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(z,y, z) spatial coordinate in (;

space of the Libesgue intergrable functions on Q;
the Sobolev space of order 2 on (;

the velocity field of the flow in Q;

the fluid pressure;

angular velocity of the rotating obstacle, assumed constant;
fluid mass density, assumed constant;

coefficient of viscosity, assumed constant;
outward unit vector to I';

velocity at & € T;

the normal velocity components at & € T';

0, at the stagnation point;

the velocity gradient;

the rate of deformation tensor;

set of test functions in £2;

Represents thickness of the fluid rotating with a circular cylinder(I')
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Abstract

The flow is described by the Navier-Stokes equations in the domain

Q C R3. The open-bounded domain is assumed to have a cone property.
The rotation of a 3- dimensional symmetrical impermeable cylindrical rigid
body in the fluid is studied. The model is constructed in a manner that
the equations describe a system in a frame attached to the obstacle.The
system of the governing equations is constructed on the basis of
conservation of angular momentum of the rigid body and the conservation
of linear momentum of the fluid. When the conservation of angular
momentum is taken into account, a dynamic boundary condition is
considered. The uniqueness of this unknown velocity vector field is
confirmed by using the so called energy method. In this study we chose the
incompressible viscous Navier-Stokes flow and thus the fluid density does
not change through out the flow.
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Chapter 1

Introduction

1.1 Introduction

Flows around obstacles are among the most common types encountered in
the fluid mechanics literature, and cylindrical obstacles have received
particularly broad attention. The reason is that, this relatively simple
geometry encompasses many important physical effects likely to play a role
in the flow around complicated obstacles. This implies that a profound
understanding of the flow past a cylinder will facilitate the analysis of a
wide variety of applied problems, ranging from aerodynamic to pollutant
dispersion around buildings and flows in turbines.

The study will adopt the equations of a Navier-Stokes fluid, which were
derived a long time ago and the term that will be added is [(& x &).V]u due
to the drift operator of the rotating body.i.e. the body in a fluid flow will
oscillate about a fixed position. A Navier-Stokes fluid is an incompressible
Newtonian fluid.When the fluid is not a mixture, incompressibility means a
constant fluid density. We shall consider only such fluids.

Newtonian fluids are characterised by the linear occurance of the rate of
deformation in the stress tensor, a term which contains the viscosity of the
fluid as a physical constant.Viscous fluids are often modelled as having the

property of embedding to a boundary of a rotating obstacle and rotate with
it.

We deal with functions in the spaces, L%([0,7)) and H?(Q) respectively.
In these spaces, we select appropriate test functions with compact support
in the open bounded domain Q.Those test functions are candidates for a

weak solution of the problem (in the sense of distributions).

A model for studying this situation has been studied for its local existence

© University of Venda
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and uniqueness in ([6] and [8]) where both authors considered the effects of
pressure forces in the fluid as well as effects of pressure forces at large
distances from the body and, in this project, we confirm the same existence
and uniqueness of the solution of the problem using a different method.i.e.
energy method, where we are only considering a body rotating in a fluid
without the effects of pressure forces at a distances away from the body.

The energy is a powerful method when dealing with problem in fluid
mechanics. When applying the method in this problem, it allows us to go
to an extend of showing the exercise in chapter 4 in the uniqueness of the
problem.

1.2 Incompressible Navier-Stokes flow

The problem is set as a 3-dimensional viscous, incompressible fluid flow
around a smooth impenetrable regular obstruction with a fixed axis of
rotation in the vertical direction. The resulting motion of the fluid in the
presence of a rotating obstacle about the z-axis is rotational.i.e. the body
rotates about a fixed axis, z, at an angular velocity & = (0,0, z) which is
assumed to be sufficiently small. When the fluid is in contact with the
rotating obstacle, the normal velocity component of the fluid velocity on the
surface is zero. All the other surface velocity components are tangential to
the rotating obstacle.This velocity at the boundary, given by vou(Z,t), for
Z €T, is prescribed in terms of no-slip condition of the fluid in contact with
a rotating obstacle. Flow particles adjacent to the body tend to stick to it
and eventually rotate with it.

In this project we look at the flow dynamics of a rotating body in an
unbounded fluid. When this obstacle starts to rotate, there will be some
boundary layer that will be formed on it. The Oseen [19] approach would
mean that we have to deal with two problems.i.e. the boundary layer
problem and the outer one. This was pointed out by Stokes, who gave the
following explanation.

The pressure of the cylinder on the fluid continually tends to
increase the quantity of fluid which it carries with it, while the
friction of the fluid at a distance from the cylinder continually
tends to diminish it. In the case of a sphere these two causes
eventually counteract each other and the motion becomes
uniform. But in case, of a cylinder the increase in the quantity
of fluid carried continually gains on the decrease due to the
friction of the surrounding fluid, and the quantity carried
increases indefinitely as the cylinder moves on.

© University of Venda
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Chapter 2

Literature review

Fluid motion as a result of a rotating obstacle is one of the most fascinat-
ing problems in fluid dynamics. Research in this area has followed several
avenues. Early work by Yoshihiro Shibata [23] came up with the stability
theorem of three dimensional Navier-Stokes flow past a rotating rigid body.
He considered the Navier-Stokes equations describing a viscous
incompressible flow past a rotating rigid body in the Euclidean space R3.

