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Abstract

Haulage trucks and cross border traders cross through Beitbridge border post from
landlocked countries such as Zimbabwe and Zambia for the sake of trading. Because of
global warming, South Africa has lately been experiencing extreme weather patterns
in the form of very high temperatures and heavy rainfall. Evidently, in 2013 traffic

could not cross the Limpopo River because water was flowing above the bridge.

For planning, its important to predict the likelihood of such events occurring in
future. Extreme value models offer one way in which this can be achieved. This study
identifies suitable distributions to model the annual maximum heights of Limpopo
river at Beitbridge border post. Maximum likelihood method and the Bayesian

approach are used for parameter estimation.

The r -largest order statistics was also used in this dissertation. For goodness of
fit, the probability and quantile- quantile plots are used. Finally return levels are

calculated from these distributions.

The dissertation has revealed that the 100 year return level is 6.759 metres using
the maximum likelihood and Bayesian approaches to estimate parameters. Empirical
results show that the Fréchet class of distributions fits well the flood heights data at

Beitbridge border post.

The dissertation contributes positively by informing stakeholders about the socio-
economic impacts that are brought by extreme flood heights for Limpopo river at
Beitbridge border post.

Keywords: Extreme value theory, Bayesian approach, r-largest order statistics.
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Chapter 1

Introduction

Floods have become a common natural disaster in Southern Africa. Due to its ge-
ographical position, South Africa is one of the countries that have faced challenges
in terms of floods. The Limpopo river is the second largest river in Southern Africa
after the Zambezi and drains to the Indian ocean. Unlike other large rivers such as
the Zambezi which have large dams, the Limpopo river does not have any large dams
indicating that the flow is regulated (Maposa et al., 2014). The hydrology of the
Limpopo river is famously known by a cycle of rainfall that extends from October of
the past year until April of the coming year with peak monthly totals in February.
The dry season runs from May to September (World Meteorological Organisation,
2012). In this dissertation extreme value models are applied to the occurences and
magnitudes of the flood heights of the Limpopo river at Beitbridge border post.

Coles (2001) defines extreme value theory (EVT) as the study of very rare events.
According to Coles (2001); Gilli and Kellezi (2006), there are two fundamental meth-
ods used to identify extremes in (EVT) namely the block maxima approach and the
peaks-over-threshold (POT) approaches. The first method solely concentrates on the

distribution of block maxima whereas the latter identifies realised large values over
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Introduction 2

a high threshold that is called (GPD). EVT is applicable in the field of finance, hy-

drology and insurance only to mention a few.

1.1 Statement of the Problem

The Beitbridge is constructed on the Limpopo river close to Beitbridge Border Post.
The bridge is important because it enhances transportation of goods from South
Africa to the landlocked countries to the north and from these countries to South
Africa.Cross border traders use this bridge to cross to and from South Africa.

With global warming and climate change becoming more and more of a reality, South
Africa is experiencing a gradual, yet steady, change in climate. Temperatures have
risen significantly over the last 60 years, and are predicted to continue this rising
trend, with a rise in temperature of 1-2°C expected in coastal regions, and 3-4°C ex-
pected in interior regions by 2050 (Sithole and Murewi, 2009). An increase of 3-4°C
in coastal regions is predicted and 6-7°C in interior regions is predicted by 2 100,
(Sithole and Murewi, 2009). Rainfall patterns are also shifting, although this is more
variable and unpredictable.

In the recent past, Southern Africa has experienced a lot of cyclones which bring
with them a lot of rainfall. The tropical cyclones that have occurred so far in South-
ern Africa are Astrid (January 1958), Claude (January 1966), Caroline (February
1972), Eugenie (February 1972), Danae (January 1976), Emilie (February 1977), Ko-
lia (March 1980), Justine (March 1982), Domoina (January 1984), Imboa (Febru-
ary 1984), Eline (February 2000) and Japhet (February- March 2003), (Sithole and
Murewi, 2009).

According to a newspaper article (ZOUNET 30 January 2013) the traffic failed to

cross the Beitbridge because of floods in 2013. Considering the changing climate,
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there is need to model the flood heights of Limpopo river at Beitbridge Border Post
with the aim of assessing the chances of extreme future flood heights. Such an analy-
sis will be used to compute the return period. A return period is the average length of
time in years for an event (e.g. flood or river level) of given magnitude to be equaled
or exceeded once. A return level is defined as a value that is expected to be equaled

or led or exceeded on average once every interval of time (T') with a given probability p.

1.2 Aim and objectives

1.2.1 Aim

The main aim of this study is to model the annual maximum flood heights of the

Limpopo river at Beitbridge Border Post, using extreme value distributions.

1.2.2 Objectives

The main objectives of the study are to:-

(i) identify a suitable generalised extreme value (GEVD) distribution to model the

annual maximum flood heights of the Limpopo river at Beitbridge,
(ii) use generalised Pareto distribution (GPD) to model the flood heights,

(iii) estimate the parameters of the identified GEVD distribution using maximum

likelihood estimation and Bayesian estimation,

(iv) estimate the return levels of the flood heights.

1.3 Significance of the study

The study provides stake holders such as Government agencies from South Africa

and Zimbabwe with a flood risk assessment. By estimating return periods and return
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levels, preparedness about flood forecasting is enhanced.

1.4 Dissertation structure

The rest of the dissertation is structured as follows: Chapter 2, presents a literature
survey on the application of extreme value distributions. The methods used in the
modelling of flood heights for the Limpopo river at Beitbridge Border Post are dis-
cussed in Chapter 3. In Chapter 3 we also give theory that is behind estimation of
parameters using the method of maximum likelihood and Bayesian approach. In the
same Chapter, the r largest order statistics and their properties are outlined. The
analysis and research findings have been summarised in Chapter 4. Chapter 5
presents the conclusions. We used the R package for data analysis and the R codes

used in the entire of this analysis have been put on appendix.
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Chapter 2

Literature survey

2.1 Introduction

This section reviews relevant studies that have been previously conducted.

Tadesse (2011) applies both the GEVD and the generalised Pareto distribution (GPD)
to model floods in Southern Africa catchments. The countries covered are Namibia,
Malawi, Zimbabwe and South Africa. In the study, 459 stations from these selected
countries were considered. Tadesse uses the method of L moments for estimating
parameters and for threshold selection, he uses the mean excess plot. In this research
the generalised Pareto distribution and the and the Gumbel class of the generalised
extreme value distributions were found to be suitable models for floods in Southern
Africa catchments.

Kamwi (2005) proposes and fits the extreme value distributions to the flood heights at
Katima Mulilo using the method of maximum likelihood. The study seeks to examine
the uncertainty of the estimated parameters and evaluate the goodness of fit of the

model that has been identified. The study uses 39 annual maximum heights of the
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river flow at Katima Mulilo. The empirical results from this dissertation suggested
that a Gumbel class of the generalised extreme value distributions model provided a
good fit.

In another study, De Waal (2012) assesses the changes in extreme rainfall values over
time across the Western Cape, South Africa. By using a GPD, the study examines the
changes in return levels across the Western Cape region for the periods 1900-1954 and
1955-2010. De Waal’s study uses daily rainfall extracted from South Africa Weather
Services data. Of one hundred and thirty seven stations which are investigated, sixty
two percent show an increase in 50-year return level, twenty two percent show a de-
crease in b0-year return levels. Sixteen percent of the stations display little change
in rainfall intensity over time. The results also indicate an increase in frequency of
intense rainfalls in the later half of the 20th and early 21st century.

Kagoda (2006) carried out a study in South Africa based on daily rainfall data for
fifteen rain gauge stations selected across the country. The author uses the Bayesian
approach to data analysis. The (GPD) is used to model the excesses over a threshold
chosen from a mean residual life plot of the rainfall data. The shape and scale param-
eters of the GPD are represented by a joint distribution which is sequentially modified
by the rainfall data resulting in a posterior distribution from which a Markov chain
is generated using the Gibbs sampler.

A study similar to ours on EVT is by Singo et al. (2012)on the Luvuvhu river in
Limpopo province in South Africa. The authors select eight stations with fifty years
hydrological data to analyse flood frequencies in this catchment. From this study, the
Gumbel class of distribution and log Pearson type 3 provide the best fit.

Kartz (2010) apply the block maxima and the peaks over threshold approach in their
study. The authors use data for the period 1900-1999 from Fort Collins in United
States of America. This data shows annual maximum daily precipitation amount

derived from the original daily data. The Gumbel distribution is found to be the best
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fitting distribution to the data.

Melice and Reason (2007) use the longest available daily rainfall series at George
(from 1941 to 2006), in the vicinity of which the most destructive floods are ob-
served, together with an extreme value model to estimate the return period of such
an extreme event. According to this model, the greatest annual maximum daily rain-
fall of 230mm observed at the town on the first of August 2006 has a return period
of 1222 years, whereas the second largest observed annual maximum daily rainfall
(132mm in September 1964) has a return period of 23 years. This shows that the
August 2006 extreme rainfall at George can be considered as a particularly rare event.
Salarpour et al. (2012) use the annual flood peaks selected from the maximum flow in
each water year (June-July). The study was carried out from Rantau Panjang gaug-
ing station. The annual flood peaks that were used are from Johor river in Malaysia.
Five probability distributions namely Gamma, Weibull, Exponential, Gumbel and
Generalised Extreme Value were fitted to model the distribution of flood parameters.
In testing the goodness of fit, the Kolmogorov Smirnov and chi squared tests were
used. The conclusion that is derived by the authors indicate that at five percent level
of significance, all the models mentioned above can be used to model the distribution
of peak flow, duration and volume. However, the Exponential distribution was the
most suitable model when tested with the Kolmogorov Smirnov test where as the
GEVD was found to be the best fit after performing a chi squared test.

