (MCQRNN) and the QGAM.

Quantile Regression Averaging

It is a forecast combination approach to the computation of prediction intervals. It involves

applying quantile regression to the point forecasts of individual forecasting models. The

Quantile regression problem is given by

Qy(q|Xt) = Xtβq (7.4.14)
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where Qy(q|.) is the q − th quantile of the dependent variable yt and Xt = [1, ŷ1,t, ..., ŷm,t]

is a vector of point forecast of individual models and βq is a vector of p. The two quantile

regression models used are the QGAM and MOQRNN. Let yt,τ be the global GHI and K

be the methods used in the next m observations where m is the total number of forecasts.

The combined forecasts are given in Equation 7.4.15 (Gaillard et al., 2021; Sigauke, 2017)

zt,τ =
K∑
k=1

wt,k,τ ŷ(t,k) + ϵt,τ (7.4.15)

τ ∈ (0′1), t = 1, ...,m, ŷt,k represents forecasts from method K For QGAM, the combined

forecasts are given in Equation 7.4.16

ŷQGAM
t,τ = β0,τ +

K∑
k=1

βk,τ ŷt,k + ϵt,τ (7.4.16)

ŷQGAM
t,τ represents forecasts from method k and ϵt,τ is the error term. We seek to minimise

Equation

argmax
β

m∑
t=1

ρτ (ŷ
QGAM
t − β0 −

k∑
k=1

βkŷt,k) (7.4.17)

For MCQRNN, the combined forecasts are given in Equation 7.4.18

ŷMCQRNN
t,τ = β0,τ +

K∑
k=1

βk,τ ŷt,k + ϵt,τ (7.4.18)

ŷMCQRNN
t,τ represents forecasts from method k and ϵt,τ is the error term. We seek to

minimise Equation

argmax
β

m∑
t=1

ρτ (ŷ
MCQRNN
t − β0 −

k∑
k=1

βkŷt,k) (7.4.19)

7.5 Empirical results

7.5.1 Data used in the study

The dataset used in this study was collected from the SAURAN (Southern African Uni-

versities Radiometric Network) website https://sauran.ac.za/, accessed on 13 August

https://sauran.ac.za/
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2022. Eight radiometric stations were selected for the study. These were the only radio-

metric stations from SAURAN with clean data for the sampling period 1 December 2021-31

January 2022. The covariates used in the study are temperature, relative humidity, wind

speed, wind direction, wind direction standard deviation, barometric pressure, month, day,

noltrend (nonlinear trend variable), elevation, and the dependent variable GHI. R sta-

tistical software was used for all the analyses in this study. The packages used in this

study are MICE -data imputation, bmstdr -spatial analysis, SpTimer -Spatial analysis, gml-

net-variable selection, forecast-forecasts evaluation, qgam-generalised additive regression

and qrnn-mcquantile regression neural network.

The modelling and analysis were done using a Dell laptop with the following speci�-

cations: 8GB RAM, processor Intel(R) Core(TM) i5-10210U CPU @ 1.60GHz 2.11 GHz,

64-bit operating system, x64-based processor.

7.5.2 Data preprocessing and exploratory data analysis

The locations of the eight radiometric stations used in this study are given in Figure 7.2.
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Figure 7.2: Map Showing radiometric stations. Source: Author's creation.

The eight radiometric stations' longitudes, latitudes and elevations are shown in Figure

7.2 and are presented in Table 7.1a. Table 7.1b summarises the distances between radiomet-

ric stations. The bottom left of the leading diagonal shows the distance between stations,

while the top right shows the pairwise Kendall's rank correlation coe�cients of GHI.
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Table 7.1: (a) Longitude, latitude and elevation. (b) Distance (km) matrix for the
eight radiometric stations.