In order to understand why the problem becomes difficult if the obstacle
was rotating and translating, we recall the method typically employed in
the study of the asymptotic structure of the steady state solution in exterior
domain (Galdi, 6] and[7]) relies upon the proof of existence and of
appropriate estimates of solutions to the linearized problem, in
conjunction with a suitable fixed point argument. In turn, this proof was
typically achieved by showing appropriate estimate of the fundamental
solution for the relevant linear operator. Now, if the obstacle was only
translating, the linearized operator was the well-known Oseen operator,Onseen
(19], Ly, which was obtained from the (second order) Stokes operator by
adding a lower (first) order term in the velocity field @ , with constant
coefficients. If, on the other hand, the body was rotating with angular
velocity &, the corresponding linearized operator, Lrg, also includes the
first order term (& x #).V. This term becomes unbounded at large distances
from the body.

Galdi and Silvestre [6], [7] proved uniqueness of the steady state problem:
-At— (G xZ).Vi+dxd+Vp+uVi=0,V.i=0,

defined in D with the solution (i, p) satisfying the inequality:

o i 3|2
(@) < S5, |va@)| + p@) < B

© University of Venda
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for large |#| provided || is small enough.

Hishida (8], proved pointwise decay of:

"] T A% =12
la(@) < B Iva@) + Ip@)| < S,

in terms of weak — L, spaces:
(TR L3,00(D)a(va! p) € L3/2,00(D)'

The general equations of determining a solution to a problem of a flow past
an obstacle is the general Navier-Stokes equation. However if the body
rotates and translates the linearized problem becomes, depending on
specially chosen initial data:

Bl +AVE = AT+ (@ x £).Vi— @ x @ — Vp, V@ =0,

subject to the conditions :

—

Ur =@ X &, 4 — 0 point-wise as |Z| — oo ( Hishida [8]).

If the body was just rotating without translating the term that will be added
is:

(@ x £).V]4,

due to the velocity of the rotating body(see Galdi, [6] and [7]). Stokes [24],
solved, in two dimensions, a problem of a flow past a circular cylinder of
radius a. The linearized equation is:

uV2@ = uViy = 0.
The no-slip condition at the surface of the cylinder requires that:

¥(a) = 25 = 0.

There were no global solutions to the 2—dimensional Stokes problem
representing a flow past a cylinder. This phenomenon results from a failure
to properly account for the forces in a viscous fluid at large distance from
a translating body and is called the Stokes Paradox. The remedy for this
phenomenon in two dimensions involves a proper accounting for singular
nature of the limit Re— 0 in the neighbourhood of infinity. At distance

r — Re™1,
the appropriate equations are found to be:

pSE + Vp — V%@ =0,V.i = 0.

© University of Venda
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This system was known as Oseen’s equations (Onseen [19]). He proposed
them as a way of approximately accounting for fluid inertia in problems
where there is an ambient free stream Ui. The biharmonic equation can
be solved in a neighbourhood of the cylinder (i.e. a circle) by any stream
function of the form:

v = Csinf(rlogr — %r+ % 3

but there were no choice of C for which ¢ ~ sin @ for large r. The

analysis of this problem has been covered very well in papers of (Lamb [13]
and Lamb, [14]) and its understanding through the use of matched
asymptotic expansions(MAE) was one of the triumphs of perturbation
theory. However, the MAE approach, despite its immense power and
diversity of expanding applications, does not give a clean resolution of the
original difficulty in that such methods rely essentially on computing and
then matching solutions to the problem defined on two regions: close to the
cylinder and far from cylinder.

Mads Kyed came up with an asymptotic structure of a three dimensional
Navier-Stokes flow past a rotating body. He considered a body with a
connected boundary moving in a Navier-Stokes liquid that fills the whole
exterior of the body. Eva Dintelmann, Matthias Geissert and Matthias
Heiber [2] considered the Navier-Stokes flow past several moving obstacles
with possible time-dependant velocity. It is shown that under suitable
assumptions on the data, there exists a unique, local strong solution in the
LP — L9-setting where p < ¢q and p,q € (1,00). Moreover, it was proved
that this strong solution coincides with the unknown mild solution in a very
weak sense.

The fundamental problem is to decide whether such smooth, and physically
reasonable solutions exist for the Navier-Stokes equations. In two
dimensions, the analoques of assertions have been known for a long time
(Ladyzhenskaya [12]), and also for the more difficult case of the Euler
equations. This gives no hint about the three-dimensional case, since the
main difficulties are absent in two dimensions. In three dimensions, it is
known that Navier-Stokes equations hold, provided the initial velocity
satisfies the smallness condition, for initial data #°(Z) not assumed to be
small and it is also known that f = 0 hold (also for u = 0) if the time
interval [0,00) is replaced by a small time-interval [0,T), with T depending
on the initial data. For a given initial velocity #°(&), the maximum
allowable T is called the blowup time.

The above results are covered very well in Bertozzi and Majda [2]. Starting

with Leray [15], important progress has been made in understanding weak
solutions of Navier-Stokes equations. To arrive at the idea of a weak

© University of Venda
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solution of a problem, one integrates the equations against a test function,
and then integrates by parts (formally) to make the derivatives fall on the
test function. The solution of that derivative of the Navier-Stokes equations
on test function is called a weak solution of the problem. A long-established
idea in analysis is to prove existence and regularity of solutions of a PDE
by first constructing a weak formulation of the problem and weak solution.
Furher we show that any weak solution of the problem is smooth.

