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Abstract
Infectious disease systems are essentially multiscale complex system wherein pathogens multiply

within hosts, spread across people, and infect entire populations of hosts. The description of most

biological processes involves multiple, interconnected phenomena occurring on different spatial

and temporal scales in the human body. Traditional approaches for modelling infectious disease

systems rely on the principles and concepts of the transmission mechanism theory that considers

transmission to be the primary cause of infectious disease spread at the macroscale. Modellers

of infectious diseases are increasingly using multiscale modelling approach in response to this

challenge. Multiscale models of infectious disease systems encompass intricate structures that

revolve around the interplay of three distinct sub-systems: the host, the pathogen, and the envi-

ronmental subsystems. The replication-transmission relativity theory is a novel theory designed

for the purpose of multiscale modeling of infectious disease systems, accounting for variations

in time and space by incorporating pathogen replication that leads to transmission. Replication-

transmission relativity theory consists of seven distinct levels of organization within an infectious

disease system, each level including the within-host scale (microscale) and between-host scale

(macroscale). Five separate classifications of multiscale models can be formulated that integrate

the microscale and macroscale. A research gap has been created in an attempt to establish a mul-

tiscale framework in order to understand the mechanisms on how foodborne pathogens cause

infections on human beings and animals, as very little has been done in modelling of foodborne

disease. The primary goal of this study is to create multiscale models for foodborne diseases to

examine whether a mutual influence exists between the microscale and macroscale, guided by the

principles of replication-relativity theory. The multiscale models are developed by considering

three environmental transmitted diseases at host level caused by pathogens: norovirus, E. coli

O157:H7 and taenia solium. We start by developing a single-scale model of foodborne diseases

caused by viruses in general, which is then extended to create a multiscale model for norovirus.

We formulate a non-standard finite difference scheme for the single-scale model, norovirus, and

E. coli O157:H7. For taenia solium, we use ODE solvers in Python, specifically, ODE int func-

tion in the sci.integrate. The numerical findings from the study confirm the applicability of

the replication-transmission relativity theory in cases where the reciprocal impact between the

within-host scale and the between-host scale involves both infection/super-infection (for the ef-

fect of the between-host scale on the within-host scale) and pathogen excretion/shedding (for the

effect of the within-host scale on the between-host scale). We expect that our study will help

modellers integrate microscale and macroscale dynamics across various levels of organization

within infectious disease systems.
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Chapter 1

Introduction

Many infectious diseases affect humans and other species, they are a major cause of mortality

and morbidity [3, 4]. Infectious illnesses result from pathogenic agents that have the capability

to spread from hosts to hosts by various means, including direct contact, airborne droplets, food

or water, and mother to baby transmission [5]. The problem of infectious diseases has been made

worse by the appearance of emerging infectious diseases, encompassing well-known outbreaks

such as the outbreak of dengue fever in 1945, the emergence of HIV/AIDS in 1981, the identifi-

cation of hepatitis C in 1989, the discovery of hepatitis E in 1990, the occurrence of the SARS

epidemic in 2002, and the appearance of the H1N1 influenza strain in 2009., as well as the resur-

gence of some infectious diseases around the globe like tuberculosis. Even more alarming is the

fact that infectious agents are increasingly becoming resistant to antibiotics and antiviral drugs.

Apart from infectious agents, factors like the method of transmission, duration of latency and

infectiousness, as well as social, demographic, and geographical elements, play a pivotal role in

influencing the propagation of a disease. Humans and animals are studied through epidemiology

in order to determine disease prevalence and to understand its determinants [5–13].

1.1 Overview of Foodborne Diseases

Foodborne diseases are illnesses that result arising due to the ingestion of food that has been

tainted with disease-causing bacteria, viruses, parasites, toxic substances, and chemical contami-

nants. The societal and economic ramifications linked to foodborne illnesses can have substantial

impacts on individuals, food industry entities, and a nation’s image [14]. Foodborne illnesses
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stand as the primary driver of sickness and death and pose a substantial hindrance to global

socioeconomic progress [15]. World Health Organization (WHO) further highlighted that the

complete scope and weight of hazardous food, particularly the impact stemming from chemical

and parasitic pollutants remain largely unknown [15]. About one in every 10 people around the

world is sickened by foodborne disease each year. Out of 600 million people, 420,000 die as

a result. The comprehensive report by WHO published in 2012, Dec. 3, included 31 potential

foodborne risks, comprising bacteria, viruses, parasites, toxins, and chemical substances. Diar-

rheal diseases were responsible for most of the global burden, causing 550 million illnesses and

230,000 deaths. Children younger than 5 years old carried 40 percent of the foodborne disease

burden, despite representing only 9 percent of the global population [16]. Foodborne illnesses re-

sult from unhealthy methods employed during food production, harvesting, and cooking. A total

of 31 primary pathogens are responsible for causing such diseases. Prominent examples include

Salmonella nontyphoidal, Campylobacter, Listeria, and Escherichia coli strains that produce

Shiga toxin. National authorities closely monitor these significant pathogens, carefully analyz-

ing outbreaks to identify patterns and devise strategies to prevent future occurrences [14].

While foodborne pathogens differ in their population dynamics and interactions with hosts, they

share common characteristics in terms of transmission. Many of these pathogens reside in the

gastrointestinal tract of animals, making fecal shedding the primary means of pathogen excre-

tion. They can originate from animal reservoirs as well as from food contamination occurring

during the preparation process before they reach the final consumer. There is a substantial body

of evidence that strongly suggests the transmission of foodborne pathogens takes place through

multiple pathways, such as the direct (oral-fecal) transmission occurring between humans and

animals, as well as indirect transmission through the environment. The link between humans and

animals as a significant route for the spread of foodborne pathogens, along with other transmis-

sion pathways, has been extensively documented [17]. A conceptual diagram for the transmission

of foodborne diseases is well depicted in [1] reproduced in the figure below:
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Figure 1.1: Primary pathways for transmitting foodborne illnesses in humans, showcasing two

points of origin: the source level and the contact level [1]

Control methods to lessen the spread of foodborne pathogens can be divided into two groups:

those that target the gastrointestinal system and modify management. Improvements in hygiene,

isolation, and test-and-cull interventions are examples of management control measures. Pro-

biotics, vaccination, therapeutic procedures, and methods such as dietary and nutritional man-

agement are examples of control measures that target foodborne pathogens within the digestive

system [18]. Vaccinations play a vital role in mitigating the consequences of infectious diseases

by offering protection at both the individual and population levels. At the individual level, they

can prevent infection, reduce infectiousness, and inhibit colonization. At the population level,

general vaccination fosters herd immunity, indirectly protecting both vaccinated and unvacci-

nated individuals from the disease [19]. Thus, scientific research is required to gather rigorous

information on the burden of foodborne diseases which can be vital for supporting policymakers

as well as assisting the process for allocating resources appropriately for food safety control and

intervention efforts [15].
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1.2 Multiscale Modelling

The application of mathematical models to infectious diseases has greatly enriched our under-

standing of the relationships between pathogens and chronic infections and has shown to be

a valuable tool to help public health officials make informed decisions. Our ability to control

infectious diseases with fewer resources has been enhanced by using mathematical models to

understand infectious disease transmission dynamics [20]. However, the current mathematical

frameworks for infectious diseases are founded upon the transmission mechanism theory that

elucidates the dynamics of disease propagation, which is based on single scale modelling ap-

proach. This theory asserts that transmission is the fundamental dynamic process at every level

of the disease system. As per this theory, the dissemination of infectious diseases is based on the

transfer of pathogens from one host to another. Consequently, particular transmission models can

be constructed to investigate the dynamics of infectious diseases at different organizational levels

within the system. To construct transmission models at any organizational level, the conventional

method involves dividing the population (which could be cells in a cell model, granulomas in a

tissue model, or hosts in a host model) into distinct compartments, where individuals within each

compartment exhibit uniform behavior [20]. However, the limitations of using single-scale mod-

elling methodologies to address the challenges in the field of infectious disease modelling are

now being recognized. The theory of transmission mechanisms encounters two basic limitation

that have lessened its usefulness and applicability. These include the absence of a standardized

and comprehensive modelling framework within a single scale for both direct and environmental

modes of transmission, as well as the failure to incorporate pathogen replication within models

depicting the dynamics of infectious diseases. Based on these facts, it is now understood that

relying solely on modelling approaches that focus on a specific scale is inadequate for effectively

solving the problems encountered in the study of infectious diseases. Traditional models ignore

the reality that the transmission of communicable disease systems results from complex, dynamic

connections that take place at many spatial and temporal scales [21]. Whilst single-scale models

have been used widely in estimating important parameters from fitting the model to clinical data

and for spearheading the science of identifying important drug targets that are key to investigat-

ing drug effects on patients under treatment, they lack the rigor to concurrently characterize the

complete infectious disease ecosystem [22]. There are three main transmission mechanisms that

influence infectious disease dynamics according to this theory.

(a) Direct transmission mechanism: This approach involves developing the transmission

model by partitioning populations (such as cells, tissues, hosts, etc.) into distinct compart-

ments, including susceptible, exposed, infected, and recovered (SEIR), and also different

iterations of this concept [20].
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(b) Environmental transmission mechanism:

In the process of constructing transmission models, this approach involves categorizing the

population (including cells, tissues, hosts, etc.) into different compartments, such as sus-

ceptible, exposed, infected, recovered, and environmental pathogen load (SEIRP ), along

with possible modifications to this paradigm. Significantly, environmentally transmitted

infectious disease systems differ from directly transmitted infectious disease systems by

including an extra equation that portrays the behavior of the pathogen within the envi-

ronment. This distinction is essential as it accounts for the interactions and changes in

the pathogen load within the environment, that play a crucial role in comprehending the

transmission dynamics of diseases spread through environmental means [20].

(c) Vector-borne transmission mechanism:

This mechanism involves developing transmission models based on the disease’s intricate

life cycle, which mandates engagement with two hosts (a vertebrate host and a vector host)

to fulfill its life cycle. Alternatively, the model may be designed for directly transmitted

diseases, like malaria, in which the host population is categorized into susceptible, ex-

posed, infected, and recovered groups, denoted as SEIR, along with possible variations

of these groups. [20].

While the transmission mechanism theory is effective in clarifying the causes of foodborne dis-

eases, it falls short in providing a comprehensive understanding of diseases when examined

through multiscale modelling. Consequently, this theory alone is inadequate for describing the

complexities of infectious disease phenomena that exhibit changes in time and space, as well as

variations at different levels of organization [20]. Yet, due to the interconnected nature of these

systems in natural environments, multiscale models are necessary to reflect the cross-scale effects

that drive infectious pathogens dynamics. To this date, the field of multiscale modelling has wit-

nessed increased attention due to insights gained from disciplines including fields like molecular

biology, immunology, epidemiology, and environmental health. The increased attention arises

from a motivation to gain a deeper insight into the intricate transmission dynamics witnessed

within systems of infectious diseases. Multiscale modelling of an infectious disease pertains to

any characterisation of the disease system that allows for the analysis or study of these diseases at

multiple scales simultaneously [22]. By incorporating knowledge from these diverse fields, mul-

tiscale modelling offers the potential to unravel the complex interactions and interdependencies

that govern the spread of infectious diseases [22]. Consequently, it is currently becoming more

and more evident how infectious diseases spread in both large and small sizes. The multiscale

modelling approach provides unprecedented opportunities for understanding foodborne diseases

by linking growth and progression of pathogens from the agents, humans, the environment etc,
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resulting in an all-encompassing population level multiscale model. The potential of such a mul-

tiscale modelling technique in providing novel understanding of other complex infectious disease

systems has been illustrated before [23, 24]. The Replication-Transmission Relativity Theory is

a recent theory designed for multiscale modelling of infectious disease systems. In the context

of infectious disease systems, there are three interconnected subsystems that interact to produce

the overall system: (i) the host subsystem, (ii) the pathogen subsystem, and (iii) the environment

subsystem. These subsystems work together, resulting in infectious disease systems that exhibit

hierarchical multilevel, multiscale complexity. This complexity spans multiple levels, ranging

from the cellular level, tissue level, and organ level to the microecosystem, host level, commu-

nity level, and macroecosystem level. Each level plays a distinct role in shaping the dynamics of

infectious diseases, contributing to a comprehensive understanding of the entire system [20].

This innovative approach takes into consideration the temporal and spatial variations by incor-

porating the role of pathogen replication at within-host, which significantly influences disease

transmission. By accounting for the interplay between pathogen replication and transmission,

this theory offers a more comprehensive understanding of infectious disease phenomena across

different scales, providing valuable insights into the dynamics of disease spread [20]. The pro-

posed hypothesis suggests that interactions between the within-host/microscale (where pathogen

replication occurs frequently) and between-host/macroscale (where pathogen transmission is fre-

quent) have a significant impact on disease dynamics at all levels of organization within an in-

fectious disease system. For pathogens to effectively spread and persist at a particular level of

organization, they must succeed in both the microscale and the macroscale. In essence, there

is no single privileged or absolute scale that solely determines disease dynamics at any level of

organization in an infectious disease system. Instead, a complex interplay between microscale

and macroscale factors influences the overall dynamics of the disease [20]. To comprehensively

understand the multiscale dynamics of an infectious disease system at any level of organization,

it is crucial to consider the dynamics of these two interconnected scales. [20].

1.2.1 Main hierarchical levels of infectious diseases

There are seven fundamental hierarchical levels within the organization of infectious disease

systems. Each of these levels comprises a microscale and a macroscale as its adjacent limit-

ing scales, with both scales reciprocally influencing each other bidirectionally. These multiscale

interactions involve the dissemination of the pathogen through infection or superinfection and

the process of shedding or excretion, resulting in a cyclical multiscale effect between pathogen

replication at the microscale and pathogen transmission at the macroscale [20].



Chapter 1 7

(i) The cell level:

The microscale and macroscale within this level of structure are referred to as the within-

cell and the between-cell scales, respectively. By integrating these two scales, the multi-

scale dynamics of infectious diseases can consider various target cells, such as CD4+ T

cells for HIV or red blood cells for malaria [25]. In foodborne illnesses, the cells that are

impacted are epithelial cells. Pathogens have the capability to invade the epithelial layer

by adhering to and subsequently penetrating through these cells [26].

(ii) The tissue level:

The microscale and macroscale of this particular level of organization are referred to as

the within-tissue and the between-tissue scales, respectively. Various types of tissues can

be taken into account in the multiscale dynamics of infectious disease systems. Examples

of such tissues include granulomas [27] in the context of tuberculosis or microabscesses

[28] caused by certain bacterial infections [25]. Foodborne pathogens that can live and

reproduce inside the tissues and organs of infected people and animals feces include Cy-

clospora cayetanensis, Toxoplasma gondii, and Trichinella spiralis which are the most

prevalent foodborne parasites [26].

(iii) The organ/anatomical compartment level:

The within-organ/anatomical compartment and the between-organ/anatomical compart-

ment scales are the microscale and macroscale for this level of organizational structure

of an infectious disease system. The lung, brain, gut, kidney, muscle, heart, pancreas,

stomach, liver, spleen, bone, adrenal, skin, adipose, and blood are a few of the organ-

s/anatomical compartments taken into account at this level of organization of an infectious

disease system [25]. In our case the pathogen such as Vibrio parahaemolyticus (V. para-

haemolyticus) has been considered invasive and can enter circulation through the lamina

propria [26].

(iv) The microecosystem level:

The many organs/anatomical compartments (lung, gut, kidney, heart, stomach, liver, skin,

blood, etc.) are viewed as ecosystems at this level of an infectious disease system’s

organization. As a result, at this level, infectious disease systems are characterized in

terms of several organs, anatomical compartments, and pathogen species. The within-

microecosystem and the between-microecosystem scales are the microscale and macroscale

for this level of organization of an infectious disease system, respectively. Pathogen such

as E.coli O157:H7 is one of those which can affect organ such as liver [25].
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(v) The host/organism level:

Microscale and macroscale of this level of organization are within-host and between-host,

respectively. This level is used to demonstrate the viability of the replication-transmission

relativity theory when the form of reciprocal influence between the within-host and the

between-host scales consists of both super-infection, which is defined as repeated infec-

tion before the host recovers from an infectious episode (for the influence of between-host

scale on within-host scale), and pathogen excretion/shedding (for the influence of within-

host scale on between-host scale) [25]. This study will consider host level to develop multi-

scale models for foodborne diseases which are environmentally transmitted for pathogens

with replication microscale only, pathogens with replication at both microscale and for

pathogens with no replication at both scales.

(vi) The community level:

The within-community and the between-community scales are the microscale and macroscale

for this level of organizational structure of an infectious disease system. At this level, in-

fectious disease systems are characterized in terms of a single pathogen species or strain,

a single host species, and a number of communities. Local communities (village, district,

town, province, etc.), territorial communities (i.e., nations), and regional communities [25].

(vii) The macroecosystem level:
The various communities (local, national, regional, etc.) are viewed as ecosystems at this

level of the organization of an infectious disease system. The within-macroecosystem scale

and the between-macroecosystem scale are the microscale and macroscale for this level of

organization of an infectious disease system, respectively [25].

Below, we present the conceptual diagram representing the seven hierarchical levels of organi-

zation in infectious disease dynamics, derived from the source [20].
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Figure 1.2: The seven hierarchical levels of organisation of infectious disease dynamics are

illustrated in this conceptual diagram.

1.2.2 The Reciprocal Influence of Macroscale and Microscale at Hierar-
chical Levels of an Infectious Disease System

Infectious disease dynamics, as perceived in the context of replication-transmission relativity

theory for multiscale modelling of infectious disease systems, can be seen as a continuous cycle

of disease processes at each of the seven levels of organizational hierarchy. This cyclical nature

is attributed to the reciprocal influence between the microscale and macroscale at every level of

hierarchical organization.
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The interaction of four important disease processes which are infection/superinfection (a pro-

cess in which macroscale pathogens move to microscale), pathogen replication, pathogen shed-

ding/excretion (a process in which microscale pathogens move to macroscale), and pathogen

transmission is the primary mechanism by which the microscale and the macroscale affect each

other reciprocally. At each level, the macroscale influences the microscale through infection or

superinfection, while the microscale influences the macroscale through pathogen shedding or

excretion. In replication-transmission relativity theory, there are two distinct types of reciprocal

influence between microscales, which are:

(a) Type I reciprocal influence between the macroscale and microscale within a level:

Through pathogen shedding/excretion, the microscale influences the macroscale this im-

plies the transmission of pathogens from the micro to the macro scale. The influence of

the macroscale on the microscale is also evident through the initial infection, as pathogens

move from the macroscale to the microscale. Mathematically, this is reflected by the

macroscale dictating the initial values of the microscale submodel variables (initial in-

fection) [20].

(b) Type II reciprocal influence between the macroscale and microscale within a level:

The microscale also affects the macroscale by releasing or excreting pathogens. As a

result of super-infection (repeated infections before the host recovers from an infection),

the macroscale influences the microscale, which also involves pathogens moving from the

macroscale to the microscale. Mathematically, the macroscale affects the microscale by

scaling down the macroscale’s variables and parameters [20].

Within the framework of replication-transmission relativity theory, five categories of multiscale

models of infectious disease systems have been identified. These models integrate the microscale

and macroscale by considering the two types of reciprocal influence that occur between these

scales at hierarchical levels of organizational structure in an infectious disease system. The first

category of multiscale models of infectious diseases is known as Individual-Based Multiscale

Models (IMSMs). In this category, the microscale submodel and the macroscale submodel are

integrated through type I reciprocal influence. The macroscale is often regarded as the emergent

behavior resulting from the interactions of the microscale entities in this particular category of

multiscale models. The second category is Nested Multiscale Models (NMSMs), in this cate-

gory, type I reciprocal influence integrates the microscale submodel and the macroscale submodel

in such a way that the same formalization or mathematical representation is used to describe both
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scales. This approach ensures consistency and coherence between the microscale and macroscale

components of the model, facilitating a unified understanding of the multiscale dynamics within

the infectious disease system. The third category is Embedded Multiscale Models (EMSMs),
the microscale and the macroscale submodels are integrated through type II reciprocal influence

in this category. The formalism or mathematical representation used to describe the macroscale

and microscale submodels must be the same. The fourth category is Hybrid multiscale mod-
els (HMSMs), in this context, the integration of the microscale submodel and the macroscale

submodel occurs through either type I reciprocal influence or type II reciprocal influence. In

this approach, the macroscale submodel and the microscale submodel are described using dif-

ferent mathematical representations, including deterministic/stochastic, discrete time/continuous

time, ODE/PDE, and other examples of paired formalisms. This diverse set of mathematical

representations allows for a more comprehensive analysis of the multiscale dynamics within the

infectious disease system. The fifth category is Coupled multiscale models (CMSMs), in this

category, the multiscale models are constructed by merging either a single-scale submodel with

some multiscale models from any of the first four categories (applicable to multiscale models that

combine an odd number of scales) or by combining multiscale models from any of the previously

mentioned categories through either type I or type II reciprocal influence, or a combination of

both. This approach allows for the integration of multiple scales and various modelling tech-

niques, leading to a more comprehensive representation of the complex dynamics within infec-

tious disease systems. The multiscale models developed in this category consider a wide range of

infections caused by different pathogen strains, species, host groups, host species, communities,

and organ/anatomical compartment infections. [20].

Based on the replication relativity theory, infectious diseases pathogens are categorized as en-

vironmentally transmitted infectious disease systems, wherein the pathogen undergoes specific

free-living life stages in various physical elements of the geographical environment, such as soil,

water, contact surfaces, air, and food. In the context of our study, we classify foodborne diseases

based on the three different types of environmentally transmitted infectious disease systems de-

scribed in the in [20]:

(a) Type I environmentally transmitted foodborne diseases systems: These pertain to in-

fectious disease systems that are environmentally transmitted, wherein the pathogen does

not replicate at the microscale (within the host’s scale). An example of such a disease is

schistosomiasis [23], Guinea worm [13], and illnesses caused by soil-transmitted helminths

like hookworm [29]. In our case we consider taenia solium as a soil-transmitted helminths.

The pathogen load within an individual host in these infectious disease systems is directly

influenced by the number of encountered infective stages from the environment (such as
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water, soil, food, air, contact surfaces, etc.) or through super-infection (repeated infec-

tion prior to recovery from an infectious episode). The more infective stages an individ-

ual absorbs from the environment or experiences through super-infection, the higher the

pathogen load within that host. The disease burden of environmentally transmitted in-

fectious diseases is significantly influenced by host behavior, especially with regards to

sanitation and hygiene practices. Certain behaviors related to sanitation and hygiene can

increase the transmission of diseases within a specific community [20].

(b) Type II environmentally transmitted foodborne diseases: These refer to infections that

are transmitted through the environment, and in these systems, the pathogen reproduces

solely at the microscale. Examples of such diseases include certain bacterial infections,

such as paratuberculosis species [30], and viral infections such as influenza [31], My-

cobacterium tuberculosis [32], are notable examples of Type II environmentally transmit-

ted infectious disease systems. In our case we consider norovirus as a pathogen that repli-

cates at within-host only. In these infectious disease systems, nested multiscale models

can be employed, where type I reciprocal influence characterizes the interaction between

the microscale and the macroscale at the host level. For modelling such infectious dis-

ease systems, embedded multiscale models can also be utilized, utilizing type II reciprocal

influence to describe the relationship between the microscale and the macroscale [20].

(c) Type III environmentally foodborne diseases In this type of infection, the pathogen un-

dergoes replication at both the microscale and the macroscale. In our case we take into

consideration E.coli O157:H7. The relationships between the microscale and macroscale

in infectious disease systems are described using reciprocal influences of type I and type

II at both scales [20].

1.2.3 Multiscale modelling of foodborne diseases

The spread of foodborne pathogenic agents involves the environment which further complicates

the life cycle of the pathogens involved. For instance, humans acquire foodborne pathogens when

they ingest contaminated food. If humans remain untreated, the pathogens will develop within-

humans until they get excreted into the environment or passed back to the agents (animals). The

life cycle of foodborne pathogens involves both the gut and the external environment. Pathogen

ecology and evolution are influenced by the necessity to survive in both habitats, resulting in a

range of pathogen life histories and varying levels of fitness. These differences have significant

implications for disease transmission and control strategies [23, 24]. Advancements in molecular

biology have provided us with a comprehensive understanding of the fundamental elements of
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living organisms and their intricate interactions. This progress has significantly enhanced our

capability to identify the molecular identity and dynamics of infectious agents, their hosts, and

even vectors. Furthermore, it has greatly expanded our knowledge of the immune responses ex-

hibited by host organisms towards these infectious agents [22]. This research aims to provide a

comprehensive understanding of the mechanisms underlying the transmission, growth, and pro-

gression of various foodborne bacterial, viral, and parasitic agents. It emphasizes the need to

comprehend the progressive infection caused by foodborne pathogens in humans and animals,

as well as how immune responses to these infections at the individual level influence disease

dynamics at the population level. To achieve this understanding, the application of multiscale

techniques becomes essential. The multiscale modelling approach provides unprecedented op-

portunities for understanding foodborne diseases by linking growth and progression of pathogens

from the agents, humans, the environment etc, resulting in an all-encompassing population level

multiscale model.

Foodborne infections can manifest at various levels of organization, encompassing cell-level,

tissue-level, organ-level, host-level, community-level, and beyond. This wide range of infection

levels highlights the complexity of the processes involved in foodborne illnesses. Then there is

need to decide which level of multiscale models can best fit the multiscale models. The models

in this study are developed at host level where humans and animals such as cattle and pig inter-

act with a pathogen in the physical environmental domains (such as soil, water and food). The

multiscale models are developed with the main aim of describing and understanding the complex

life cycle of these foodborne pathogens considering the role of humans, plants, animals and the

environment and their interconnectedness in sustaining the transmission of foodborne diseases.