(a)

Station Longitude Latitude Elevation
(m)

CSIR 28.279 −25.747 1400
CUT 26.216 −29.121 1397
UNZ 31.852 −28.853 90
UNV 30.424 −23.131 628
UFH 26.845 −32.785 540
UPR 28.229 −25.753 1410
MIN 27.978 −26.089 1521
NUST 17.075 −22.565 1683

(b)

CSIR CUT UNZ UNV UFH UPR MIN NUST
CSIR 0 0.42 0.34 0.11 0.08 0.9 0.48 0.1
CUT 456 0 0.14 0.04 0.01 0.41 0.3 0.13
UNZ 664 779 0 0.01 −0.03 0.30 0.24 −0.02
UNV 441 898 907 0 −0.08 0.1 0.14 0.01
UFH 986 527 878 1422 0 0.11 0.00 −0.23
UPR 6.9 460 662 440 990 0 0.51 0.06
MIN 568 410 641 493 940 54.7 0 0.06
NUST 1651 1520 2296 2087 1796 1649 1611 0

The left panel in Figure 7.3 shows the variogram cloud for GHI based on eight stations.

The right panel shows the empirical variogram, the plot of averaged points of the clouds'

X and Y coordinates.
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Figure 7.3: Variogram cloud (left panel) and an empirical variogram (right panel)
for the GHI at the eight radiometric stations. The distance is measured in kilometres.

Daily GHI temporal variations of all eight radiometric stations over the sampling period,

December 2021 to January 2022, are given in Figure 7.4. GHI dropped slightly in January

compared to December for all the radiometric stations. This is possibly due to the onset of

the rainy season.
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Figure 7.4: Time series plot of the GHI data at the eight radiometric stations.

In order to get some insight into the distribution of the GHI data, the box plots of daily

GHI data based on eight radiometric stations are presented in Figure 7.5. Most stations

have GHI values ranging between 20 and 400 W/m2. Only CUT and NUST have measures

ranging from 100 to 400 and 500 W/m2. The spread of the distributions is almost similar

except for CUT and NUST, whose spread is slightly di�erent.
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Figure 7.5: Box plots of GHI at the eight radiometric stations.

Summary statistics of the GHI data are shown in Table 7.2. The measures of skewness

are negative, indicating the data are skewed to the left, and kurtosis is less than three

for all the stations except CUT, whose kurtosis is greater than three, indicating that its

distribution is heavy-tailed.
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Table 7.2: Summary statistics of GHI for the eight stations.

Station Min. 1st Qu. Median Mean 3rd Qu. Max. Skewness Kurtosis

CSIR 37.53 187.16 267.44 250.35 331.92 386.41 −0.5382635 2.395768

CUT 43.45 257.17 318.27 301.15 365.21 504.55 −0.719209 3.5455

UFH 50.86 204.34 272.86 260.89 339.02 389.10 −0.551794 2.503086

UNV 49.89 178.34 245.59 233.37 302.89 356.90 −0.5387249 2.228135

UNZ 62.69 167.36 269.01 245.12 321.84 350.45 −0.4954172 1.928348

UPR 31.16 191.20 254.57 246.36 332.57 379.90 −0.5952533 2.499935

MIN 60.22 208.79 289.37 259.85 336.06 377.33 −0.7116837 2.564314

NUST 148.6 264.9 323.8 317.6 381.1 397.6 −0.6146715 2.306814

Figure 7.6 displays the Kendall tau's coe�cients, pairwise scatter plots, and histograms

to show the association between the meteorological stations. A measurement of Kendall's

τ was calculated using equation (7.5.1).

τ = 1− 2× I

0.5× n× (n− 1)
(7.5.1)

Measure of τ < 0.07 indicates weak association, 0.07 < τ < 0.21-medium association

and 0.21 < τ < 0.35 fairly strong association and τ > 0.35 strong association. Most of the

associations between stations re�ected that most of these stations have strong associations.