This approach has been tried for Navier-Stokes equations with partial
success. Leray in [15] showed that the Navier-Stokes equations (when f = 0)
in three space dimensions always result in weak solutions (p, %)

with suitable growth properties. The uniqueness of the weak solutions of the
Navier-Stokes is not known. For the Euler equation, the uniqueness of the
weak solution is false. Scheffer [17] and, later, Schnirelman [22] exhibited
weak solutions of the Euler equations on R* x R with compact support in
space and time.

Scheffer [20] applied ideas from geometric measure theory to prove a partial
regularity theorem for suitable weak solution of the Navier-Stokes
equations. Caffarelli-Kohn-Nirenberg [3] improved Scheffer’s results, and
F-H.lin [16], simplified the proofs of the results in Caffarelli-Kohn-Nirenberg
[3]. The partial regularity theorem of Scheffer [20] and [21] concerns a
parabolic analoque of the Hausdorf dimension of the singular set of a suitable
weak solution of Navier-Stokes. Here, the singular set of a weak solution U
consists of all points (2°,° € R® x R) such that @ is unbounded in every
neighborhood of (9,¢°).

In this project, we look at the well-posedness of an unsteady state
problem of a flow past a rotating obstacle about a fixed axis described by
the Navier-Stokes equations. In particular we consider a well known case
of well-posedness depending on the size of &. The point of departure with
other authors is the use of energy method approach.

© University of Venda
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Figure 1.1 A circular cylinder placed in a fluid at rest
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Figure 1.2 A cirular cylinder with it’s boundary I rotating with an angular velocity
omega @ in a fluid domain Q
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Chapter 3

Modelling of Incompressible
Navier-Stokes flow

In this chapter, we construct the setting of the problem by mathematically
modelling the situation.

3.1 Modelling in 2

We consider an arbitrary fixed region of the fluid at rest in Q and the
cylindrical obstacle which is initially at rest in the fluid( see figure 1.1 above).
The motion of the obstacle is impulsively started and as a result triggering
the motion of the surrounding fluid. Fluid particles in-contact with the
boundary (I') of this cylindrical obstacle in a fluid become embedded in it
and then rotate with it, forming a layer 7 whose thickness increases with
time due to pressure forces in the fluid as a result of rotational motion. Let
7t be the outward unit normal to I' as shown in figure 1.2 above. If p(&, t)
is the density of the fluid in Q, and (&, t) the velocity of the fluid particle
in © which, at time ¢ is in position &, then the conservation of fluid mass in
2, may be expressed as:

d = 2
2 Jov PAZ = — $q p.fids.

For a fixed control volume and by divergence theorem, we have:

/ P V.(pi0)dz,
cv oV

| o+ viomiaz = o
CcVv
pe+V.(pi) = 0.

© University of Venda
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Since p is assumed to be constant, it follows that:
V(@ t) =0. (3.0)

Eq.(3.0) is referred to as the continuity equation.

Next, we consider the conservation of linear momentum in . This is
expressed in the following way:

The rate of change of momentum in the control volume (CV)=the rate of
change of momentum Over the control surface + vector sum of all surface
forces acting on the control volume + all forces acting on both the solid body

and fluid in the control volume.

The next task is to choose appropriate flux terms and the unsteady

ol volume term. Since we are dealing with a fixed control volume, we
o that the rate of change of linear

CS, with respect to the outward unit

contr
choose the momentum flux M s
momentum over the control surface,

normal 73 is given as:
Jing M.fids = — [oyy V-MdZ.
on I'. The (internal) force per unit area at

Let T denote the stress tensor h
form T'(z).7i(x). Thus, the total force on

Z € CS, may be expressed in the
CS is:
[ Tfids = [ VT,

by the divergence theorem.

te the conservation law of linear momentum of the fluid as:

We then wri
% Sy PEAZE = = Jov V.MdE + [y V.TdZE + [oy pfdz.
Since () is arbitrary,
8y(p) + V.M = V.T + (@ x 2).Vli + of, (3.1)
where,

[(@ x z).V]i,
is a drift operator of a rotating body due to conservation of angular

momentum. Now choose M as follows:

M = pi x 4,

10
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where the symbol (x) denotes the vector product. Having made this choice

we have:
v.M = [V.(ot x ] (3.2)
3
Vipixd) = Y, Oilptii;) (3:3)
i=1,j=1
3 3
= N [Bi(pu))-G + ) st (3.4)
i=1 j=1
= [V.(p@)]E + p(@.V)a. (3.5)
Hence,
V.M = [V.(p0))i + p(@.V)i. (3.6)
But then,
8,(pid) = prti + pily = (=V.pE) + pliy, (3.7)

by (3.0) we write (3.1) using equations (3.6) and (3.7) above to obtain the

expression:
p(@ V)i = VT + (@ x £).Vi + of,

which gives

piiy + p(i.V)i = V.T + (@ x £).Vi+ of; (3.8)

cal statement of conservation of linear momentum

which is the mathemati
conservation of mass.

and angular momentum combined with the

3.2 Boundary conditions

In this section we discuss the boundary conditions as part of the governing
equations for the motion of a rotating obstacle in an incompressible flow.
We denote it by I'. This boundary of an obstacle T is assumed to be
impermeable.i.e. it does not allow flow of the fluid across it.

the problem under investigation is shown in Figure 1.2
rd normal vector to [ is given by 7. The fluid velocity
vector at the surface of an obstacle, is given by y0u(Z,t). This velocity is
o at the stagnation point when the fluid is in contact with an
mes that the boundary of the obstacle is

The geometry of
above. The outwa

egual to zer
obstacle. Our model assu

i
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impermeable and the fluid particles adjacent to it become embedded to the
surface of the obstacle and rotate with it.