The reciprocal influence between the microscale and the macroscale plays a crucial role in deter-

mining the appropriate categories for developing a multiscale model. This reciprocal influence

helps guide the selection of suitable categories that can effectively capture the interactions and

dynamics between different scales in the system. At the host level, we construct two nested mul-

tiscale models for pathogens that undergo a replication cycle entirely at the microscale and for

pathogens that replicate at both microscale and macroscale, additionally we develop a coupled

multiscale model for pathogens requiring two hosts to complete their life cycle, the coupled mul-

tiscale model proves to be the most suitable category for pathogens with no replication cycle at

within-host. Multiscale modelling of infectious disease systems offer several benefits, including

the ability to study diseases at the specific scale of infection occurrence, analyze factors influenc-

ing disease dynamics (e.g., immune response, health interventions), and explore various aspects

of the disease process [20]. At host level we incorporate the immune response and epidemio-

logical scales, in a way to understand how the immune response affect diseases dynamics. It

must be noted that at the population level (between-host scale), eliminating foodborne diseases
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can be a lengthy process, potentially taking years. However, within an individual host, the time

required for disease progression and recovery varies significantly, ranging from days to even

years. The duration of healing and recovery at this level is influenced by factors related to the

immune response at the site of infection, such as the involvement of different immune cells, the

host’s medical history, immune memory, and the environmental conditions affecting the immune

system [20]. We first develop a single-scale foodborne viral infection to illustrate the weakness

of single scale model in foodborne diseases description. In single-scale modelling, the specific

details of pathogen replication-transmission interactions are not explicitly represented. Instead,

pathogen replication is described in a general manner using a single parameter. Consequently,

this approach lacks the ability to study foodborne disease dynamics under constraints imposed

by the intricacies of pathogen replication. Models based on the transmission mechanism theory

do not account for these highly-detailed dynamics, limiting their capability to comprehensively

analyze foodborne diseases. Single-scale models lack the inclusion of specific pathogen repli-

cation processes, resulting in a description of the complexity of an infectious disease system

without capturing the precise intricacies involved. These models only provide a general under-

standing of the complexity rather than incorporating the specific details that contribute to the

overall complexity of the disease system [33]. The interaction between pathogen replication and

pathogen transmission is mutually influential. To gain a broad understanding of foodborne dis-

ease dynamics, it is essential to have a thorough understanding of the replication-transmission

cycle.

Foodborne diseases are also influenced by four pathogen-specific processes that connect differ-

ent scales at the host level mentioned earlier. After successful infection/superinfection at the

within-host scale, pathogen replication takes place within the host. Subsequently, the process of

pathogen replication at the site of infection at within-host scale is followed by pathogen shed-

ding/excretion to the between-host scale. As a result, pathogen shedding/excretion serves as the

link between the within-host and between-host scales. The shedding/excretion of the pathogen

is then followed by pathogen transmission at the between-host scale. In this way, the entire cycle

of infection, replication, shedding, and transmission completes the dynamics of the foodborne

disease across different scales. Hence, at each hierarchical level of the foodborne disease sys-

tem, the processes of infection/superinfection and shedding/excretion of the pathogen establish

a cyclic influence between pathogen replication at the within-host scale and pathogen transmis-

sion at the between-host scale. These interactions create a continuous loop that impacts disease

dynamics across different scales of the system [20].

A nesting principle will be used to link the microscale and macroscale submodels of norovirus

and E. coli O157:H7. The nesting modelling approach consists of three stages. The initial stage

focuses on creating a model to examine interactions within the host. The second step involves
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constructing an epidemiological model that examines interactions between hosts (between-host

model). The third step is the integration of the within-host model into the epidemiological model

by incorporating the dynamics of the former using parameters. These parameters in the epi-

demiological model are expressed as functions derived from the immunological model, thereby

linking the two models together [13].

In the context of the third multiscale model focusing on Taenia Solium, the relationship between

within-host and between-host dynamics is established based on the division of disease processes

into three distinct time scales. The first time scale is within-host, which refers to the processes

occurring within individual hosts. At this scale, the disease process generally unfolds rapidly,

mainly influenced by the pathogen’s reproductive cycle and its interaction with the host’s immune

system. Moving on, the second time scale is the epidemiological time scale, which operates at

the between-host level. Disease processes at this scale occur due to interactions between sus-

ceptible hosts and the free-living pathogen. In most cases, this process occurs at an intermediate

timescale, representing the transmission and spread of the disease among different individuals.

The third time-scale in disease processes is known as the environmental time-scale. Infections

caused by free-living microorganisms are heavily influenced by environmental factors. In such

cases, the pathogen can persist in the environment for an extended period, and its presence can

be periodically replenished by infectious hosts that shed the virus into the environment. Disease

progression at this environmental time-scale generally occurs at a slow time scale. Incorporating

this third time-scale is vital for both between-host and within-host models of infectious diseases

to operate effectively. It accounts for the dynamics of pathogen transmission and persistence in

the environment, which plays a critical role in shaping the overall epidemiology of the disease

and its interactions with individual hosts. By considering this time-scale, the multiscale mod-

els can better comprehend the complex relationships between the pathogen, the host, and the

environment in the context of infectious diseases [13].

1.2.4 Literature Review for Foodborne Diseases

The early work on mathematical application of infectious diseases is indebted to the current ad-

vancement and growth of mathematical models of infectious diseases. In his first publication on

mathematical modelling of epidemics published in 1766, Daniel Bernoulli formulated a math-

ematical model to analyze the mortality caused by smallpox in England, which accounted for

approximately one in 14 deaths during that period. Through his model, Bernoulli illustrated that

immunization against the virus could potentially increase the life expectancy at birth by approx-

imately three years [34]. After Bernoulli’s initial work, Lambert extended the model in 1772 by
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integrating age-dependent elements and Laplace also investigated a similar concept [34]. How-

ever, this area of research did not undergo systematic development until Ross in 1911 published

his benchmark paper that defined modern mathematical epidemiology [35]. In this work, Ross

utilized a series of equations to approximate the discrete-time dynamics of malaria transmission

through mosquito-borne pathogens, demonstrating the application of the mechanistic a priori

modelling technique [36]. After Ross’s research, Kermack and McKendrick authored three in-

fluential publications that established the foundation for deterministic compartmental epidemic

modelling [37].

These publications focused on the mass-action principle in the disease transmission cycle, sug-

gesting that the probability of infection for a susceptible individual is directly proportional to

the number of interactions they have with infected individuals. Approximately four decades

after Ross’s research, MacDonald took Ross’s model further to provide a detailed explanation

of the malaria transmission cycle and propose effective strategies for eradicating the disease.

The resulting Ross-MacDonald models are mathematical tools used to study the dynamics and

control of mosquito-transmitted infections, and they owe their advancement to MacDonald’s no-

table contributions to the field, which heavily involved the utilization of computer technology

[38]. However, from the beginning of the nineteenth century to the present, the use of dynamical

systems techniques in epidemiology has significantly increased. To date, various mathematical

models for infectious diseases system including foodborne diseases, were developed.

Ayscue and colleagues [39] created a mathematical model within an ecological metapopulation

framework to observe and analyze bacterial population dynamics both within and outside the

host. The model aimed to characterize the habitats of E. coli O157:H7 at the pen level and incor-

porate the various population processes of the bacteria in water troughs, feedbunks, cow hosts,

and pen flooring. The simulations demonstrated that E. coli O157:H7 could persist in the feedlot

environment without undergoing a net increase in the cattle’s digestive system. The study also

revealed that contaminated pen floors and water troughs played a crucial role as sources influ-

encing the dynamics of the E. coli O157:H7 population. As a result, these areas were identified

as significant environmental targets for interventions aimed at effectively reducing the E. coli

O157:H7 population [39].

Gautam et al. [40] developed a coupled model to study the spread of infection through the host

population, utilizing the SIS (Susceptible-Infectious-Susceptible) model. This was combined

with a metapopulation model to examine the E. coli O157:H7 free-living stage in the environ-

ment, taking into account the impact of ambient temperature on bacterial growth [40]. The

primary objective of the model was to investigate how ambient temperature could affect the dy-

namics of infection transmission for pathogens. The results of the model revealed that changes



Chapter 1 17

in seasonal ambient temperature could exert a notable influence on pathogen populations in the

environment, particularly on surfaces within barns and in water troughs. Consequently, these

variations in the pathogen population could have implications for the prevalence of infection

within the host population [40].

Vanderpas et al. [41] constructed and analyzed a straightforward SEIR (Susceptible, Exposed/La-

tent phase, Infected/Infectious, and Recovered) compartmental model to study the dynamics of

norovirus infection within a closed population. The model investigated a norovirus outbreak

within long-term care facilities. By simulating variations in patient turnover, it explored how the

length of hospital stays impacts the endemic level of gastroenteritis and contributes to sustaining

the epidemic phase in an open population. The study identified patient turnover in hospital wards

as a crucial factor influencing the endemic incidence of norovirus gastroenteritis. As a result, the

model’s findings highlight the importance of strengthening infection control measures in such

settings [41].

Bartsch et al. [42] created an agent-based model to simulate the transmission of norovirus among

29 acute care hospitals and five long-term care facilities. The findings from this model high-

lighted that more effective control of the outbreaks was achieved when hospitals collaborated

and acted cooperatively in tracking and managing the spread of the virus [42]. Lee et al. [43]

created a computer simulation models to assess the potential financial benefits for hospitals of

putting the following norovirus outbreak management measures in place: increasing hand hy-

giene standards, improving disinfection procedures, isolating patients, donning protective gear,

enforcing regulations against staff exclusion, and closing wards etc. The findings indicate that

implementing improved hand hygiene, utilizing protective apparel, and enhancing disinfection

practices, either individually or in combination, are the most cost-effective interventions for con-

trolling and containing a norovirus outbreak [43].

José et al. [44] created a hybrid mathematical model to analyze the dynamics of taeniasis-

cysticercosis transmission. This model integrates deterministic equations with stochastic com-

ponents to represent variations in the mean parasite burden and consider the overall distribution

pattern of the parasites. It comprises a coupled system of differential equations, effectively de-

scribing the parasite’s life cycle progression. The developed model allows for an evaluation of

the impact of chemotherapy on all hosts involved in the life cycle of the taeniasis-cysticercosis

parasite, including those unintentionally affected by the disease. Nevertheless, the outcomes of

the study suggest that achieving the complete elimination of the infection in all hosts through the

use of chemotherapeutic therapies alone may not be a feasible goal [44].

Mwasunda et al. [45] developed and analyzed a mathematical model aimed at investigating how

taeniasis and cysticercosis spread among humans, pigs, and cattle. The model considered several
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factors, such as the mortality rate of taenia eggs and the proportions of infected beef and pork that

remain unconsumed. These factors were found to be crucial in devising strategies to control the

diseases. The study’s results suggest that reducing the number of individuals with taeniasis who

defecate in open environments is essential to curbing infections. Additionally, the significance

of meat inspection and proper confinement of pigs and cattle should be highlighted in disease

control measures [45].

Sánchez-Torres et al. [46] have created a mathematical model that classifies the population into

susceptible, infected, and immunized individuals, using the parasite’s life cycle as the foundation.

They conducted computer numerical experiments to assess the impact of pig vaccination, consid-

ering various vaccination schedules and combination intervention methods, which included pig

vaccination and anthelmintic treatment for human taeniasis. The findings of the study revealed

that achieving the complete elimination of the infection in both pigs and humans requires a pro-

tective efficacy and/or coverage rate of 100% for the interventions. However, when these values

are less than 100%, different mass interventions, such as vaccinating the pig population twice

in combination with chemotherapeutic treatment against human taeniasis, can lead to successful

elimination of the infection in both pigs and humans [46].

Researchers developed a mathematical model to study a water-related illness, employing a Non-

standard Finite Difference Scheme (NSFDS) [47]. They investigated the properties of the dis-

crete models and compared them with the corresponding continuous deterministic model. Fur-

thermore, they analyzed and compared the numerical results obtained from NSFDS, Euler method,

and MATLAB’s ode45. From NSFDS, the results indicated that the discrete model successfully

retained important characteristics of the continuous model, such as positivity and stability. These

outcomes were further verified through numerical simulations, which demonstrated that the re-

sults obtained from NSFDS, Euler method, and ode45 in MATLAB were similar [47].

Berge et al. [48] created a simple mathematical model to study Ebola in Africa. They intro-

duced the NSFD (Nonstandard Finite Difference) approach for numerical analysis and compu-

tational purposes. Through analytical proofs and numerical simulations, they demonstrated that

the NSFD scheme maintained dynamic consistency with respect to essential properties of the

continuous model. These properties included positivity and boundedness of solutions, as well as

local and global stability of equilibria. [48].

Treibert et al. [49] constructed a mathematical model with the primary aim of showcasing the

impact of varying parameter boundary settings on the estimated incidence rate. The model in-

corporated data from the COVID-19 survey conducted in Germany, considered an exponentially

increasing vaccination rate over time, and used trigonometric functions to represent contact and

quarantine rates. To analyze the model numerically, the researchers developed a nonstandard
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finite difference (NSFD) scheme. The results of the numerical analysis revealed that the model

ensured the positivity of solutions and accurately produced the expected asymptotic behavior

[49].

Despite the fact that these studies have been helpful in describing transmission dynamics and

identifying potential controls for these infections, transmission still persists because all of these

models represent single-scale models constructed using the principles of transmission mecha-

nism theory, which focuses on either immunology or epidemiology, and as a result, they do not

take into account the implications of replication-transmission relativity. Additionally, the use

of differential equation models of the susceptible-infected-recovered type is less common in the

study of foodborne diseases compared to vector-borne and high-impact viral disease systems.

This difference in application is primarily attributed to the substantial involvement of contami-

nated food and water in the transmission of foodborne pathogens [50]. Single-scale models are

frequently used to estimate critical parameters from testing the model to clinical information

and to advance the science of identifying critical drug targets that are essential to analyzing how

drugs affect patients who are being treated, but they lack the rigor to simultaneously describe the

entire foodborne disease system. Nevertheless, there are existing nested multiscale modelling

frameworks designed for the investigation of other infectious diseases, and the most commonly

used mathematical framework at both scales was Ordinary Differential Equations (ODEs). In

the multiscale models already in existence, the connection between scales was commonly estab-

lished by correlating the transmission rate at the between-host scale with the pathogen load at the

within-host scale. The functions employed to relate within-host pathogen load to between-host

transmission rate were often assumed to follow a linear pattern. Alternatively, logistic and other

saturating functions were selected in some instances [51]. Alternatively, the cumulative pathogen

load generated by an infected host at the within-host scale was determined by integrating the

area under the pathogen load curve, This measure was then utilized as a substitute for the direct

transmission rate [52]. Some of the existing coupled multiscale modelling frameworks can be

classified as hybrid, as they often utilize Ordinary Differential Equations (ODEs) at the within-

host scale and Partial Differential Equations (PDEs) at the between-host scale [53]. In other

multiscale models that are coupled, two strains of a pathogen were integrated at the within-host

scale and at the between-host scale [54, 55]. Other coupled multiscale modelling frameworks

have utilized ODEs models at both the microscale and macroscale [56–58]. Mathebula sepa-

rately modelled two distinct diseases, namely malaria and schistosomiasis. Several other authors

also conducted studies on malaria. The malaria models included both humans and mosquitoes at

the between-host scale, categorized into susceptible and infectious individuals [56, 57, 59]. Hite

and Cressler examined two parasite strains [58], and Bosia developed a multiscale modelling

framework for HIV that incorporated multiple strains [60].
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As far as our understanding goes, there are currently no multiscale models available for studying

foodborne diseases that have been documented in the literature using the replication-transmission

idea outlined in [20]. In this study, we develop two nested multiscale models of foodborne ill-

nesses wherein the microscale and macroscale are the only scales that have an impact at host-level

disease dynamics and are defined by ODEs. The first nested multiscale framework is categorized

as environmentally transmitted diseases of type II (where there is replication at microscale only)

and the second multiscale model framework is categorized as environmentally transmitted dis-

eases of type III (where the replication occurs at both microscale and macroscale). The third

multiscale model to be developed is a coupled mutliscale model categorized as environmen-

tally transmitted diseases of type I (where there is no replication at both the microscale and

macroscale), and these frameworks are defined by type I and type II reciprocal influence [20].

This study demonstrates the applicability of the replication-transmission relativity theory in cases

where the reciprocal influence between the within-host scale and the between-host scale involves

both infection/super-infection (for the influence from the between-host scale to within-host scale)

and pathogen excretion/shedding (for the influence from the within-host scale to between-host

scale).

1.3 Problem Statement

A research gap has been created in an attempt to establish a multiscale framework in order to

understand the mechanisms on how foodborne pathogens cause infections on human beings, cat-

tle and pigs since very little has been done in modelling of foodborne disease. The framework

will make it easier to fully comprehend the processes involved in the spread, growth, and evo-

lution of diverse foodborne bacterial, viral, parasitic and antibiotic resistant agents. However,

such efforts require solid knowledge of disease transmission agents’ processes which are known

to span a wide spectrum of temporal and spatial scales [22]. Concerning foodborne diseases,

these transmission agents can originate from various sources, including the environment, food

and feed processing plants, food animals, and domestic as well as wild animals. On the other

hand, mathematical models have contributed significantly to the development of the knowledge

of the transmission patterns underlying many infectious diseases (including Salmonela, E. coli

O157:H7, Toxoplasma gondii, HSV, Influenza etc.). However, available literature on mathe-

matical modelling efforts which seek to advance our understanding of key foodborne disease

processes have been limited to either humans or food as transmission sources. Such an approach

is limited in that it overlooks the pathogen exchange processes between the hosts (at the exposure

level) and their respective agents (at the reservoir level) which may help in fully describing and

understanding the dynamics that characterize a foodborne disease systems.
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With regards to foodborne diseases, several mathematical studies have been carried out and most

of them have considered the food supply chain in which food is tracked from its source until it

reaches to the point of consumption. Nevertheless, numerous studies have not adequately con-

sidered the collective contribution of humans, animals, plants, and the environment in sustaining

the life cycle of foodborne diseases. For instance, humans may excrete pathogenic agents into

the environment which will in turn get acquired by animals and plants. Therefore, the researcher

proposes to fill this gap by developing a multiscale modelling framework that will link between-

host submodels and within-host submodels at host level that describe the disease transmission

dynamics at different stages of pathogenic life cycle (human to food to human). The multiscale

models of foodborne diseases developed in this study will assist in directing policy initiatives

aimed at data collection and establishing efficacy levels of various interventions directed towards

reducing the burden of food borne diseases.

1.4 Rationale of the Study

There has been very little modelling of foodborne diseases done in the previous studies, and

there are currently no multiscale models of these illnesses. This study introduces a multiscale

framework for understanding the mechanisms through which foodborne pathogens infect hu-

mans, aiming to gain insights into the complexities of these illnesses. The multiscale models

give a complete understanding of the complex life cycles of foodborne pathogens.

1.5 Aim and Objectives

1.5.1 Aim of the Study

The primary objective of this study is to create multiscale models of foodborne diseases that

demonstrate the relationship between the microscale and macroscale, using the principles of

replication-relativity theory.

1.5.2 Objectives of the Study

The objectives of the study are to:
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a. construct a nested multiscale model focused on pathogens with a replication cycle at the

microscale only, specifically to investigate the impact of within-human scale pathogen

replication on the between-host scale using norovirus as a paradigm.

b. develop a nested multiscale model for pathogens with replication cycles occurring at both

within-cattle scale and between-host scale, specifically to investigate the potential rela-

tionship between the environmental pathogen growth rate and the microscale pathogen

replication rate at the site of infection, using E. coli O157:H7 as a paradigm.

c. to create a coupled multiscale model for pathogens, where there is no replication cycle at

both the within-human scale and the within-animal scale. The primary objective of this

model is to investigate the influence of the within-human scale and within-animal scale on

the between-host scale, as well as the influence of the between-host scale on the within-

human scale and within-animal scale using Taenia solium as an example.

1.6 Methodology

In this research, we construct nested multiscale models and coupled multiscale model for food-

borne diseases using ordinary differential equations to describe the dynamics of type I, type II,

and type III of environmentally transmitted disease systems. The multiscale models are formu-

lated at the host level, comprising two distinct scales: the within-host scale and the between-host

scale, using Norovirus, E. coli O157:H7, and T. solium as examples. At the within-host scale, the

models demonstrate the pathogen replication-transmission relativity theory, while at the between-

host scale, it demonstrates the transmission mechanism theory, these scales are linked together

to form a multliscale circle. Initially, we construct a single-scale model that characterizes the

transmission dynamics of viral foodborne diseases at the between-host scale. Subsequently, we

proceed to develop microscale submodels and macroscale submodels, linking them for both to

form multiscale models.

In our mathematical analysis, we use numerous techniques to analyze all the models in this study,

which are as follows: Next generation operator to evaluate the disease threshold, Routh-Hurwitz

criteria to determine the stability of the disease-free equilibrium (DFE), fixed point theory to

allow us to guarantee the existence of a solution to the original problem, Center Manifold theory

to determine the stability of disease at an endemic equilibrium state, and Lyapunov function to

prove global stability. We conduct sensitivity analysis to test the parameters which are sensitive

to the models the Latin Hypercube Sampling (LHS) and Partial Rank Correlation Coefficients

(PRCCs). The first three models are simulated by constructing non-standard finite difference
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schemes (NSFDS). The adoption of these schemes is justified by the possibility that standard

schemes could produce erroneous and unstable numerical results that are highly dependent on

time step-size [47]. Although a non-standard finite difference method is employed to avoid

numerical instability, it might be excessively time-consuming and expensive to compute [61].

Based on this fact and considering that the coupled multiscale is highly nonlinear and too com-

plex, the numerical simulations for the third multiscale model are obtained through using ODE

solvers in Python, that is ODE int function in the sci.integrate which solves systems of differ-

ential equations. These solvers are ode45 (Runge-Kutta Dormand-Prince method of order (4,5))

with default tolerance) [62].
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1.7 Outline of the thesis

The structure of this thesis is outlined as follows:

In Chapter 2, we formulate a single-scale model for foodborne diseases caused by viruses in

general at the host level. Subsequently, in the following chapter, this model is adapted to develop

a nested multiscale model. This single-scale model is developed in an effort to evaluate or assess

the efficacy of single-scale models in predicting the dynamics of foodborne infections.

In Chapter 3, we construct and analyze a nested multiscale model for pathogens that do not have

a replication cycle at the microscale. The main objective is to assess the impact of within-human

scale pathogen replication on the between-host scale, with norovirus serving as a paradigm in

the analysis.

In Chapter 4, we develop and analyze a nested multiscale model for pathogens, where the repli-

cation cycle occurs at both the within-cattle scale and the between-host scale. The primary aim

is to assess the influence of environmental pathogen growth rate on within-cattle scale pathogen

replication rate and the influence of within-cattle scale pathogen replication rate on environmen-

tal pathogen growth rate using E. coli O157:H7 a paradigm.

In Chapter 5, we construct and analyze a coupled multiscale model for pathogens, where there

is no pathogen replication cycle at both the within-human scale and within-animal scale. The

main objective is to examine the influence of the within-human scale and within-animal scale

on the between-host scale, as well as the impact of the between-host scale on the within-human

scale and within-animal scale. To illustrate these dynamics, we use Taenia solium as an example

in our investigation.

In Chapter 6, provides conclusions and some recommendations for future research directions.



Chapter 2

Single-scale Model for Viral Foodborne
Diseases Dynamics at Host-level

2.1 Introduction

A mathematical model that describes or characterizes an infection illness problem exclusively at

one scale is referred to as a single-scale model from the perspective of infectious disease sys-

tems at any level of organization. Single-scale models have been and will remain instrumental

in guiding the management and eradication efforts of various infectious diseases, both on a local

and global scale. The application of single-scale models, which are considered to fall within the

category transmission mechanism theory of disease dynamics, has improved our understanding

of infectious disease transmission dynamics [20]. The assumption used in transmission mecha-

nism theory for foodborne viral infections is that each host would contract the virus at the same

rate and experience the same sickness time course. These models of transmission play an im-

portant role in guiding public health interventions involving infectious diseases, particularly in

the context of new pathogens [63]. The single scale model used in models of the dynamics of

infectious diseases, however, does not take into consideration pathogen replication, which is a

weakness of this theory. This limitation prevents models based on the transmission mechanism

theory from being used to study the dynamics of infectious diseases under the constraints im-

posed by pathogen replication. The basis for single-scale models in infectious diseases is the
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susceptible, exposed, infected, recovered, pathogen load (SEIRP) paradigm and its various vari-

ations (SIP, SISP, SIRP, etc.). By adopting this approach, pathogen load is explicitly incorporated

into models at each of the seven scales of organization within an infectious disease system [20].

Single-scale models of infectious disease dynamics, which do not account for the intricacies of

pathogen replication mechanisms, merely hint at the complexity of the infectious disease system

under study without providing specific details about that complexity. Few virus types, such as

norovirus, hepatitis A and E, and rotavirus, are responsible for the majority of viral foodborne ill-

nesses [64, 65]. The intestines of humans and animals are where all foodborne viruses originate,

because viruses are frequently shed in bodily secretions, such as feces. As viruses cannot repli-

cate in food, foodborne viral transmission occurs due to various factors, such as contaminated

food handled by infected individuals with poor hygiene practices. Additionally, transmission can

result from consuming animal products that are contaminated with viruses or coming into contact

with sewage or sewage-polluted water, for instance, through the consumption of contaminated

meat, fish, etc. [64, 66]. To date, only a limited number of mathematical models for foodborne

viral diseases have been proposed or analyzed. Most of the transmission mathematical mod-

els of foodborne diseases caused by viruses are SIR type. In this chapter we develop a single

scale modelling framework for foodborne diseases caused by viruses at host level. The model is

used to develop a nested multiscale model for norovirus based on the replication-transmissiom

relativity theory in the next chapter. The construction of this single scale model is being done

to examine or test the efficacy of single-scale models in forecasting the dynamics of foodborne

diseases using viral infection in general.

2.2 Mathematical Model for Viral Transmission Dynamics at

Host-level

In this subsection, we adapt a single-scale modelling framework for environmentally-transmitted

disease systems at the host level in [67] in a way to develop the single-scale model for viral

infection. The specific details of pathogen-immune system interactions, which determine the

replication and persistence of the pathogen at the within-human scale, are not explicitly modeled

in this study. Instead, just one parameter can phenomenologically describe how a pathogen

replicates. Our objective is to demonstrate that the limitations arising from pathogen replication

render it impractical to study the dynamics of infectious diseases using a single model. The

model is constructed by monitoring the dynamics of two susceptible human populations SF ,
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infected humans IF so that the total human population is given by

NF = SF + IF ,

and environmental pathogen population VF . In developing a single-scale model at the host level

for foodborne pathogens, we make the following assumptions:

1. Infection occurs through the ingestion of food containing viral load VF from contaminated

food. However, if there is any indirect transmission, it can be calculated using the environ-

mental viral load VF .

2. The average extracellular foodborne virus present in each infected individual is phenomeno-

logically modeled as Nf , serving as a proxy for individual infectiousness.

3. The environmental virus VF does not undergo replication in the environment, i.e., outside

the human host.