NUST has a fairly strong negative association with UFH, while CUT and NUST have a

positive medium association.
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Figure 7.6: Histograms (diagonal), pairwise scatter plots (bottom left), and pairwise
Kendall's rank correlation coe�cients (top right) of GHI for all the eight radiometric
stations.

7.5.3 Variable selection

The study used ElasticNet, one of the shrinkage methods used in variable selection. Elas-

ticNet is a supervised learning algorithm that identi�es the variables strongly associated

with the dependent variable. The nonlinear rend variable is another important variable

that resulted in a signi�cant improvement in the forecast accuracy.

Figure 7.7 shows the results for variable selection using the R package `glmnet' Hastie

et al. (2021). The signi�cance of the variables was checked using the shrinkage method,

elastic net. As shown in Figure 7.7, all twelve variables were retained in the model. Figure

7.8 shows the relative importance of the independent selected variables. Relative humidity

and temperature are the most signi�cant, while the day is the least important covariate.
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7.5.4 Forecasting results

The models used in this study are the linear spatial model (M1), which is the benchmark

model, GP spatial regression (M2) and GP spatial autoregressive (M3). Eight radiometric

stations were selected, and two months of data were used for each station. Table 7.3 shows

the model evaluations of the forecasting accuracy based on RMSE, MAE, CRPS, and CP.

Five stations were used as training sets, and three were used as test sets. With eight

stations, the possible number of validation sets is given as
(
n
k

)
= n!

(n−k)!k! , where n is the

total number of locations and k is the number of locations in a validation set. In this study,

�ve validation sets were choosen at random, each having three locations, were used. They

were chosen at random.

The running times for the three models were as follows: M1 (linear model) took 3.39 s,

M2 (GP model) took 2.27 s, and M3 (GP-AR model) took 2.89 s. The results show that,

overall, the spatio-temporal Gaussian regression model (M2) produces the least measures

of error based on the MAE and RMSE values, proving to be the best model. Based on the

CRPS, the linear spatio-temporal model (M1) is the best-�tting model. However, regarding

coverage probability, M1 has the least values on all �ve validation sets. Overall, M2 is the

best-�tting model based on all four evaluation metrics.
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Table 7.3: Overall model evaluation for the three models.

Station RMSE MAE CRPS CP

Validation set 1 (CSIR, UNZ, NUST)

M1 162.497 113.547 46.211 74.731
M2 61.893 49.113 68.769 100
M3 64.105 50.308 65.013 100

Validation set 2 (CUT, UNV, UPR)

M1 74.585 60.518 41.410 91.935
M2 67.675 53.149 59.323 99.462
M3 68.156 53.302 58.813 99.462

Validation set 3 (UFH, UNV, MIN)

M1 82.741 68.085 37.566 90.323
M2 81.297 63.439 54.311 96.774
M3 83.740 63.437 63.496 98.925

Validation set 4 (UPR, MIN, NUST)

M1 152.961 107.354 45.989 76.344
M2 63.905 53.028 67.072 100
M3 64.748 53.007 62.307 100

Validation set 5 (UNZ, UPR, MIN)

M1 74.785 62.499 40.558 94.624
M2 70.185 55.993 69.137 100
M3 73.341 57.245 59.016 98.924

We also tested for the statistical signi�cance of the models using the Diebold�Mariano

and Giacomini�White tests to check the predictive accuracies of the developed models. The

results are given in Table 7.4. The results show that Model M2 (Gaussian Process Spatial)

performed better than all the other models.
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Table 7.4: Diebold-Mariano Test

H0 Test Statistic p-Value Result

M2 = M3 −6.841 1.116 ×10−010 Not equally accurate

M2 = M1 6.936 6.546 ×10−011 Not equally accurate

M3 = M1 1.913 0.0574 Not equally accurate

Giacommini-White Test

H0 Test Statistic p-Value Result

M2 = M3 3.606 0.058 Sign of mean loss is (-). M2 dominates M3

M2 = M1 38.387 5.802 ×10−010 Sign of mean loss is (-). M2 dominates M1

M3 = M1 37.550 8.909 ×10−0.010 Sign of mean loss is (-). M3 dominates M1

Figure 7.9 displays a plot of the forecasts in red and the actual GHI in black. The plots

are quite close to each other. We used validation set 2 (CUT, UNV, UPR).
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Figure 7.9: Predictions at CUT, UNV, and UPR radiometric stations.