Pocernich (2002) examines the use of extreme value statistics in predicting the prob-
ability of rare flood events. The researcher uses the GPD to model high flows as well
as fitting the GEVD. He had to fit a linear model whereby p is allowed to vary with
respect to time. The empirical results indicate that the parameter estimates did not
vary significantly with time.

There is a wide gap between our study and all the studies mentioned above in the

sense that all the researchers mentioned above have not done modelling of the annual
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maximum flows of Limpopo river before. This is a new station that has never been
examined by other researchers even though we are using the same methodology in
analysing our data. Notably, most researchers used the generalised extreme value dis-
tributions and only a few used the GPD. In this study we fit the generalised extreme
value distributions that is Gumbel, Fréchet and Weibull also known as type 1, type
2, type 3 respectively and the GPD to estimate the return levels of Limpopo river at

Beitbridge Border Post.

2.2 Concluding remarks

Modelling of flood heights have been reviewed in this chapter. Models applied by
different researchers have been also reviewed in this chapter. The tests conducted by
different authors also have been discussed. Sometimes, it is very important for us to
move away from the average thinking and we then try by all means to exploit the
information that we get from extreme value distributions modelling. This knowledge
that we get helps people in the field of hydrology to make informed decisions through

flood heights modelling.
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Chapter 3

Extreme value modelling

3.1 Introduction

This chapter introduces, the EVT techniques that will be used in this study. Station-
ary and non stationary GEVD for homogeneous sequences and time varying parame-
ters respectively are going to be discussed for r largest order statistics where (r > 1).
For the case r = 1, we have the usual block maxima. There are two approaches that
exist for practical extreme value analysis namely the block maxima approach and the
peaks-over-threshold approach. Block maxima approach is defined by Anna Ferreira
and De Haan (2015) as an approach in extreme value theory that consists of divid-
ing the observation period into non-overlapping periods of equal size. The approach
restricts attention to the maximum observation of each period. Coles (2001) defines
the peaks-over-threshold as the method whereby we extract the peak values from
a continuous record for any period during which values exceed a certain threshold.
We normally resort to the use of r largest statistics in extreme value analysis due to

limited amount of data. Estimation of parameters, model checking and diagnosis are
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also going to be discussed.

3.2 Generalised extreme value distribution for block
maxima

In this section we are going to discuss the generalised extreme value distribution for

block maxima.

3.2.1 Generalised extreme value distribution for block max-
ima

The model focuses mainly on the statistically behaviour of M, = max{Xj, ..., X,,},

where X1, ..., X,, is a sequence of independent random variables having a common

distribution F'. If n is the number of observations in a year, then M,, corresponds to

the annual maximum. In theory the distribution of M,, can be derived exactly for all

values of n:

F'"=P{M, <z} =P{X; <z ..,X, <z} =P{X) <z}x.xP{X, <z} ={F(2)}"
(3.2.1)

One possibility is to use standard statistical techniques to estimate the value of F' from
observed data and substitute in equation (3.2.1), above. Unfortunately very small
discrepancies in the estimate of F' can lead to substantial discrepancies for I where
X1, X5, ..., X, is a sequence of independent, identically distributed random variables
with common distribution function F' which can be estimated on the basis of extreme
data only. This is the same as the usual way of approximating the distribution of
sample means by the way of normal distribution as justified by central limit theorem.

We proceed by looking at the behaviour of F™ as n — oo. But this alone is not
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enough: for any z < z, where z, is the upper end point of F'; F"(z) — 0 as n — oo,
therefore the distribution of M,, degenerates to a point mass of z,. This difficulty is

avoided by allowing a linear renormalisation of the variable M,,:

M, — b,

Qnp

M =

n

(3.2.2)

for sequences of constants {a, > 0} and {b, > 0}. According to Fisher and Tippet
(1928), in their extremal types theorem (ETT), for an appropriate selection of{a,}
and {b,}, the distribution of properly normalised maxima of a sequence of inde-
pendent and identically distributed random variables converges to one of the three
extreme value distribution (EVD) families depending on the shape parameter o. The
three cumulative distribution functions namely the Fréchet, Gumbel and Weibull have

been given below.

Definition

Let G(z) = P(Z < z) be the distribution of a random variable Z. Then the sequence
(i)is said to converge weakly towards Z if the distribution functions of the random

variables M’;—;bn converge towards G(z) at all points of continuity of G(z).

Theorem 1

Let {ay,as...} and {by,bs...} with a; > 0 be two sequences of real numbers with

property that the sequence of the linearly transformed random maxima’

{M;n: 1,2,...} (3.2.3)

Qn
converges weakly towards a random variable Z with positive variance (i.e. Z is not

degenerated). Then the weakly convergence of the sequence (i) towards Z is equivalent

to the limit relation:

© University of Venda



Extreme value modelling 12

Tim (F(ai + bn)> = G(z)

for all points x of continuity of G(x) and G(z) belongs to any of the functions listed

under (3.2.4)below.

exp{—exp[— (£2)]} if —oc0 <z < o0;
G(z) = ¢ exp{— (&)} if 2 > b; (3.2.4)
exp{—[— (D))} ifx>b,
In this case the first family is the Gumbel, the second is the Fréchet and lastly the
third family is the Weibull distribution.
Von Mises (1936) unified the three distributions into a single generalised distribution

with location parameter i, scale parameter o > 0 and shape parameter £ of the form:
1+¢ (ﬂ) ] } (3.2.5)
o

This is valid for {x:l—l—é(%) > 0, where —oco < 1 < 00,0 > 0 and —o0 < £ < 00.

=

Ge(x) = eXp{ -

3.2.2 Properties of the GEVD when ¢ =0

If we differentiate with respect to x we get the probability density function:

o= Lo e (z22) o] - (552)]

In order to find the characteristic function, the Gumbel random variable X is first

transformed into a standard random variable using Z = X—UH The density of Z is
then given by :
—€

p(2) = e™¢ “e7* that is for —o0o < 2z < oo. The characteristic function of Z is deter-

mined to be :
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o0

pult) = Ele?) = [

—00

e e idy = / u e du = T'(1 — it)
0

where i = v/—1 and the characteristic function of X = u + o(Z), which follows the

Gumbel distribution, is therefore given by:

ox(t) = E[e?™™] = ™ T(1 —ito).

If we evaluate these derivatives at the interval £ = 0, the first two moments of X are
given as :

EX]=p—olM =p+oy

EIX% = p? = 20uTM(1) + 0?TA(1) = (u+ 0v)* + 02%2

Mathematically ~ is approximated as 0.5772156649.... which is referred as the Euler’s

constant. It then follows up from above derivation that the variance is equal to:

Var(X) = o®V'(1) = 02% (3.2.7)

whereby W'(1) is the first derivative of the digamma function. In a more general case,

the normal expected value of the random random variable Z = % which is given

by Smith (1986) as:

E[Z™exp(cZ)] = (=1)"T™ (1 + ¢) (3.2.8)

This binds for ¢ > —1. Furthermore, if we set ¢ = 0 in equation (3.2.8), above,
then it means that it is possible to obtain moments for the standard Gumbel random
variable Z, that is:

E[Z™] = (-=1)"T"™(1),

which then can be eventually used to find the moments of the Gumbel random variable
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X. For completeness sake, the median of the Gumbel distribution is given by:

o] - (52)]] - o2

which yields x5 = p —0o ( In(In 2))

The mode of X is solution of the equation (3.2.6)above which yields p. For com-

pleteness, the mode of the GEVD is given as:
d |1 — —
—[—exp[—exp(m 'u)”exp[— (I M)” =0 (3.2.10)
dr | o o o

A summary of the Gumbel distribution is illustrated in table (3.1).

Table 3.1: Summary for the properties of a Gumbel distribution

Distribution Function G, (z)=exp |-exp| — (%) fory=0
Density Function gv(a:)ziexp —exp| = exp| — (%) for v #£0
Characteristic Function e™T'(1 — ito)

Expected Value w—+ oy

Variance 02%2

Median p—0o <1n(ln 2))

Mode W

3.2.3 Properties of the GEVD when £ # 0

The shape parameter £ has an impact on the support and tail behaviour of the GEVD.
The support of GEVD is given by all z satisfying {z, 1+ £(*>£) > 0}.

When ¢ > 0, the distribution function is skewed to the right and the support is
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bounded to the left with pu — % < z. On the other hand if ¢ < 0, the distribution
is skewed to the left and the support is bounded to the right with x < p — % If we
differentiate the cumulative density function for the GEVD G(z) in equation (3.2.5)

above we get the probability density function as:

1+£(%)] 5}

with support of the GEVD which is given by all z satisfying {z,1+ &(=£) > 0}

1 (¢+1)
g9(x) = ;eXp{ - 1+ 5(%)] . (3.2.11)

and the parameters satisfy —oo < pu < 0o, 0 > 0 and —o00 < £ < 0o0. One way of
calculating the moments for the GEVD is to first transform the Generalised extreme

value random variable X into a standard Gumbel random variable. We achieve this

by setting:
—1
X — €
eV = |1+ ”)] (3.2.12)
o
which eventually implies that:
1 X —
W= >In|14+¢=—5) (3.2.13)
19 o
and
o 0
X=p——+ e 3.2.14

Now after the transformation, it is easily seen that W is a standard Gumbel random
variable.