We have already derived the equations of motion in the previous section.
We have for incompressible fluid:

| Dei(Z,t) = V.T(p, @); &, i € Q,

V.i(Z,t) =0, (3.9)
where,
Dy := 8, + 1.V,
and for an incompressible Navier-Stokes fluid, the stress tensor is chosen as

T(p, @) = —pI + 2uD4,

where D(%0) = %[Vﬂ’ + ViT), is called the rate of deformation tensor.
Thus our conditions are:

3.3 Problem Formulation

The purpose of this work is to establish well-posedness of the 3-dimensional
fluid flow past a rotating obstacle about a fixed axis problem for small Re
(i.e. Re << 1) by using the energy method. We consider the case of rotation
only, i.e. without translation. Having modelled the motion of the fluid in
and discussed the boundary condition on I', we are now ready to formulate
our problem. The full system of equations modelling the motion of the fluid
past a rotating obstacle is given below as:

PO+ p(V.@)i = —Vp+ pAi+ (@ x &).V)@+ pf (3.10)
in Q
fip o= @ ZonL; (3:11)
Yu(Z,t) = O0on I'(at the stagnation point); (3.12)
V.i(#t) = 0in®; (3.13)
@(£,0) = @& =0inQ (3.14)
12
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The unknowns in the above system are (&, ¢)(the Eulerian velocity of the
fluid motion), p(Z,¢) (the pressure of the fluid). f(&, t) is the force acting
on the fluid and [(& x &).V]4 is the drift operator of the rotating body. For
z,y € R", the notation (z,y) stands for inner product of z and y and |z|
stands for its corresponding norm. We denote by I' the boundary of the rigid
body. As far as we know, a local in time existence result of mild solutions
(in three spatial dimensions) has been proved by Hishida [8] for initial data
possessing the same regularity as in the paper of Fujita and Kato [13]. The
above mentioned paper uses a non-trivial generalization of the semigroup
method of Fujita and Kato [13]. Moreover, very recently, a local in time
existence and uniqueness result of strong solutions (in three spatial
dimensions) has been proved by Galdi and Silvestre [6]. In that paper, the
authors show that if the initial velocity o, in a suitable norm, and the
magnitude of & do not exceed a certain constant depending only on the
viscosity and on the regularity of the solution it is global in time. Both
studies mentioned above deal with the problem by writing the

equations of the system in a frame attached to the obstacle. The aim of this
project is to establish well possedness of a weakly formulated problem in
3-dimensions by using the so called energy method.

3.3.1 Energy method

The energy method describes the flow motion in terms of the energy
equations associated with that motion. In our case the domain of the flow
is unbounded, and the velocity of fluid flow differ from one point to the
other. However, we can still calculate the energy of small control volumes
of the domain €, add them together and pass to a limit in which the control
volume is squezed to zero. This results in the integral:

)i % /n 17[2dz.

Assume that initial data vanishes outside a large radius of the flow, so that
the energy integral is convergent due to finite velocity of the flow. Then we
check to see whether the kinetic energy is conserved in time. Clearly, since
e= %||ﬁ||12(9) if 4 € L%(Q) the flow has finite energy.

We use this method, in order to show the local existence and uniqueness
of a weak solution inspired by the approach in Reference [6],(7] and [8]. In
Reference [6] the author proved the existence and uniqueness of a strong
solution in two spatial dimensions. In Reference [8] the author proved the
local in time existence of a mild solution in three spatial dimensions. The
key step to our approach is to change the whole Navier-stokes equation into
an energy equation and show that the total energy is conserved .

If the kinetic energy is conserved, then the total (kinetic) energy in the

13
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domain does not grow with time (provided the energy fluxes at the
boundaries are null/bounded). This ensures that the velocity at every point

in the domain is bounded.

Now to derive the energy form for the problem, we take the scalar product

of u(z,t) € Q with equation (3.10) and obtain:

08y, @ + p((V.8, @), B) = —Vp, &+ pAT T+ (@ x &).V]&, @+ pf, i
the above equation after it has been
sformed terms of it which we use to obtain

t. To achieve that partially we consider
der to transform the first L.H.S term

Now dealing with each term of
multiplied by @(&,t), gives tran
an energy equation equivalent to i
and prove the following Lemma in or

of it:

3.3.2 Lemma

Let H be a real Hilbert Space and A : H — H a linear (not

necessarily bounded or closed) operator. For u € D(A), let the bilinear form
r be defined by r(u,v) := (¥, Av). Let us suppose that r is symmetrical for
u,v € D(A)? Ift = v(t) € D(A) is differentiable in the norm and ¢ — Av(t)
is weakly continuous, then the quadratic form #(v(t)) is differentiable and

@%’tﬁ)—) _ or(wi(t), v(2)

i’roof:
dr(v(t))
dt

’ILI_I)I%) B [(v(t + h), Av(t + R)) — (v(t), Av(2))]

’13_% h—l[(v(t +h), Av(t + h)) — (v(t), Av(t + h))
-+’(’()(t)7 A’U(t s h)) 7 (v(t)’ A’U(t))]

2 (}1:_% R v(t+h)— v(t)], }111_% Av(t + h))
+’11i_r+r(1)(v(t), B [Au(t + h) — Av(?)])