Taking these assumptions into account, the dynamics of foodborne virus transmission at the

human organism scale are as follows:



1.
dSF (t)

dt
= ΛF −

βFVF (t)SF (t)

P0 + VF (t)
− µFSF (t),

2.
dIF (t)

dt
=

βFVF (t)SF (t)

P0 + VF (t)
− [µF + δF ]IF (t),

3.
dVF (t)

dt
= NfαfIF (t)− µV VF (t).

(2.2.0.1)

Equation (1) in the model system (2.2.0.1) describes the dynamics of susceptible humans. New

recruits of human population enter this class at a rate, ΛF at any time, t through birth, this popu-

lation is reduced through viral infection at a rate
βFVF (t)SF (t)

P0 + VF (t)
with βF being the exposure rate

to the infective environmental viral load VF and P0 is the saturation parameter of the virus that

grant 50% probability that an individual will become infected after ingesting the virus. Infection

takes place when humans consume contaminated food from the environment. The suscepti-

ble population decreases due to natural death at a rate, µF . Equation (2) in the model system

(2.2.0.1) represents the population of infected humans. This population increases as susceptible

individuals get infected and decreases due to natural death at a rate, µF . Additionally, this pop-

ulation decreases due to disease-induced death at a rate, δF , resulting in an average lifespan of
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viral-infected humans in the population of
1

(µF + δF )
. We make the assumption that infected

humans spread the disease through shedding into the environment at a rate of NfαfIF (t), where

Nf represents the phenomenological modelling of the average number of within-host scale viral

load available for excretion into the environment by each infected human, occurring at a rate of

αf . Thus, the population dynamics of viral load in the environment, as described by Equation

(3) in the model system (2.2.0.1), increases after viral excretion by the infected human host into

the environment through fecal material at a rate, NfαfIF (t). The population of viral load in the

environment is assumed to decrease due to natural death at a rate, µV . Below is the conceptual

diagram of the single-scale model system (2.2.0.1).
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Figure 2.1: Transmission cycle of the foodborne disease in human beings.

2.3 Mathematical analysis

In this sub-section, we analyze the mathematical properties of the model system (2.2.0.1). Firstly,

we demonstrate that all solutions of the model system (2.2.0.1) remain positive for all t > 0.

Next, we establish that the model system (2.2.0.1) is both mathematically and epidemiologically

well-posed.
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2.3.1 Positivity of Solutions

As the model system presented in (2.2.0.1) describes human and foodborne viral populations,

all parameters in the model are non-negative. Furthermore, it can be shown that the solutions

of the model (2.2.0.1) are also non-negative, given the initial values
(
SF (0), IF (0), VF (0)

)
, the

solution
(
SF (t), IF (t), VF (t)

)
of the model system (2.2.0.1) remain positive for all t > 0, so

should be in consistence with the basic aspect of the biological reality. We state the following

theorem to summarize this:

Theorem 2.1. Since the initial conditions of the system of equations (2.2.0.1) are non-negative,

this implies that
(
SF (0) > 0, IF (0) > 0, VF (0) > 0

)
, resulting solutions

(
SF (t), IF (t), VF (t)

)
are all positive for all t > 0.

Proof. Based on the model system (2.2.0.1), a differential inequality that illustrates the dynamics

of the susceptible human population over time is expressed as:

dSF (t)

dt
≥ −(λF (t) + µF )SF (t) (2.3.1.1)

where

λF (t) =
βFVF (t)

P0 + VF (t)
.

The differential inequality (2.3.1.1) can be solved through the method of separation of variables

as shown below:

dSF (t)

SF (t)
≥ −(λF (t) + µF )dt (2.3.1.2)

letting

t̂ = sup{t > 0 : SF > 0, IF > 0, VF > 0} ∈ [0, t],

and integrating (2.3.1.2), we obtain

ln(SF (t)) ≥ −
(
µF t+

∫ t

0

λF (t̂)dt̂

)
+ ln(SF (0))

which yields
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SF (t) ≥ SF (0). exp

{
−
(
µF t+

∫ t

0

λF (t̂)dt̂

)}
> 0. (2.3.1.3)

This implies that

lim
t→∞

inf(SF (t)) ≥ 0. (2.3.1.4)

Similar method can be used to demonstrate that

lim
t→∞

inf(IF (t)) ≥ 0. (2.3.1.5)

Based on Equation (3) in the model system (2.2.0.1), we can deduce the following:

dVF (t)

dt
≥ −µV VF (t). (2.3.1.6)

separation of variables gives

VF (t) ≥ VF (0). exp {−µV t} > 0. (2.3.1.7)

This implies that

lim
t→∞

inf(VF (t)) ≥ 0. (2.3.1.8)

Consequently, the state variables (SF , IF , VF ) of the model system (2.2.0.1) remain non-negative

for all t ≥ 0.

2.3.2 Invariant Region

Let NF represent the total human population, so that NF (t) = SF (t) + IF (t). Substituting the

derivatives in system (2.2.0.1) we have
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dNF (t)

dt
= ΛF − µFNF − δF IF (2.3.2.1)

so that

dNF (t)

dt
≤ ΛF − µFNF (t). (2.3.2.2)

This implies that

lim
t→∞

sup(NF (t)) ≤ ΛF

µF
. (2.3.2.3)

From (2.3.2.3), we learn that each of the individual state variable is less or equal to
ΛF

µF
since

NF (t) represent the sum of these state variables. From Equation (3) of the model system (2.2.0.1)

we obtain the following:

dVF (t)

dt
≤ Nfαf

ΛF

µF
− µV VF , (2.3.2.4)

since IF (t) ≤ ΛF

µF
. Therefore the equation for (2.3.2.4) is obtainable by using an integrating

factor eµV t, to get

VF (t) ≤ NfαfΛF

µV µF
+ C2e

−µV t. (2.3.2.5)

This implies that

lim
t→∞

sup(VF (t)) ≤ NfαfΛF

µV µF
. (2.3.2.6)

As a result, all feasible solutions of the model system (2.2.0.1) are positive and eventually enter

the invariant attracting region Ω = (SF , IF , VF )



Chapter 2 32


Ω = (SF (t), IF (t), VF (t))| 0 ≤ SF (t) + IF (t) ≤ ΛF

µF
,

0 ≤ VF (t) ≤ NfαfΛF

µV µF
.

(2.3.2.7)

Thus, Ω is a positively invariant and attracting region, as all solutions that originate in Ω will stay

within Ω for all t ≥ 0. This establishes that the model system (2.2.0.1) is mathematically and

epidemiologically well-posed [68]. Therefore, it is adequate to study the dynamics of the flow

generated by the model system (2.2.0.1).

2.3.3 Disease-free equilibrium(DFE) and Reproductive Number

The disease-free equilibrium E0 represents the point at which there is no virus present to cause

infection. This equilibrium is obtained by setting the left-hand side of the model (2.2.0.1) to zero.

and further assume that IF = VF = 0 to get E0 =

(
ΛF

µF
, 0, 0

)
. It is important for disease-free

quilibrium to be analysed because the persistence or the anticipated elimination of viral infection

depends fully on whether or not the disease-free is stable or not. The basic reproductive number,

R0 is calculated below.

2.3.3.1 Determination of the Basic Reproductive Number

The basic reproduction number (R0) is the number of newly infected individuals that arise from

one infected individual when almost all individuals are uninfected, when R0 < 1 the infection

will die out and the infection will persist in the community when R0 > 1. The R0 of the single-

scale model system (2.2.0.1) will be calculated using the next generation operator as described

in [69]. In this case, a subsystem comprising Equation (2) and Equation (3) from the model

system (2.2.0.1) shows the progression and exchange of infectious humans and the environmental

pathogen load. These equations play a crucial role in the computation of the basic reproductive

number. The Jacobian matrix related to the linearized subsystem, evaluated at the disease-free

equilibrium point E0 of the model system (2.2.0.1), is expressed as follows:

JE0 =


−(µF + δF )

βFΛF

P0µF

Nfαf −µV

 . (2.3.3.1)
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Subsequently, the Jacobian matrix JE0 is divided into two distinct matrices, denoted as FI and

VI , with the property that JE0 = FIVI . In this partition, F represents the transmission matrix,

which is non-negative and characterizes the generation of secondary infections. On the other

hand, VI stands for the transition matrix, which is non-singular and describes the changes in

individual states, including removal due to death and clearance of environmental pathogens.

Now, if we incorporate the pathogen shedding (NfαfIF ) into the environment, it is included in

the VI matrix rather than the FI matrix. Consequently, the matrices FI and VI are modified as

follows:

FI =


0

βFΛF

P0µF

0 0

 , VI =


µF + δF 0

−Nfαf µV

 . (2.3.3.2)

and

V −1
I =


1

(µF + δF )
0

Nfαf
µV (µF + δF )

1

µV

 , (2.3.3.3)

The next generation matrix, MI = FIV
−1
I is given by

FIV
−1
I =


NfαfβFΛF

P0µFµV (µF + δF )

βFΛF

P0µFµV

0 0

 . (2.3.3.4)

The basic reproductive number is determined by calculating the spectral radius, which refers to

the dominant eigenvalue of the matrix FIV −1
I . that is R0 = ρ(FIV

−1
I ). Therefore, the basic

reproductive number is given by:

R0 = ρ(FIV
−1
I ) =

NfαfβFΛF

P0µFµV (µF + δF ).
(2.3.3.5)

We can rewrite the fundamental reproductive number as
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R0 = REHRHE. (2.3.3.6)

In this context, the variable REH represents the effective viral infectious dose of viral cells intro-

duced into a disease-free population of humans at an equilibrium state. The estimated number of

individuals likely to be infected by these viral cells can be approximated as follows:

REH =
βFΛF

P0µF
. (2.3.3.7)

The estimated quantity of viral cells generated by an infected individual and subsequently con-

taminating the environment is approximately given by:

RHE =
Nfαf

µV (µF + δF )
. (2.3.3.8)

The above quantity represents the scenario where a single newly infected individual enters a

contamination-free environment at an equilibrium point. Drawing from the expressions of REH

and RHE , it is evident that both the between-host (macroscale) transmission parameters and the

within-host (microscale) parameters play significant roles in the transmission of viral infections.

These parameters collectively influence the spread of the infection both at the individual level

within a host and at the population level among hosts.

2.3.3.2 Local stability of the disease-free equilibrium

In this subsubsection, we examine the local stability of the disease-free equilibrium in the model

system (2.2.0.1), following the approach outlined in [70]. The stability of the disease-free equi-

librium is determined by analyzing the matrix F − V , and its stability properties are assessed

based on the following expression:

F =


0

βFΛF

P0µF

0 0

 (2.3.3.9)
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and

V =


µF + δF 0

−Nfαf µV

 . (2.3.3.10)

Then,

F − V =


−(µF + δF )

βFΛF

P0µF

N̂fαf −µV

 . (2.3.3.11)

The eigenvalues of F − V are determined by solving the equation

|(F − V )− λ| =


−(µF + δF )− λ βFΛF

P0µF

N̂fαf −µV − λ

 , (2.3.3.12)

which gives the characteristic equation in the form:

P (λ) = λ2 + a1λ+ a0 = 0, (2.3.3.13)

where 
a1 = (µF + δF ) + µV ,

a0 = µV (µF + δF )[1−R0],

(2.3.3.14)

Now, to determine the eigenvalues of the polynomial (2.3.3.13) we use the Routh-Hurwitz Cri-

teria in [71]. In this case, we define the following matrices whose elements are the coefficients

a0 and a1 of the characteristic polynomial P (λ) in Equation (2.3.3.13):
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H1 =
(
a1

)
, H2 =

(
a1 1

0 a0

)
. (2.3.3.15)

Evaluating the determinant of H1, we obtain
det(H1) =

∣∣∣ a1

∣∣∣ ,
= a1,

= (µF + δF ) + µV > 0.

(2.3.3.16)

The determinant of H2 is given by:
det(H2) =

∣∣∣∣∣ a1 1

0 a0

∣∣∣∣∣ ,
= a1a0,

= (µF + δF ) + µV [µV (µF + δF )(1−R0)] > 0, whenever R0 < 1.

(2.3.3.17)

It can be noted that all the coefficients a0 and a1 of the polynomial in Equation (2.3.3.13) are

greater than zero whenever R0 < 1. And also all the determinants of matrices H1 and H2 are

positive if and only if R0 < 1. Consequently, all the roots of the polynomial have either negative

real parts or are negative. In accordance with the findings presented in [23], we can summarize

the results through the following theorem:

Theorem 2.2. [23] The disease-free equilibrium point of the model system (2.2.0.1) demon-

strates local asymptotic stability if the value of the basic reproductive number, denoted by R0, is

less than 1.

2.3.3.3 Global stability of the disease-free equilibrium

To establish the global stability of the Disease-Free Equilibrium (DFE) in the single-scale model

system (2.2.0.1), we employ a next-generation operator, as detailed in [69]. By doing so, the

system (2.2.0.1) can be reformulated in the following way:
dX

dt
= F (X,Z),

dZ

dt
= G(X,Z),

(2.3.3.18)

where
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• X = SF corresponds to a compartment representing uninfected humans and

• Z = (IF , VF ) refers to compartments representing infected humans and infective viruses

present in the physical environment.

We let

E0 = (X∗, 0) =

(
ΛF

µF
, 0, 0

)
, (2.3.3.19)

denote the disease-free equilibrium (DFE) of the model system (2.2.0.1) as X∗. For global

asymptotic stability of X∗ to be established, it is imperative that we satisfy the prescribed condi-

tions denoted as (H1) and (H2).

H1.
dX

dt
= F (X, 0) is globally asymptotically stable (g.a.s),

H2. G(X,Z) = AZ− Ĝ(X,Z), Ĝ((X,Z)≥ 0 for (X,Z) ∈ R3
+ where A = DZG(X∗, 0) is an

M-matrix and R3
+ which refers to the region in which the model is biologically meaningful.

In this case

F (X, 0) =
[

ΛF − µFSF
]
, (2.3.3.20)

and the matrix A is given by

A =


−(µF + δF )

βFΛF

µFP0

N̂fαf −µF

 , (2.3.3.21)

and

Ĝ(X,Z) =


(

ΛF

µFP0

− SF
P0 + VF

)
βFVF

0

 . (2.3.3.22)

Since S0
F =ΛF/(µFP0) ≥ SF/(P0 + VF ), it is clear that Ĝ(X,Z) ≥ 0 for all (X,Z) ∈ R3

+.

Furthermore, it is evident that A qualifies as an M-matrix, given that its off-diagonal elements

are non-negative. Based on the outcomes derived from applying the theorem used in [72], we

can now present a theorem that summarizes the above results.
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Theorem 2.3. [72] The fixed point

E0 = (X∗, 0) =

(
ΛF

µF
, 0, 0

)
of the single-scale model system (2.2.0.1) exhibits global asymptotic stability (GAS) when the

value of the basic reproductive number, R0, is less than or equal to 1, and both assumptions

(H1) and (H2) are met.

2.4 The Endemic Equilibrium and its Stability

In this subsection, we will obtain the expressions for the endemic equilibrium, the endemic

equilibrium is a state where the infection persists. The endemic equilibrium is determined by

setting the system’s equations to zero and then solving the resulting equations simultaneously

for the state variables.



ΛF −
βFVF (t)SF (t)

P0 + VF (t)
− µFSF (t) = 0,

βFVF (t)SF (t)

P0 + VF (t)
− [µF + δF ]IF (t) = 0,

NfαfIF (t)− µV VF (t) = 0.

(2.4.0.1)

we obtain the following expressions upon solving for Equation (2.4.0.1)

S∗F =
ΛF [βF + µFR0]

(βF + µF )µFR0

,

I∗F =
βFΛF (R0 − 1)

(βF + µF )(µF + δF )R0

,

V ∗F =
µFP0

βF + µF
(R0 − 1).

(2.4.0.2)

We recall that the value of R0 is defined by Equation (2.3.3.5). Consequently, based on the

system (2.4.0.2), we can deduce that the endemic equilibrium exists only when R0 > 1.
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2.4.1 Local Stability of the Endemic Equilibrium

In this subsection, we apply the Center Manifold Theory, as described in [73], to analyze the local

stability of the endemic equilibrium state in the model system (2.2.0.1). The Center Manifold

Theory is employed to assess the stability of a non-hyperbolic equilibrium point. The theorem is

stated as follows:

Theorem 2.4. [73] Let us consider the following general system of ordinary differential equa-

tions with a parameter denoted as φ:

dx

dt
f(x, φ), f : Rn −→ R, f : C2(R2 × R), (2.4.1.1)

where 0 is an equilibrium point of the system (2.2.0.1), (i.e., f(0, φ) = 0, for all φ , and assume

that

(1) A = Dxf(0, 0) =
(
∂fi(0, 0)

∂xi

)
is a linearization of the system around the equilibrium 0

with φ evaluated at 0;

(2) Zero is a simple eigenvalue of A and other eigenvalues of A have negative real part;

(3) Matrix A has a left eigenvector denoted by u and a right eigenvector denoted by v, corre-

sponding to the zero eigenvalue.

Let fk be the kth component of f and

a =
n∑

k,i,j=1

vkuiuj
∂2fk
∂xi∂xj

(0, 0), (2.4.1.2)

b =
n∑

k,i,j=1

vkui
∂2fk
∂xi∂φ

(0, 0). (2.4.1.3)

The local dynamics of the system around the equilibrium point 0 is totally governed by the signs

of a and b.

(i) a > 0, b >0, when φ < 0 with | φ | � 1, 0 is locally asymptotically stable, and there exists

a positive unstable equilibrium; when 0 < φ� 1, 0 is unstable and there exists a negative

and locally asymptotically stable equilibrium.

(ii) a < 0 , b < 0, when φ < 0 with | φ | � 1, 0 is unstable; when 0 < φ � 1, 0 is locally

asymptotically stable, and there exists a positive unstable equilibrium point.
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(iii) a > 0, b < 0, when φ < 0 with | φ | � 1, 0 is unstable and there exists a locally asymp-

totically stable negative equilibrium; when 0 < φ� 1, 0 is stable and a positive unstable

equilibrium appear.

(iv) a < 0, b > 0, when φ changes from negative to positive, 0 changes its stability from stable

to unstable. Correspondingly a negative unstable equilibrium becomes positive and locally

asymptotically stable.

To apply the above theorem for our model system, we introduce the following simplification

and change of variables. We rewrite the model (2.2.0.1) using the state variables of the food-

borne disease model and the center manifold approach on the system. We let x1 = SF (t), x2 =

IF (t), x3 = VF and β∗ = βF .

Using vector notation, we denote x = (x1, x2, x3)T the model (2.2.0.1) can be written in the form

F = (f1, f2, f3)T . By writing the model (2.2.0.1) in vector form as:



ẋ1 = f1 = ΛF −
β∗x1x3

P0 + x3

− µFx1,

ẋ2 = f2 =
β∗x1x3

P0 + x3

− (µF + δF )x2,

ẋ3 = f3 = Nfαfx2 − µV x3.

(2.4.1.4)

We let R0 = 1 and solving β∗ as a birfurcation parameter, we obtain

β∗ =
P0µFµV (µF + δF )

N̂fαfΛF

. (2.4.1.5)

The Jacobian matrix at DFE is given by

J(E0, β
∗) =



−µF 0 −β
∗ΛF

P0µF

0 −(µF + δF )
β∗ΛF

P0µF

0 N̂fαf −µV


. (2.4.1.6)
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The characteristic equation associated with the Jacobian matrix is given by

a2λ
2 + a1λ+ a0 = 0 (2.4.1.7)

where 

a2 = 1,

a1 = µV + (µF + δF ),

a0 = µV (µF + δF )[1−R0].

(2.4.1.8)

We notice that a2 > 0, a1 > 0 and a0 > 0 when R0 < 1, a0 < 0 when R0 > 1 and a0 = 0

when R0 = 1. When R0 = 1 we can clearly observe that Jacobian of the linearized system

has a single zero eigenvalue and all other eigenvalues are negative or have negative real parts.

Therefore, the center manifold theory is one appropriate tool to use in analysing the dynamics

of the model (2.2.0.1). When R0 = 1, it is clear that the Jacobian matrix has a right eigenvector

that is associated to the zero eigenvalue given by

ω = (ω1, ω2, ω3)

we obtain



ω1 = −β
∗ΛF

P0µF
,

ω2 =
β∗ΛF

P0µF (µF + δF )
,

ω3 = 1.

(2.4.1.9)

Similarly, we denote the left eigenvector associated to the zero eigenvalue as follows:

v = (v1, v2, v3)T

we obtain



Chapter 2 42



v1 = 0,

v2 =
N̂fαf
µF + δF

,

v3 = 1.

(2.4.1.10)

We shall demonstrate the conditions on parameter values of a bifurcation to occur in the system,

based on the use of center manifold theory. We compute the bifurcation coefficients a and b, for

the transformed system model (2.4.1.4), and are defined as follows:

a =
3∑

k,i,j=1

vkωiωj
∂2fk(E0, β

∗)

∂xi∂xj
,

b =
3∑

k,i=1

vkωi
∂2fk(E0, β

∗)

∂xi∂β∗
. (2.4.1.11)

Substituting,


a =

3∑
k,i,j=1

v1ω1ω3
∂2fk(E0, β

∗)

∂x1∂x3

+
3∑

k,i,j=1

v2ω1ω3
∂2f2(E0, β

∗)

∂x1∂x3

,

= − N̂fαfβ
∗2ΛF

(µF + δF )P ∗20 µ∗2F
< 0,

(2.4.1.12)

and similarly, 
b =

3∑
k,i=1

v1ω3
∂2f1(E0, β

∗)

∂xi∂β∗
+

3∑
k,i=1

v2ωi
∂2f2(E0, β

∗)

∂x3∂β∗
,

=
N̂fαfΛF

(µF + δF )µFP0

> 0.

(2.4.1.13)

We observe that the bifurcation coefficients a < 0 and b > 0, then it follows that the model

will undergo trans-critical bifurcation at R0 = 1. We can conclude that the model is local

asymptotically stable when R0 > 1 but close to 1.
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2.4.2 Global Stability of the Endemic Equilibrium

To prove the global asymptotic stability of the endemic equilibrium pointE∗ of the model system

(2.2.0.1) we construct a global Lyapunov function following the work done in [74] to prove

global asymptotic stabilty.

Theorem 2.5. [72] The endemic equilibrium E∗ of the model system (2.2.0.1) is globally asymp-

totically stable when R0 > 1.

In our case, we perform the global stability analysis of endemic equilibrium state by using the

definition of Volterra-type Lyapunov function given by:

L1 = L(SF , IF , VF )

= S∗Hg

(
SF
S∗F

)
+ I∗Hg

(
IF
I∗F

)
+ aV ∗F g

(
VF
V ∗F

) (2.4.2.1)

where a is positive constant to be determined, and we take advantage of the properties of the

function

g(x) = x − 1 − lnx, which is positive in (0,∞) except at x = 1, where it vanishes. We note

that L1 is non-negative in the interior of Ω and attain zero at E∗. Differentiating L1 along the

trajectories of the system of equations (2.2.0.1), we obtain

dL1

dt
=

dSF
dt

[
1− S∗F

SF

]
+
dIF
dt

[
1− I∗F

IF

]
+

a
dVF
dt

[
1− V ∗F

VF

]
,

=

[
1− S∗F

SF

] [
ΛF − λFSF +

βFVFSF
P0 + VF

− µFSF
]

+

[
1− I∗F

IF

] [
βFVFSF
P0 + VF

− (µF + δF )IF

]

+

[
1− V ∗F

VF

] [
NfαfIF − µV VF

]
.

(2.4.2.2)

Since E∗ is the endemic equilibrium point the following relations hold
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

ΛF =
βFV

∗
FS
∗
F

P0 + V ∗F
+ µFS

∗
F ,

(µF + δF ) =
βFV

∗
FS
∗
F

P0 + V ∗F
,

µV =
NfαfI

∗
F

V ∗F

(2.4.2.3)

using the relation in (2.4.2.2),
dL1

dt
becomes

dL1

dt
=

[
1− S∗F

SF

]
[
βFV

∗
FS
∗
F

P0 + V ∗F
+ µFS

∗
F −

βFVFSF
P0 + VF

− µFSF ]

+

[
1− I∗F

IF

] [
βFVFSF
P0 + VF

− βFV
∗
FS
∗
F

P0 + V ∗F
.
IF
I∗F

]

+ a

[
1− V ∗F

VF

] [
NfαfIF −

NfαfI
∗
FVF

V ∗F

]
,

= −µF
SF

(
SF − S∗F

)2

− λ∗S
∗
F

SF
+ 2λ∗S∗F + IF

[
aNfαf −

λ∗S∗F
I∗F

]
+ λFSF

(
S∗F
SF
− I∗F
IF

)
+

aNfαfI
∗
F − aNFαfIF .

V ∗F
VF
− aNfαfI

∗
F

VF
V ∗F

.

(2.4.2.4)

Let aNfαf −
λ∗S∗F
I∗F

= 0.

We get a =
λ∗S∗F
NfαfI∗F

.

Substituting the value of a into Equation (2.4.2.1), such that

dL1

dt
=

[
1− S∗F

SF

][
λ∗S∗F + µFS

∗
F − λFSF − µFSF

]
+

[
1− I∗F

IF

][
λFSF − λ∗FS∗F .

IF
I∗F

]
+

λ∗FS
∗
F

NfαfI∗F

[
NfαfIF −NfαfI

∗
F .
VF
V ∗F

]
.