Now the moment generating function of standard Gumbel distribution can be used
to determine the moments of the GEVD. This moment generating function is of the

form:
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My (t) = T(1 — ).

We calculate the first two moments as follows:

ElX]=E|u— % + %ewf] (3.2.15)
:M—%+%MW(§) :u—%+%r(1—§) (3.2.16)

and also

2
E[X?|=E (M - %) +2 (,u - %) %ewé + Z—zewvg] (3.2.17)

= <u — %) + 2 (,u - z) 2 My (€) + O—zMW(Qf) (3.2.18)

ES &2
2
= (- %)2+2<u— %) %r(1—5)+%r(1—25). (3.2.19)

Higher moments can be calculated in a similar way. Note that the first moment of X

only exists if £ < 1, and that its second moment only exists if £ < % Generally, the

n!™ moment of X only exists if £ < %
Therefore, if £ < 0, then GEVD has always finite moments, and if £ > 0, then X has

1

only moments of order less than ¢

By using the first two moments, the variance of the generalised extreme value variable
X can simply be calculated as follows:

0.2

var X = E[X?] — (E[X])? = @ T'(1-2¢)—(T(1-6)?|. (3.2.20)

For beR and positive integers ¢ and m, Tawn (1998) gives the normal expected value
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for a standard Generalised extreme value random variable Z = % as:

m

Y] = (—e ™ S (-1)” (Z)Mz b pe)

p

(3.2.21)

In this case Y = Z™(1 4+ fZ)f(%H’) (In(1 4+ £2))°. The normal expected value that

is given in equation (3.2.21) is used in order to determine the expectations of the

second derivative of the likelihood function.

Generally, the expectation given in equation (3.2.21) above might also be used to

determine the moments of the Generalised extreme value distribution. If for example

we set ¢ =0 and b = ’?1 this implies that Y = Z™ and

m

EIY] = E[Z"] = (6" 3 (1) (’;})m 9.

p

For completeness, the median of the GEVD is given as:

(=) )

o
Z(.5) = p+ E

which yields
[(In2)~¢ — 1]

and the mode is derived as:

d 1e
2 Zexpd —
dr | o P

which yields

1+£(x;M)] E }

o

§

. (¢+1)
1+ U“)] ]:o

pA+ (146 =1

Table (3.2) summarises the properties for the GEVD as explained above:

The corresponding p quantile function of a GEVD is given by:

© University of Venda
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Table 3.2: Summary of the properties for the GEVD

K3

Distribution Function Gy(x):exp{ —[14+¢ (Z;“) } for v #0
= (¢+D)

Density Function gy(:c)zéexp{ — [T +&(5F) } 14 f(%)“ for v # 0
Expected Value p— g+ %F( — &)
Variance Z—j { (1
Median [(In2)=¢ —1]
Mode u—i— [(1—1—5 5_1]

[ s - p)}*], for £ #0; (3.2.27)

p—olog(l—p)} for £ =0,
3.2.4 Estimation of parameters for the GEV

In this study we will use both the maximum likelihood and Bayesian methods to

estimate parameters.

Method of Maximum likelihood

Likelihood based methods of estimating parameters of the EVT models are more
reliable compared to other methods for various reasons that include the adaptability
to model change, Coles (2001).

Given a series of observed sample block maxima x1, zs, ...,y which are assumed be
realizations of independent random variables each having a GEV distribution with
probability density function f(x, u,0,£), the likelihood function is given by:

L(M,U,£|IE1,I27 7$N) = f('rlvaa <y TN M, O, 6) - Hf(xivlL’U? 5) (3228)

i=1
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and the log likelihood function by:

N
U, 0,&|T1, 29, ..., xn) = In L(p, 0, |21, X9, .y TN) = Zln fzip,0,8)  (3.2.29)
i=1

For convenience sake, the log-likelihood function is denoted by ¢(u,o,£). The max-
imum likelihood estimators i, 6 and é are the parameter values that will maximise
the log likelihood function. In the case of the Generalised extreme value distribution

when £ # 0,the log likelihood is given as:

=35 (o= e (52)] - (G oe(25)])

(3.2.30)

with the restriction that 1 + §(¥) > 0 for i = 1,2,3,...,N. If we differentiate
equation (3.2.30), above with respect to u, o, and £ , this yields likelihood equations

for the Generalised extreme value distribution as follows:

35(/(;“0,5) :é (%1 {1 +§<x";ﬂ)]_(é+l) +§(1 +§> [1 +€(xi;u)]_l> =0

2.31)

(3
O(p,0.6) N . : G+ 1 ; ' R
— __1<_M> [1+§(%>} + <ﬁ) (—’“‘) [Hg(%uﬂ _
_?1> . % _ Zfil (_ é[1+€<%)}gln (1‘1’6(%)) “‘%(%;#) {1+
—(¢+1) )
€<%} +§i21n {1+5<mz;u>} _<%+1) (m;“) {1—1—5(%)} ) =0

However, as mentioned earlier on this chapter, when £ = 0, this would be a Gumbel

distribution family. The Gumbel log likelihood function is given by:

U, 0,0) = —NIn(o) — i (x;“) - iilexp{— <w;“)} (3.2.32)

i=1

and likelihood equations are:

0 Sl ()} 0w
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However, these equations for both the Generalised extreme value distribution and
Gumbel case have no analytical solutions. Therefore, inorder to find the maximum
likelihood estimates ji,6 and é we resort to the use of numerical optimisation algo-

rithms such as Quasi-Newton numerical maximisation.

Bayesian Estimation

A trivariate normal prior, which is a non informative prior is discussed in Coles and
Powell (1996); Stephenson and Ribatet (2006) is used in this dissertation. Let the

prior distribution be denoted by 7(@) where 6 = {0, u,v}. Let

6’ = {logo, 1,7}

then the prior distribution on @ is defined as Stephenson and Ribatet (2006).

(6) %exp {—% O — )5 (0 — 1/)} (3.2.35)

where v is the mean vector and X is the covariance matrix. The likelihood function

T(z|0) = ﬁ% {Hy(x";“)}_i_lexp{— [1—1—7 (gji;“ﬂ_i}&z.%)

The joint posterior density is then given as:

is

7(0lz) o« w(0)n(z|0) (3.2.37)
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which reduces to

o o G- -Shes ()]

-1

X E[{lﬂ (xi;“)}_i (3.2.38)

=1

3.2.5 Stationary and non Stationary models

The following models defined below will be considered in this study. Nonstationary
models have characteristics which change randomly with a deterministic component
over time. In this context of environmental issues, non stationarity is apparent be-
cause of seasonal effects most probably due to the change of climatic patterns in

different months or in the form of trends, possibly due to long term climate changes.

X(t) ~ GEVD(u(t), o(t), £(¢)) (3.2.39)

Using the notation GEV(u,0,£) to denote the GEV distribution with parameters
i, 0, & it follows that a suitable model for X (¢), the annual flood heights of Limpopo
river at Beitbridge border post in year ¢ as given in equation (3.2.39) above.

where p(t) = By + B1(t) for parameters Sy and ;. In this way the variation through
time in the observed process are modelled by a linear trend in the location parameter

of the appropriate extreme value model which in this case is the GEV distribution.

Mo = pu(t) = p,o(t) = 0,€(t) = ¢ (3.2.40)

M, is considered as a benchmark model of which all models listed there after are
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dependent to M.
pa(t) = po1 + pozt
My = ¢ 01(t) = exp(oo1 + 0pat)

§(t) =¢

Non stationarity can also be expressed in terms of other extreme value parameters
for example oy (t) = exp(og1 + 0g2t) where the exponential function is used to ensure
that the positivity of o is respected for all values of ¢. This then justifies the use of

model M; in this research as given above.

() = pos + poa(t) + post”
M2 = O’Q(t) = 0p3 + 004(25) + 005t2

§(t) = ¢
When there are more complex changes in the modelling of flood heights for Limpopo
river at Beitbridge border post, we resort to the use of a quadratic model u(t) =

o3 + toa(t) + post® as given in the model M, above.

p3(t) = pos + por(t) + posSOI(2)
M3 = O'3(t) = 0pg + 0'07(t) + OogSOI(t)

§(t) =¢
A different scenario may arise whereby the extremal behaviour of one series is related
to that of another variable referred to as a covariate. A similar phenomenon is whereby
the annual flood heights of Limpopo river at Beitbridge border post are modelled by
X(t) ~ GEVD(u(t), a(t),£(t)) whereby p3(t) = o6 + p1o7(t) + posSOI(t) and SOI(¢)
denotes the Southern Oscillation Index in year ¢. In this research, this is justified by

the use of models M; above and M, below.

[L4(t) = Uog(t) + UlosOI(t)
M4 = U4<t> = 0g9 + O'losOI(t>

§(t) =¢
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3.2.6 Deviance Statistics

Generally, maximum likelihood estimation of nested models leads to a simple test
procedure of one model against the other. With models My C M;, then we will

define the deviance statistic as:

D = 2{0,(M,) — o(Mp)} (3.2.41)

where ¢1(M;) and ¢y(My) are maximised log likelihood under models M; and M,
respectively. The asymptotic distribution of D is given by the x2 distribution with x
degrees of freedom, where k is the difference in dimensionality of M; and M,; thus,
calculated values of D can be compared to critical values from x?, where large values
of D suggest that the model M; explains substantially more of the variation in the

data than M,.

3.2.7 Augmented Dickey-Fuller test

The Dickey-Fuller test, was used in this research to test whether flood heights for
the Limpopo river at Beitbridge border post are stationary. The Dickey-Fuller test

is estimated under the following three null hypothesis.