= (@2 (i b (e 4 B) ~ v(E) A

= 2%1}Av(t)

since 7(u,v) is symmetrical. The first term of the equation on the left hand

side becomes:
Tedn
p(yii(, ), U, Blsan = 593;””(%’5)”%2(9)

The second term of left hand side of it becomes:

14
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(@D = P [ [(EV)EE
e A Y A
= ngn:lz‘lf:=l"2'/ﬂuk Y dzm

= 81 (rowipoityds - [ (aFV-ids) =0
:

The first term on the right hand side of it is given by:

I

g
&
8

—Vp, U

— [ pyou.fids+ / p(V.@)dz =0
E Q

The second term on the right hand side of it takes the form:

(AT, T) 2 () = H [o(@Aw)dx = p Jry0ifi(rot)ds — § [o(Va.Vi)de

by equation (3.12) above:
w [ Yoti.fi(yo@)ds =0

Hence:

(AT, @) paq) = % Jo(VEVD)E = ~§1Vllzzq)

The third term on the right hand side of it takes the form:
(10@. V), @

[ / (yo@.fi.yot)ds — /s : You(V.@)dx],u =0
T

ransformed terms of the equation , we obtain the

(@ x £).VE), @ =

i

Putting together the t
following equation:

g%”ﬁ”%?(m * %IIVﬁII"Lzm) = p(f,@)12@)

which is the energy form of the Navier-Stokes equation describing the flow

in question.Thus,

o = {i(F,t) € H (D) % [0,T) : V.#(&t) = 0,8r(#,t) =& x z,% €},

15

© University of Venda



()

o

Q University of Venda
o) Coiro e Loaders

ort in Q becomes our test function. Starting
progress has been made in understanding weak
e idea of a weak solution

which has a compact supp

with Leray [15], important
solutions of Navier-stokes equations. To arrive at th
of a problem, one integrates the equations by using a test function. The

methods of integration by parts is applied formally with derivatives falling
on the test function. The solution of the resulting problem on test function
is called a weak solution of the problem. In the next chapter, we solve the

the existence and uniqueness of the equation
< 112 i i
‘%’%IluH%z(Q) o %”VUHLQ(Q) = p(f, @) r2(@)>
epresentation Theorem. We solve it by finding the

by applying Riesz’s 1
locity of the fluid flow.

boundedness of the ve

16
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Chapter 4

Existence and Uniqueness of
the Solution of the problem

pter we derived the energy form of the equations
m. In this chapter we prove the existence and
lution to the problem by studying the energy form of

problem:

In the previous cha
governing the proble
uniqueness of the so
the equations describing the
d, - Bioa 2

—gzﬁ“u“iz(g ar '2‘||VUH2L?(Q = p(f; u)Lz(Q’ (4.1)

(4.1) in the form:

(4.2)

obtained in the previous section. let us re-write equation

E'(t) + /«‘”Vﬁ”%?(gz) = p(f, @) 12

where,
/ Lagdi2
E'(t) = §a Lz
In order to simplify ||Vﬂ”%2 @ of (4.2), we use the following corollary:
heory of Sobolev spaces is whether one can
e norm of its first derivatives.
timate in this direction. It is

ion in the t
f a function in terms of th
ides an elementary €S

An important quest
estimate the norm O
The following result prov
valid for domains such that:
Q C {z = 71, %2, Bl

> 0 and since the control volume in Q is fixed, we

Corollary: For ¢
quality:

can deduce the poincare ine

Va2 @) 2 e @72y (50 pp.248-249 of [9]) (4.3)

In view of (4.3) above, We write (4.2) as follows:

16
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B (t) + peolli® 2 ) < 200, D)2 @)- (4.4)

¢ in terms of the kinetic energy for the

Re-writing the inequality (4.4) abov
der linear differential inequality:

flow, we obtain the following first or

£(t)+ E2B@) <20 Dz (4.5)

The solution to (4.5) is given by,

—ite ol c “etiedn
= / exp(L2) @), 1@ Dz + Crexp(

—pcpt
- )1{4.6)

E(t) < exp(
tel[0,T)

Remarks: The inequality (4.6) implies that £(0) < Cg, t=0
This, in turn, implies that,

2 3 (4.7)

Further, we have ,
,see equation (12) of Hlomuka [10](4.8)

pe  §E 145
”D(u)HQL?(Q) = Z“VUHQL%Q) Z Z%““H%?(n)
By (11) on page 9 of Hlomuka [9],

E(t) < — il 2 @B @)

where S(t) > 0; for all t < 0;is given by,
Bt):=1- Cy(2E(1))F — C3E(1); C2 > 0;
E(t) :=energy problem at time L.

Using the energy problem equation above, We get:

E(t) < —uID@8@) (4.9)
But then:
a0 — —Cf - 1CVEET (1),

dp(t 3
Thus for the maximum B(t), we put df: Y = 0 and obtain,

Max B(t) = 5 at EB@) = 2%5 (See the bottom of page 9 in Hlomuka [9]).

i, i
E(t)> —gucpllun%,z(m (4.10)

18
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The above inequality, implies that,

=B el + IVl < 2007, Dia) (4.11)
At the end of chapter 3, we had:
52‘-||va||2m(m = —u(L4, )20, (4.12)
which implies that:
pl|VilF2iq) = —2u(Ad, @) L2(0)- (4.13)

Using (4.13), we re-write (4.11) and obtain,

-3 e 4y
?/‘ch“ﬁ”%ﬁ(n) — 2u(AT, @) 1) < 2p(f, W) L2(0)- (4.14)

4.1 Riesz’s representation for the problem

We re-write (4.14) as follows:

-3 S =
< Hep(@ D)2 (@) ~ 2u(At,T)2 < 2p(f, 1) 2(q)- (4.15)
This implies that:
-3 i 2
((—uc,,I — 2ul)d, u) < 2p(f,4) 20 (4.16)
8 L2@)

Remarks:

(a)Until now, through the application of poincare inequality theorem, our
aim has been to establish the boundedness of the right hand side of (4.16).
(b) Tt is not hard to show that the left hand side of (4.16) is a bounded
sesquilinear form.