Kendall's rank correlation coe�cients were used to measure the association between

the prediction errors shown in Figure 7.10. It shows pairwise scatter plots, the Kendall

tau coe�cients and the histograms. The computations of the Kendall tau coe�cients show

that errors for stations CUT, UNV and UPR are close to zero except between CUT and

UPR, which is 0.17.
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Figure 7.10: Histograms (diagonal), pairwise scatter plots (bottom left), and pairwise
Kendall's rank correlation coe�cients (top right) of the prediction errors for stations
2, 4 and 6, which are CUT, UNV and UPR.

Standardising forecasts

To evaluate the forecasts' accuracy, we standardised them by normalisation and then eval-

uated if their accuracy had changed. Standardisation creates consistency in the dataset by

avoiding wider ranges of the predicted values from the actual values, though the decreases

are small. For example, RMSE is extremely small (around 1%).

Table 7.5 compares the RMSE, MAE, Skill Score, DM, and GW scores, of the predicted

values versus the standardised forecasts for the validation set UNV, UPR and MIN. The

models with standardised predictions achieved better forecasting accuracy, as shown by the

positive skill scores. The skill scores show that the predictions improved after standardisa-

tion.
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Table 7.5: Standardised based models evaluation.

Model MAE RMSE Skill Score

predicted4 (UNV) 34.365 49.682
predicted4.adjusted 33.738 49.191 0.988

predicted6 (UPR) 21.435 31.851
predicted6.adjusted 20.766 31.217 1.991

predicted7 (MIN) 39.962 56.482
predicted7.adjusted 39.714 56.544 0.110

Combining forecasts

Combining forecasts takes advantage of diverse information, compensates for errors, reduces

variability, and enhances predictive insights. This leads to improved accuracy and the

ability to make more extreme predictions that re�ect underlying trends or events better.

However, it is important to note that forecast combination methods vary, and not all

combinations result in improved accuracy or more extreme predictions. The success of

forecast combinations depends on the quality and diversity of individual forecasts and the

appropriateness of the combination method.

Whilst the forecast combination using MCQRNN was applied to all the forecasts from

the �ve validation sets, we present the results from validation set 5 (UNV, UPR, MIN)

here.

Figure 7.11 shows plots of combined forecasts with GHI.
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Figure 7.11: Plots of GHI with forecasts from (a) GP, (b) GP adjusted (c), AR (d)
Linear models and combined forecasts using (e) MCQRNN and (f) QGAM.

Table 7.6 shows forecast evaluations of all the models based on the validation set 5,

models GP and AR, Linear and Standardised GP. MCQRNN represents the forecasts that

were combined using the QMCRNN model. It is noted from Table 7.6 that adjusting

the forecasts through standardisation and combining forecasts signi�cantly improves the

forecast accuracy.
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Table 7.6: Accuracy evaluations (Validation set (467)).

Model RMSE MAE

GP 67.01 52.99

Standardised GP 66.53 52.52

AR 67.70 52.70

Linear 74.53 61.49

MCQRNN(GPR+Linear+AR) 51.53 37.97

QGAM(GPR+Linear+AR) 52.39 38.85

To assess the forecasting results, we use two performance evaluation criteria (RMSE and

MAE) with three forecasting horizons, 10-, 15-, and 20-day ahead forecasts. The results are

presented in Table 7.7. Using the linear model, the smallest RMSEs for the 10-, 15-, and

20-day ahead forecasts were 62.53, 73.78 and 69.15, respectively. Based on the GP model,

the smallest RMSEs were 50.80, 50.32 and 46.10, respectively. Similarly, using the GP-AR

model, the RMSEs are 52.96, 51.09 and 45.79, respectively. Based on this validation set

and using the RMSE, the results suggest that the GP model is the best for the 10- and

15-day ahead forecasts, while the GP-AR produces good forecasts for the 20-day ahead

forecast horizon. It should be noted that this conclusion is based on one validation set.