(2.4.2.5)
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By direct calculations from Equation (2.4.2.5), the first term at the right hand side of (2.4.2.5) is

as follows[
1− S∗F

SF

][
λ∗S∗F + µFS

∗
F − λFSF − µFSF

]
=

(
1− S∗F

SF

)[
λ∗S∗F − λFSF

]
+

(1− S∗F
SF

)

[
µFS

∗
F − µFSF ]

= −µFSF
(

1− S∗F
SF

)2

+

λ∗S∗F

(
1− S∗F

SF

)(
1− λFSF

λ∗S∗FS
∗
F

)
,

< λ∗FS
∗
F

(
1− S∗F

SF

)(
1− λFSF

λ∗S∗F

)
;

(2.4.2.6)

and the second term at the right hand side of Equation (2.4.2.5) is simplified as follows:[
1− I∗F

IF

][
λFSF − λ∗FS∗F −

IF
I∗F

]
= λ∗FS

∗
F

(
1− I∗F

IF

)[
λFSF
λ∗FS

∗
F

− IF
I∗F

]
; (2.4.2.7)

lastly, the third term at the right hand side of Equation (2.4.2.5) is given by

λ∗S∗F
NfαfI∗F

[
1− V ∗F

VF

][
NfαfIF −NfαfI

∗
F

VF
V ∗F

]
= λ∗S∗F

(
1− V ∗F

VF

)[
IF
I∗F
− VF
V ∗F

]
. (2.4.2.8)

Therefore,

dL1

dt
≤ λ∗FS

∗
F

(
1− S∗F

SF

)(
1− λFSF

λ∗S∗F

)
+ λ∗S∗F

(
1− V ∗F

VF

)[
IF
I∗F
− V ∗FV ∗F

]
+

λ∗S∗F

(
1− V ∗F

VF

)[
IF
I∗F
− V ∗FV ∗F

]
,

≤ λ∗FS
∗
F

[
2− λFSF I

∗
F

λ∗FS
∗
F IF

+
λF
λ∗F
− S∗F
SF
− IF
I∗F

]
+ λ∗FS

∗
F

[
1− IF

I∗F
.
V ∗F
VF

+
IF
I∗F
− VF
V ∗F

]
.

(2.4.2.9)

By using the function g(x) = x− 1− lnx, we get



Chapter 2 46

dL1

dt
≤ λ∗FS

∗
F

[
− gS

∗
F

SF
− g
(
λFSF
λ∗FS

∗
F

.
I∗F
IF

)− ln
(
VF
V ∗F

)
− IF
I∗F

+ ln

(
IF
I∗F

)
+ ln

(
P0 + VF
P0 + V ∗F

)]
+

λ∗FS
∗
F

[
− g
(
IFV

∗
F

I∗FVF

)
− ln

(
IF
I∗F

)
+
IF
I∗F

+ ln

(
VF
V ∗F

)
− VF
V ∗F

]
,

≤ λ∗FS
∗
F

[
− g
(
S∗F
SF

)− g(
λFSF
λ∗FS

∗
F

.
I∗F
IF

)
+
VF
V ∗F
− ln

(
VF
V ∗F

)
− IF
I∗F

+ ln

(
IF
I∗F

)]

+λ∗FS
∗
F

[
VF
V ∗F

.
P0 + VF
P0 + V ∗F

− P0 + VF
P0 + V ∗F

− g
(
P0 + VF
P0 + V ∗F

)
− VF
V ∗F
− 1

]

+λ∗FS
∗
F

[
− g
(
IFV

∗
F

I∗FVF

)
− ln

(
IF
I∗F

+ (
IF
I∗F

))
+ ln

(
VF
V ∗F
− VF
V ∗F

)]
,

≤ λ∗FS
∗
F

[
VF
V ∗F
− lnVF

V ∗F
− IF
I∗F

+ ln
IF
I∗F

]
+ λ∗FS

∗
F

[
IF
I∗F
− ln

(
IF
I∗F

)
+ ln

(
VF
V ∗F

)
− VF
V ∗F

]
,

≤ 0.

(2.4.2.10)

From Equation (2.4.2.10), we have the largest invariant subset, where
dL1

dt
= 0. Therefore,

we conclude from LaSalle’s Invariance Principle that E∗ is globally asymptotically stable when

R0 > 1.

2.5 Sensitivity Analysis

In this section, we conduct a sensitivity analysis of the two viral transmission metrics obtained

from the viral dynamics single-scale model system (2.2.0.1) with respect to the parameters of the

model. This analysis aims to understand how variations in the model parameters affect the viral

transmission metrics. The two viral transmission metrics obtained from the single-scale model

system (2.2.0.1) are as follows: the reproduction number, denoted by R0, which provides insight

into the disease dynamics during the initial stages of infection and the endemic value of the envi-

ronmental viral load, represented by V ∗F , which offers an understanding of the disease dynamics

at the epidemic level. For any epidemic model that describes the dynamics of diseases within

a population, conducting a sensitivity analysis is essential. Such an analysis helps to identify

the model’s parameters that can be targeted for disease control, elimination, or even eradication.
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Additionally, it enables the monitoring and control of these parameters during an outbreak of the

disease. Overall, a sensitivity analysis study plays a crucial role in understanding and manag-

ing the spread of diseases. The analysis is conducted using a combination of Latin Hypercube

Sampling and partial rank correlation coefficients (PRCCs). For each run, we conduct 1000

simulations to investigate how individual model parameters impact both the basic reproduction

numbers (R0) and the endemic value of the environmental viral load (V ∗F ). The sensitivity anal-

ysis outcomes for R0 and V ∗F concerning variations in the model parameters are presented in the

Tornado plots. Figure 2.2 illustrates the sensitivity of R0, while Figure 2.3 shows the sensitivity

of V ∗F . These plots provide insights into how changes in individual model parameters impact the

respective viral transmission metrics.

Figure 2.2: Tornado plot of partial rank correlation coefficients (PRCCs) of all the model

parameters that influence the viral transmission metric R0
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Figure 2.3: Tornado plot of partial rank correlation coefficients (PRCCs) of all the model

parameters that influence the viral endemic point metric V ∗F

Drawing from the sensitivity analysis results of both R0 and V ∗F concerning all the parameters in

the single-scale model (2.2.0.1), as presented in Table 2.3, we can deduce the following conclu-

sions:

(i.) The sensitivity analysis reveals that certain parameters in the viral single-scale model

(2.2.0.1) exhibit positive partial rank correlation coefficients (PRCCs), while others have

negative PRCCs. A positive PRCC suggests that increasing these parameters will lead to

higher values for both R0 and V ∗F . Conversely, parameters with negative PRCCs indicate

that increasing them will result in lower values for both R0 and V ∗F . As an example, when

the viral transmission rate βF at the between-host level is increased, both the values of R0

and V ∗F will also increase. On the other hand, if the natural decay rate of the virus in the

environment µV is increased, it will lead to a reduction in the values of both R0 and V ∗F .

(ii.) The foodborne transmission metrics R0 and V ∗F are sensitive to almost all of the disease

parameters (µV , Nf , P0, αf , βF ), but they are both highly sensitive to (µV , Nf ). Therefore,

special attention should be given to the accuracy of these two parameters during data col-

lection to enhance the validity and utility of the model system (2.2.0.1). Accurate and

reliable values for the viral transmission rate βF and the natural decay rate of the virus in



Chapter 2 49

the environment µV are crucial for improving the accuracy and predictive capability of the

model.

Since both R0 and V ∗F are significantly sensitive to Nf , and µV , we note that Nf phe-

nomenologically model the within-host dynamics of the infection which can be modified

by within-host health intervention mechanisms such as drugs that kill foodborne viral cells

at the individual level.

(iii.) On the other hand,R0 is more sensitive to αf whereas V ∗F is also more sensitive to βF . This

can imply that any intervention that can limit the shedding rate by the infected individual

will have effect on the foodborne disease transmission through reducing human infection.

V ∗F characterizes transmission of the disease when the disease has reach an endemic level,

this can imply that foodborne diseases interventions such avoiding contaminated food and

vaccination will have more effect in controlling the transmission of foodborne infection at

endemic level.

2.6 Nonstandard Finite Difference Scheme

In this section, we outline the development of a non-standard finite difference scheme (NSFDs)

that ensures compatibility with the positivity of the state variables present in the system. The

primary aim of this scheme is to maintain the non-negativity of the state variables throughout the

numerical simulation, which is essential for accurate and physically meaningful results.

The NSFD scheme, a unique class of numerical techniques, is introduced to solve single-scale

viral model in order to obtain schemes that are dynamically consistent and their solutions pre-

serve the physical properties of the approximated differential system for arbitrary time step-sizes.

Such properties include conservation law, positivity, monotonicity, the stability of fixed points.

In 1994, Mickens introduced NSFD scheme as an alternative to standard numerical methods

for solving differential equations with qualitative properties retained [75]. This technique was

used for continuous models in numerous applicable fields, including ecology and epidemiology

[47, 76], among others. Generally it has been found that the NSFD scheme overcomes the weak-

nesses of the traditional standards numerical methods. The NSFDS differs from the standard

numerical scheme because it depends on the two main rules. The first modification involves

replacing the denominator function with 0 < φ(h) < 1, where φ(h) = h + O(h2), as pro-

posed in [77]. This change ensures that the step size remains within a specific range to maintain

stability and positivity during the numerical computation. The second modification pertains to

approximating the nonlinear terms in a nonlocal manner, as described in [78]. This approach

helps preserve the positivity of the state variables by treating the nonlinear interactions in a way
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that avoids negative values and instability issues during the numerical solution. For example, the

term x2 can be approximated using xnxn+1. This scheme is relatively more consistent than the

other traditional methods [78]. By incorporating Micken’s scheme, we substitute the constant

step size h with functions φi(h), where i = 1, 2, 3, to ensure the state variables remain positive

and stable. Additionally, we adopt nonlocal representations for the function terms. As a result,

the following discrete model for the system (2.2.0.1) is derived:



Sk+1
F − SkF
φ1(h)

= ΛF −
βFS

k+1
F V k

F

P0 + V k
F

− µFSk+1
F ,

Ik+1
F − IkF
φ2(h)

=
βFS

k+1
F V k

F

P0 + V k
F

− (δF + µF )Ik+1
F ,

V k+1
F − V k

F

φ3(h)
= NfαfI

k+1
F − µV V k+1

F ,

(2.6.0.1)

where the denominator functions are as follows:



φ1(h) =
ehµF − 1

µF
,

φ2(h) =
eh(µF +δF ) − 1

µF + δF
,

φ3(h) =
ehµV − 1

µV
.

Rearranging model system (2.6.0.1) yields



Sk+1
F =

φ1(h)ΛF + SkF

1 + φ1(h)

[
µF +

βFV
k
F

P0+V k
F

] ,

Ik+1
F =

IkF +
φ2(h)βFV

k
F S

k+1
F

P0+V k
F

1 + φ2(h)(δF + µF )
,

V k+1
F =

V k
F + φ3(h)NfαfI

k+1
F

1 + φ3(h)µV
.

(2.6.0.2)
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The value of Sk+1
F is used to determine the value of Ik+1

F , which is then used to determine the

value of V k+1
F , hence, model system (2.6.0.2) should be computed in succession. It follows that

the solution is positive from the above model system (2.6.0.2), since we consider non-negative

initial values, it is important to note that the right-hand side of the model system (2.6.0.2) does

not contain any negative terms for all values of k = 0, 1, 2, 3, . . .. This characteristic ensures

that the state variables remain non-negative throughout the simulation, preserving the physical

meaning of the model. We will determine the stability properties of the numerical scheme in the

following subsections.

2.6.1 The fixed points and stability analysis

In this section, we investigate the stability and convergence properties of the fixed points resulting

from the application of the proposed NSFDS numerical method. Let X∗ be the fixed point of the

system (2.6.0.1), which will take the form X∗ = (ŜF , ÎF , V̂F ). Considering the fixed point X∗

of the system (2.6.0.1), can be found by solving



f1(ŜF , ÎF , V̂F ) = ŜF ,

f2(ŜF , ÎF , V̂F ) = ÎF ,

f2(ŜF , ÎF , V̂F ) = V̂F ,

(2.6.1.1)

where fi(ŜF , ÎF , V̂F ), i = 1, 2, 3 can be obtained by evaluating the expressions on the right-hand

sides of the system (2.6.0.2) as follows:

1. f1(ŜF , ÎF , V̂F ) =
φ1(h)ΛF + ŜF

1 + φ1(h)

[
µF + βF V̂F

P0+V̂F

] ,

2. f2(ŜF , ÎF , V̂F ) =
ÎF + φ2(h)βF V̂F ŜF

P0+V̂F

1 + φ2(h)(δF + µF )
,

3. f3(ŜF , ÎF , V̂F ) =
V̂F + φ3(h)Nfαf ÎF

1 + φ3(h)µV
.

(2.6.1.2)

Considering Equation (2.6.1.2), if ÎF = 0 and V̂F = 0, and if the fixed point of each equation

satisfies fi(X∗) = X∗, i = 1, 2, 3, then
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

1. ŜF =
φ1(h)ΛF + ŜF
1 + φ1(h)µF

⇒ ŜF =
ΛF

µF
,

2. ÎF =
ÎF

1 + φ2(h)(δF + µF )
⇒ ÎF = 0,

3. V̂F =
V̂F + φ3(h)Nfαf ÎF

1 + φ3(h)µV
⇒ V̂F = 0.

(2.6.1.3)

The unique disease-free equilibrium is denoted as E0 =

(
ΛF

µF
, 0, 0

)
. This solution represents

the Disease-Free Equilibrium (DFE) for the continuous model system (2.2.0.1). However, if at

least one of the variables is nonzero, this solution corresponds to the endemic equilibrium of the

continuous model (2.2.0.1).

2.6.2 Numerical stability analysis of the fixed points

In this subsection, we examine the following initial conditions applied to the viral model (2.2.0.1):

SF (0), IF (0), VF (0) = (8000, 1000, 2000). All the system parameters are provided, and certain

values are assumed and listed in Table 2.3. For the purpose of determining the stability properties

of system (2.6.0.1), the Jacobian matrix is derived as follows:

J =


m11 m12 m13

m21 m22 m23

m31 m32 m33

 (2.6.2.1)
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where

m11 =
P0 + V k

F

a1V k
F + a2P0

,

m12 = 0,

m13 = − βFφ1(h)(SkF + ΛFφ1(h))

(a1V k
F + a2P0)2

,

m21 =
φ2(h)βFV

k
F

b1(a1V k
F + a2P0)

,

m22 =
1

[1 + φ2(h)(δF + µF )](a2P0 + a1V k
F )
,

m23 =
a2P0φ2(h)b1βF (SkF + φ1(h)ΛF )

(b1(a1V k
F + a2P0))2

,

m31 =
φ2(h)βFV

k
F φ3(h)Nfαf

c1b1(a1V k
F + a2P0)

,

m32 =
φ3(h)Nfαf

c1b1

,

m33 =
c1b

2
1(a2P0 + a1V

k
F )2 + c1b1φ3(h)Nfαfa2P0φ2(h)βF (SkF + φ1(h)ΛF )

(c1b1(a2P0 + a1V k
F ))2

,

where


a1 = 1 + φ1(h)(βF + µF ),

a2 = 1 + φ1(h)µF ,

b1 = 1 + φ2(h)(δF + µF ),

c1 = 1 + φ3(h)µV .

2.6.3 Stability of disease-free equilibrium

In this section, we investigate the stability of the disease-free equilibrium E0. By evaluating

the Jacobian matrix at the disease-free equilibrium E0 =

(
ΛH

µH
, 0, 0

)
, we derive the following

Jacobian matrix:
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J(E0) =



d1 0 −ΛFβFφ1(h)

P0µFa2

0 d3
φ2(h)βFΛF

P0µFd3P0

0 φ3(h)Nfαfd3d4
b1P0 + φ3(h)Nfαfφ2(h)βFΛF

d4d3µFP0


(2.6.3.1)

where



d1 =
1

1 + φ1(h)µF
,

d2 =
1

1 + φ1(h)(βF + µF )
,

d3 =
1

1 + φ2(h)(δF + µF )
,

d4 =
1

1 + φ3(h)µV
.

The characteristic equation corresponding to the above matrix is given by:

|J(E0)− λI| = 0 =⇒ (d1 − λ)

(
λ2 − P1λ+ P2 = 0

)
,

where



P1 = d2 +
b1P0 + φ3(h)N̂fαfφ2(h)βFΛF

d4d3µFP0

,

P2 =
d2b1

d4d3µF
+
φ3(h)N̂fαfφ2(h)βFΛF (d3d2 − 1)

d4d2
3P0

.

We determine the stability of the equilibrium point NSFD scheme at DFE numerically.
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Time Step λi(i = 1, 2, 3) ρ(λi) NSFD Scheme

0.001 (0.999928, 0.999998, 0.999934) 0.999998 Converges

0.01 (0.999283, 0.999982, 0.999335) 0.999982 Converges

0.5 (0.965329, 0.999101, 0.967302) 0.999101 Converges

10 (0.579878, 0.982177, 0.514767) 0.982177 Converges

Table 2.1: The spectral radii of the Jacobian matrix associated with the disease-free equilibrium

point in the NSFD scheme.

Table 2.1 provides the spectral radii of the Jacobian matrix corresponding to the Disease-Free

Equilibrium (DFE) of the NSFD scheme [76]. It can be seen from Table 2.1, regardless of

the time step size used in the simulations, it is observed that all the spectral radii are less than

one in magnitude. Hence, based on the analysis of the spectral radii, we can conclude that the

disease-free equilibrium E0 =

(
ΛH

µH
, 0, 0

)
for the NSFD scheme is unconditionally locally

asymptotically stable. In the following subsection, we will assess the stability of the endemic

equilibrium point.

2.6.4 Stability of endemic equilibrium point

In this subsection, we examine the stability of the endemic equilibrium point E1. By substitut-

ing the Jacobian matrix with the endemic equilibrium point, we proceed to analyze its stability

characteristics:

E1 =



S∗F =
ΛF [βF + µFR0]

(βF + µF )µFR0

,

I∗F =
βFΛF (R0 − 1)

(βF + µF )(µF + δF )R0

,

V ∗F =
µFP0

βF + µF
(R0 − 1).

(2.6.4.1)

However, due to the complexity of obtaining the Jacobian matrix at the endemic equilibrium

point, we conduct a numerical evaluation of the endemic equilibrium as follows:
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Time Step λi(i = 1, 2, 3) ρ(λi) NSFD Scheme

0.001 (0, 0.999999, 0.999933) 0.999999 Converges

0.01 (0, 0.99999, 0.999333) 0.999999 Converges

0.5 (0, 0.999940, 0.967199) 0.999940 Converges

10 (0.998718, 0.008731, 0.504649) 0.998718 Converges

Table 2.2: The spectral radii of the Jacobian matrix associated with the endemic equilibrium

point in the NSFD scheme are as follows.

Table 2.2 provides the spectral radii of the Jacobian matrix corresponding to the endemic equi-

libria of the NSFD scheme. The data in Table 2.2 indicates that all the spectral radii are less than

one in magnitude, regardless of the time step size used in the simulations. When R0 > 1, the

endemic equilibrium of the NSFD scheme is proven to be locally asymptotically stable.

2.7 Numerical Results

In this section, we present numerical simulations conducted using the NSFD scheme (2.6.0.1).

The parameters used in the simulations, as shown in Table 2.3, are primarily obtained from

published literature. In cases where certain parameters are not reported in the literature, they

were estimated. These simulations aim to study the behavior of the model system under the

given parameter values and analyze its dynamics and are coded with MATLAB 2023. The initial

conditions used for simulation are given by SF (0) = 8000, IF (0) = 1000, VF (0) = 1000.

Variable Variable Description Initial value Source

ΛF Supply rate of recruited humans 0.05 Assumed

Nf Number of viruses produced through replication 100 Assumed

βF Infection rate of humans 0.075 [79]

µF : Natural death rate of humans 0.0018 [80]

δF Diseases induced death rate of humans 0.07 [80]

P0 Half saturation constant associated with the infection of humans. 10000 [79]

αf Shedding rate of viruses 0.05 [79]

µV Natural decay rate of viruses 0.0667 [80]

Table 2.3: Model parameter values used for Simulations

Through numerical simulations, we aim to validate the results obtained from the sensitivity anal-

ysis of bothR0 and V ∗F , as well as the analytical results of the single-scale model (2.2.0.1). These
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simulations will help substantiate the accuracy and reliability of the obtained findings and pro-

vide a deeper understanding of the model’s behavior under various scenarios. The numerical

simulations are performed using the baseline parameter values listed in Table 2.3. These values

serve as the initial set of parameters to observe the system’s behavior and dynamics under normal

conditions. We illustrate the impact of foodborne virus transmission parameters (βF , αf , Nf , µV )

on the model variables (SF , IF , VF ). By varying these parameters, we can observe how the model

variables respond and gain insights into the sensitivity and dynamics of the system concerning

foodborne virus transmission. These parameters were chosen based on that they are significantly

sensitive to both R0 and V ∗F and also considering that we might have the most control over.
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Figure 2.4: Graphs of numerical solutions of the singlescale model system (2.2.0.1) showing

evolution in time of (a) top left: population of susceptible humans (SF ), (b) top right: population

of infected humans (IF ), and (c) bottom: population of environmental foodborne viral load (VF )

for different values of humans infection rate βF : βF = 0.0075, βF = 0.075, βF = 0.75

Figure 2.4 illustrates the variations in the populations of (a) susceptible humans (SF ), (b) in-

fected humans (IF ), and (c) environmental viral load (VF ) for different values of the rate βF .
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These plots demonstrate how these model variables change in response to different transmission

rates at which humans became infected with foodborne virus infection βF : βF = 0.0075, βF =

0.075, βF = 0.75. The findings depicted in Figure 2.4 indicate that higher rates of infection at the

human population level (represented by the parameter βF ) lead to an increase in the population

of environmental foodborne virus (VF ) and infected humans (IF ). Simultaneously, a significant

and noticeable decrease is observed in the population of susceptible humans (SF ). This suggests

that an increase in the infection rate among humans has a profound impact on the dynamics of the

system, leading to changes in the susceptible, infected, and environmental viral load populations.

Hence, implementing environmental-hygiene management measures that prevent humans from

coming into contact with the virus in the environment can effectively reduce the transmission risk

of the disease at the human population/herd level. By minimizing the exposure to the foodborne

virus in the environment, the likelihood of infection among humans can be mitigated, leading to

better disease control and prevention.
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Figure 2.5: Graphs of numerical solutions of the singlescale model system (2.2.0.1) showing

evolution in time of (a) top left: population of susceptible humans (SF ), (b) top right: population

of infected humans (IF ), and (c) bottom: population of environmental foodborne viral load (VF )

for different values of humans infection rate αf : αf = 0.0005, αf = 0.005, αf = 0.05.

Figure 2.5 exhibits numerical solutions obtained from the model system (2.2.0.1), showcasing

the dynamics of (a) the population of susceptible humans (SF ), (b) the population of infected

humans (IF ), and (c) the population of environmental foodborne viral load (VF ) at different

values of the excretion rate of the within-host scale foodborne virus into the environment αf :

αf = 0.0005, αf = 0.005, αf = 0.05. These plots provide a visual representation of how

the model variables evolve over time for varying excretion rates. The findings indicate that

an increase in the excretion rate leads to a significant rise in the population of environmental

foodborne virus (VF ) and the population of infected humans (IF ), along with a decrease in the

population of susceptible humans (SF ). Implementing measures to reduce the shedding rate

by infected individuals can have crucial public health implications for the between-host scale

dynamics of foodborne viral infections. By reducing the excretion rate, the transmission risk of
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the disease can be mitigated, contributing to better disease control and prevention efforts at the

human population level.
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Figure 2.6: Graphs of numerical solutions of the singlescale model system(2.2.0.1) showing

evolution in time of (a) top left: population of susceptible humans (SF ), (b) top right: population

of infected humans (IF ), and (c) bottom: population of environmental foodborne viral load (VF )

for different values of number of viruses ready for excretion Nf : Nf = 10, Nf = 1000, Nf =

10000.

Figure 2.6 displays graphs of the numerical solutions obtained from the between-host scale model

system (2.2.0.1), illustrating the dynamics of (a) the population of susceptible humans (SF ), (b)

the population of infected humans (IF ), and (c) the environmental viral load (VF ) for different

values of the average number of within-host foodborne virus ready for excretion at within-human

scale Nf : Nf = 10, Nf = 1000, Nf = 10000. The numerical results in Figure 2.6 indicate

that as the number of viruses ready for excretion within the human scale increases, there is a

corresponding rise in the population of infected humans (IF ) and (c) environmental viral load

(VF ), we also observe a decrease in susceptible population (SF ). Results show that any measures
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that intend to inhibit the replication of virus within-human scale would have an influence on the

transmission risk of foodborne viral infection among humans at population level.
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Figure 2.7: Graphs of numerical solutions of the singlescale model system (2.2.0.1) showing

evolution in time of (a) top left: population of susceptible humans (SF ), (b) top right: population

of infected humans (IF ), and (c) bottom: population of environmental foodborne viral load (VF )

for different values of environmental pathogen natural death rate µV : µV = 0.00667, µV =

0.0667, µV = 0.667.

Figure 2.7 depicts graphs of numerical solutions obtained from the between-host scale model

system (2.2.0.1) illustrating dynamics of (a) population of susceptible humans (SF ), (b) popu-

lation of infected humans (IF ), and (c) environmental foodborne viral load (VF ) for different

values of the natural death rate of the foodborne virus in the environmental domain µV : µV =

0.00667, µV = 0.0667, µV = 0.667. The findings demonstrate the influence of environmental

conditions on the death rate of foodborne viruses in the environment affect transmission of food-

borne viruses on the humans population. This suggests that increasing the death rate of these

viruses in the environment will reduce the transmission risk of the disease at the human popula-

tion level. Hence, implementing environmental-hygiene management practices that enhance the
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killing of foodborne viruses in the physical environment can effectively reduce the transmission

risk of the disease among humans in the herd. By promoting measures that increase the death

rate of viruses in the environment, disease control and prevention efforts can be significantly

improved, leading to better public health outcomes.

2.8 Summary

In this chapter, we have introduced a single-scale model that characterizes the intrinsic dynam-

ics of an environmentally-transmitted disease, with a particular focus on foodborne viruses as

a paradigm for illustration. The model captures the interactions and transmission dynamics be-

tween hosts and the environment, providing valuable insights into the spread and control of the

disease at the host level. The model was formulated based on the susceptible-infected endemic

framework coupled with the compartment of live virus in the geographical area (SIP ) which

describes the population dynamics of susceptible humans (SF ), infected humans (IF ), and virus

particles (VF ) at any time t. We thoroughly examined the mathematical properties of the model

and demonstrated that it is both mathematically and epidemiologically well-posed. This ensures

that the model’s solutions are meaningful, and its dynamics accurately represent the real-world

disease transmission processes. To achieve this, we have proven the positiveness and bounded-

ness of the model solutions and calculated the basic reproductive number for the model. Addi-

tionally, we have identified and analyzed the two equilibrium states of the model: the disease-free

equilibrium state (E0) and the endemic equilibrium state (E∗). These analyses provide crucial

insights into the stability and behavior of the model over time, enabling a comprehensive under-

standing of the disease dynamics and potential control strategies. We observed that when the

basic reproductive number of the model is less than one, the disease-free equilibrium state is

asymptotically stable and globally attracting. On the other hand, when the basic reproductive

number of the model exceeds one, there exists a unique endemic equilibrium state that is both

locally and globally asymptotically stable. These results provide critical insights into the model’s

behavior under different conditions and highlight the significance of the basic reproductive num-

ber in characterizing the disease dynamics and potential outcomes. We performed a sensitivity

analysis of the basic reproductive number R0 and the endemic value of the infective virus V ∗F .