(i) Y; is a random walk : AY; = 0Y;_1 + uy.

(ii) Y; is a random walk with drift:AY; = 81 4+ 6Y; 1 + w,.

(iii) Y;is arandom walk with drift around a stochastic trend: AY; = 81+ F2t0Y;_1+u,

where t is the time or trend variable. In each of the above cases, we have Hy : § = 0,
that is, there exists a unit root and the time series is non stationary. The alternative

hypothesis states that: H; : 6 < 0 which implies the time series is stationary. If H
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is rejected, then Y; is a stationary time series with zero mean in the first case. In
the second case, it is implied that Y; is stationary with non zero mean and lastly,
Y, is stationary around a deterministic trend. The Augmented Dickey Fuller test is
conducted by augmenting the equations above by adding the lagged values of the
dependent variable AY;. We are concerned in estimating the following regression

equation.

AY, = B+ Bot + 0V, + > AV + ¢, (3.2.42)

i=1

where ¢; is a pure white noise error term and where AY; ; = (Y1 — Y;2),Y; 2 =
AY;_5—Y,;_ s and so forth. The number of lagged differences to be added is determined
empirically where the main idea is to include enough terms so that the error term
is serially uncorrelated. In the Augmented Dickey Fuller test, we test § = 0. The
same critical values are used since the Augmented Dickey Fuller test follows the same

asymptotic distribution as the Dickey Fuller statistic.

3.2.8 Model diagnostics

Before estimating return levels, we should check the goodness of fit of our model
which allows for a linear trend in u. The lack of homogeneity in the distributional
assumptions for each observation, however, mean some modification of the standard
procedures (for example probability plots and quantile plots) are required to do this
model diagnostics. We define the residuals as the difference between the actual values
and the fitted values of a model: é = y; — ;. Before we make conclusions about any
model, we normally need to carry out an assessment to whether the model satisfies
the model assumptions. Amongst the assumptions to be tested is the assumption
of normality on residuals as well as the independence assumption. Moreso, we test

whether the residuals have a constant variance or not.

© University of Venda



()

o
- A
University of Venda

Extreme value modelling 25

3.2.9 Modelling the R largest order statistics

We normally resort to the use of r largest statistics if and only if we have limited data.
It is well known that extremes are scarce by nature, therefore the issue has motivated
the search for characterizations of extreme value behavior that would enable us to
model the data other than the use of one method of block maxima. In solution to
this, we then resort to the use of r largest order statistics within each block that is
for small values of r.

Consider the vector of r largest order statistics in a block (say a year), rescaled in the

same way as the maxima M." with g = M"”

, also consider Xy, Xo, ..., X,, a sequence
of independent and identically distributed random variables. Define MP = gt
largest of {X1,..., X,,}. If there exists sequences of constants {a, > 0} and {b, > 0}
such that: P{(m, — b,)/a, < 2z} — G(z) as n — oo for some non degenerate

distribution from G, then, for fixed r, the limiting distribution as n — oo of M =

<M§”—bn M7 by

an ’ n

) falls within the family having joint probability density function

(r) _ T T A _ T
1+§<Z “)] }x —1+§< )]
o ga o

(3.2.43)

-1

f (z(l), ...,z(r)) = exp{ —

where —oo0 < g < 00,0 > 0 and —oc0 < £ < o0;2(") < 271 < . < z(U; and

PONS Y (M) > 0for k=1,2,...,7, (Coles, 2001).

[
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3.3 Generalised Pareto Distribution

3.3.1 Introduction

In (EVT) there are times when we are not interested solely in modelling maxima
or minima but with observations which are above a high threshold. Modelling flood
heights resembles one example. Balkema and de Haan (1974) and Pickands (1975)
show that the distribution function of the excesses above a high threshold converges
to a Generalised Pareto Distribution (GPD) as the threshold tends to the right end
point. The GPD is a peaks- over-threshold (POT) distribution whose distribution is

as follows:

We(z) =1 — (1 + @_f)ifg £0 (3.3.1)

3.3.2 Threshold Selection

Three plots are applicable in selecting the threshold level 7 and these are quantile-

quantile plot, threshold stability plot and mean excess plot.

Quantile- Quantile Plots

The distribution of normalised interexceedance times is a mixture distribution. If
we estimate 0 by using the intervals estimator, we can check now the goodness of
fit of this underlying model: § estimates the proportion of interexceedance times
which correspond to inter cluster times and whose normalised values should be well
approximated by the exponential distribution with mean %. The remaining normalised
interexceedance times are intra cluster times and should be small relative to the inter

cluster times.
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The parameter stability plots

We exploit another useful property of the extremal index estimator to derive a further
tool for threshold selection. This property is that of threshold stability which is
used in threshold selection for many other extreme value models. The threshold
stability of the extremal index estimator refers to its invariance to change in threshold
above a suitably high threshold. Simply put, once a threshold is high enough, raising
the threshold further should not dramatically change the estimated value of 6. As
the threshold increases, the sample size used for estimation will fall so sampling
uncertainty will increase, but the estimated values of 6 should not alter above this

anticipated sampling variation.

Extremal mixture models

Extremal mixture models are currently used to determine threshold in extreme value
theory. Modellers use them to compare what they get from using such similar meth-
ods of determining threshold such as the graphical techniques like the mean excess
plot and Pareto quantile plot. The extremal mixture models currently in use com-
prise of parametric bulk model and the non parametric model for the bulk component.
Under the former category we have the Normal GPD mixture distribution, Normal
GPD with single continuity constraint mixture distribution, Gamma GPD mixture
distribution, Gamma GPD with single with continuity constraint mixture distribu-
tion, Weibull GPD mixture distribution, Lognormal GPD mixture distribution and
under non parametric we do have Kernel GPD distribution, Kernel GPD with single
continuity constraint distribution, two tailed Kernel GPD distribution and Boundary

correction Kernel distribution.
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Mean Excess plot

Beirlant et al. (2004) define the mean excess function with the finite expectation
E(X) < o0 as:
e(t) = E((X —t|X > t>

where for a random sample 1, x», ..., x, the mean excess function is given by:

ol o0) ()
> izt nlt00) (70)

én(t) = (3.3.2)

In this case the indicator function 1( ) is defined such that:

1 ifa; >t
Litoo) =

0 otherwise

3.3.3 Declustering

In order to reduce the dependencies of time series data, we normally decluster the
exceedances using the method of declustering which Ferro and Sergers (2003) has
discussed. The intervals estimator method that was proposed by Ferro and Sergers
(2003) is given as: ,
’ {Zg—f(T" B 1)] (3.3.3)
R T I SR U )

=1

In this case, u is a sufficiently high threshold and 7T; denote the exceedance times.
According to Smith (1989) and Coles (2001), the extremal index measures the amount
of clustering and 0 < 7 < 1, where define niu as the limiting mean cluster size.

To check for goodness of fit of the Ferro and Sergers(2003) model for the estimated
extremal index 7,, we use a Quantile- Quantile (QQ) plot of interexceedance times

against standard exponential quantiles.
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Since the mid 1990s, various methods for declustering a series of extremes, to extract
a set of independent extremes, have been discussed in the literature. The most natu-
ral, commonly used method of declustering is that of runs declustering. This is how

it works:

(i) Choose an auxiliary declustering parameter.(which we call )

(ii) A cluster of threshold excesses is then deemed to have terminated as soon as at

least x consecutive observations fall below the threshold
(iii) Go through the entire series identifying clusters in this way.

(iv) The maximum observation from each cluster is then extracted and the GPD is

then fitted to the cluster of peaks excesses.

Although the method is quite easy to implement, there are issues surrounding the

choice of k; if:

(i) x is too small the cluster peaks will not be far enough apart to safely assume

independence.

(ii) « is too large, there will be too few cluster exceedances on which to form our

inference.

The identification of clusters makes use of the characterisation of interexceedance
times as either inter cluster or intra cluster. Under the Ferro and Segers model, the
extremal index 6 arises as the proportion of intereceedance times which are also inter
cluster times.

This means that interexceedance times can be easily categorised in these two groups

as a natural consequence of this model.
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Assuming that we have observed N threshold exceedances, then the §N largest in-
terexceedance times are assumed to be approximately independent inter cluster times,
which separate the remaining exceedances times into intra cluster times.

Practically, the estimated value of 6 is used to identify the critical cut off interex-
ceedance time that distinguishes inter from intra cluster times.

Once clusters have been identified, the cluster characteristics can be examined, or
the original threshold exceedances can be thinned to give approximately independent
cluster maxima. Inference on these cluster maxima can then be carried out such
inference is much more straight forward than the inference on the original dependent
sequence, although arguably this approach is wasteful of information as it discards

all but the largest observation in each cluster.

3.3.4 Parameter Estimation for the Generalised Pareto Dis-

tribution

After determining a threshold, the parameters of the GPD can be estimated by max-
imum likelihood method. Suppose that the values xq, ..., x; are the k excesses of a

threshold u. For € # 0 then the log likelihood is derived as:

1 : £
E(a,{) = —klog (0) — (1 + g) Zlog (1 + 5
i=1

provided that (1 + 015951-) > 0 for ¢ = 1,..., k, otherwise E(a, 5) = —oo. In the

) (3:3.4

case when we have ¢ = 0 the log likelihood for the GPD is as follows:

E(a) = —klog(o) —o ! zf;x (3.3.5)

More so, analytical maximisation of the log likelihood is highly impossible, so we then
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resort to numerical techniques are once again resorted to in this respect to get the
parameter estimate.