However, this con�rms that the spatio-temporal GP regression model produces the most

accurate forecasts as summarised in Tables 7.3, 7.4 and 7.6, respectively.
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Table 7.7: Accuracy evaluations for three forecast horizons using the validation set
UNV, UPR and MIN.

Linear Model

Forecast
Horizon

RMSE MAE

UNV UPR MIN UNV UPR MIN

10-day 72.85 80.79 62.53 54.26 71.78 57.85
15-day 73.86 74.98 73.78 53.59 66.70 64 60
20-day 72.95 69.15 70.87 54.95 60.44 59.94

GP Model

Forecast
Horizon

RMSE MAE

UNV UPR MIN UNV UPR MIN

10-day 75.59 50.80 53.58 58.76 44.44 44.81
15-day 77.98 50.32 63.78 57.59 45.01 54.12
20-day 77.31 46.10 62.27 59.20 39.59 54.06

GP-AR Model

Forecast
Horizon

RMSE MAE

UNV UPR MIN UNV UPR MIN

10-day 77.00 52.96 58.17 59.66 45.88 45.11
15-day 76.67 51.09 68.20 58.26 44.97 55.44
20-day 76.98 45.79 67.03 59.25 38.31 56.51

7.6 Conclusion

This study investigated the spatio-temporal forecasting of global horizontal irradiance data

from eight radiometric stations. The data are from SAURAN (https://sauran.ac.za/),

accessed on 13 August 2022. This was done through a comparative analysis of two spatio-

temporal predictive models, the Gaussian process regression and the autoregressive Gaus-

https://sauran.ac.za/
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sian process regression. Variable selection was done using ElaticNet, a hybrid shrinkage

method combining Lasso and ridge regressions. The results were compared to the bench-

mark model, the spatio-temporal linear model. The spatio-temporal GP outperformed the

other two models, proving to be the most appropriate model for predicting GHI in South

Africa. Most authors, see, for example, Chandiwana et al. (2021) and Sigauke et al. (2022)

applied models based on single-site data sets for predicting solar power irradiation. Ac-

curate forecasts of solar power from multi-sites are important to the system operator, as

they facilitate large-scale integration of solar power onto the power grid. This modelling

approach exploits production information of solar power from neighbouring radiometric

stations.

Energy forecasting has many limitations, including coming up with accurate forecasts.

In order to improve the forecasts, standardisation was done, and it proved that the models'

forecasting accuracy improved. The forecasts from the individual models were combined

using quantile regression neural networks and additive quantile regression models, signi�-

cantly improving the forecast accuracy. As a result, there was a signi�cant improvement in

forecast accuracy. This modelling framework could be useful to power utility companies in

making informed decisions when planning power grid management.

This study has several possible future research directions. The modelling done in the

current study involved stations in geographically sparse areas. Future research could use

more stations and cluster them before the spatio-temporal forecasting of solar power. An

in-depth analysis of the extremal dependence of GHI in each cluster could help develop

models with high predictive capabilities. Another interesting research could be using large

data sets from stations at di�erent periods and comparing them with those from gridded

data sets.
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7.A Appendix for this Chapter

Figure 7.12 shows the solar resource map for South Africa (SA). It shows the solar radiation

each area (region) in SA receives. The largest amount of GHI is in the western part of South

Africa.