(c) Thus, by the Riesz’s representation theorem [15], there exists a bounded
linear operator A such that,

—3 oy o —
((—8‘#0;:1 —2uA)i, W) 2y = (AU, U)2q), (4.17)
from which we conclude that:

%3ucp1—2uA == (4.18)

Remarks: To prove the uniqueness of (4.18), first we must show that:
(a) it is self-adjoint;

(b) inverse exists and is bounded;

(c) it is compact;

(d) inverse is also compact; and

(e) it is uniformly bounded.

19
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4.2 Characterisation of the operator :Séﬂcp[ “ UuA

Proposition 4.2.1: The operator %3 pep] 2uA is self-adjoint and positive
on ©. Since :8§ucp — 2 is constant, then our operator is A.

Proof: Let u,v €6, A* be adjoint of A and for u =v

1
= /'yoﬁﬁVs('yoﬂ')ds— —/(Vﬁ.Vﬁ)dm,
r 2 Ja

1
~ov)ds — —/(V*ﬁ.Vﬁ)dm,
2 Jo

(Aﬁ ﬁ)Lz ()
@ AN = /F A AV

Thus,

(MG D)p@ = @ADr@
implies that,

o B 9 = 1 * —
/'yof)'.ﬁvs('yoa‘)ds— %/(Vﬂ-Vﬁ)dﬁ? = /F'You-nVs(VOv)ds— 5/9(V ©1.Vi)dz,
r Q

and since,

/woﬁ.ﬁvs('yoﬂ')ds = /yoﬂ.ﬁvg(fyoﬁ)ds_—_o’
r 1

due to You.© = 0. Thus,
1 u 1 st
—= / (V@.Vi)de = —3 (V*o.Vi)dr.
2']e Q
The latter equality implies that:

vi. = VT

This proves the self-adjointness of the operator. Further, we consider:

20
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= ;B#Cp(ﬁ~ @) 12(0) — 2H(AT, W) 2(0)

3 A o
((—8—ucpl — 2ul)i, u) ik 3

_3 o
= —8—Mcp||U||L2(sz) —2p

1 St
[/r YotV s(yot)ds — E/Q(Vu.Vu)d:c]

Thus,

3 12 (Va.Vi)dr —
s o = —u(—)CpHUHL?(Q) ‘H"/
((—8_”6”1 R u> L2(@) o g
ml/Wmmmm#

i

i 2
= Vi@ — g#CpHUHLz(n) v

24 /’yoa’.ﬁVs('yoﬁ)ds}.
L/t

i ha (3]
At thc (TOntaCt between the ﬁuid ﬁOW a:nd IObatlng ObSta,Cle, we \%

"yo'l_l:.’fi =)

Thus,

3 ﬁﬁ _ Vil — gueoldita
((—8—;16‘7[ o QHA)U,U LQ(Q)

220 — el
> pepllEllza (o) — gHeelviiz2 @)

On applying the poincare inequality, we have:

5 >
((-——?—ucpl — 2uA)i, ﬁ) 2 §/‘cp||u“L7(Q)
: >0.

i itive on ©.
Hence this proves that the operator 18 positiv

; o 3 &
4.2.2: (Fpcpl — 2uh) is invertible and (5 ucpl 2ul)
Proposition 4.2.4: {73
is a bounded linear operator on ©-

21
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Proof: Let @ € ker(F SSucd — 2uA)i. Then,

(:SEuCPI —2ul)i =0,

this implies that

-3 i o s Y
?ucpu - 2uAE = 3 UCp

IhCn,
(’—“C l —_— ZUA) = “_

and hence the inverse:

(——g—pcpI —ouA)”!

d. we first prove that it is linear:

exists. -
e inverse operator 18 bounded,

To prove that th

8
i -1(a7 + U g 2uA u+——cI—2A—1
1.(—8§uc,,1—2uA) (i + t2) (8#%1 pl) iy + (—gpep! — 24 )

gy o
G “1ag) = Agpeel =288
2.(—8—-pcpl—2,uA) (Afl) == A( 3 UCp ul) "t

Now to prove (1): we put

('é—ucpf ouA)~H (i +82) = w, W € O,
then
(—gucpl quA)yd = T+
again
(B eyl ~ 208 = i, € O,
(:8§ycpl—2uA)'1ﬂ2 — 1y, W2 €O
then

(—8~pc,,I ouA)wh = U1,

22
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and,
(-—S—Bucpl — Qul)iy = U2,
therefore 4 1
Il P OuAY i,
Wy + We = (—-uc,,l TN Yy +( g Ker

and /

i = (——,ucpl 2ud)wh + (—'/JCpI 2ul)Wa,

1

since

:8§,ucp1 — U\,

is linear,then

-3 ouA) "N + ),
tﬁ1+u_)'2=(—8—/chl 2ul) ™ (

Substituting it in place of,
Wy + We

- t
we have the results. To prove (2): pu

then : 2
i 2 ue,d —2uD)w
(Sl‘p

u::

we have
Multiplying both sides by & constant A ,

/\('8'#%[ 2uA)w
M = (%ucpI—Zp,A)/\w

7 (——uc I v 27 L)

Replacing, w, by,
( 8 4

1 view of the corollary on page 96 of [17],

the results follow. 1
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(S3pcy] — 2p8) 7'

is bounded on ©.