These two disease transmission metrics are crucial in characterizing the dynamics of the disease

at the early stage of infection and when it reaches an endemic level, respectively. By examin-

ing the sensitivity of these metrics to changes in various model parameters, we gained valuable

insights into the factors that significantly influence disease transmission and propagation. This

analysis helps in identifying potential targets for disease control and management strategies. A
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non-standard finite difference (NSFD) scheme was devised for a mathematical model of food-

borne viral infection in humans. Through numerical analysis, it was demonstrated that the dis-

crete systems generated by the NSFD scheme retain essential properties of the original model,

including positivity and stability. However, it was observed that the convergence of the solutions

to the equilibrium points is influenced by the step-size h used in the numerical simulations. The

choice of an appropriate step-size is critical to ensure accurate and reliable results when using

the NSFD scheme to approximate the continuous model’s dynamics. The fact that this model

captures the foodborne virus’s replication dynamics in an infected human host in a phenomeno-

logical way makes it hard to anticipate the dynamics of the sickness. This is a key weakness

in the model. We anticipate that by converting a single-scale model to a multiscale model, this

type of single-scale model constraint might be overcomed in terms of predicting the dynamics

of environmental disease transmission. In the next chapter we develop a multiscale model for

environmentally transmitted pathogens with replication at microscale only using norovirus as an

example.



Chapter 3

A Nested Multiscale Model Of Norovirus
Dynamics In Humans

3.1 Introduction

Extensive research on infectious disease transmission has demonstrated the crucial role of within-

host scale processes in the spread of these diseases. The dynamics and interactions that occur

at the level of individual hosts can significantly impact the transmission and progression of in-

fectious agents within a population. Depending on the infectious disease system under consid-

eration, the actual functional connection between infectivity and pathogen burden could, how-

ever, be very different. Experiments, in particular, proved that a host’s ability to transmit an

infection grows as the host’s pathogen burden rises. Numerous investigations have provided

evidence supporting the notion that the infectiousness of a host is influenced by the pathogen

load at the within-host scale. These studies have shown that the amount of pathogens present

within an infected host can play a significant role in determining the host’s ability to trans-

mit the disease to others. [81]. In this chapter, we introduce a nested multiscale model for

pathogens with a replication-cycle that occurs only at the microscale, specifically at the host

level, wherein the macroscale influences the microscale through initial inoculum and microscale

influences macroscale through pathogen shedding using norovirus in humans as a paradigm. The

multiscale model is used to describe and understand the complex life-cycle of foodborne disease

caused by norovirus. The primary goal of this chapter is to examine the influence of pathogen
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replication at the microscale on pathogen transmission at the macroscale. Norovirus is among

the primary cause responsible for gastroenteritis cases on a global scale due to its multiple modes

of transmission, it accounts for more than 67% of foodborne infections [82]. Noroviruses are pri-

mary causes of both sporadic and epidemic gastroenteritis, as well as being very contagious [83].

Noroviruses are the most common cause of foodborne illnesses, community-acquired diarrhea,

and gastroenteritis in people of all ages [82]. The majority of experts agree that a vaccination is

the most practical way to lessen the impact of noroviruses disease given the natural history of

the illness. However, the creation of a noroviruses vaccine has advanced steadily while being

hampered by significant barriers such as genetic variety, a lack of knowledge of immunity, lack

of animal models and inability to multiply in culture system which has prevented the develop-

ment of assays to determine which antibodies provide protection [84]. Currently, there are no

vaccines or specific treatments available for this pathogen. The only available measures are pal-

liative treatments, which involve maintaining good sanitation, practicing personal hygiene, and

implementing isolation or quarantine procedures to control its spread and this is the only measure

that can be taken against norovirus [85]. Insufficient understanding of the connection between

the microscale and macroscale dynamics in the progression of such infections is a major barrier

to the development of effective treatments for noroviruses infections [25]. Many variables can

make the noroviruses more contagious and worsen the illness that results [82] including immune

response against the infection. The complexity of norovirus host interactions must be thoroughly

understood in order to overcome these infections. The most crucial thing is to learn more about

the immune system’s defenses against this virus and its effects on the disease progression [86].

Models that depict the dynamics of transmission can show the relative efficacy of various norovirus

control strategies [86], and hence we need multiscale models that incorporate elements like the

immune reaction that fuel the transmission. Most of the existing norovirus transmission mod-

els use a compartmentalized strategy in which the population is divided according to illness

severity. The population is typically divided into three classes, namely susceptible, infected,

and recovered (SIR). Some models for noroviruses frequently incorporate a latent, or exposed,

compartment (E) because to assess the potential efficacy of controls aimed at infected people

the latent compartment is required [87]. The basic SEIR structure may be sufficient to describe

norovirus transmission at the population level, nonetheless, the transmission mechanism theory

disregards the complexity of transmission, as it fails to consider that transmission is influenced

by processes occurring at multiple scales and frequently across diverse environments. Therefore

multiscale modelling is necessary to model the full dynamics of norovirus infection through in-

coporating factors such as the immune response to the infection. As far as we are aware, there is

currently no multiscale model for norovirus in the existing literature that integrates the dynam-

ics at the microscale level and establishes a linkage with the macroscale submodel. The nested
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multiscale model involves a type I reciprocal influence that describes the relationship between

the microscale and macroscale at the host level of an infectious disease system. In this model,

pathogens move from the microscale to the macroscale through processes such as pathogen shed-

ding or excretion. Given that the effect of super-infection on pathogen burden at the microscale

is significantly smaller compared to that of the pathogen replication cycle, a nested multiscale

model is better suited for studying these infectious disease systems. This model allows for a more

accurate representation of the complex interactions between microscale and macroscale dynam-

ics. Nested multiscale models have the advantage of simplifying the process of minimizing the

dimensions of the multiscale model through slow and fast time scale analysis, which makes the

multiscale much simpler to evaluate [25]. In this chapter we shall refer to the microcale as

within-human scale.

3.2 The Derivation of the Nested Multiscale Model for Norovirus

In this subsection, we develop a nested multiscale model of norovirus transmission dynamics.

Macroscale and within-human scale submodels serve as the foundation for multiscale modelling

of infectious disease systems at the host level. It should be highlighted that in order for the

nested model to be created, the mathematical representation used to describe both the within-

human scale and macroscale submodels must be described by the same formalism. We first

develop submodels for norovirus transmission dynamics, the macroscale submodel associated

with the transmission dynamics of norovirus infection and thereafter we develop within-human

scale submodel associated with the replication dynamics within-human scale and the final step

is to combine all of the submodels into a single multiscale model. We illustrate the derivations

of these submodels and how they are linked to form a multiscale model below.

3.3 The macroscale submodel for the norovirus multiscale model

dynamics

In this part, we develop a macroscale submodel designed to track the behavior of noroviruses

on a larger scale. This submodel operates by observing the interactions of three populations at a

specific time t: susceptible humans denoted as SH(t), and infected humans denoted as IH(t) and

a population of noroviruses VH(t) in physical environment. The macroscale sumbodel is a modi-

fication of between-host single scale model in Chapter 2 through considering norovirus since the

one in the previous chapter is for viral transmission in general. The macroscale is linked to the
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within-human scale submodel to be developed in the next subsection to form a nested multiscale

model for norovirus infection. The following assumptions are taken into consideration:

(i) The infection spreads exclusively through direct contact with the norovirus present in the

physical environment.

(ii) The dynamics of susceptible class SH , infected class IH and a pathogen VH are considered

to occur over a relatively slower time scale (t) when compared to the within-human scale

variables so that SH = SH(t), IH = IH(t), VH = VH(t).

(iii) The transmission of infection is through ingestion of viral load VF from the environment.

However, if there is any direct transmission, it can be estimated by indirect transmissioon

in terms of environmental viral load VH .

(iv) The average extracellular viruses in each infected individual is modelled phenomenologi-

cally by N̂h, serving as a representation of an individual’s level of infectiousness.

The system of ordinary differential equations characterizes the macroscale submodel governing

the multiscale dynamics of norovirus within the human population.

1.
dSH(t)

dt
= ΛH −

βHSHVH
P0 + VH

− µHSH ,

2.
dIH(t)

dt
=

βHSHVH
P0 + VH

− (δH + µH)IH ,

3.
dVH(t)

dt
= N̂hαhIH − µV VH .

(3.3.0.1)

The macroscale submodel given by model system (3.3.0.1) involves observing the behavior of

three distinct populations: susceptible humans denoted as SH , infected humans represented by

IH , and the viral load in the environment VH . Equation (1) of the model system (3.3.0.1) presents

the dynamics of susceptible humans. New recruits of human population enter this class at a rate

ΛH at any time t through birth, this population is decreased through viral infection at a rate
βHVH(t)SH(t)

P0 + VH(t)
with βH the infection rate of humans and P0 represents the saturation parame-

ter of the norovirus, determining the point at which there is a 50% probability of an individual

becoming infected following the ingestion of the virus. The transmission occurs when humans

ingest contaminated food from the environment. The number of susceptible individuals declines

due to natural mortality, occurring at a rate, µH . Equation (2) in the model system (3.3.0.1) out-

lines the dynamics of the infected human population. This population grows due to the infection
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of susceptible humans and diminishes through both natural mortality at a rate of µH and disease-

induced mortality at a rate of δH , resulting in an average lifespan for infected humans within the

population of
1

(µH + δH)
. We consider that infected humans transmit the disease by releasing

the virus into the environment at a rate of N̂hαhIH(t), where N̂h serves as a phenomenological

representation of the mean quantity of viral load at the within-human scale, which is available

for discharge into the environment by each infected human, occurring at a rate, αh. Hence, the

population of viral load within the environment, as defined by Equation (3) of the model system

(3.3.0.1) increases after viral excretion by the infected human host in feacal material to the en-

vironment at a rate N̂hαhIH(t). The viral load population is presumed to decline due to natural

mortality at a rate of µV . From the model system (3.3.0.1), it is observed that N̂h is treated as

a singular value parameter, even though estimating N̂h using a single-scale model is challeng-

ing. Given this, an alternative approach for estimating N̂h involves the utilization of a nested

multiscale model focusing on within-human scale dynamics.

Variable Variable Description
SH(t) Susceptible humans
IH(t) Infected humans
VH(t) Pathogen in the environment

Table 3.1: Description of variables in the system (3.3.0.1).

3.3.1 The within-human scale submodel for the norovirus multiscale model
dynamics

The dynamics of the norovirus population within humans depict the progression of four distinct

populations at the within-human level. These populations encompass the ingested norovirus

population denoted as Bh, the susceptible epithelial cell population as Se, the infected epithe-

lial cell population as Ie, and the immune cell population as Ic. To incorporate this submodel

with the single-scale model presented in the model system (3.3.0.1), we introduce the following

assumptions:

(i) Infection takes place through interaction with the extracellular viral loadBh at the infection

site.

(ii) The disease processes at the within-human scale occur at a fast time scale (τ ) as compared

to the macroscale norovirus submodel so that susceptible epithelial cells Se = Se(τ),
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infected epithelial cells Ie = Ie(τ), immune cells Ic = Ic(τ) and within-human scale

pathogen Bh = Bh(τ).

(iii) The extracellular viral load Bh = Bh(τ) serves as proxy of individual human infectivity,

and it is eliminated from an individual’s body through fecal excretion.

(iv) An immune reaction occurs at the within-human level.

Based on these assumptions, the within-human scale disease dynamics can be described by the

following set of ordinary differential equations:

1.
dBh(τ)

dτ
= NeαeIe(τ)− φtIc(τ)Bh(τ)− µhBh(τ)− αhBh(τ),

2.
dSe(τ)

dτ
= Λe − βeSe(τ)Bh(τ)− µeSe(τ),

3.
dIe(τ)

dt
= βeSe(τ)Bh(τ)− µeIe(τ)− αeIe(τ),

4.
dIc(τ)

dτ
= Λc + ρcIc(τ)Bh(τ)− µcIc(τ).

(3.3.1.1)

Variable Variable Description

Bh(t) Within-human scale virus

Se(t) Susceptible epithelial cells

Ie(t) Infected epithelial cells

Ic(t) Immune cells

Table 3.2: Description of variables in the system (3.3.1.1).

Within the context of the norovirus dynamics within humans, infected epithelial cells burst at

a rate denoted as αe, thereby releasing an average number of intracellular viruses, Ne, into the

external environment. This results in the total quantity of intracellular viruses being excreted into

the extracellular environment, given by, NeαeIe, the population of virus at macroscale is reduced

through immune cells at a rate, φt, a natural death, µh and shedding rate, αh. From equation

(2) of the model system (3.3.1.1) the susceptible epithelial cells at the infection site receive a

constant supply at a rate of Λe, but this population decreases due to infections at a rate of βe and

undergoes natural decay at a rate of µe. Equation (3) in the model system (3.3.1.1) describes
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the behavior of infected epithelial cells. This population experiences growth as a result of the

infection of susceptible epithelial cells, while its decline is attributed to the viral replication rate,

denoted as αe, and it is further reduced through natural decay at a rate of µe. Equation (4) within

the model system (3.3.1.1) characterizes the immune response. The first term reflects a consistent

supply rate, Λc, while the second term represents the rate of activation of immune cells, denoted

as ρc, and the final term captures the natural decay rate of immune cells, indicated by µc.

3.3.2 Linking the Macroscale and Within-human scale Submodels into a
Full Nested Multiscale Model

After introducing the two submodels in systems (3.3.0.1) and (3.3.1.1), which individually de-

scribe the key processes of viral load replication and transmission of the norovirus at distinct

scales (within-human and macroscale), we proceed to link them into a single multiscale model, as

illustrated in Figure 3.1. This is achieved by replacing the parameter N̂h, used to phenomenolog-

ically represent human pathogen replication, with a variable Bh(τ) that mechanistically portrays

microorganism reproduction, resulting in



1.
dSH(t)

dt
= ΛH −

βHSHVH
P0 + VH

− µHSH(t),

2.
dIH(t)

dt
=

βHSHVH
P0 + VH

− (δH + µH)IH(t),

3.
dVH(t)

dt
= αhBh(τ)IH(t)− µV VH(t),

4.
dBh(τ)

dτ
= NeαeIe(τ)− φtIcBh(τ)− µhBh(τ)− αhBh(τ),

5.
dSe(τ)

dτ
= Λe − βeSeBh(τ)− µeSe(τ),

6.
dIe(τ)

dt
= βeSeBh(τ)− µeIe(τ)− αeIe(τ),

7.
dIc(τ)

dτ
= Λc + ρcIcBh(τ)− µcIc(τ).

(3.3.2.1)

Following the categorization of multiscale models for infectious disease systems outlined in the

reference [88], it should be noted that the multiscale model given by (3.3.2.1) can be categorized
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under a category known as “nested multiscale models”. Now, the complete multiscale model

system provided by (3.3.2.1) involves two distinct time scales, which presents a significant chal-

lenge in the analysis of the multiscale model. Below is the schematic representation of the nested

multiscale model of norovirus
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Figure 3.1: A schematic representation of the nested multiscale model of norovirus

3.3.3 Simplification of the Full Nested Multiscale Model

Given that the complete nested multiscale model for the transmission dynamics of norovirus is

introduced in a model system (3.3.2.1) involves two different time scales (the within-human time

scale which is a fast time scale, τ and the macroscale time scale which is a slow time scale, t),

we analyze it by using fast-slow analysis where we assume a connection between the fast and

slow time scales as τ = εt, with ε being a small positive value 0 < ε << 1. By doing so, we can
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now re-write the within-human scale norovirus transmission dynamics given in a model system

(3.3.1.1) as:



1.
dBh(t)

d(t)
= ε[NeαeIe(τ)− φtIcBh(τ)− µhBh(τ)− αhBh(τ)],

2.
dSe(t)

dt
= ε[Λe − βeSe(τ)Bh(τ)− µeSe(τ)],

3.
dIe(t)

d(t)
= ε[βeSe(τ)Bh(τ)− µeIe(τ)− αeIe(τ)],

4.
dIc(t)

d(t)
= ε[Λc + ρcIc(τ)Bh(τ)− µcIc(τ)].

(3.3.3.1)

Here, ε is regarded as a fixed parameter indicating the fast time scale of the within-human scale

submodel concerning norovirus transmission dynamics, relative to the slow time scale of the

macroscale submodel for norovirus transmission dynamics. Since 0 < ε << 1, by setting ε

to zero, the within-human scale submodel of norovirus transmission dynamics becomes time-

independent, resulting in:



1. NeαeI
∗
e (τ)− φtI∗c (τ)B∗h(τ)− µhB∗h(τ)− αhB∗h(τ) = 0,

2. Λe − βeS∗e (τ)B∗h(τ)− µeS∗e (τ) = 0,

3. βeS
∗
e (τ)B∗h(τ)− µeI∗e (τ)− αeI∗e (τ) = 0,

4. Λc + ρcI
∗
c (τ)B∗h(τ)− µcI∗c (τ) = 0.

(3.3.3.2)
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From Equation (3.3.3.2), we get

1. S∗e =
Λe

βeB∗h + µe
,

2. I∗e =
βeΛeB

∗
h

(βeB∗h + µe)(µe + αe)
,

3. I∗c =
Λc

µc − ρcB∗h
,

4. B∗h =
b1 +

√
b2

1 + 4b0b2

2b0

(3.3.3.3)

where 

b0 = βeρc(µc + αe)(µh + αh),

b1 = (µe + αe)(βea0 − µea1) +NeαeΛeβeρc,

b2 = NeαeΛeµc − a2µc(µe + αe),

(3.3.3.4)

and 

a0 = φtΛc + µhµe + αhµc,

a1 = (µh + αh)ρc,

a2 = φtΛc + (µh + αh)µc.

(3.3.3.5)

3.4 Computation of the within-human scale basic reproduc-

tive number

In this section, we employ the next-generation approach to estimate the basic reproductive num-

ber of the model. The equations within the model system (3.3.2.1) can be expressed in the

following format:
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

dX

dt
= f(X, Y, Z),

dY

dt
= g(X, Y, Z),

dZ

dt
= h(X, Y, Z),

(3.4.0.1)

where

• X = (Se, Ic) represents all uninfected components,

• Y = Ie represents infected but not infectious components, and

• Z = Bh represents infected and infectious components.

Following [89], we set

ĝ(X∗, Z) =
βeΛe

µe(µe + αe)
, (3.4.0.2)

By substituting the value of Ie =
βeSeBh

(µe + αe)
and letting h =

dBh

dt
, we obtain

h(X∗, ĝ(X∗, Z), Z) = NeαeIe − φtIcBh − µhBh − aαhBh. (3.4.0.3)

Next, we consider A = Dz(X, ĝ(X, 0), 0) and also make the assumption that A can be decom-

posed as A = M −D, where M ≥ 0 and D > 0 is a diagonal matrix.

Then A becomes

A =
Neαeλeβe
µe(µe + αe)

−
(
φtΛc

µc
+ µh + αh

)
. (3.4.0.4)

Since A = M −D, we have

M =
Neαeλeβe
µe(µe + αe)

. (3.4.0.5)
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and

D =

(
φtΛc

µc
+ µh + αh

)
. (3.4.0.6)

Hence,

D−1 =
µc

φtΛc + µhµc + αhµc
. (3.4.0.7)

The basic reproductive number is determined by the largest eigenvalue (spectral radius), which

is expressed as follows:

R0 =
NeαeΛeµcβe

µe(µe + αe)(φtΛc + µhµc + µcαh)
. (3.4.0.8)

Equation (3.4.0.8) is the expression forR0 for the within-human scale basic reproductive number

for norovirus.

Consequently, the application of fast-slow analysis simplifies the system of equations in the

within-human scale submodel (3.3.1.1) to the algebraic equations given in system (3.3.3.3) which

can be fitted into the parameters of the macroscale submodel and become

1.
dSH(t)

dt
= ΛH −

βHSHVH
P0 + VH

− µHSH ,

2.
dIH(t)

dt
=

βHSHVH
P0 + VH

− (δH + µH)IH ,

3.
dVH(t)

dt
= αhB

∗
hIH − µV VH .

(3.4.0.9)

From Equation (3.4.0.9), it can be observed that the total viral load excreted by each infected

individual into the physical environment, denoted as BhIH , is approximated as B∗hIH . Therefore

we let Nh = B∗h, act as a composite parameter that can be interpreted as the average quantity

of within-human scale viral load (Bh) at the endemic equilibrium ready to be shed into the

environment by each infected individual. Therefore below we present the full scale multiscale
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model (3.3.2.1) which has been simplified or reduced to become:

1.
dSH(t)

dt
= ΛH −

βHSHVH
P0 + VH

− µHSH ,

2.
dIH(t)

dt
=

βHSHVH
P0 + VH

− (δH + µH)IH ,

3.
dVH(t)

dt
= NhαhIH − µV VH ,

(3.4.0.10)

where the composite parameter Nh, estimating N̂h, is expressed as follows:

Nh =
b1 +

√
b2

1 + 4b0b2

2b0

, (3.4.0.11)

where 

b0 = βeρc(µc + αe)(µh + αh),

b1 = (µe + αe)(βea0 − µea1) +NeαeΛeβeρc,

b2 = a2µc(µe + αe)(R0 − 1),

(3.4.0.12)

and 

a0 = φtΛc + µhµe + αhµc,

a1 = (µh + αh)ρc,

a2 = φtΛc + (µh + αh)µc.

(3.4.0.13)

3.4.1 Invariant Region

In this subsection, we assume the positivity of all variables and parameters in the multiscale

model for all t ≥ 0. The human population, denoted as NH = SH + IH , can be determined

through:

dNH(t)

dt
= ΛH − µHNH − δHIH . (3.4.1.1)
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In the absence of norovirus, there is no death from norovirus infection, thus δH = 0 and therefore:

dNH(t)

dt
≤ ΛH − µHNH . (3.4.1.2)

Integrating both sides of (3.4.1.2), the human population approaches

NH(t)→ ΛH

µH
. (3.4.1.3)

This implies that in the absence of norovirus infection, NH =
ΛH

µH
, indicating the presence of a

steady-state population that is globally asymptotically stable. Similarly, by evaluating the third

equation in the multiscale model (3.4.0.10), the pathogen population will be given by:

VH =
NhαhΛH

µHµV
. (3.4.1.4)

Consequently, the feasible set for our multiscale model system (3.4.0.10) is provided by

 Ω1 = (SH(t), IH(t), VH(t)) ∈ R+
3 :

0 ≤ SH + IH ≤
ΛH

µH
, 0 ≤ VH ≤

NhαhΛH

µHµV
.

(3.4.1.5)

Hence, it can be readily demonstrated that all solutions of the simplified multiscale model system

(3.4.0.10), starting from positive initial conditions, remain bounded within the invariant region

Ω1 defined by Equation (3.4.1.5). Thus, we deduce that the system holds biological significance

and is mathematically well-defined within the domain Ω1.

3.4.2 The equilibrium states of the multiscale model and the basic repro-
ductive number

In this sub-subsection, we identify the equilibrium points, specifically the disease-free equilib-

rium (DFE) and the endemic equilibrium, of the model system (3.4.0.10), along with the calcu-

lation of the basic reproduction number (R0) of the nested multiscale model. The disease-free

equilibrium point of the nested multiscale model system (3.4.0.10) can be determined by setting

the left-hand side equal to zero, and this results in VH = IH = 0. Thus we get

E0 = (S0
H , I

0
H , V

0
H) =

(
ΛH

µH
, 0, 0

)
. (3.4.2.1)
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The computation of the basic reproductive number aims to ascertain the local asymptotic stability

of E0. In the next subsubsection, we will carry out the calculation of the basic reproductive

number.

3.4.2.1 The basic reproductive number

To control norovirus infection the major action is to consider reducing R0 to a value less than a

unity. The basic reproductive number is evaluated through the adoption of the next generation

operator in [90]. In this method compartments are re-grouped into infected, susceptible and

infectious populations. Thus the model system can also be written in the form:

dX

dt
= f(X, Y, Z),

dY

dt
= g(X, Y, Z),

dZ

dt
= h(X, Y, Z),

(3.4.2.2)

where

• X = SH represents all uninfected components, and

• Y = IH represents infected but not infectious components, and

• Z = VH represents infected and infectious components.

We let the disease-free equilibrium be E0 =

(
ΛH

µH
, 0, 0

)
,

we define (ĝ (X∗, Z)) by

(ĝ (X∗, Z)) = IH =
βHSHVH

(P0 + VH)(δH + µH)
, (3.4.2.3)

therefore, we conclude that

h(X, Y, Z) =
NhαhIH
µV

. (3.4.2.4)

Substituting Equation (3.4.2.3) in Equation (3.4.2.4), we get

h(X, Y, Z) =
NhαhβHSHVH

µV (P0 + VH)(µH + δH)
, (3.4.2.5)



Chapter 3 79

evaluating DZh(X∗, ĝ(X∗, 0), 0), we obtain

DZh(X∗, ĝ(X∗, 0), 0) =
NhαhβHΛH

µHµV P0(µH + δH)
, (3.4.2.6)

we get a basic reproductive number:

R0 =
NhαhβHΛH

µHµV P0(µH + δH)
. (3.4.2.7)

Based on the expression (3.4.2.7) for the reproductive number, it becomes observable that R0

is influenced by both the parameters associated with the within-human scale and those related

to the between-host scale. Consequently, the results reveal a reciprocal interaction between the

within-human scale and the between-host scale, illustrating their interconnected influence. This

representation of the basic reproductive number can be reformulated as R0 = R01R02 where the

quantity R01 can be explained as follows:

i. Suppose an individual who has recently become infected entering a previously uncontam-

inated environment at an equilibrium point. The anticipated count of viral cells generated

by this individual, which then proceed to contaminate the environment, is roughly

R01 =
Nhαh

µH(µH + δH)
. (3.4.2.8)

By examining equation (3.4.2.8), it becomes obvious that the value of R01 depends upon

the average viral load of norovirus within an infected individual denoted as Nh. This

load is excreted into the physical environment at a rate αh, subsequently rendering it in-

fectious to others upon consumption of contaminated food containing the viral load. We

regard Nh as a combined parameter that signifies the endemic level of within-human scale

norovirus load B∗h. This value has been previously determined through the within-human

scale norovirus disease dynamics sub-model, as presented in Equation (3.3.1.1)). Hence,

the value of R01 indicates the extent to which an infected individual can contribute to the

propagation of the disease within the community throughout the entire duration of their

infectiousness.

ii. Similarly the expression

R02 =
βHΛH

µV P0

(3.4.2.9)
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can be understood as a newly viral infectious dose, introduced into a disease-free com-

munity. The anticipated number of individuals likely to be infected by these viral cells

is associated with this equation. Consequently, these equations lead us to the conclusion

that both the between-host transmission parameters and the within-human scale parameters

collectively contribute to the persistence of the infection.