However there are some irregularities in using the method of maximum likelihood
to estimate parameters of extreme value distributions (EVT). Smith (1985) empha-
size the regularity conditions pertaining to the use of maximum likelihood estimation
method in estimating the shape parameter. The regularity conditions that Smith

(1985) emphasised are as follows:

(i) When the shape parameter £ is greater than -0.5, then the maximum likelihood

estimators are regular, in the sense of having the usual asymptotic properties.

(ii) When —1 < ¢ < —0.5, the maximum likelihood estimators are generally obtain-

able, but do not have the standard asymptotic properties.
(iii) When ¢ < —1, maximum likelihood estimators are unlikely to be obtainable.

(iv) When £ < —0.5, corresponds to distributions with very short bounded upper

tail.

In our study, we will use both the maximum likelihood estimation and Bayesian
methods to estimate parameters. According to Coles (2001) and Smith (1987), the
problem of regularity assumptions in the limiting behavior of the maximum likelihood
estimation method is encountered if the shape parameter, £ < —%. Therefore, the
Bayesian based estimation approach gains much preference over maximum likelihood
estimation and the probability weighted methods due to its independence of any reg-
ularity conditions Beirlant et al. (2004).

It is of great importance to show the relationship between the Generalised extreme
value distribution and the Generalised Pareto distribution.

The following derivation outlines how the two methods are related.
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Let Y follows a distribution over a high threshold u and y is the excess (z — u).

—Pr(Y <y+u)
1—Pr(Y <u)

1
PriY >u+y|Y >u} =

=1
B

~
~

1+&(u+y—p)/ o

—1

B

1+&(u— u)/o] (3.3.6)

_ [1+ E(U+y—u)/01]
L+ ¢[(u—p)/ole
e
Ou

3.3.5 Model diagnostics

Several standard statistical model diagnostic plots are used for checking model fit and
the suitability of the threshold choice. Such plots include probability plots, return
level plots, extremal mixture models and empirical versus fitted comparison plots.
These checks based on a chosen threshold, so they are post calculation diagnostic

plots. They provide an alternative way of assessing the model performance.

3.4 Estimating uncertainty using bootstrapping

The uncertainty in the way we estimate # and in the subsequent cluster identification
is estimated using a bootstrap algorithm. This bootstrap algorithm maintains the
within cluster dependence structure, and exploits the independence between clusters
by resampling clusters and inter cluster times rather than individual observations

from the original dependent sequence.
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The resulting estimates of # and any other parameters associated with cluster char-
acteristics represent a bootstrap estimate of the sampling distribution of these esti-

mators.
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Chapter 4

Results and discussion

4.1 Introduction

EVT is defined as a statistical tool that is normally used to give a thorough description
of very rare events. This is applicable in the field of finance, floods, insurance, Em-
brechts (1999),engineering, Castillo (2012) and risk management, McNeil (1999)only
to mention but a few.

However, in this dissertation our sole objective is to estimate return levels of Limpopo
river flow at Beitbridge border post. This chapter goes on to explore an application of
generalised extreme value distribution in modelling the upper tail heights of Limpopo

river at Beitbridge border post.

4.1.1 Flood height data

In this dissertation, the historical monthly and annual maximums data for Limpopo
river from Beitbridge border post station was used. Both the monthly and yearly

data from this station is for the period 1992 to 2014. The annual maximum data was
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used to model the GEV model while the monthly was used for the modelling using
POT. This is verified data by South African weather services that was obtained from

its website http://www.dwa.gov.za.

4.1.2 Descriptive statistics

Table 4.1: Table showing descriptive statistics for flood height.

N | Range | Min | Max | 1stQu | Median | Mean | 3rdQu | std dev

variance

Floodheight | 23 | 6.00 | 0.77 | 6.78 | 1.48 1.9 24 2.8 1.56

2.44

Table (4.1) shows the descriptive statistics of annual maximum flood heights for
Limpopo river at Beitbridge border post. The maximum flood height was 6.78 metres
where as the minimum flood height was 0.77 metres. The variance was 2.44 metres.
We got this from an uninterrupted series of twenty three observations from this site.

The range was approximately 6 metres.

4.1.3 Time series plot, density plot, normal QQ plot and Box

plot for Limpopo river at Beitbridge Border post

Figure (4.1) illustrates the time series plot,density plot, normal QQ plot and box and

whisker plot for the flood height data for Limpopo river at Beitbridge border post.

4.2 Stationary GEV models

4.2.1 Fitting the model without trend

Maximization of the GEV log likelihood for this data of flood heights leads to the

estimates and standard errors as given in the table below.The results in table (4.2)
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Figure 4.1: Top Panel (a)Time series plot (b) density plot Bottom Panel (c¢) Normal
Quantile- Quantile plot (d) Box and Whisker plot.
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indicate that the flood heights can be modelled using a Fréchet class of distributions
since the shape parameter é > 0. Combining the estimates and standard errors,

the 95% confidence intervals for &, o and p are summarised in table (4.3) The 95%

Table 4.2: Table showing a summary of parameters and standard errors.

fu(se) o (se) §(se) ¢
1.688 (0.176 ) | 0.747 (0.149 ) | 0.315(0.175) | 33.8

Table 4.3: 95% confidence intervals for stationary GEVD model.

i o é
(1.343;2.031) | (0.4548;0.1.040) | (-0.0293;0.6583)

confidence intervals for the shape parameter extends well above zero. This suggests
that the flood heights for Limpopo river at Beitbridge border post are modelled by a
Fréchet class of distributions. However, better accuracy of confidence interval bands

are obtained by the use of profile likelihood of the shape parameter as shown below.

4.2.2 Profile Likelihood for the shape parameter

We can constantly change the range when plotting the profile likelihood until we see
the confidence line. From the profile likelihood plot in figure (4.2) the confidence

intervals for the shape parameter are approximately (-0.0293;0.658)

4.2.3 Diagnostic Plots for the GEV Stationary model

The various diagnostic plots in Figure (4.3) for assessing the accuracy of the GEV
model fitted to the Limpopo river data at Beitbridge border post have been shown.
Neither the probability plot nor the quantile- quantile plot give cause to doubt the
validity of the model fitted: each set of plotted points is near linear. In the same

manner, the return level curve asymptotes to a finite level. The estimate is close to
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Figure 4.2: profile likelihood for the shape parameter.
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Figure 4.3: Diagnostic plots illustrating the fit of the maxima of flood height data
for Limpopo river at Beitbridge border post to the GEVD, (a) P-P plot (top left
panel), (b) Q-Q plot (top right panel ), (¢) Return level plot (Bottom left panel and
(d) Bottom right panel).
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zero and also the estimated curve is close to linear. More so, the curve provides a
satisfactory representation of the empirical estimates, especially once we take into
consideration sampling variability.

Finally, the density plot seems consistent with the histogram of the data. Conse-

quently, all four plots support the GEV model.

4.2.4 Test for Stationarity using Augmented Dickey Fuller

test

Hy: Flood heights data for Limpopo river at Beitbridge border post is stationary.
Hy: Flood heights data for Limpopo river at Beitbridge border post is not stationary.
Decision rule: We reject Hy if p < «

Since our p = 0.3811 > a = 0.05 we fail to reject Hy and concludethat the yearly

flood heights data are stationary at 5% level of significance.

4.3 Non Stationary GEV models

The time series plot above for annual maximum flood heights seems for Limpopo
river seems to exhibit some trends. There seems to be rather strong evidence for a
positive trend over the years, and a substantial part of the variability in the data will
probably be explained by a systematic variation in flood heights over years.

One way of investigating this trend is by allowing the generalised extreme Value
Distribution location parameter p to vary across time. A simpler linear trend in time
seems plausible for the flood heights X, and this would lead us to the model:

X = GEV(u(t), 0,&) where u(t) = By + fit and t represents an indicator of year. In
this way, variations over time are modelled as a linear trend in the location parameter

of the GEV. In this case ; represents the slope in this case the maximum flood heights
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of Limpopo river at Beitbridge border post. Therefore, the time homogeneous model
is a special case of this time dependent model, with 8; = 0; since this is nested within
the model which allows for a time dependence, the deviance statistic can be used to
formally compare these models.

After allowing for a linear trend in the data we get the estimates as summarised on the

table below. This gives an estimated decrease in flood height of about -0.0170metres.

Table 4.4: Summary of estimates after allowing for a linear trend.

Bo(se) Bi(se) {(se) o(se) ¢
1.82(0.24) | -0.017(0.023) | 0.70(0.17) | 0.44(0.30) | 33.63

This might be caused by effects of global warming . The confidence interval extracted
after fitting this model is [-0.06226;0.02824] which includes a zero justifying the fact
that the downward trend is insignificant. From the probability plot and quantile plot
given in Figure (4.4), neither of the two cause a doubt that the model that allows for
a linear trend in p is adequate for our data points are all near linear and not deviating

much from the reference line.
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4.3.1 Deviance statistics

We use the likelihood ratio test to check again for the significance of this decreasing
trend. This would bring 2(33.81127-33.6301)=0.3618 which is small compared to 3=
3.841. Therefore allowing for a linear trend in time does not improve on our model
which does not allow a linear trend therefore we reject the model u(t) = Gy + P1(¢)

and conclude that there is no significance at all to allow for a linear trend.

4.3.2 Modelling flood height with inclusion of Southern Os-

cillation Index data

A different scenario which uses the same approach as that in the previous section is
where the extremal behaviour of a series is related to another variable instead of time.
For example studies have since revealed a link between annual maximum flood height
and the mean value of the Southern Oscillation Index (SOI) which is an indicator of
meteorological volatility due to the effects such as El Nino. In this section of analysis
we try again to explore the results of flood heights with the inclusion of (SOI). Thus
the following model for X;, the annual flood heights for Limpopo river at Beitbridge
border post in year ¢, might be suitable. The model we refer to here is of the form:
X, ~ GEV(u(t), 0,€), whereby u(t) = By + 51SOI(t), where SOI(t) denotes the mean
value of the (SOI) ¢ years.