Figure 7.12: Solar heat map. Source: https://solargis.com/

maps-and-gis-data/download/south-africa, accessed on 8 July 2022.

https://solargis.com/maps-and-gis-data/download/south-africa
https://solargis.com/maps-and-gis-data/download/south-africa


Chapter 8

Discussion of key �ndings and

concluding remarks

8.1 Introduction

This study used various statistical tools to predict solar power using GPR. This Chapter

summarises the research �ndings and recommendations based on the results produced. The

results of this study were presented in Chapter 5, 6, and 7. Summaries of the chapters are

given in the section that follows.

8.2 Summary of research �ndings

Chapter 5 looks at applying Gaussian process regression coupled with core vector regression.

Core vector regression was used to solve the problem of �nding an appropriate way of

�nding the appropriate covariance function for GPR. A core vector regression technique

called the Minimum Enclosed Ball was used. The analysis was based on two radiometric

stations, Stellenbosch University and the University of Venda. Variables were selected using

Lasso via hierarchical interactions; pairwise interactions were used. This study used four

kernel functions: Matern, rational quadratic, dot product and radial basis. The best kernel

function was selected based on the minimum enclosed ball. The kernel function selected was

178
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the rational quadratic used in GPR. Many other statistical tools were explored. Interaction

e�ects were investigated as well. The results showed that interaction e�ects did not improve

forecasting accuracy. A comparison analysis was done between models with and without

interact e�ects and two benchmark models. The results showed that the GPR model

without interactions produced superior results. The Chapter's results showed that the

application of CVR improved the accuracy of the GPR model.

Chapter 6 looks at the application of GPR coupled with quantile regression analysis.

Most researches were based on point estimation when performing GPR forecasting, so the

use of quantile regression was introduced in order to broaden our prediction values. Various

statistical methods were applied to make the methodology unique and superior. The �rst

thing done was the selection of signi�cant variables. Most researchers use one particular

method for variable selection. For this research, various techniques were used, and one

method which produced superior results was used for variable selection. The methods

explored are Elasticnet, Mars, Boruta and Gradient Boosting Regression. Linear Quantile

regression was then applied to these 5 to check for a method that performed better than

the other models. The GPR was the best, so the variables selected were used for regression

analysis. UPR dataset was then used to predict solar power based on GPR coupled with

Quantile regression. BSTS was used as a benchmark model. Forecasts combination was

done using the following quantile regression methods, partially linear additive quantile

regression, QRNN and Linear Quantile regression. A comparison analysis was done based

on the combined forecasts and the ordinary GPR results. Various methods were used to

evaluate these techniques: Murphy diagrams and scoring rules. The results showed that

the performance of the ordinary GPR outperformed the other models.

Chapter 7 looked at the Gaussian process of regression coupled with spatial-temporal

regression. Most research has been done on single-site analysis, but this study shifted to

multi-site forecasting. Multi-site analysis was explored to incorporate the dependencies be-
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tween di�erent weather stations. Variables were selected using elasticnet. The dataset used

in this study was obtained from eight radiometric stations from di�erent geographical areas.

The training set was based on �ve stations, especially those far apart. The other three were

set aside as the test set. Spatial analysis was done using the GP regression, Autoregressive,

and Linear Spatial models. A comparison between the predictive models and the Spatial

GPR model proved to be the best. In order to improve the models' prediction accuracy,

standardisation was done. The results showed that the accuracy of the models improved.

8.3 Modelling discussions and summary of key �nd-

ings

8.3.1 Solar power forecasting via GPR

Various ideas were applied in this research to predict solar power. GPR predictions were

compared with several other models' prediction accuracy. The Benchmark models have

been explored and used before to predict solar power. The benchmark models used are

SVM, GBR, BSTS and Spatial Linear. These comparisons proved that GPR produced

superior results and was e�ective and e�cient.