From the equation (3.4.2.9) representing the basic reproductive number for norovirus infection,

we can deduce that it is influenced by both the within-human scale parameters and the between-

host scale parameters. As a result, the findings emphasize that the within-human scale and

macroscale aspects of norovirus infection mutually influence each other in a reciprocal manner.

3.4.3 Local stability of the disease-free equilibrium

In our scenario, a disease-free state corresponds to a situation where only susceptible humans

are present. In this section, we assess the local stability of the disease-free equilibrium. This

is accomplished by linearizing the equations of the nested multiscale model (3.4.0.10), which

yields a Jacobian matrix. This matrix evaluated at the disease-free equilibrium state becomes.

J =



−µH 0
−βHΛH

P0µH

0 −(δH + µH)
βHΛH

P0µH

0 Nhαh −µV


. (3.4.3.1)

We analyze the stability by computing the eigenvalues (λs) of the Jacobian matrix (3.4.3.1). The

characteristic equation is expressed as:

(−µH − λ)[λ2 + φ1λ+ φ2] = 0. (3.4.3.2)

From Equation (3.4.3.2), it is clear that one of the eigenvalues is (λ = −µH). To draw conclu-

sions about the stability of the disease-free equilibrium (DFE), the Routh-Hurwitz criteria [71]

are employed. These criteria are used to determine the signs of the remaining eigenvalues of the

polynomial in Equation (3.4.3.3).

P (λ) = λ2 + φ1λ+ φ2, (3.4.3.3)
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where: 

φ1 = δH + µH + µV ,

φ2 = (δH + µH)µV −
NhαhβHΛH

P0µH
,

= (δH + µH)µV (1−R0).

(3.4.3.4)

By applying the Routh-Hurwitz stability criterion, the equilibrium state linked to the norovirus

multiscale model system (3.4.0.10) achieves stability only when the determinants of all the Hur-

witz matrices associated with the characteristic equation (3.4.3.3) are positive, that is

Det|Hj| > 0; j = 1, 2. where

detH1 =
(
φ1

)
> 0, H2 =

(
φ1 1

0 φ2

)
> 0. (3.4.3.5)

When the Routh-Hurwitz criterion is applied to the expressions given in Equation (3.4.3.5), it

requires that the following conditions must be met to ensure the local stability of the disease-free

equilibrium point within the model system (3.4.0.10):


det(H1) = |φ1|

= φ1

= µC + δC + µV > 0

(3.4.3.6)

To determine the determinant of H2 we obtain
detH2 =

∣∣∣∣∣ φ1 1

0 φ2

∣∣∣∣∣
= φ1φ2

= (µH + δH + µV )(δH + µV )µV (1−R0) > 0,

(3.4.3.7)

Equation (3.4.3.7) provides a clearer view that the coefficients φ1 and φ2 of the polynomial P (λ)

in Equation (3.4.3.3) are both positive when R0 < 1. Furthermore, it can be observed that the

determinants of matrices H1 and H2 are positive if and only if R0 < 1. Consequently, all the

roots of the polynomial p(λ) are either negative or possess negative real parts. Therefore, the

theorem provided below offers a summary of the findings.
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Theorem 3.1. [72] The local asymptotic stability of the disease-free equilibrium point within the

model system (3.4.0.10) is achieved when R0 < 1.

3.4.4 Global stability of the disease-free equilibrium

In this subsection, we assess the global stability of the disease-free equilibrium (DFE) within the

nested model (3.4.0.10) by employing the next-generation operator, as introduced in [90]. The

system (3.4.0.10) can be reformulated as follows


dX

dt
= F (X, Y ),

dY

dt
= G(X, Y ),

(3.4.4.1)

whereX = SH signifies the count of uninfected cells, andZ = (IH , VH) represents the quantities

within the infected compartments and infectious classes. U0 =

(
ΛH

µH
, 0, 0

)
corresponds to the

disease-free equilibrium of the nested model. To establish the globally asymptotic stability, two

conditions need to be met, as outlined in [91]:

H1. for
dX

dt
= F (X, 0) is globally asymptotically stable ,

H2. G(X,Z) = AZ− Ĝ(X,Z), Ĝ((X,Z)≥ 0 for (X,Z) ∈ R3
+ where A = DZG(X∗, 0) is an

M-matrix and R3
+ is the region where the model have a biological meaning.

Therefore in our case

F (X, 0) =
[

ΛH − µHSH
]
, (3.4.4.2)

and matrix A given by

A =


−(δH − µH)

βHΛH

P0µH

Nhαh −µV

 (3.4.4.3)
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and

Ĝ(X,Z) =


(

ΛH

P0µH
− SH
P0 + VH

)
βHVH

0

 (3.4.4.4)

Since
ΛH

P0µH
≥ SH
P0 + PH

it is clear that Ĝ(X,Z) ≥ 0 for all (X,Z) ∈ R3
+. It’s clear that

A qualifies as an M-matrix due to the non-negative nature of its off-diagonal elements.

3.4.5 Existence and uniqueness of the endemic equilibrium state

At the endemic state, humans become acutely infected. Let E∗ = (S∗H , I
∗
H , V

∗
H) refers to the

endemic equilibrium point of the model system (3.4.0.10). Equating the left-hand side of the

system of equations to zero and determination of the nontrivial solution of the resulting algebraic

equations results in the following:

E∗ =



S∗H =
µV P0(δH + µH)(βH + µH) + µHµV P0(δH + µH)(R0 − 1)

(βH + µH)βHNhαh
,

I∗H =
µHµV P0(R0 − 1)

Nhαh(βH + µH
,

V ∗H =
µHP0(R0 − 1)

(βH + µH)
,

R0 =
NhαhβhΛH

(δH + µH)P0µHµV
.

(3.4.5.1)

Based on the system (3.4.5.1), our conclusion is that it can be deduced that a unique endemic

equilibrium point exists for the norovirus nested multiscale model when R0 > 1. Additionally,

we deduce that the expressions for the between-host scale endemics, denoted as S∗H , I
∗
H , V

∗
H , are

determined by a combination of within-human scale disease parameters and between-host scale

parameters. Hence, the findings also emphasise that there exists a reciprocal influence between

the within-human scale and macroscale aspects.
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3.4.6 Local Stability of the Endemic Equilibrium

In this subsection, we assess the local stability of the endemic steady state within the model

system (3.4.0.10) using the center manifold theory as outlined in [73].

In case of norovirus, the theorem is applied through change of variables as follows: we let

SH = x1, IH = x2, VH = x3. Furthermore, we let φ = β∗, where β∗ is regarded as the bifurca-

tion parameter. If we consider R0 = 1 and we solve for β∗

1 =
Nhαhβ

∗ΛH

P0µH(µH + δH)µV
, (3.4.6.1)

and hence

β∗ =
P0µHµV (δH + µH)

NhαhΛH

. (3.4.6.2)

By employing vector notation x = (x1, x2, x3)T , we can re-write the model system (3.4.0.10) as

follows:
dx
dt

= F(x, β∗), (3.4.6.3)

where

F = (f1, f2, f3). (3.4.6.4)

So that 

ẋ1 = f1 = ΛH −
β∗x1x3

P0 + x3

− µHx1,

ẋ2 = f2 =
β∗x1x3

P0 + x3

− (µH + δH)x2,

ẋ3 = f3 = Nhαhx2 − µV x3.

(3.4.6.5)

Upon linearizing the above model system, we proceed to derive the Jacobian matrix for the

system, resulting in:
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J =



−µH 0 −β
∗ΛH

µHP0

0 −(µH + δH)
β∗ΛH

µHP0

0 Nhαh −µV


. (3.4.6.6)

The Jacobian matrix of the model system (3.4.0.10) has the right eigenvector v = (v1, v2, v3)T ,

where



u1 =
β∗ΛHNhαh
µHP0

,

u2 = 1,

u3 =
Nhαh
µV

.

(3.4.6.7)

and the corresponding left eigenvector denoted as u = (v1, v2, v3), where

v1 = 0,

v2 = 1,

v3 =
Nhαh

(µH + δH)
.

(3.4.6.8)

To determine the sign of a, we use the non-zero second order mixed derivatives of F with respect

to each variable as: 
∂2f1

∂x2
3

=
2β∗ΛH

P 2
0 µH

,

∂2f2

∂x2
3

= − 2β∗ΛH

P 2
0 µH

.

(3.4.6.9)
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To determine the sign of b, we employ the non-zero partial derivatives concerning each variable

and β∗, which is expressed as:
∂2f1

∂x3∂β∗
= − ΛH

µHP0

,

∂2f2

∂x3∂β∗
=

ΛH

µHP0

.

(3.4.6.10)

Substituting Equations (3.4.6.7), (3.4.6.8), (3.4.6.9) and (3.4.6.10) in expressions a and b in

(2.4.1.11), respectively, we get



a = v1(u3)2

(
∂2f1

∂x2
3

)
+ v2(u3)2

(
∂2f2

∂x2
3

)
,

=

(
2β∗ΛH

P 2
0 µH

u1(v3)2

)
+

(
−2β∗ΛH

P 2
0 µH

u2(v3)2

)
,

=

(
2β∗ΛH

P 2
0 µH

v3(u1 − u2)

)
< 0.

(3.4.6.11)

Since u1 − u2 < 0 and also

b = u1v3

(
∂2f1

∂x3∂β∗

)
+ u2v3

(
∂2f2

∂x3∂β∗

)
,

=

(
−ΛH

P0µH
u1v3

)
+

(
ΛH

P0µH
u1v3

)
,

=

(
2β∗ΛH

P 2
0 µH

v3(u2 − u1)

)
< 0.

(3.4.6.12)

Because u2−u1 > 0, it follows that a < 0 and b > 0. Taking into account the principles of Center

Manifold Theory as outlined in item (iv), we conclude that the endemic steady state within the

model system (3.4.0.10) is locally asymptotically stable. This stability holds for values of R0

greater than 1, but in close proximity to 1. For a complete presentation of these findings, refer to

[72], where the following theorem summarizes the outcomes.

Theorem 3.2. The endemic steady state of norovirus multiscale model (3.4.0.10) supported by

Center Manifold Theory is locally asymptotically stable for R0 > 1 near 1.
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3.4.7 Global Stability of the Endemic Equilibrium Point

In this section, we establish the global asymptotic stability of the endemic equilibrium E∗ within

the model system (3.4.0.10), hence we present the following theorem:

Theorem 3.3. [74] The Endemic EquilibriumE∗ of the model system (3.4.0.10) is global asymp-

totically stable (GAS) whenever R0 > 1.

Proof. We shall consider a Lyapunov function of the Volterra type denoted as: L(SH , IH , VH),

as well as the function φ(x) = x− 1− ln(x). Therefore

L1 = L(SH , IH , VH),

= a1S
∗
Hφ

(
SH
S∗H

)
+ a2I

∗
Hφ

(
IH
I∗H

)
+ a3V

∗
Hφ

(
BH

B∗H

)
,

= a1S
∗
H

[
SH
S∗H
− 1− lnSH

S∗H

]
+ a2I

∗
H

[
IH
I∗H
− 1− lnIH

I∗H

]
+ a3V

∗
H

[
VH
V ∗H
− 1− lnVH

V ∗H

]
.

(3.4.7.1)

The derivation of L1 and substitution yield:

L̇1 = a1
dSH
dt

[
1− S∗H

SH

]
+ a2

dIH
dt

[
1− I∗H

IH

]
+

a3
dVH
dt

[
1− V ∗H

VH

]
,

= a1

[
1− S∗H

SH

]
[ΛH − λHSH − µHSH ] + a2

[
1− I∗H

IH

]
[λHSH − (µH + δH)IH ]

+ a3

[
1− V ∗H

VH

]
[NhαhIH − αhVH ].

(3.4.7.2)

The following relations holds at the endemic equilibrium point of the model system (3.4.0.10)

ΛH = λ∗HS
∗
H + µHS

∗
H ,

(µH + δH) =
λ∗HS

∗
H

I∗H
,

µV =
NhαhI

∗
H

V ∗H
.

(3.4.7.3)
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Substituting the relations in Equation (3.4.7.3), and rearranging, L̇1 becomes

L̇1 = a1

[
1− S∗H

SH

]
[λ∗HS

∗
H + µHS

∗
H − λHSH − µHSH ]

+ a2

[
1− I∗H

IH

] [
λHSH −

λ∗HS
∗
HIH
I∗H

]

+ a3

[
1− V ∗H

VH

] [
NhαhIH −

NhαhI
∗
HVH

B∗H

]
,

= −µHSHa1

[
1− S∗H

SH

]2

+ a2

[
λ∗HS

∗
H − λHSHSH −

λ∗HS
∗
HS
∗
H

SH
+
λHSHS

∗
H

SH

]

+a2

[
λHSH −

λ∗HS
∗
HI
∗
H

IH
− λHSHI

∗
H

IH
+ λ∗HS

∗
H

]
− a3

[
NhαhIH −

NhαhI
∗
HVH

V ∗H
+ N̂hαhI

∗
H

]
.

= −µHSHa1

[
1− S∗H

SH

]2

+ λ∗HS
∗
H(a1 + a2) + λHSH(a2 − a1)

+IH

[
a3Nhαh −

a2λ
∗
HS
∗
H

I∗H

]
− a2λHSHI

∗
H

IH

−a3NhαhI
∗
HVH

V ∗H
+ a3NhαhIH .

(3.4.7.4)

We let a1 = a2 = 1 and we also choose a3 such that



a1 = a2 = 1,

a3N̂hαh −
a2λ

∗
HS
∗
H

I∗H
= 0,

a3 =
λ∗HS

∗
H

NhαhI∗H
,

(3.4.7.5)

which gives:
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Substituting Equation (3.4.7.5) in Equation (3.4.7.4)

L̇1 =

[
1− S∗H

SH

]
[λ∗HS

∗
H + µHS

∗
H − λHSH − µHSH ] +

[
1− I∗H

IH

]
[λHSH − λ∗HS∗H

IH
I∗H

]

+

(
λ∗HS

∗
H

NhαhI∗H

)[
1− V ∗H

VH

] [
NhαhIH −NhαhI

∗
H

BH

B∗H

]
.

= −µHSH
(

1− S∗H
SH

)2

+ λ∗HS
∗
H

(
1− S∗H

SH

)(
1− λHSH

λ∗HS
∗
H

)
+

λ∗HS
∗
H

(
1− I∗H

I∗H

)[
λHSH
λ∗HS

∗
H

− IH
I∗H

]

+λ∗HS
∗
H

(
1− V ∗H

VH

)(
IH
I∗H
− VH
V ∗H

)
. (3.4.7.6)

Expand Equation (3.4.7.6)

L̇1 ≤ λ∗HS
∗
H

(
1− S∗H

SH

)(
1− λHSH

λ∗HSH

)

+λ∗HS
∗
H(1− I∗H

IH
)[
λHSH
λH ∗ S∗H

− IH
I∗H

]

+λ∗HS
∗
H

(
1− V ∗H

VH

)(
IH
I∗H
− VH
V ∗H

)
,

≤ λ∗HS
∗
H

[
1− λHSH

λ∗HS
∗
H

S∗H
SH

+
λH
λ∗H

]
+ λ∗HS

∗
H

[
λHSH
λ∗HS

∗
H

− IH
I∗H
− λHSHI

∗
H

λ∗HS
∗
HIH

+ 1

]

λ∗HS
∗
H

[
IH
I∗H
− VH
V ∗H
− V ∗HIH
VHI∗H

+ 1

]
.

(3.4.7.7)

From Equation (3.4.7.7) we obtain

L̇1 ≤ λ∗HS
∗
H

[
2− S∗H

SH
− IH
I∗H

+
λH
λ∗H
− λHSHI

∗
H

λ∗HS
∗
HIH

]

+λ∗HS
∗
H

[
1 +

IH
I∗H
− VH
V ∗H
− V ∗HIH
VHI∗H

]
.

Making x the subject of the formula from φ(x) = x− 1− ln(x), we have x = φ(x) + 1 + ln(x)

such that:
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L̇1 ≤ λ∗HS
∗
H

[
2− φS

∗
H

SH
− 1− lnS∗HSH −

IH
I∗H

+
λH
λ∗H

−φ
(
λHSHI

∗
H

λ∗HS
∗
HIH

)
− 1− lnλHSHI

∗
H

λ∗HS
∗
HIH

]

+λ∗HS
∗
H

[
1 +

IH
I∗H
− VH
V ∗H
− φ
(
V ∗HIH
VHI∗H

)
− 1− ln

(
V ∗HIH
VHI∗H

)]
(3.4.7.8)

After simplifying Equation (3.4.7.8), we obtain:

L̇1 ≤ λ∗HS
∗
H

[
− φS

∗
H

SH
− IH
IHj
− φ
(
V ∗HIH
VHI∗H

)
− ln

(
IH
I∗H

)

− ln
VH
V ∗H

+ ln
V0 + VH
V0 + V ∗H

+
λH
λ∗H

]

+λ∗HS
∗
H

[
IH
I∗H
− VH
V ∗H
− φ
(
V ∗HIH
VHI∗H

)
− ln

IH
I∗H

+ ln
VH
V ∗H

]
,

≤ λ∗HS
∗
H

[
− φ
(
S∗H
SH

)
− IH
I∗H
− φ
(

λHSHI
∗
H

λ∗HSH ∗ IH

)

+ ln

(
IH
I∗H

)
− ln

(
VH
V ∗H

)
+ ln

(
V0 + VH
V0 + V ∗H

)

+ ln
λH
λ∗H

]
+ λ∗HS

∗
H

[
IH
I∗H
− VH
V ∗H
− φ
(
V ∗HIH
VHI∗H

)
− ln

(
IH
I∗H

)
+ ln

(
VH
V ∗H

)]
.

(3.4.7.9)
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If we put IH = I∗H and VH = V ∗H , we get:

L̇1 ≤ λ∗HS
∗
H

[
− φ
(
S∗H
SH

)
− φ
(
λHSHI

∗
H

λ∗HS
∗
HIH

)
+ ln

(
IH
I∗H

)

− ln

(
VH
V ∗H

)
− VH
V ∗H

+
VH
V ∗H
− φ
(
V0 + VH
V0 + V ∗H

)
+
V0 + VH
V0 + V ∗H

+
VH(V0 + V ∗H)

V ∗H(V0 + VH)
− 1

]

λ∗HS
∗
H [−φ(

V ∗HIH
VHI∗H

) +
IH
I∗H
− VH
V ∗H
− ln(

IH
I∗H

) + ln

(
VH
V ∗H

)]
,

≤ λ∗HS
∗
H

[
− φ
(
λHSHI

∗
H

λ∗HS
∗
HIH

)
− φ
(
S∗H
SH

)
− IH
I∗H

+ ln

(
IH
I∗H

VH
V ∗H

)
− ln

(
VH
V ∗H

)]

+λ∗HS
∗
H

[
VH(V0 + V ∗H)

V ∗H(V0 + VH)
+
V0 + VH
V0 + V ∗H

− φ
(
V0 + VH
V0 + V ∗H

)
− VH
V ∗H
− 1

]

λ∗HS
∗
H

[
− φ
(
V ∗HIH
VHI∗H

)
+
IH
I∗H

VH
V ∗H
− ln

(
IH
I∗H

)
+ ln

(
VH
V ∗H

)]
,

≤ λ∗HS
∗
H

[
VH
V ∗H
− IH
I∗H

+ ln

(
IH
I∗H

)

− ln
VH
V ∗H

]
+ λ∗HS

∗
H

[
IH
I∗H
− VH
V ∗H

+ ln

(
V ∗H
VH

)]
+ λ∗HS

∗
H

[
IH
I∗H
− VH
V ∗H
− ln

(
IH
I∗H

)]
,

= 0.

(3.4.7.10)

From (3.4.7.10), we have that the largest invariant subset, where L̇ = 0 is E∗ Therefore, we

conclude from the LaSelle’s Invariance Principle that E∗ is globally asymptotically stable (GAS)

when R0 > 1.

3.5 Sensitivity Analysis

In this section, we provide an analysis of the model system’s sensitivity (3.4.0.10), employing the

parameter values outlined in the table labeled as Table 3.3. Very little on norovirus mathematical
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modelling was done, therefore, it is not easy to find parameter values from the literature, hence

some parameter values are estimated:

Variable Variable Description Initial value Source

ΛH Supply rate of recruited humans 0.05 Assumed

Ne Number of viruses produced through replication 100 Assumed

βH Infection rate of humans 0.075 [79]

µH Natural death rate of humans 0.0018 [80]

δH Induced death rate of humans 0.076 Assumed

αh Shedding rate of norovirus 0.05 [79]

µV Natural decay rate of norovirus 0.0667 [80]

αe Viral replication rate on the site of infection 0.4 [92]

φt Decay rate pathogens in the within due to immune cells 0.006 [92]

µh Natural death rate of pathogens in the within 0.01 Assumed

Λe Supply rate of epithelial cells 0.07 Assumed

βe Infection rate of susceptible epithelial cells 0.01 [92]

µe Natural death rate of epithelial cells 0.1 [92]

Λc Supply rate of immune cells 0.09 Assumed

ρc Immune activation rate 0.1 [92]

µc Natural death rate of immune cells 0.3 [92]

Table 3.3: Model parameter values

We evaluate the relative change in two transmission metrics (R0) and (V ∗H) for norovirus derived

from the nested multiscale model (3.4.0.10) using the sensitivity analysis technique. The analysis

is conducted using a combination of Latin Hypercube Sampling and partial rank correlation co-

efficients (PRCCs) as applied in the previous chapter. For each run, we conduct 1000 simulations

to investigate how individual model parameters impact both the basic reproduction numbers (R0)

and the endemic value of the environmental viral load (V ∗H).
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Figure 3.2: Tornado plot of partial rank correlation coefficients (PRCCs) of all the model

parameters that influence the viral transmission metric R0

Figure 3.3: Tornado plot of partial rank correlation coefficients (PRCCs) of all the model

parameters that influence the viral transmission metric V ∗H
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Figures 3.2 and 3.3 present the degree of sensitivity of each parameter on the two norovirus

transmission metrics to the model parameters to be considered for a sensitivity analysis of the

multiscale model (3.4.0.10). Figure 3.2 presents the degree of sensitivity of each parameter on

R0, using parameter values in Table 3.3. The most sensitive parameters at within-human scale are

Λe, αe, Ne, αh, ρc, and µh, while the most sensitive parameters at between-host scale are µV , βH
and P0. This suggests that during the initial stages of a norovirus infection, special attention

should be given to ensuring the precision of the three between-host parameters as well as the six

within-human scale parameters when implementing interventions.

Figure 3.3 presents sensitivity analysis to V ∗H , which is found to be much more sensitive to µV ,

βH , and P0 parameters that are similar to R0. Additionally, R0 and V ∗H both show notable sen-

sitivity to both µH (the natural mortality rate of people) and δH (the death rate brought on by

sickness). This indicates that when norovirus infection is endemic, interventions like vaccina-

tions that lessen susceptibility of humans to infection, and also hinder norovirus replication at the

level of individual humans are likely to have the greatest positive effects on reducing the spread

of norovirus infection in the community.

In general, these discoveries necessitate that enhancing the reliability and applicability of the

multiscale model (3.4.0.10) relies on ensuring the exactness of these parameters during the data

collection process. Furthermore, these parameters serve as crucial factors for effective norovirus

infection management throughout the pathogen’s replication-transmission cycle, which should

be considered and managed during outbreak at a host-level.

3.6 Construction of NSFD scheme

The method for developing the model (3.4.0.10) is established by employing Micken’s ap-

proaches, similar to what we did in Chapter 2, we use the symbols SkH , IkH , and V k
H to rep-

resent the estimated values of SH(kh), IH(kh), and VH(kh) respectively, for values of for

k = 0, 1, 2, ..., and with a constant h representing the time step of the scheme where h > 0.

For the sequences SkH , I
k
H and V k

H to be consistent with the model’s biological nature, the equa-

tions should be nonnegative [93]. The objective of formulating the numerical scheme for solving
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system (3.4.0.10) is to derive positive approximations through the following procedure:

1.
Sk+1
H − SkH
φ1(h)

= ΛH −
βHS

k+1
H V k

H

P0 + V k
H

− µHSk+1
H ,

2.
Ik+1
H − IkH
φ2(h)

=
βHS

k+1
H V k

H

P0 + V k
H

− (δH + µH)Ik+1
H ,

3.
V k+1
H − V k

H

φ3(h)
= NhαhI

k+1
H − µV V k+1

H .

(3.6.1)

Below are the denominator functions considered in this study:

φ1(h) =
ehµH − 1

µH
,

φ2(h) =
eh(µH+δH) − 1

µH + δH
,

φ3(h) =
ehµV − 1

µV
.

Rearranging (3.6.1) we obtain the following expicit scheme

1. Sk+1
H =

φ1(h)ΛH + SkH

1 + φ1(h)
[ βHV k

H

P0+V k
H

+ µH
] ,

2. Ik+1
H =

IkH + φ2(h)
[βHV k

HS
k+1
H

P0+V k
H

]
1 + φ2(h)(δH + µH)

,

3. V k+1
H =

φ3(h)NhαhI
k+1
H + V k

H

1 + φ3(h)µV
.

(3.6.2)

Clearly, from Equation (3.6.2), if the initial conditions SH(0), IH(0), and VH(0) are non-negative,

it follows that the right-hand side of Equation (3.6.2) does not contain any negative terms for any

value of k. This observation consequently establishes the positiveness of the solution for the

NSFD method given by Equation (3.6.2).
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3.6.1 The Equilibrium Points

The equilibrium points of the numerical scheme are established by equating Sk+1
H to SkH , Ik+1

H to

IkH , and V k+1
H to V k

H .