However, the time series plot reveals a possible trend in flood levels of Limpopo
river at Beitbridge border post through time, which suggests that u(t) = By + 51(t),
where ¢t = 1,2, ..., However, we are allowed to combine u(t) = fy + 5,SOI(¢) and
w(t) = Po + F1(t) in order to allow for dependence on time and (SOI) by letting:
w(t) = Po + P1SOI(t) + Pa(t). This section of analysis tries to check whether or
not any of the equations mentioned above give a significant improvement over the

stationary model. By incorporating (SOI)and time one variable at a time yields the
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following results:

Comparing to the stationary model,we have D=226.51-26.21=0.6060

0.606 is less than 3.84 at x?(0.05), which suggests that there is no significance im-
provement over the stationary model.

The parameters obtained after inclusion of (SOI) are summarised as below: This

Table 4.5: Summary of estimates with inclusion of SOI.

Bo(se) Bi(se) £(se) o(se) ¢
1.45(0.27) | -0.017(0.02) | 0.65(0.12) | 0.18(0.16) | 26.2

implies that when we add SOI data we get u(t) = 1.45 — 0.017(¢), 6 = 0.65 and

~

¢ = 0.178 and the log likelihood is 26.21.
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4.3.3 Scatter plots

Here we are not looking for linear regression type relationship but whether the scatter
(scale) or tail behaviour (shape) of flood height variable depend on the candidate
explanatory variable. The Oscillation index variable looks like a possible candidate
since the largest values of (SOI) are much more scattered for small values of flood
heights than for large. This is depicted by the scatter plots as shown by Figure (4.5)

below.

4.3.4 Correlation coefficient values for different months

Table 4.6: The correlation coeflicients 7.

Months r
November | 0.012
December | 0.096

January | 0.299

February | 0.33
March 0.278
October | -0.123
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Figure 4.5: Top panel from left (a) Scatter plot showing flood heights (b) Scatter plot
for Southern Oscillation index data.
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Figure 4.6: correlations plots (a) Correlation plots showing the relationship between
flood heights and SOI for the months October-April.

From the plots in Figure (4.6) it is evident that February was a raining month because
the flood height is positively correlated as portrayed by the correlation plots as well

as by the value of r in Table (4.6).

4.3.5 Modelling the r largest order statistics

The table in Figure (4.7) illustrates the maximum likelihood estimates, standard
errors and the 95% confidence intervals. Using the r largest order statistics method,
the analysis was done for » = 1 to r = 10. Maximum likelihood estimates of the
three GEV parameters and the associated standard errors (SEs) were calculated as
shown in Figure (4.7). The standard errors associated with the shape parameters
¢ for various values of r are shown in Figure (4.7). The variability decreases with
an increase in r up to 2, but there is no appreciable change in standard error for r

between 2 and 10. Moreso, a decreasing trend in standard errors is seen with the
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Table 4.7: Maximum log likelihoods parameter estimates, confidance intervals and
standard errors in parentheses of r largest order statistics model fitted to the Limpopo
river data at Beitbridge border with different values of 7.

r 14 o 95%Confidence Interval for &
1 32.09 | 1. 49(0 16) | 0.72(0.12) 0.14(0 14) (-0.13;0.13)
2 | 41.63 | 1.68(0.16) | 0.85(0.09) | -0.01(0.07) (-0.16;0.13)
3 | 39.32 | 1.65(0.15) | 0.83(0.09) | 0.01(0.07) (-0.14;0.14)
1| 21.98 | 1.68(0.14) | 0.8(0.08) | 0.04(0.07) (:0.13;0.15)
5 | 7.37 | 1.63(0.14) | 0.81(0.09) | 0.04(0.08) (-0.11;0.20)
6 | -22.04 | 1.58(0.14) | 0.82(0.11) | 0.12(0.10) (-0.08;0.32)
7 | 62.16 | 1.54(0.15) | 0.91(0.17) | 0.28(0.14) (-0.55;0.55)
8 | -112.80 | 2.16(0.64) | 2.75(1.41) | 1.22(0.34) (0.56,1.89)
0 |-191.25 | 4.09C) | 8.03() 1.96() (1.96;1.96)
10 | -219.89 | 1.57(0.20) | 1.18(0.24) | 0.55(0.11) (0.36;0.76)

modest increase in r, which levels off for r > 2. Therefore an optimum choice of r is
expected to be between close to 2 and 3. Therefore we have chosen a fixed value of
r to be 2 based on the standard errors and Figure (4.7) and also the plots in Figure

(4.9)in our subsequent analysis.

4.3.6 Diagnostic plots for r=2 rlargest order statistics

As seen in Figure (4.8) all the plots lend support to the goodness of fit of the data for
Limpopo river at Beitbridge border post. Neither of the probability nor the quantile-
quantile plot can cause some doubts about the fitted model.

Each of the points is near linear in the above plots. The return level curve is close
to linear too. Finally, the corresponding density estimate seems consistent with the
histogram of the data. Consequently, all four plots do lend support to the fitted

model using the r largest order statistics.
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Figure 4.7: The GEV shape parameter with 95% confidence interval.
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Figure 4.8: Diagnostic plots illustrating the fit of the data (Annual flood heights of
Limpopo river at Beitbridge border post) to the GEVD for r largest order statistics
model with & = 2, (a) P-P plot for & = 2 (Top left panel), (b) Q-Q plot for k = 2
(top right panel), (c¢) Return level plot for k = 2(Bottom left panel and (d)Density
plot for £ = 2 (bottom right panel).
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Figure 4.9: Diagnostic plots illustrating the fit of the data (Limpopo flood height
data(at Beitbridge border post) to the GEVD for r largest order statistics model
with £ = 1 and k = 2)(a) P-P plot for &k = 1(top left panel), (b) Q-Q plot for k =1
(top right panel), (c) P-P plot for k& = 2 (bottom left panel) and (d) Q-Q plot for
k = 2 (Bottom right panel
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k=3 k3

Figure 4.10: Diagnostic plots illustrating the fit of the data(Limpopo flood height
data(at Beitbridge border post)to the GEVD for r largest order statistics model with
k =3 and k = 4)(a)P-P plot for k& = 3(top left panel),(b)Q-Q plot for £ = 3(top right
panel),(c)P-P plot for & = 4(bottom left panel) and (d)Q-Q plot for k& = 4(Bottom
right panel.
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4.3.7 Probability plots and quantile plots for r largest order

statistics

From Figure (4.9) that show r = 1 and r = 2, neither of the probability plots nor
the quantile- quantile plots creates doubt that the model fits within the range for all
points are nearer linear. In other words points are not deviating so much from the

reference line.

4.4 Generalised Pareto distribution

4.4.1 Introduction

In extreme value theory, sometimes we are not just concerned about modelling the
maxima or minima but sometimes with observations that are above a high thresh-
old. Flood heights of Limpopo river at Beitbridge border post is one such example.
Balkema and de Haan (1974) and Pickands (1975) show that the distribution function
of the excesses above a certain high threshold converges to a (GPD) as the threshold

tend to the right end point

4.4.2 Declustering

The flood height variable for Limpopo river at Beitbridge border post is declustered
whilst we retain the covariate structure of our data frame which holds the data.
Firstly we select the threshold.

After having declustered the data, it suggests that we can not then use the threshold
of below 1.33. The Figure (4.12) below illustrates the way we had chosen the thresh-
old by taking into consideration the extremal index of flood heights for our data.

The extremal index of around 1.33 metres is chosen thereof with average clusters
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Figure 4.11: Quantile-Quantile plots of normalised exceedance times against standard
exponential quantiles (vertical line shows the (1—@))quantile slope; sloping line has
gradient %. The data is above 1.43 metres simulated from an autoregressive process
with extremal index 6 = 1.25 and the corresponding % =0.8metres
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Figure 4.12: (a)Top four panels: The positive residuals (excesses)are on the top left
panel. For the top right panel we have the threshold stability plots.
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occurring with an average size of 1. We can therefore further on by declustering us-
ing this estimate of extremal index of 1.33 metres and a threshold of approximately
1.33metres. Therefore of the 287 threshold exceedances for our flood height data we

have 23 clusters as illustrated in Figure (4.13) below.
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Figure 4.13: GPD fitted to cluster maxima (excesses)for the flood height data for
Limpopo river at Beitbridge border post.
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Figure 4.14: The threshold estimation using a parametric mixture model with a
truncated Weibull distribution fitted to the bulk and a GPD to the upper tail. The tail
fraction that is based on the bulk model is shown in red whereas the parameterised tail
fraction is indicated in blue. The corresponding thresholds are respectively indicated
by vertical dashed lines.
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4.4.3 Use of extremal mixture model to select threshold

From the plot in Figure (4.14) we determine the two thresholds by bulk tail fraction
and by parameterised tail fraction. It is evident from this plot that the threshold is
1.33 metres by the bulk tail fraction method and 0.025metres by parameterised tail
fraction. Therefore we would then take our threshold to be 1.33metres because the
mean excess plot gave the same threshold as this one. The parameters of scale and
shape of the bulk tail fraction are 0.607 and 0.177 respectively where as the scale
and shape parameters by the use of parameterised tail fraction are 0.64 and 0.13

respectively.