8.3.2 Solar power forecasting via GPR coupled with core vec-
tor regression

Particular attention was given to kernel function selection when CVR was used. Covariance

functions are important components of GPR, which must be selected appropriately. The

e�ectiveness of the kernel selection method used was even checked by comparing the results

of the ordinary GPR and the GPR coupled with the core vector. The results showed

that the cooperation of CVR improved model accuracy, and the application of MEB was

superior.
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8.3.3 Solar power forecasting via GPR based on quantile re-
gression

Quantile regression was coupled with GPR to improve the robustness of the model. It

was used to explore investigations from point estimation to interval estimation. This was

done to come up with more improved predicted values of GHI. The results of this research

showed that quantile regression improved the forecasting accuracy of the models.

8.3.4 Solar power forecasting via GPR based on spatio-temporal
regression

GPR was coupled with spatial analysis to produce a model capturing spatial dependencies.

The distance between weather stations might cause di�erences in the values recorded for

GHI. There was a need to include di�erent weather stations to capture dependencies. This

improved the robustness of the model since we shifted from just selecting a dataset from

one station and ignoring the rest. Using spatio-temporal GPR proved very e�ective based

on the results it produced. There were superior.

8.4 Future research studies

Other possible areas can be explored in the future. Highlights of some of them follow:

Future research can consider other statistical tools to �nd an appropriate kernel function

for GPR modelling. These include methods such as combining kernel functions to produce

a hybrid kernel. Another possible area that can be explored is the area of Spatial Gaussian

process modelling. The Spatial GPR was made robust, but other methods of investigating

the dependencies can be explored. Archimedean copulas can be explored. This method can

be used to �nd the relationship that exists between stations.
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8.5 Conclusion

The study results provide answers to three questions stated in Chapter 1. The research

questions and how we responded to them follow. The �rst question is, Does the Core vector

regression provide a better way of selecting a kernel function for short-term Global Horizon-

tal Irradiance forecasting? To address this question, various approaches were considered.

The results proved that Corevector regression provided a better way of selecting kernels.

The second question is, Does Quantile regression and GPR combination improve GHI pre-

dictions? The combination of GPR and quantile regression produced better results. This

can be seen from the results produced in Chapter 6 and 7, the combined forecasts reduced

the error produced. The third question is, Does capturing spatial dependencies improve

GHI predictions? This question was addressed in Chapter 7. The results showed that

applying GPR and spatial regression produced results that reduced prediction errors. The

major predictors of solar power are Air Temperature, Relative Humidity, Wind Speed,

Wind Direction and Barometer Pressure.

Having addressed the aim and objectives and answered the research questions. The

results of this study have predicted solar power using GPR, which proved to be more accu-

rate than the other models used. Hence the results can be used to advise policymakers to

use them to develop future solar power predictions. Policymakers can implement measures

promoting the use of GHI-predicted values. This will bene�t the nation in areas of pub-

lic health by reducing carbon emissions in the air and reducing associated costs. Various

economic costs and the problem of electricity shortage are also reduced.
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Appendix A1: Publications

Research articles (title pages and abstracts only) from this thesis are given in the next three

pages.

1. Chandiwana, E., Sigauke, C. and Bere, A. (2021). Twenty-four-hour ahead Proba-

bilistic Global Horizontal Irradiance Forecasting Using Gaussian Process Regression,

Algorithms, vol. 14, no. 177. https://doi.org/10.3390/a14060177

2. Chandiwana, E., Sigauke, C. and Bere, A. (2021). Robust Modelling Framework

for Short-Term Forecasting of Global Horizontal Irradiance. Journal of Statistics Ap-

plications & Probability, Vol. 12, No. 3 (Sep. 2023), PP:1203-1221. The paper is

now available online on https://doi.org/10.18576/jsap/120327

3. Sigauke, C., Chandiwana, E. and Bere, A. (2023). Spatio-temporal forecasting of

global horizontal irradiance using Bayesian inference, Applied Sciences, vol. 13, 201,

pp. 1�24. https://doi.org//10.3390/app13010201
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