1. SkH =
φ1(h)ΛH + SkH

1 + φ1(h)
[ βHV k

H

P0+V k
H

+ µH
] ,

2. IkH =
IkH + φ2(h)

[βHV k
HS

k+1
H

P0+V k
H

]
1 + φ2(h)(δH + µH)

,

3. V k
H =

φ3(h)NhαhI
k+1
H + V k

H

1 + φ3(h)µV
,

(3.6.1)

Through algebraic manipulation, we derive two equilibrium points that can be described as fol-

lows: E0 =

(
ΛH

µH
, 0, 0

)
and E∗ = S∗H , I

∗
H , V

∗
H with

E∗ =



S∗H =
µV P0(δH + µH)(βH + µH) + µHµV P0(δH + µH)(R0 − 1)

(βH + µH)βHNhαh
,

I∗H =
µhµV P0(R0 − 1)

Nhαh(βh + µh)
,

V ∗H =
µHP0(R0 − 1)

(βH + µH)
,

(3.6.2)

where, E0 represents the disease-free equilibrium, while E∗ corresponds to the endemic equi-

librium. It is important to highlight that the equilibrium points of the discrete model correspond

with those of the continuous model (3.4.0.10), and independent of the parameter, φh. In the next

subsection, we proceed to perform a stability analysis for these equilibrium points.

3.6.2 Stability of the equilibrium points

The stability characteristics of the fixed points in the system (3.6.1) have been assessed using the

Jacobian matrix concept, as detailed in [76]. For simplicity, we introduce the following function:
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

f1(SH , IH , VH) =
SkH + φ1(h)ΛH(P0 + V k

H)

a3V k
H + a1P0

,

f2(SH , IH , VH) =
IkH(a3V

k
H + a1P0) + φ2(h)βHV

k
H [SkH + φ1(h)ΛH ]

a2(a3V k
H + a1P0)

,

f3(SH , IH , VH) =
a2a3V

k2

H + V k
Hb0I

k
H + φ2(h)βH(SkH + φ1(h)ΛH) + IkH
a2a4(a3V k

H + a1P0)
,

where 

a1 = 1 + µhφ1(h),

a2 = 1 + φ2(h)(δH + µH),

a3 = a1 + βHφ1(h),

a4 = a1 + βHφ1(h),

we proceed to formulate the Jacobian matrix in the following way:

J =


J11 J12 J13

J21 J22 J23

J31 J32 J33

 (3.6.1)
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where

J11 =
P0 + V k

H

a3V k
H + a1P0

,

J12 = 0,

J13 =
(SkH + φ1(h)ΛH)(a1 − a3)P0

(a3V k
H + a1P0)2

,

J21 =
φ2(h)βHV

k
H

a2(a3V k
H + a1P0)

,

J22 =
a3V

k
H + a1P0

a2(a3V k
H + a1P0)

,

J23 =
a1P0φ2(h)βH(SkH + φ1(h))ΛH

a2(a3V k
H + a1P0)2

,

J31 =
φ2(h)βHV

k
H

a2a4(a3V k
H + a1P0)

,

J32 =
φ3(h)Nhαh

a2a4

,

J33 =
b3(a3V

k
H + a1P0)V k

H + b4(a3V
k
H + a1P0) + b5(SkH + φ1(h)ΛH)

a2
2a

2
4(a3V k

H + a1P0)2
.

where



b3 = a2
2a3a4,

b4 = a1a
2
2a4P0,

b5 = a1a2a4P0φ2(h)βH .

If the absolute value of the eigenvalues is less than one, then the NSFDS converges to the equi-

librium points [47].
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3.6.3 The stability of the disease-free equilibrium

In this subsection, we demonstrate the stability of the disease-free equilibrium, denoted as E0.

By substituting the disease-free equilibrium E0 into the Jacobian matrix, we have the following:

J(E0) =



1

a1

0
ΛH(a1 − a3)

µHa1P0

0
1

a2

φ2(h)βHΛH

µHa2P0

0
φ3(h)Nhαh

a2a4

µHa2P0 + φ2(h)βHΛH

µHa2a4P0


. (3.6.1)

The characteristic equation linked to the aforementioned matrix is given by |J(P0) − λI| =

0. Nevertheless, we assess the stability of the system (3.6.1)’s fixed points through numerical

methods [76].

Time Step λi(i = 1, 2, 3) ρ(λi) NSFD Scheme

0.01 (0.999982, 0.998995, 0.999625) 0.999982 Converges

0.5 (0.999100, 0.950856, 0.981180) 0.999100 Converges

10 (0.982161, 0.342603, 0.659133) 0.982161 Converges

100 (0.835270, -0.011455, 0.835270) 0.999820 Converges

Table 3.4: The spectral radii of the Jacobian matrix corresponding to the free disease point of

NSFD scheme.

Table 3.4 displays the spectral radii of the Jacobian matrix associated with the disease-free state

of the NSFD scheme, under the condition of R0 < 1. It is noticeable from the table that re-

gardless of the time step size employed in the simulations, all spectral radii remain below one in

magnitude. Consequently, we deduce that the disease-free equilibrium point E0 =

(
ΛH

µH
, 0, 0

)
for the system (3.6.1) is unconditionally and locally asymptotically stable when R0 < 1.

3.6.4 The stability of the endemic equilibrium

In this subsection, we establish the stability of the endemic equilibrium, denoted as E1. By

substituting the endemic equilibrium E∗ into the Jacobian matrix (3.6.1) and subsequently cal-

culating the eigenvalues.
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E∗ =



S∗H =
µV P0(δH + µH)(βH + µH) + µHµV P0(δH + µH)(R0 − 1)

(βH + µH)βHNhαh
,

I∗H =
µhµV P0(R0 − 1)

Nhαh(βh + µh)
,

V ∗H =
µHP0(R0 − 1)

(βH + µH)
.

(3.6.4.1)

with

R0 =
NhαhβHΛH

(δH + µH)P0µHµV
.

Following a similar approach as employed in assessing the stability of the disease-free equi-

librium, we will now proceed to analyze the stability of the endemic point within the context of

the system (3.6.1) numerically [76].

Time Step λi(i = 1, 2, 3) ρ(λi) NSFD Scheme

0.01 (0.999997, 0.999501, 0.999115) 0.999997 Converges

0.5 (0.999872, 0.975293, 0.956622) 0.999872 Converges

10 (0.996840, 0.400538,0.600133) 0.996840 Converges

100 (0.960532, -0.008359, 0.010378) 0.960532 Converges

Table 3.5: The spectral radii of the Jacobian matrix corresponding to the free disease point of

NSFD scheme.

Table 3.5 provides a presentation of the spectral radii of the Jacobian matrix linked to the endemic

point of the NSFD scheme whereR0 > 1. From Table 3.5, it becomes observable that all spectral

radii maintain values lower than one in magnitude, regardless of the chosen time step size for

the simulations. As a result, we can deduce that the endemic equilibrium of the system (3.6.1)

attains local asymptotic stability under the condition of R0 > 1.

3.6.5 Numerical Simulations

In this subsection, we conduct simulations of the discrete NSFD scheme multiscale model using

Matlab 2023 software. The purpose of these simulations is to validate certain analytical find-

ings that were derived in the preceding section. The primary objective is to examine how the

within-human scale parameters influence the between-host variables concerning the infection of
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norovirus, for this reason, these numerical results solutions are very important from practical

point of view. We illustrate the influence of norovirus transmission and replication parameters

(Λe, αe, αh, µV , Ne, ρc, µh) which were chosen based on their significancy on sensitivity analysis

on the nested model variables (SH , IH , VH). The figures are plotted using parameters in Table

3.3 and the following initial values are used: SH = 500, IH = 10;VH = 300.
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Figure 3.4: Simulations of NSFD scheme showing changes of (a) population of susceptible

humans (SH ), (b) population of infected humans (IH ), and (c) population of environmental

noroviruses (VH ) for different values of shedding rate by an infected individual αh : αh =

0.0005, αh = 0.005, and αh = 0.05.

Figure 3.4 illustrates variations in (a) the population of susceptible humans (SH), (b) the popula-

tion of infected humans (IH), and (c) the environmental load of norovirus (VH) across different

values of the shedding rate by an infected individual, αh: specifically, αh = 0.0005, αh = 0.005,

and αh = 0.05. The outcomes indicate that an increase in the excretion rate of within-human

scale viral load into the physical environment by each infected human holds significant health



Chapter 3 102

implications at the human population level. This is observable in the notable rise in the between-

host norovirus levels and the population of infected humans (IH), coupled with a decrease in the

population of susceptible humans (SH).
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Figure 3.5: Simulations of NSFD scheme showing changes of (a) population of susceptible

humans (SH ), (b) population of infected humans (IH ), and (c) population of environmental

noroviruses (VH ) for different values of replication rate of norovirus in the within-human scale

αe : αe = 0.1, αe = 0.4, and αe = 0.9.

Figure 3.5 illustrates alterations in (a) the population of susceptible humans (SH), (b) the popu-

lation of infected humans (IH), and (c) the environmental load of norovirus (VH) across varying

values of the multiplication rate of norovirus within the human scale, denoted as αe: specifically,

αe = 0.1, αe = 0.4, and αe = 0.9. The outcomes emphasize the significant health implications

of an increased within-human scale replication rate of norovirus at the human population level.

Notably, there is a substantial rise in both the between-host norovirus levels and the population

of infected humans (IH), coupled with a decline in the population of susceptible humans (SH).

Furthermore, it is evident that these two populations experience a reduction over time. These
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results emphasize the potential benefits of implementing measures to restrict the replication rate,

which could yield positive outcomes in minimizing norovirus infections within the human com-

munity.
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Figure 3.6: Simulations of NSFD scheme showing changes of (a) population of susceptible

humans (SH ), (b) population of infected humans (IH ), and (c) population of environmental

noroviruses (VH ) for different values of epithelial cells supply rate Λe = 0.02, Λe = 0.07,

and Λe = 0.09.

Figure 3.6 depicts variations in (a) the susceptible population (SH), (b) the population of infected

humans (IH), and (c) the community norovirus load (VH) across different values of the supply

rate of epithelial cells, denoted as Λe: specifically, Λe = 0.02, Λe = 0.07, and Λe = 0.09.

The outcomes reveal that with an increase in the supply rate, there is a corresponding rise in the

populations of infected individuals and environmental pathogens. These findings suggest that the

average supply of susceptible epithelial cells within the human system may indeed influence the

dynamics of norovirus infection at the broader population and community level.
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Figure 3.7: Simulations of NSFD scheme showing changes of (a) population of susceptible

humans (SH ), (b) population of infected humans (IH ), and (c) population of environmen-

tal noroviruses (VH ) for different values of within-human scale norovirus natural decay rate

µh : µh = 0.1, µh = 0.01, µh = 0.001.

Figure 3.7 illustrates variations in (a) the population of susceptible humans (SH), (b) the popula-

tion of infected humans (IH), and (c) the environmental load of norovirus (VH) across different

values of the natural decay rate of norovirus within the human scale, denoted as µh: specifically,

µh = 0.1, µh = 0.01, and µh = 0.001. The outcomes observed in Figure 3.7 indicate that with

an increase in the natural death rate of the within-human scale viral load, there is a noticeable

decrease in the populations of environmental norovirus (VH) and infected humans (IH), along

with an increase in the population of susceptible humans (SH) at the between-host scale. Hence,

treatment measures aimed at increasing the decay rate of norovirus within the human scale can

potentially yield positive effects in reducing norovirus infections.
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Figure 3.8: Simulations of NSFD scheme showing changes of (a) population of susceptible

humans (SH ), (b) population of infected humans (IH ), and (c) population of environmental

noroviruses (VH ) for for different values of immune cells activation rate ρc : ρc = 0.0001, ρc =

0.001, ρc = 0.1.

Figure 3.8 presents variations in (a) the population of susceptible humans (SH), (b) the population

of infected humans (IH), and (c) the environmental load of norovirus (VH) across different values

of the immune cells activation rate, denoted as ρc: specifically, ρc = 0.0001, ρc = 0.001, and

ρc = 0.1. The outcomes depicted in Figure 3.8 demonstrate that with an increase in immune cells

activation, there is a corresponding reduction in the populations of infected individuals and envi-

ronmental pathogens. This observation implies that implementing measures to enhance immune

cell activation could have a substantial impact on reducing human infections, as a heightened

immune response could effectively neutralize a greater number of viruses.
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Figure 3.9: Simulations of NSFD scheme showing changes of (a) population of susceptible

humans (SH ), (b) population of infected humans (IH ), and (c) population of environmen-

tal noroviruses (VH ) of the within-human scale produced viral load Ne : Ne = 100, Ne =

1000, Ne = 10000.

Figure 3.9 displays graphical representations of the numerical solutions of the model system

(3.6.1), indicating the variations in (a) the population of susceptible humans (SH), (b) the popu-

lation of infected humans (IH), and (c) the environmental load of norovirus (VH) across different

values of the within-human scale viral load produced per bursting of epithelial cells, denoted as

Ne: specifically, Ne = 100, Ne = 1000, and Ne = 10000. The numerical outcomes depicted

in Figure 3.9 reveal that with an increase in the number of viruses ready for excretion, there is

a corresponding rise in the between-host variables. This finding emphasizes that implementing

measures to hinder the replication rate of norovirus could have a significant impact on reducing

norovirus infections at the population level.
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3.7 Conclusion

The major innovation in this chapter is the development and the use of nested multiscale model

to show that within-human scale disease dynamics has influence on macroscale transmission

for foodborne pathogens with replication cycle at within-human scale only. We used a nested

multiscale model for infectious disease systems that are transmitted environmentally, wherein

the pathogen exclusively replicates within the human scale. We demonstrated the impact of the

within-human scale on the macroscale, primarily through shedding or excretion processes. Our

approach involved constructing individual submodels for both the within-human scale and the

macroscale, which were then interconnected to create a nested multiscale model. We established

a connection between the within-human scale model and an epidemiological model by incorpo-

rating the within-human scale submodel’s dynamics into the epidemiological framework. This

integration was achieved by expressing the parameters of the epidemiological model as func-

tions derived from the within-human scale submodel. The nested multiscale was mathematically

and numerically analysed. The nested multiscale model incorporates two key metrics: the basic

reproductive number (R0), typically depicting disease dynamics during the initial stages of an

infection, and the endemic equilibrium points (E∗), characterizing disease dynamics at the epi-

demic level. These metrics are defined in relation to both macroscale and within-human scale

parameters. This observation leads us to the conclusion that a reciprocal influence exists be-

tween the within-human scale and macroscale aspects of the model since both are comprised

of within-human scale and macroscale parameters. The sensitivity analysis used to discover the

parameters that are sensitive to the decrease or increase of the basic reproductive number R0 and

environmentally pathogen load E∗ which help to suggest appropriate health intervention mea-

sures. Furthermore, we formulated the NSFD scheme and demonstrated numerically that the

discrete systems maintain the essential characteristics of the model, including positivity and sta-

bility. Additionally, it is evident that the NSFD scheme converges towards the correct equilibria

as the time step h increases. Numerical results show that all the within-human scale parameters

varied have great influence on the macroscale variables. It can be observed that all within-human

scale parameters, play an important role in minimizing norovirus infection, which can also lead

to an extinction of norovirus.

This study highlight the potential influence of within-human dynamics on macroscale dynam-

ics. Additionally, we offer insights into the sensitivity of our model parameters, including the

mechanism of vaccine action. Vaccinating individuals who are already infected by targeting the

within-human scale parameters is expected to significantly reduce the overall number of infec-

tions within the population. This confirms the importance of considering within-human scale

dynamics in the modelling of infectious diseases. In the next chapter, we establish a multiscale
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model to account for environmentally transmitted pathogens that undergo replication at both the

microscale and macroscale levels.



Chapter 4

A Nested Multiscale Model of E. coli
O157:H7 Dynamics In Cattle

4.1 Introduction

In order to understand pathogen ecology and quantify the impacts of intervention, mathemati-

cal models of infection transmission have been introduced into the collection of epidemiologists

[94]. Despite the existence of numerous mathematical models, a relatively less explored aspect

of infectious disease systems is the fact that their transmission arises from intricate and dynamic

interactions between spatial and temporal scales [95]. The dynamics of infectious disease sys-

tems can be impacted by the interplay of multiple temporal and spatial scales associated with

the cellular, tissue, organ, organism, community, and ecosystem levels of biological organization

[20] which will require our focus to shift from transmission theory to transmission-replication

theory, a cornerstone of multiscale modelling. The advantages of multiscale modelling include

the ability to examine diseases at the scale where infections take place and explore factors that

affect disease dynamics. Infections caused by bacteria continue to be a leading cause of death

and illness in the world [96]. The development of antibiotics and their use in medicine dur-

ing the 20th century greatly decreased bacterial illness morbidity and mortality [97]. However,

efforts to lessen the burden of bacterial infections are consistently thwarted by the rise in antibi-

otic resistance to the majority of first-line medicines, antibiotic tolerance, and unequal access to
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medications [98–100]. Within this chapter, we create a nested multiscale model for environmen-

tally transmitted infectious diseases wherein, the pathogen undergoes a replication cycle at both

the microscale and macroscale levels at host level. To illustrate, we use the example of E. coli

O157:H7 within a farm setting as there is mounting evidence suggesting that the farm environ-

ment plays a significant role in causing a substantial number of isolated cases of E. coli O157:H7

infections [101]. Inaccurate representation of the most significant transmission pathway could

occur from disregarding a pathogen’s growth rates at the macro- and microscales [102]. Under-

standing the effect of macroscale growth rate on within-cattle pathogen replication and vice-versa

could be of value in control of E. coli O157:H7 infections. The main objective of this study is

to develop a multiscale model that links the macroscale dynamics and within-cattle dynamics

in order to assess the relationship between the macroscale bacteria growth rate and within-cattle

pathogen replication rate at the site of infection. It is our understanding that there is no existing

nested multiscale model in the literature that takes E. coli O157:H7 replication cycle into ac-

count at the microscale of organization of infectious disease systems. Nested multiscale models

are also well-suited for infectious disease systems in which the pathogen undergoes replication at

both the microscale and macroscale levels. Symptoms can span from mild diarrhea that resolves

on its own to more severe cases characterized by bloody diarrhea and abdominal cramps. In rare

instances, these symptoms can escalate to severe conditions such as hemolytic uremic syndrome

and renal failure [103, 104]. Infection of humans is primarily transmitted by cattle, either directly

or indirectly via their products, hence cattle are considerd as a natural reservoir for this pathogen

[105]. However, cattle do not display any disease symptoms, and they consistently test positive

while excreting E. coli O157:H7 shortly after contracting the infection [106]. The gastrointesti-

nal tract, where E. coli O157:H7 replicates, and the external environment, which is linked to

E. coli O157:H7 transmission on a population level, constitute the two separate environments

in which the life cycle of E. coli O157:H7 occur. Its ecological and evolutionary dynamics are

influenced by the necessity to thrive in both of these environments, resulting in a wide range of

life histories and variations in fitness within E. coli O157:H7. These variations have significant

implications for disease transmission and control strategies. Various interventions have been

attempted to combat E. coli O157:H7 infection, including strategies aimed at reducing cattle’s

exposure to the bacteria and enhancing their resistance against it [107]. We follow the same pro-

cess used in the previous chapter of developing two submodels separately and link them to have

a multiscale model. We illustrate the derivations of these submodel and how they are linked to

form a multiscale model in the next subsections.
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4.1.1 Macroscale Submodel

In this subsection, we formulate a macroscale submodel that tracks the behavior of E. coli

O157:H7 at the macroscale level. This submodel is constructed by observing the interactions

among three populations at a given time t: susceptible cattle (SC(t)), infected cattle (IC(t)), and

the population of E. coli O157:H7 (PW (t)) present in the physical environment. The formulation

of the submodel is established upon the following assumptions:

(i) Infection transmission occurs only through contact with pathogens existing freely in the

physical environment. Nevertheless, in cases of direct transmission, it can be approximated

in relation to the environmental pathogen load through indirect means.

(ii) All infected cattle cannot recover unless they get treated.

(iii) There is no immune response in the infected cattle host.

(iv) The dynamics of susceptible cattle SC , infected cattle IC and environmental pathogen PW
are considered to occur at slow time scale (t) compared to the microscale variables so that

SC = SC(t), IC = IC(t), PW = PW (t).

Therefore the system of equations is presented as follows:

1.
dSC(t)

dt
= ΛC −

βWPW (t)SC(t)

P0 + PW (t)
− µCSC(t),

2.
dIC(t)

dt
=

βWPW (t)SC(t)

P0 + PW (t)
− [µC + δC ]IC(t),

3.
dPW (t)

dt
= rWPW (t)

(
1− PW (t)

KW (t)

)
+ N̂hαhIC(t)− µWPW (t).

(4.1.1.1)

The between-host submodel is characterized by the state variable SC , which captures the evolu-

tion of susceptible cattle dynamics. In Equation (1) of the sub-model system (4.1.1.1), we posit

that the influx of new susceptible cattle into the population arises from both births and the intro-

duction of cattle from other farms, occurring consistently at a rate denoted as ΛC for any given

time, t. This susceptible cattle population undergoes a reduction due to infection at a rate,

βWPW (t)SC(t)

P0 + PW (t)

and natural death at a constant rate, µC . Equation (2) within the sub-model system (4.1.1.1) rep-

resents the population of infected cattle, generated from the transition of susceptible cattle to an
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infected state. The infected group experiences a decrease due to natural mortality, characterized

by a constant rate µC , or due to death brought about by the disease at a rate of δC . It is assumed

that infected cattle contribute to the spread of the disease within the population by contaminat-

ing the environment through the excretion of fecal material containing E. coli O157:H7 bacterial

cells at a variable rate denoted as αhN̂hIC . Consequently, the changes in the population of E.

coli O157:H7 bacteria within the physical environment, as described by Equation (3) within the

sub-model system (4.1.1.1), stem from the excretion or shedding of fecal material containing E.

coli O157:H7 bacterial cells by infected cattle hosts at a rate of αhN̂hIC . The parameter N̂h is

regarded as a singular value parameter, yet it actually encapsulates a composite of disease dy-

namics within an infected individual host. This characteristic renders the model system (4.1.1.1)

unrealistic. Furthermore, estimating N̂h through a single-scale model proves challenging, thus

necessitating the adoption of a nested multiscale approach to accurately estimate N̂h. This pop-

ulation is assumed to increase in the environment through logistic equation

rWPW (t)

(
1− PW (t)

KW (t)

)
with rW environmental pathogen growth rate and the carrying capacity KW . Furthermore, we

also assume that the population of E. coli O157:H7 bacteria in the physical environment is re-

duced due to natural death at a rate, µW . All variables within the above system (4.1.1.1) and

their corresponding definitions can be found in Table 4.1. Similarly, all parameters and their

respective meanings are provided in Table 4.3..

Variable Variable Description
SC(t) Susceptible cattle
IC(t) Infected cattle
PW (t) Environmental pathogen

Table 4.1: Description of variables in the system (4.1.1.1).

4.1.2 Microscale Submodel

The microscale submodel observes four variables at within-cattle scale that are ingested bac-

terium Bh, susceptible epithelial cells Sh, infected epithelial cells Ic, and immune cells Is. We

make the following assumptions in order to integrate it with the single-scale submodel given by

system (4.1.1.1):
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(i) The disease processes occurring at the microscale occur at a fast time scale (τ ) compared

to the macroscale E. coli O157:H7 submodel variable so that Sh = Sh(τ), Ih = Ih(τ),

Is = Is(τ), Bh = Bh(τ).

(ii) The extracellular E. coli O157:H7 bacterial load Bh = Bh(τ) serves as an indicator of the

infectivity of individual cattle and is excreted through feces.

(iii) E. coli O157:H7 bacteria replicate at the at the site of infetion.

These assumptions result in the following formulation of ordinary differential equations:



1.
dBh(τ)

dτ
= NeαeIh(τ)− φIs(τ)Bh(τ)− [µh + αh]Bh(τ),

2.
dSh(τ)

dτ
= Λh − βhBh(τ)Sh(τ)− µeSh(τ),

3.
dIh(τ)

dτ
= βhBh(τ)Sh(τ)− [αe + µe]Ih(τ),

4.
dIs(τ)

dτ
= Λs + ρsIs(τ)Bh(τ)− µsIs(τ).

(4.1.2.1)

Equation (1) within the sub-model system (4.1.2.1) captures the evolution of E. coli O157:H7

bacterial cells at the within-cattle scale, localized at the site of infection within an individual

infected cattle host. The first term corresponds to the bacterial proliferation within epithelial

cells, transpiring at a rate denoted as αe. The second term represents the count of pathogens that

are eliminated by immune cells, transpiring at a rate φ. It is assumed that the population of E.

coli O157:H7 bacteria at the within-cattle scale experiences natural decay at a consistent rate,

µh. We assume that infected cattle facilitate the spread of the disease among the population by

contaminating the environment through the excretion of fecal material harboring E. coli O157:H7

bacterial cells, occurring at a variable rate of αhBh. Equation (2) within the sub-model system

(4.1.2.1) governs the dynamics of epithelial cells within the within-cattle host. In this equation,

the first term represents the supply rate of epithelial cells, characterized as Λc. The second

term corresponds to the count of epithelial cells destroyed by pathogens, transpiring at a rate

βh. The final term reflects the natural decay rate of epithelial cells, denoted as µe. Equation

(3) within the submodel system (4.1.2.1) governs the behavior of infected epithelial cells (Ic).

These cells experience depletion through the multiplication of E. coli O157:H7 at the site of

infection, occurring at a steady rate of αe. This multiplication leads to the release of an average

quantity of Nh bacterial units per cell, thereby resulting in a total bacterial count released given
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by NeαeIh. Equation (4) describes the dynamics of immune cells (Is). It is assumed that these

cells are supplied at a rate Λs, and their proliferation is triggered when E. coli O157:H7 bacteria

are introduced at the within-cattle scale, occurring at a rate of ρs. Additionally, the population

of immune response cells undergoes natural decay at a constant rate, µs. All variables outlined

in the aforementioned system (4.1.2.1) and their respective definitions are provided in Table 4.2,

while all parameters and their corresponding interpretations can be found in Table 4.3.

Variable Variable Description
Bh(τ) E.coli inside the after ingested by the cattle
Sh(τ) Susceptible epithelial cells
Ih(τ) Infected epithelial cells
Is(τ) Immune cells

Table 4.2: Description of variables in the system (4.1.2.1).