4.4.4 Examining the fit of threshold over a range of threshold

We can be reassured by these plots below that a threshold of 1.33 metres cause no
doubt in terms of fit of the model to the flood heights data of Limpopo river at
Beitbridge border post. For this choice of threshold, the estimate of the extremal
index is about 1.25 metres and the corresponding ﬁ = 0.8. The mean residual life
plot is one method used to determine the threshold level. The interpretation of the
mean residual life plot is not always simple practically. From the mean residual life
plot in figure (4.15) it is better to conclude that there is some evidence for linearity
above 7 = 1.33 and therefore we work initially with threshold set at 7 = 1.33.

We can now go on to estimate the parameters of the Generalised Pareto Distribution

used to describe the conditional distribution of a cluster maximum given that it

exceeds the threshold used for declustering.
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Figure 4.15: Threshold diagnostic plots ,(a)Scale parameter threshold stability plot
(top left panel),(b) Shape parameter threshold stability plot(top right panel) and (c)
Mean residual life plot (bottom panel).For the flood height data for Limpopo river at
Beitbridge border post.)

Table 4.8: Estimates and standard errors for GPD fitting.

a(se)

£(se)

0.719(0.21)

0.097(0.145)
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4.4.5 Estimates and standard errors for GPD fitting

4.4.6 Model diagnostics of Generalised Pareto Distribution

These plots give minor cause for concern: Just fewer points at the top of the quantile
plot lie slightly outside the tolerance intervals for this plot. This slight deviation from

the model fit is not improved particularly by increasing the threshold.
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Figure 4.16: Diagnostic plots illustrating the fit of the cluster maxima of flood height
data for Limpopo river at Beitbridge border post to the GPD, (a) P-P plot (top left

panel),(b) Q-Q plot (top right panel ),(c) Return level plot(Bottom left panel and (d)
Bottom right panel) .

© University of Venda



o

*. University of Venda
Creating Future Leaders

Results and discussion 61

4.5 Bayesian Inference of the annual maxima of

flood heights

4.5.1 Introduction

In this section we give an analysis of the annual flood heights for the rainfall data
using the Markov Chain Monte Carlo method. The GEV scale parameter o was
reparameterised as log(o) in order to retain the positivity of this scale parameter.
We used different starting points in order to check whether the chains had converged

to the correct place and all the chains are converged well.

4.5.2 Parameter estimates

Because of the uncertainties that surround the flood heights for Limpopo river at
Beitbridge Border Post, the increase in flood heights in due course might be between
1.0metres and 2.5metres. In other words, this is very highly unlikely that the increase
will be less than 1.0 metres for the flood height and on the same note that the increase
might be above 2.5metres for the flood height in due course. But basing on the
flood height of 2013, when the flood height was 6.707, it seems that the frequentist

properties of the Bayesian inferences of the model based on the prior are not adequate.

Table 4.9: Bayesian estimates for the GEVD.

p| o | ¢
1.61 | -0.44 | 0.22
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4.5.3 Bayesian Analysis
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Figure 4.17: MCMC realizations for generalised Pareto distribution parameters in a
Bayesian analysis.

The value for £ in this case is 0.15 and for ¢ is 0.11.
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4.6 Return levels after fitting the GEV and GPD
using the Maximum likelihood and Bayesian
approaches

Table(4.10) summarises the return levels associated with various return periods. The
fifty year return level corresponds to 5.6 metres and finally the 100 year return level
correspond to 6.759 metres. Prior to information depicted on the table, one would
expect per example, that the extreme residuals generated from the best fitting model
will exceed about 6.76 metres once in every 100years and will exceed about 5.6 metres
every 50 years using the generalised extreme value distribution. As for the generalised
Pareto distribution the fifty year return level corresponds to 2.45 metres and the 100
year return level corresponds to 3.181 metres. The confidence 95% confidence in-
tervals were [1.48,9.72] and [0.799,12.72] for 50 and 100 years using the generalised
extreme distribution and using the Generalised Pareto distribution they correspond
to [1.88;3.02] and [2.21;4.15] for 50 and 100 year return period. From table (4.10),
we have the return levels and the confidence interval bands for both the Generalised
extreme value distribution and the Generalised Pareto distribution using both max-
imum likelihood estimation and the Bayesian approach for estimating the estimates
and confidence intervals. In each case the first value is the lower bound, the second
value is the return level and lastly the last value corresponds to the upper bound
for confidence intervals, for example the 20 year return level for the GPD using the
maximum likelihood estimation corresponds to (1.460;1.651;1.842) of which 1.46 is
the lower bound, 1.651 is the return level and finally 1.842 is the upper bound. In a
nutshell this shows that the Generalised extreme value distribution is the best fitting
model as shown by the return levels with the corresponding return periods. Therefore

for our prediction, for return levels we would rather use the Generalised extreme value
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distribution using maximum likelihood approach instead of the Generalised Pareto

distribution in order to predict the return levels and the return periods. The hun-

dred year return levels using the Generalised extreme value distribution is comparable

with the flood height for 2013 when the flow reached 6.707 metres using the maximum

likelihood approach.

Table 4.10: Calculation of prediction Intervals .

year | GPD(MLE) GPD(Bayes) GEVD(MLE) GEVD(Bayes)

20 (1.460;1.651;1.842) | (1.485;1.651;1.896) | (1.919;4.313;6.708) | (1.488;1.652;1.890)
30 (1.629;1.986;2.343) | (1.688;2.019;2.533) | (1.783;4.853;7.924) | (1.682;2.023;2.533)
40 (1.769;2.243;2.717) | (1.859;2.330;3.124) | (1.634;5.265;8.896) | (1.854;2.342;3.109)
50| (1.834:2.454;3.024) | (2.008;2.609;3.731) | (1.484;5.602;9.710) | (1.098;2.633;3.722)
60 | (1.078:2.634;3.291) | (2.149;2.867;4.374) | (1.338;5.880;10.442) | (2.132;2.908;4.380)
70 (2.054;2.793;3.532) | (2.279;3.112;5.075) | (1.197;6.142;11.088) | (2.230;3.175;4.982)
80 (2.117;2.935;3.752) | (2.383;3.345;5.694) | (1.059;6.368;11.676) | (2.340;3.438;5.761)
90 | (2.169;3.063;3.957) | (2.466;3.572:6.379) | (0.927:6.572;12.217) | (2.442;3.702;6.517)
100 | (2.212;3.181;4.150) | (2.542;3.792;7.205) | (0.799;6.759;12.719) | (2.528;3.969;7.381)

4.7 Parametric bootstrap

The flood heights of Limpopo river at Beitbridge border post for the period under

investigation is symmetric as shown by Figure (4.18).

4.7.1 Return level plot for the Generalised extreme value

distribution

The return level plot in Figure (4.19) and (4.20) summarises various return levels

with their corresponding return periods in a diagramatic form.
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Figure 4.19: Return level plot for the gen-
eralised extreme value distribution using
the Maximum likelihood approach to es-

timate parameters.

Figure 4.20: Return level plot for the Gen-
eralised Pareto distribution using the Max-
imum likelihood approach to estimate pa-

rameters.
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4.7.2 Predictive densities for the Generalised extreme value

distribution

(a) Predictive density of 20 year return peri (b) Predictive density of 50 year return peri
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Figure 4.21: Top panel from left (a) predictive density for 20 year return period
(b) predictive density for 50 year return period: Bottom panel from left(c) predictive
density for 100 year return period extracted from the maximum likelihood estimation.

Figure (4.21) shows the predictive densities of return levels, and from this we can

simply visualise the confidence interval bands.
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4.8 Concluding Remarks

In this Chapter we have managed to show the suitable model that fits the Limpopo
river at Beitbridge Border Post. Calculation of confidence intervals have also been
dwelled upon in this chapter. Return periods and return levels calculation of Limpopo
river at Beitbridge Border Post have also been exploited in this chapter. Even the
descriptive statistics that includes the time series analysis, box plot, density plot and
normal quantile- quantile plot for Limpopo river flood height data has also been given
in this chapter. Of much importance is the inclusion of Bayesian EVT and r largest

order statistics in this chapter.
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Chapter 5

Conclusions

5.1 Introduction

This dissertation presents and analyses a number of statistical models for modelling
flood heights of Limpopo river at Beitbridge border post. Modelling of flood heights
is quite important in the field of hydrology for decision making. The stakeholders
will be informed of return levels and return periods through modelling of the flood
heights. This helps in decision making and to give an alarm to the community living

around Limpopo river as to when they are likely to experience extreme floods.

5.2 Conclusion

The study considered the use of statistics of extremes in changing climate for Limpopo
river at Beitbridge border post. The maximum likelihood estimation method and
Bayesian approach were used to estimate the parameters of the Generalised extreme

value distribution in the presence of a trend covariate and the Southern Oscillation
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Index(SOI). The study has also revealed the importance of considering non station-
ary models when using statistics of extremes in a changing climate as these models
provide an improvement in fit over the time homogeneous models.

The developed models established in this dissertation are consistent with cumula-
tive(or moving sums) annual maximum series flood height and therefore appear re-
liable to use for flood frequency analysis. The use of the identified time dependent
GEV models with a trend in the scale parameter at Beitbridge border post would
also reduce sensitivity of the frequency of floods which is known to vary with changes
in the scale parameter estimate, and therefore lead to more reliable estimates in the

frequency of floods.

5.3 Limitations of the dissertation

(i) The raw data for Limpopo river at Beitbridge border post were originally recorded
as monthly and yearly flood heights (or water levels). The data records at Beit-
bridge border post stretch back from 1951 up to 2014. However, due to missing

values, the records used in this dissertation are for the period 1992 up to 2014.