Proposition 4.2.3: :843/10,,[ —2uAis a compact operator on o.

Proof: Since 2 C R® and © is finite dimensional space. By the

corollary on page 407 of [17], —’gg,ucpl = N8 compact on ©. By the Reisz
Representation Theorem [17], we conclude that A is also compact on ©.

Proposition 4.2.4: The operator (:Séycpl - 2,LLA)’1A is compact on ©.

ntation Theorem of Kreyszig [17] and

1 ©. By proposition 4.2.2, (Fpcod —
r operator. By theorem 8379 in 17l
pact and the results follow.

Proof: By the Reisz Represe
Proposition 4.2.3, A is a compact O
p I it - @ is a bounded linca

then (Z2ucpl — 2uA)~1A is also com

4.3 Uniqueness of solution of the problem

Next, using (4.18), and in keeping with the requirements by the
leray-Schauder fixed-point theorem of Zeidler [26], we construct the

following form for the problem:

(Fpepl — oul) !\, where A € (0,1)-
uation above has a unique leray-Schauder

Our aim is to show that the ed
tion to the problem.

fixed-point [26], which is the solu
First, we state and prove the lemma:

4.3.1 Lemma

(:ggpcpf —2ub) y bounded in ©.

The solution to ~1)¢ is uniforml
Proof: @ =MF#eel ~ ub)~! Al where A € (0,1), implies that,
(:;,uc,,f L 5 W NA,

which, in turn, implies that:

|52 pep - 2uA||Wz(Q)IIﬁ|IW2(Q) < W|lAdllw2@) < | Atl]lw2 (o) since Al <1

em, A is also bounded, and, hence, there

By the Riesz Representation theor

24
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exists n > 0, such that || Adillw2 () <n. A % :
By || Z2uco! — 2ull w2 llE@llw2@ < MlAglw2) = || Adl|w2(q) since

X<l
This implies that,

. and hence the velocity is bounded.

la@llw2@) < ﬁ%ﬁ%m

Main Theorem: There exists & unique fixed-point for (:83 e, I —24 A)"IG,

which is a solution t0 (3.10).

4.2.4, according to the

ma 4.3.1 and proposition
a uniformly bounded

Proof: By lem :
orem [26], the equation has

leray-Schauder fixed-point the

solution. To prove uniqueness:

Suppose (Fucpl — 9uA) i has two solutions 4 and @, then,

L s PETEPA
@ — Tllw2e) = )\||(—§-uc,,l —2ul) T A(d ?)llw2(@)
< MI(GHe 2ut)~ Allwr @l = Tlwz@
due to boundedness i e
< lAlII(—S-;wpI _ ou) HAllwr@llE — Tllwa()0 < 1Al <1
1)@ — tllw2)’
which is impossible. Hence
i=17
UNIVEN LIBRARY

Item : 20162092

JI
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Chapter 5

Discussions and Conclusions

lement the energy method to establish well

possedness of the problem describing the motion of a rotating obstacle
induced fluid flow. The application of the method has confirmed the earlier
results by other authors like Giovanni P.Galdi [6], Toshiaki Hishida (8] and
others who used different approaches to establish existence and uniqueness
of the solution to the problem being considered here. The method was
implemented successfully to achieve the following:

The aim of the study was to imp

(a) Existence of a smooth velocity and pressure for the flow induced by
an impulsively started motion of a rotating solid circular cylinder.

(b) confirmation of the poundedness of the velocity of the flow for the
motion initially started with small angular velocity-
confirm the existence and
uniqueness of the weak solution of the problem- The pressure has been

he problem. But, then, if the velocity

eliminated in the energy statement of t
solution existed and is unique the same would apply to pressute:
o exist and unique, we

Mathematically, once the velocity has been proven t :
could use the Navier-Stokes equation to find the corresponding pressurc.

The results of propositions (4.2.1)-(4.2.4)

In conclusion, we say that the velocity of the fluid flow decays uniformly and
is bounded. This implies that the rotating obstacle initiated flow velocity
dies away as time increases indefinitely- What will rr'lakc‘% the velocity of a
rotating obstacle t0 vanish is that, initially the body 15 gives smal.l angular
velocity to start the motion- Then as it rotates: the fluid layer is formed
around it and as a result t i r of the body is increased. However,
the resulting heavier body need to be driven by the. same small angular
velocity. This Jeads to the glowing down of the motion of the obstacle
Jly comes

until it eventua o a stop-
As part of our contribution to knowledge; we have demonstrated the

26
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i method in establishing '
sibili lication of the enersy o , s e
ol ? fl?o roblem of the impulsively startog mot;1 a5 S
s 'dpﬁow This work can be exte.nde toh bk
ObStaCIel hk:dlucec'lsgrl:ce and‘ uniqueness of the solution for the same p
of the global exis

tion.
set up which might also include body transla

2%

© University of Venda



()

o3

@ University of Venda
@) reating Future Leaders

Bibliography

v Spaces, Academic Press, Inc.(1975): New York.