(ii) This research focused on a single site analysis. It would be better to consider a
multi-site model to reduce the large uncertainty caused by single site analysis

Renard et al. (2006).

5.4 Findings and Contributions

(1) Modelling of flood heights at Beitbridge Limpopo river has not been done to the

best of our knowledge.
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(ii) Accurate estimation of return levels and periods of extreme flood heights helps

in risk mitigation, for example, designing of bridges by civil engineers.

(iii) One of the main objectives of this study is risk analysis. It is possible now to

quantify the damage caused by the flood height for this given period.

(iv) The Fréchet class of distributions is found to be the best fit to the data in all the
modelling frameworks of this dissertation. This implies that the distributions
of extreme flood heights for Limpopo river at Beitbridge border post are thin

tailed.

5.5 Future research

The results of this dissertation provide possible areas for future research. The follow-

ing possible future research directions are proposed:

(1) One area which needs future research is a probabilistic description and modelling
of flood heights using Poison point process. This modelling approach helps in
estimating the frequency of occurrences of flood heights for Limpopo river at

Beitbridge border post.

(ii) Future research will consider multi-site regional analysis and compare the return

periods and return levels for Limpopo river.
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(iii) Inclusion in the EVT models (GEVD and GPD) more covariates in the form of
cycles and or a physical variable such as dummy variable indicating the occur-

rence of cyclones in the region will also be considered in future research.

(iv) Future research will also explore the use of scoring rules such as the continuous
probability score(CPRS)in assessing the predictive performance of the (GEVD)
and (GPD) models.
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Appendix

Some selected R codes

attach(mheight)

head(mheight)

tail(mheight)

min(height)

max(height)

HHHHH AR

HHHHHH TR A

#decluster the sequence by using the automatic declustering method
win.graph()

ei <- extremallndex(height, threshold = 1.33)

ei

dc <- declust(ei)

par(mfrow=c(1,1))

plot(dc,col="blue", xlab="0Observation number", ylab="Positive Detrended SDPED")
dc

dc <- declust(height, threshold = 1.33)

##tFitting the Generalised Pareto distribution to cluster maxima
resid.gpd <- evm(dc) #MLE

resid.gpd

par(mfrow = ¢(2, 2))

plot(resid.gpd)

#GPD parameter uncertainty: PARAMETRIC BOOTSRAP

boot <- evmBoot(evm(dc), trace = 1001)

summary(boot)

par(mfrow = c(1, 2))

plot(boot)

© University of Venda



()

o
@ University of Venda

Creating Future Leaders
@

REFERENCES 78

Some selected R codes continue

attach(mheight)

head(mheight)

tail(mheight)

library(texmex)

min(height)

max(height)

HHH R R
HHHHHH TR AR AR AR AR R A R R
#decluster the sequence by using the automatic declustering method

win.graph()

ei <- extremallndex(height, threshold = 1.33)

ei

dc <- declust(ei)

par(mfrow=c(1,1))

plot(dc,col="blue", xlab="0Observation number", ylab="Positive Detrended SDPED")
dc

dc <- declust(height, threshold = 1.33)

##Fitting the Generalised Pareto distribution to cluster maxima

resid.gpd <- evm(dc) #MLE

resid.gpd

par(mfrow = ¢(2, 2))

plot(resid.gpd)

#GPD parameter uncertainty: PARAMETRIC BOOTSRAP

boot <- evmBoot(evm(dc), trace = 1001)

summary(boot)

par(mfrow = c(1, 2))

plot(boot)
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Some selected R codes continue

win.graph()\\

portRL $<-$ predict(residpos, M = seq(20, 100, by = 20), ci.fit = TRUE)\\

plot(portRL)\\

portRL[c(1, 2, 3)]\\

par(mfrow=c(2,2))\\

y=c(1.48,1.64,1.89)\\

plot(density(y),xlab="Flood height (m)",
main="(a) Predictive density of M.20")\\

x=c(1.85,2.28,3.14)\\

plot(density(y),xlab="Flood height (m)"\\
main="(b) Predictive density of M.40")\\

2=(2.12,2.75,4.46)\\

plot(density(y),xlab="Flood height (m)",\\

main="(c) Predictive density of M.60")\\

© University of Venda



()

o
@ University of Venda
@)

Creating Future Leaders

REFERENCES

80

Some selected R codes continue

attach(datasoi)
head(datasoi)
tail(datasoi)

win.graph()

library(ismev)
ffit = gev.fit(fheight)

gev.diag(ffit)

plot(fheight)

plot(soi)

plot(datasoi[, c("soi", "fheight")],col="blue",

xlab="0October SOI (1955-2014)",ylab="Flood height")

ti=matrix(ncol=1,nrow=60)

ti[,1]=seq(1,60,1)

covar=matrix(ncol=2,nrow=60)

covar[,1]=datasoi[,3] #Stores the SOI values in column 1 of covar
covar[,2]=ti#Stores the time indicator in column 2 of covar

¢ = gev.fit(datasoi[,2])#original

gev.diag(c)
plot(x=SOl, y=r1, xlab="0October SOI",

ylab="Annual maximum flood height(m)",

col="blue", xlim=c(-21,20), ylim=c(0,14))
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R codes for R largest order statistics

attach(j)

head(j)

win.graph()

a=ts(shape)

plot(a,type="b",xlab="r",ylab="Shape parameter of GEV",col="blue",ylim=c(-0.8,2))
lines(lower.bound,col="red", type="c")

lines(upper.bound,col="green",type="c")

#min(lower.bound)

#max(upper.bound)
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R codes for Correlation plots and correlation coefficients

attach(datasoil)
head(datasoil)

tail(datasoil)

#create matrix from vectors

M<- cbind( heighty,Jan,Feb,Mar,Apr,May,Jun,Jul,Aug,Sep,Oct,Nov,Dec)
# covariance and corelation matrices
cov(M)

cor(M)

win.graph()

par(mfrow=c(2,3))

plot(Nov,heighty)

plot(Dec,heighty)

plot(Jan,heighty)

plot(Feb,heighty)

plot(Mar,heighty)

plot(Oct,heighty)
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R codes for calculation of return levels using Bayesian approach

#Calculation of Return levels using Bayesian approach for the GEVD model.
head(yheight1)
library(texmex)

palette(c("black", "purple”, "cyan", "orange"))
set.seed(20120118)

mpedc <- evm(heighty, family = gev)

mpedc

plot(mpedc)

residpos =update(mpedc, method = "simulate", trace = 40001, penalty = "gaussian")
par(mfrow = ¢(3,3))

plot(residpos)

residpos

residpos <- thinAndBurn(residpos, burn = 500, thin = 20)
dim(residpos$param)

summary(residpos)

par(mfrow=c(3,2))

plot(residpos)

residpos

win.graph()

predict(residpos, type ="Ip")

predi <- predict(residpos, M = seq(15, 100, by = 5), ci.fit = TRUE)
plot(predi)

predi[c(3, 2, 3,4,5,6,7,8,9,10,11,12,13,14,15,16)]
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R codes for calculation of return levels using Maximum likelihood approach

#GEVD Maximum Likelihood

attach(yheightl)

head(yheight1)

library(texmex)

palette(c("black", "purple”, "cyan", "orange"))
set.seed(20120118)

mpedc <- evm(heighty, family = gev)

mpedc

plot(mpedc)

win.graph()

predict(mpedc, type = "lp")

predi <- predict(mpedc, M = seq(15, 100, by = 5), ci.fit = TRUE)
plot(predi)

predi[c(1, 2, 3,4,5,6,7,8,9,10,11,12,13,14,15,16)]
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R codes for calculation of return levels using Maximum likelihood approach

attach(mheight)

head(mheight)

tail(mheight)

min(height)

max(height)
B
HEHHHAHEH R

#tdecluster the sequence by using the automatic declustering method
library(texmex)

win.graph()

ei <- extremallndex(height, threshold = 1.33)

ei

dc <- declust(ei)

par(mfrow=c(1,1))

plot(dc,col="blue", xlab="0Observation number", ylab="Positive Detrended SDPED")
dc

dc <- declust(height, threshold = 1.33)

##tFitting the Generalised Pareto distribution to cluster maxima
resid.gpd <- evm(dc) #MLE

resid.gpd

par(mfrow = ¢(2, 2))

plot(resid.gpd)

HHHHHH TR A A A
#Prediction using MLE

predict(resid.gpd, type = "Ip")

portRL <- predict(resid.gpd, M = seq(15, 100, by = 5), ci.fit = TRUE)
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R codes for calculation of return levels using Bayesian approach

attach(mheight)

head(mheight)

tail(mheight)

min(height)

max(height)

B

HEHHH AT

#tdecluster the sequence by using the automatic declustering method
library(texmex)

win.graph()

ei <- extremallndex(height, threshold = 1.33)

ei

dc <- declust(ei)

par(mfrow=c(1,1))

plot(dc,col="blue", xlab="0bservation number", ylab="Positive Detrended SDPED")
dc

dc <- declust(height, threshold = 1.33)

#GPD parameter uncertainty: BAYESIAN ESTIMATION

#residpos <- evm(r2pos, data = data, qu = 0.90, "simulate")

ml<- evm(dc) #ML

ml

residpos =update(m1, method = "simulate", trace = 40001, penalty = "gaussian")
par(mfrow = c(3,3))

plot(residpos)

residpos

residpos <- thinAndBurn(residpos, burn = 500, thin = 20)

dim(residposSparam)

© University of Venda