[1] ADAMS, A: Sobole
(2] B. Bertozzi and A.Majda, Vorticity and Incompressible flows, Cambridge

U.Press, Cambridge, 2002.

[3] L. Caffarelli, R.Kohn, and L.Nirenbe
suitable weak solutions of the Navier-

App.Math.35(1982),771-831.

Some open problems and
mics, in
n, 2001, 353-360.

stability and boundedness
ade, Arch.Rational

rg, Partial reqularity of
Stokes equations, Comm.Pure and

research directions in the

[4] P. Constantin,
Mathematics Unlimited-2001

mathematical study of flwid dyna
and Beyond,Springer Verlag, Berli

[5] J.E Dunn and R.I Fosdick,Thermodynamic,
of fluids of complexity 2 and fluids of second gr

Mech.Anal.56(1974), 191-252
Navier-Stokes

Strong solutions to the
Arch.Rational

(6] G.P. Galdi and A. L. Silverste,
obstacle,

around a rotating

equations
05), 331-350

Mech.Anal.176(20
Further Results on Steady-State Flow

ody. Ezistence of a Wake,
d their applications

(7] G. P. Galdi and A. L. Silvestre,
Around a Rigid B

of a Navier-Stokes Liquid
Kyoto Conference on the Navier-Stokes equations an
Bessatsu Bl (2007), 127-143

RIMS Kokyuroko
vier-Stokes flow in the

stence theorem for the Na
1 Mech.Anal.150(1999),

[8] T.Hishida, an ext
cle.Arch.Rationa

exterior of a rotating obsta
307-348.

vability conditions for the nonlinear, nonstationary
able boundary
per.Theory Ap

e linearized non-stationary

Stokes flows.In: Applied mathe
727, Elsevier Science,

Navier-Stokes
pl.,, 1(1), (2006),1-15
problem for the permeable

matics and
In.(2004):New

[9] J.Hlomuka, Sol
problem of the perme
flows.Int.J.Nonlinear O

[10] J _Hlomuka,Th

boundary Navier-
computation, Vol.158/3,pp717-

york.
28

© University of Venda

3N

) ALISH3AINN

1. |



£ 2
(@) mmetms

(11] V.J.Hlomuka, Stability of a boundary permeation model for
Navier-Stokes Fluids, M.Sc.Thesis, University of Pretoria
(South Africa)Publikationsansicht(2002), 41-42.

[12] O.Ladyzhenskaya, The Mathematical Theory of Viscous Incompressible
Flows (2nd edition), Gordon and Breach, New York, 1969.

(13] H.,Lamb Hydrodynamics Cambridge University Press, 1932

(14] H,Lamb 1911 On the uniform motion of a sphere through a viscous
fluid.

[15] J.Leray, Sur le mouvement d'un liquide visquex emplissent l’espace,
Acta Math.J.63 (1934), 193-248.

(16] F.-H. Lin, A new proof of the Caffarelli-Kohn-Nirenberg theorem,
Comm.Pure. and Appl.Math. 51 (1998), 241-257.

[17] E.Kreyszig, Introductory functional analysis with applications,John
Wiley and Sons, Inc., New York, Tichester, Brisbane, Toronto,
Singerpore, 1978

(18] R. Maritz and N. Sauer Stability and uniqueness of the second grade
fluids in regions with permeable boundaries. Navier-Stokes equations and
related non-linear problems, Ed. H. Amman et al. VSP. Utrecht, The
Netherlands and TEV, Vilnius, Lithuania, (1998), pp.153-164.

[19] C.W. Onseen, 1910, Ark.Math.Astronom.Fys 6, No. 29.

[20] V.Scheffer, Turbulence and Hausdorffdimension, in Turbulence and the
Navier-Stokes Equations, Lecture Notes in Math. 565, Springer Verlag,
Berlin, 1976, 94-112.

[21] V.Scheffer, An inviscid flow with compact support in spacetime,
J.Geon.Analysis 3 (1993), 343-401.

[22] A.Shnirelman, On the nonuniqueness of weak solutions of the Euler
equation, Comm.Pure and Appl.Math. 50(1997), 1260-1286.

(23] Y.Shibata, On an Exzterior Initial Boundary Value Problem For
Navier-Stokes Equations quarterly App.Math.LVII (1999), 117-155

[24] G.G. Stokes, 1851 On the effect of the internal friction of fluids on the
motion of pendulums Trans. Camb. Phil. Soc. 9,Part 11,8-106.

[25] D.J.Tritton, Physical Fluid Dynamic, Second Edition, Oxford
Univ.Press, Oxford, 1988.

29

© University of Venda



()

oS

&) university of venda
U i

[26] E.Zeidler, Non-linear functional analysis and its application
(fixed-points theorem), Vol.I, Springer-Verlag, New York, Berlin,
Heidelburg, London paris, Tokyo, Hong Kong, Barcelona, 1992

30

© University of Venda



	Image00001
	Image00002
	Image00003
	Image00004
	Image00005
	Image00006
	Image00007
	Image00008
	Image00009
	Image00010
	Image00011
	Image00012
	Image00013
	Image00014
	Image00015
	Image00016
	Image00017
	Image00018
	Image00019
	Image00020
	Image00021
	Image00022
	Image00023
	Image00024
	Image00025
	Image00026
	Image00027
	Image00028
	Image00029
	Image00030
	Image00031
	Image00032
	Image00033
	Image00034
	Image00035