4.1.3 Linking the Macroscale and Microscale Submodels into a Full Nested
Multiscale Model

In the previous sections we presented the two submodels for the dynamics of E. coli O157:H7

transmission dynamics (between-host submodel (4.1.1.1) and within-host submodel (4.1.2.1) that

separately describe the two key processes of E. coli O157:H7 disease dynamics (transmission and

replication of E. coli O157:H7 bacteria processes) which occur at two distinct scales (within-

host scale and between-host scale). We now integrate them into a single multiscale model as

shown in flow diagram in Figure 4.1. We achieve this by replacing the parameter N̂h which

phenomenologically models within-host scale pathogen replication by a variable Bh(τ) which

mechanistically models the within-host scale pathogen replication to get:
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

dSC(t)

dt
= ΛC −

βWPW (t)

P0 + PW (t)
SC(t)− µCSC(t),

dIC(t)

dt
=

βWPW (t)

P0 + PW (t)
SC(t)− [µC + δC ]IC(t),

dPW (t)

dt
= rWPW (t)

(
1− PW (t)

KW (t)

)
+BhαhIC(t)− µWPW (t),

dBh(τ)

dτ
= NeαeIh(τ)− φIs(τ)Bh(τ)− [µh + αh]Bh(τ),

dSh(τ)

dτ
= Λc − βhBh(τ)Sh(τ)− µeSh(τ),

dIh(τ)

dτ
= βhBh(τ)Sh(τ)− [αe + µe]Ih(τ),

dIs(τ)

dτ
= Λs + ρsIs(τ)Bh(τ)− µcIs(τ).

(4.1.3.1)

Considering that the two different time scales involved in the complete multiscale model system

given by system (4.1.3.1), this present a crucial challenge in analyzing the multiscale model. The

model’s conceptual diagram is illustrated in Figure 4.1 below.
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Figure 4.1: A schematic representation of the nested multiscale model of E.coli O157:H7 in a

farm.

4.1.4 Simplification of the Full Nested Multiscale Model

We reduce the complete multiscale by using fast-slow analysis where we introduce an assumption

that establishes a relationship between the fast and slow time scales τ = εt where 0 < ε << 1.

By doing so, we can now rewrite the microscale E. coli O157:H7 transmission dynamics given
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in system (4.1.2.1) as follows:

1.
dBh(τ)

dτ
= ε[NeαeIh(τ)− φIs(τ)Bh(τ)− [µh + αh]Bh(τ)],

2.
dSh(τ)

dτ
= ε[Λh − βhBh(τ)Sh(τ)− µeSh(τ)],

3.
dIh(τ)

dτ
= ε[βhBh(τ)Sh(τ)− [αe + µI ]Ih(τ)],

4.
dIs(τ)

dτ
= ε[Λs + ρsIs(τ)Bh(τ)− µsIs(τ)].

(4.1.4.1)

Here, ε represents a constant that emphasizes the fast time scale characterizing the microscale

E. coli O157:H7 transmission dynamics submodel in contrast to the slow time scale of the

macroscale E. coli O157:H7 transmission dynamics submodel. Given that 0 < ε << 1, we

can effectively consider ε to be negligible (close to zero), resulting in the microscale E. coli

O157:H7 transmission dynamics submodel becoming temporally invariant. As a result, we have

the following expression:

1. NeαeI
∗
h − φI∗sB∗h − (µh + αh)B

∗
c = 0,

2. Λh − βhS∗hB∗h − µeS∗h = 0,

3. βhS
∗
hB
∗
h − (αe + µe)I

∗
h = 0,

4. Λs + ρsB
∗
hI
∗
s − µsI∗s = 0.

(4.1.4.2)

From system (4.1.4.2) we get

1. B∗h =
(ΛhNeαeβh)− (φI∗s + µh + αh)(µe + αe)µe

(φI∗s + µh + αh)(µe + αe)βh
,

2. S∗h =
Λh

(βhB∗h + µe)
,

3. I∗h =
ΛhβhB

∗
h

βhB∗h + µe(µe + αe)
,

4. I∗s =
Λs

µs + ρsB∗h
,

(4.1.4.3)
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and the expression

R0 =
NeαeβhΛh

µe(µh + αe)(φs + µh + αh)
(4.1.4.4)

represents the basic reproductive number at the microscale. Thus, the application of the fast-slow

analysis simplifies the microscale submodel system (4.1.2.1) to the algebraic equations given in

system (4.1.4.3) which can be incorporated into the macroscale submodel’s parameter to become



dSC(t)

dt
= ΛC − λWSC(t)− µCSC(t),

dIC(t)

dt
= λWSC(t)− (µC + δC)IC(t),

dPW (t)

dt
= rWPW (t)

(
1− PW (t)

KW (t)

)
+B∗hαhIC(t)− µWPW (t).

(4.1.4.5)

We observe that from the model system outlined in (4.1.4.5), the overall count of E. coli O157:H7

bacilli discharged by each infected cattle into the environment (BhIC) is now approximated as

BhIC . Introducing the notation Nh = Bh, where Nh serves as a composite parameter that can be

interpreted as the endemic value of the microscale E. coli O157:H7 bacterial load (Bh), the com-

plete multiscale model (4.1.3.1) for E. coli O157:H7 transmission dynamics is then simplified

to: 

1.
dSC(t)

dt
= ΛC − λWSC(t)− µCSC(t),

2.
dIC(t)

dt
= λWSC(t)− (µC + δC)IC(t),

3.
dPW (t)

dt
= rWPW (t)

(
1− PW (t)

KW (t)

)
+NhαhIC(t)− µWPW (t),

(4.1.4.6)

where λW =
βWPW
P0 + PW

and the composite parameter N̂h is given by

Nh =
1

2

[
Q2 +

√
Q2

2 − 4Q1Q3

]
(4.1.4.7)



Chapter 4 119

where



Q1 = (αe + µe)(µh + αh)βhρs,

Q2 = NeαeΛhβhρs + φΛsβh + (αe + µe)(µh + αh)(µsβh − ρsµe),

Q3 = NeαeΛhβhµs − φΛsµe − (αe + µe)(µh + αh)µeµs.

(4.1.4.8)

The analysis of the nested multiscale model (4.1.4.6) is carried out in the upcoming section,

wherein we showcase outcomes derived from mathematical analysis and numerical simulations

regarding the behavior of the simplified nested multiscale model. Presented below is Table 4.3,

containing the parameters of the multiscale model.
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Parameter Description Initial value Source

ΛC Supply rate of susceptible cattle 10 Assumed

µC Natural death rate of cattle 0.03 Assumed

βW Infection rate of cattle 0.038 [108]

δC Disease induced death rate of cattle 0.03 Assumed

rW Growth rate of pathogens in the envi-

ronment

3.5 [108]

µW Death rate of pathogens in the environ-

ment

0.06 [108]

KW Concentration of pathogens in the envi-

ronment

106 [108]

P0 Saturation constant of E. coli O157:H7 109 Assumed

αh Shedding rate from cattle infected 0.05 [108]

Ne Number of pathogens produced 1000 Assumed

φ Death rate of pathogens via immune. 8.6× 10−6 [109]

µh Decay rate of E.coli in the microscale 0.03 [108]

αe Bacteria replication rate 0.76 Assumed

Λh Supply rate of epithelial cells 5 [109]

βh Infection rate of epithelial cells 0.43 Assumed

µe Decay rate of epithelial cells 0.07 [109]

Λs Supply rate of immune cells 3.0× 105 [109]

ρs Activation rate of immune system 1.4× 10−9 [109]

µs Natural death rate of immune cells 0.03 [109]

Table 4.3: Decription of parameters and their values.

4.2 Mathematical analysis

Proposition 1: For non-negative initial conditions, the solutions to the set of equations (4.1.4.6)

remain bounded for all t ≥ 0. Additionally, the domain D1 serves as a positively invariant

and attracting region, ensuring that solutions originating in D1 will remain within it for all t ≥ 0.
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Consequently, the system of equations (4.1.4.6) exhibits mathematical and epidemiological well-

posedness.
D1 = (SC(t), IC(t), PW (t)) ∈ R+

3 : 0 ≤ SC + IC ≤
ΛC

µC
,

0 ≤ PW ≤
ΛCNhαh
µWµC

.
(4.2.0.1)

4.2.1 Feasible region

We denote NC as the total cattle population count. By summing the first and second equations

from the set (4.1.4.6), that is, NC = SC + IC , we derive the following expression:

dNC

dt
= ΛC − µCNC − δCIC ,

then

dNC

dt
≤ ΛC − µCNC ,

and hence

limx→∞(sup(NC(t)) ≤ ΛC

µC
. (4.2.1.1)

Using a similar approach, similar expression can be derived for the remaining variable PW within

the system of equations (4.1.4.6). then, we introduce:


D2 = (SC(t), IC(t), PW (t)) ∈ R+

3 : 0 ≤ SC + IC ≤
ΛC

µC
,

0 ≤ PW ≤
ΛCNhαh
µWµC

.
(4.2.1.2)

This indicates that D2 functions as a positively invariant and attracting region, ensuring that

any solution originating in D2 will remain within it for all t ≥ 0. Consequently, the system of

equations (4.1.4.6) possesses both mathematical and epidemiological well-posedness.
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4.2.2 The Disease-free Equilibrium and Reproductive Number of the Sim-
plified Model

The disease-free equilibrium (DFE) of E. coli O157:H7 signifies its stable solution when the

infection or disease is absent. This equilibrium is represented as E0, where all the infected

compartments are at zero, and the entire population consists only of susceptible individuals.

Hence, the disease-free state for the multiscale E. coli O157:H7 model, denoted as E0, can be

expressed as:

E0 = (SC , IC , PW ) =

(
ΛC

µC
, 0, 0

)
. (4.2.2.1)

4.2.3 The basic reproductive number

Based on our multiscale model which consists of 3 compartments, namely susceptible, infected,

and pathogen, the transition occurs from susceptible to infected. To calculate the basic repro-

duction number (R0), we only use the infected state and the pathogen compartment, so that our

Jacobian matrix can be

JE0 =


−(µC + δC)

βWΛC

P0µC

Nhαh rW − µW

 , (4.2.3.1)

In calculating R0 we use the Next Generation Matrix method which involves partitioning the

matrix J into the submatrix F and V where F is a new non-negative infection matrix and V

consists of death, increased state, and other transitions.

J = FV

K = FV −1

So that matrix

F =


0

βWΛC

P0µC

0 0

 , (4.2.3.2)
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and

V =


(µC + δC) 0

−Nhαh µW − rW

 , (4.2.3.3)

are obtained. Whereas the inverse of the matrix V is obtained by

V − =


1

(µC + δC)
0

Nhαh
(µC + δC)(µW − rW )

1

µW − rW

 , (4.2.3.4)

K = FV −1 =


βWΛCNhαh

P0µC(µC + δC)(µW − rW )

βWΛC

P0µC

0 0

 ,
By using the dominant eigenvalue the basic reproduction number is given by:

R0 =
βWΛCNhαh

P0µC(µC + δC)(µW − rW )
, which is biological meaningful provided µW > rW .

4.2.4 Local stability of the Disease-Free Equilibrium

In this subsection, we analyze the local stability of the disease-free equilibrium (DFE) of the

model system (4.1.4.6) by linearizing all the equations within the model (4.1.4.6). This lin-

earization process helps us obtain the Jacobian matrix at a state where no infection is present.

E0 =

(
ΛC

µC
, 0, 0

)
(4.2.4.1)

and evaluate the matrix det|J(E0)− λI|. The Jacobian matrix after linearization is expressed as

follows:



Chapter 4 124

JE0 =



−µC 0
−βWΛC

P0µC

0 −(µC + δC)
βWΛC

P0µC

0 Nhαh −(µW − rW )


, (4.2.4.2)

In order to assess the stability of the disease-free equilibrium (DFE), we determine the eigen-

values of the Jacobian matrix (4.2.4.2) using the method outlined in [71]. The characteristic

equation that yields the eigenvalues is provided as follows:

−(λ+ µC)[λ2 + ((µC + δC)(µW − rW ))λ+ (µC + δC)(µW − rW )(1−R0)], (4.2.4.3)

Equation (4.2.4.3) reveals that one of the eigenvalues corresponds to (−µC). When the eigen-

values are challenging to compute directly, the assessment of the stability of the DFE involves

employing the Routh-Hurwitz criterion. This criterion is applied to the coefficients of the char-

acteristic polynomial derived from the linearized Jacobian matrix. Therefore, for stability, the

application of the Routh-Hurwitz criteria to the polynomial

p(λ) = λ2 + a1λ+ a0 = 0,

where {
a1 = (µC + δC)(µW − rW ),

a0 = (µC + δC)(µW − rW )(1−R0).
(4.2.4.4)

and

R0 =
βWΛCNhαh

P0µC(µC + δC)(µW − rW )

necessitates the satisfaction of the following condition:

{
a1 > 0,

a0 > 0.
(4.2.4.5)

If both conditions are satisfied, the roots of the characteristic equation have negative real parts

indicating that the equilibrium is stable.

Therefore, for a1 > 0:
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we have (µC + δC)(µW − rW ), and since (µC + δC) > 0 and (µW − rW ) > 0, provided that

µW > rW , we have that a1 > 0.

For a0 > 0, (µC + δC)(µW − rW )(1 − R0). This condition requires that 1 − R0 > 0, which

implies that R0 < 1.

Hence, it becomes noticeable that the coefficients a1 and a0 of the polynomial p(λ) are consis-

tently positive under the condition µW > rW and R0 < 1. Consequently, all the roots of the

polynomial p(λ) are either negative or possess negative real parts. We summarize the results in

the following theorem.

Theorem 4.1. [72] The local asymptotic stability of the disease-free equilibrium point of the

model system (4.1.4.6) is established when the condition R0 < 1 holds.

4.2.5 Global stability of the disease-free equilibrium

In this subsection, we apply the approach outlined in [70] to analyze the stability of the disease-

free equilibrium. To achieve this, we reformulate the system of equations (4.1.4.6) as follows:


dX

dt
= F (X, Y ),

dY

dt
= G(X, Y ).

(4.2.5.1)

Here, X represents the count of uninfected cells (SC), while Z encompasses the infected com-

partments and infectious classes (IC and PW ). The disease-free equilibrium is denoted as

E0 =

(
ΛC

µC
, 0, 0

)
.

For the global asymptotic stability of the system, the fulfillment of the following conditions is

necessary:

H1. for
dX

dt
= F (X, 0) is globally asymptotically stable ,

H2. G(X,Z) = AZ− Ĝ(X,Z), Ĝ((X,Z)≥ 0 for (X,Z) ∈ R3
+ where A = DZG(X∗, 0) is an

M-matrix and R3
+ is the region where the model have a biological meaning.

In our case,

F (X, 0) =
[

ΛC − µCSC
]
, (4.2.5.2)
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and

A =


−(δC − µC)

βWΛC

P0µC

Nhαh (rW − µW )

 , (4.2.5.3)

Ĝ(X,Z) =


(

ΛC

P0µC
− SC
P0 + PW

)
βWPW

rWP
2
W

KW

 . (4.2.5.4)

Since S0
C

(
=

ΛC

µC

)
1

P0

≥ SC
P0 + PW

it is clear that Ĝ(X,Z) ≥ 0 for all (X,Z) ∈ R3
+.

It can be easily observed that matrix A is an M-matrix due to the non-negative values of its

off-diagonal elements. Below we present the theorem to summarize the results:

Theorem 4.2. [72] The fixed point

E0 = (X∗, 0) = E0 =

(
ΛC

µC
, 0, 0

)
, (4.2.5.5)

The global asymptotic stability of the equilibrium point in the model system (4.1.4.6) is achieved

when R0 ≤ 1 and the conditions (H1) and (H2) are fulfilled.

4.2.6 The Endemic Equilibrium Points

At the endemic state, cattle experience high levels of E. coli O157:H7 infection and excrete

bacteria in significant quantities. At this point, the bacteria would have established themselves

and persisted within the farm environment. The expressions for the endemic equilibrium point

are represented by: E∗ = (S∗C , I
∗
C , P

∗
W ). Therefore evaluating the system of equations (4.1.4.6)

at endemic state , the endemic level of bacteria in the environment is given by

P ∗W (a2(P ∗W )2 + a1P
∗
W + a0) = 0. (4.2.6.1)
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where 
a2 = rW (βW + µC)(δC + µC) > 0,

a1 = ((δC + µC)(P0rWµC +KW (βW + µC)(µW − rW ))) > 0.

a0 = P0µCKW (δC + µC)(µW − rW )(1−R0).

(4.2.6.2)

P ∗W = 0 or

P ∗W =
−a1 ±

√
a2

1 − 4a2a0

2a2

. (4.2.6.3)

The expression above indicates that the size of the susceptible cattle population is directly in-

fluenced by both the average duration individuals spend in the susceptible class and the influx

of new susceptible cattle through birth. The endemic level of infected cattle is described by the

following expression:

I∗C =
P ∗W (P ∗W rW +KW (µW − rW ))

KWNhαh
(4.2.6.4)

The above expression reveals that the infected population is directly proportional to the duration

individuals spend in the infected compartment, the rate at which susceptible cattle transition into

the infected state, and the density of susceptible cattle. The endemic level of susceptible cattle is

given by:

S∗C =
−(P ∗W )2rW (δC + µC) +KW (NhαhΛC + P ∗W (δC + µC)(rW − µW )

KWNhαhµC
(4.2.6.5)

The biologically meaningful solution would be the non-zero P ∗W . Therefore from the above

expressions, we conclude that there exist a positive endemic equilibrium points when µW > rW

and R0 > 1.

4.2.7 Local Stability of the Endemic Equilibrium

1 =
βWΛCNhαh

P0µC(µC + δC)(µW − rW )
. (4.2.7.1)
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Simplifying we obtain

β∗ =
(δC + µC)(µW − rW )P0µC

NhαhαC
, (4.2.7.2)

Additionally, we employ vector notation x = (x1, x2, x3)T to represent the variables, enabling us

to express the model system (4.1.4.6) in the following way:

dx
dt

= F(x)

with

F = (f1, f2, f3),

such that:



ẋ1 = f1 = ΛC −
β∗x1x3

P0 + x3

− µCx1,

ẋ2 = f2 =
β∗x1x3

P0 + x3

− (µC + δC)x2,

ẋ3 = f3 = rWx3

(
1− x3

KW

)
+Nhαhx2 − µWx3.

(4.2.7.3)

The Jacobian matrix corresponding to the system of equations (4.1.4.6), computed at the disease-

free equilibrium (E0), is presented as follows:

J =



−µC 0
−βWΛC

P0µC

0 −b0
βFΛC

P0µC

0 Nhαh −b1


, (4.2.7.4)

where {
b0 = (µC + δC),

b1 = (µW − rW ).
(4.2.7.5)
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The basic reproductive number of model system (4.2.7.3) is

R0 =
βWΛCNhαh

P0µC(µC + δC)(µW − rW )
. (4.2.7.6)

It is clear that the linearized system resulting from the transformed equations (4.2.7.3) with the

critical value β∗ presents a simple zero eigenvalue. As a result, we can apply the center manifold

theory described in [73], which is provided below for clarity. This theory can be utilized to

analyze the dynamics of (4.2.7.3) near βW = β and establish the local asymptotic stability of the

endemic equilibrium point for (4.2.7.3) at βW = β . This is equivalent to confirming the local

stability of the endemic equilibrium point of the original system (4.1.4.6) at the same bifurcation

point βW = β∗.

Theorem 4.3. [73] Consider the general system of ordinary differential equations characterized

by the parameter φ.:

dx

dt
f(x, φ), f : Rn −→ R, f : C2(R2 × R), (4.2.7.7)

in the system (4.1.4.6), it is notable that the equilibrium point 0, (i.e., f(0, φ) = 0, ∀ φ , and

assume that

(1) A =Dxf(0, 0) =
(
∂fi(0, 0)

∂xi

)
this represents a linear approximation of the system around

the equilibrium point 0, where the parameter φ is evaluated at 0;

(2) Zero is an eigenvalue of matrixA, and all other eigenvalues of matrixA have negative real

parts;

(3) Matrix A possesses a left eigenvector represented as u and a right eigenvector represented

as v, both corresponding to the eigenvalue zero.

Let fk represent the kth component of the vector f , and

a =
n∑

k,i,j=1

vkuiuj
∂2fk
∂xi∂xj

(0, 0), (4.2.7.8)

b =
n∑

k,i,j=1

vkui
∂2fk
∂xi∂φ

(0, 0). (4.2.7.9)

The behavior of the system near the equilibrium point 0 is entirely determined by the signs of the

parameters a and b.
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(i) a > 0, b >0, when φ < 0 with | φ | � 1, 0 is locally asymptotically stable, and there exists

a positive unstable equilibrium; when 0 < φ� 1, 0 is unstable and there exists a negative

and locally asymptotically stable equilibrium.

(ii) a < 0 , b < 0, when φ < 0 with | φ | � 1, 0 is unstable; when 0 < φ � 1, 0 is locally

asymptotically stable, and there exists a positive unstable equilibrium point.

(iii) a > 0, b < 0, when φ < 0 with | φ | � 1, 0 is unstable and there exists a locally asymp-

totically stable negative equilibrium; when 0 < φ� 1, 0 is stable and a positive unstable

equilibrium appear.

(iv) a < 0, b > 0, when φ changes from negative to positive, 0 changes its stability from stable

to unstable. Correspondingly a negative unstable equilibrium becomes positive and locally

asymptotically stable.

Jacobian matrix (4.2.7.4) has left eigenvector u = (u1, u2, u3), where



u1 =
βWΛCNhαh

P0µC(µW − rW )
,

u2 = 1,

u3 =
Nhαh

(µW − rW )
.

(4.2.7.10)

The right eigenvector of the Jacobian matrix (4.2.7.4) is given by v = (v1, v2, v3)T , where



v1 = 0,

v2 = 1,

v3 = − βWΛC

P0µC(µW − rW )
.

(4.2.7.11)

Calculating the non-zero second-order mixed derivative of F with respect to the variables and β∗,

which helps us determine the sign of a, yields the following result:
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

∂2f1

∂x2
3

=
2β∗ΛC

P 2
0 µC

,

∂2f2

∂x2
3

= − 2β∗ΛC

P0µC
,

∂2f3

∂x2
3

= − 2rW
KW

.

(4.2.7.12)

The non-zero partial mixed derivative used to determine the sign of b is given by


∂2f1

∂x3∂β∗
= − ΛH

µHP0

,

∂2f1

∂x3∂β∗
=

ΛH

µHP0

.

(4.2.7.13)

Substituting expression (4.2.7.10), (4.2.7.11), (4.2.7.12) and (4.2.7.13) into a and b in (4.2.7.8)

and (4.2.7.9) respectively, we get

a =

[
2β∗ΛC

P 2
0 µC

.v3(u1 − u2)− 2rW
KW

]
, (4.2.7.14)

and

b =
kΛC

µCP0

.v3(u2 − u1). (4.2.7.15)

Since at the DFE rW < µW and (u1 − u2) < 0 this implies that a < 0 and therefore u1 − u2 < 0

and if u1 > u2 then b > 0. Using item (iv), based on Theorem 4.3, we can deduce that the

endemic steady state of the model system (4.1.4.6) is locally asymptotically stable, and this holds

when R0 is slightly greater than 1. These findings are concisely summarized in the following

theorem:

Theorem 4.4. [72] The E. coli O157:H7 endemic steady state is locally asymptotically stable

when R0 > 1 but only if R0 is close to 1.
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4.3 Sensitivity Analyis

In this section, we employ the multiscale model (4.1.4.6) to derive insights that can provide

guidance for formulating strategies to prevent and manage E. coli O157:H7 infections. We utilize

the parameter values outlined in Table 4.3 for our analysis. The most effective approach to reduce

human mortality and morbidity caused by E. coli O157:H7 infection involves gaining a full

understanding of the varying contributions of different factors influencing the two transmission

metrics of the multiscale model system (4.1.4.6), R0 and P ∗W . Below are the sensitivity results

of R0 and P ∗W on the model parameters when they change, given in the Tornado plots, Figure 4.2

and Figure 4.3, respectively.

Figure 4.2: Tornado plots illustrate the partial rank correlation coefficients (PRCCs) for all

parameters that impact R0.
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Figure 4.3: Tornado plots of partial rank correlation coefficients (PRCCs) of all seventeen

parameters that influence P ∗W .

We observe the following from Figure 4.2 and Figure 4.3:

(i) In Figure 4.2 we observe that the three parameters that we have most control over are the

within-host parameters. The parameters Ne and αh and the between-host parameters βW
and µW .

(ii) In Figure 4.3 we observe that there are also four parameters that we have control over. The

within-host parameters are Ne and αh and the between-host parameters are βh and rW .

We learn from these results that both R0 and P ∗W are highly sensitive to similar parameters

(βW , Ne, αh) and they are both sensitive to δC also. Therefore we deduce that, generally, R0

and P ∗W are comparable. Therefore, it can be inferred that in order to strengthen the validity

and usefulness of the nested multiscale model (4.1.4.6), care should be taken in a way to modify

the accuracy of these parameters during data collection since these parameters were identified as

crucial in the control of foodborne diseases.
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4.4 Nonstandard Finite Difference Scheme

Let SkC , IkC , and P k
W represent the approximated values of SC(kh), IC(kh), and PW (kh), re-

spectively, where k = 0, 1, 2, ... and h is the time step used in the scheme. These sequences

SkC , IkC , and P k
W are expected to remain nonnegative to align with the biological context of the

model [110]. We implement Micken’s scheme by substituting the step-size h with functions

φi(h), where i = 1, 2, 3, and introduce nonlocal representations for the function terms. The

discretization of the simplified multiscale model (4.1.4.6) is carried out as follows:

Sk+1
C − SkC
φ1(h)

= ΛC −
βWP

k
WS

k+1
C

P0 + P k
W

− µCSk+1
C ,

Ik+1
C − IkC
φ2(h)

=
βWP

k
WS

k+1
C

P0 + P k
W

− (µC + δC)Ik+1
C ,

P k+1
W − P k

W

φ3(h)
= rWP

k+1
W − rWP

k
WP

k+1
W

KW

+NhαhI
k+1
C − µWP k+1

W . (4.4.0.1)

Below are the denominator functions considered in this study:

φ1(h) =
ehµC − 1

µC
,

φ2(h) =
eh(µC+δC) − 1

µC + δC
,

φ3(h) =
1− eh(rW−µW )

rW − µW
.

Rearranging Equation (4.4.0.1) we obtain:

Sk+1
C =

SkC + φ1(h)ΛC

1 + φ1(h)

(
βWPk

W

P0+Pk
W

+ µC

) ,

Ik+1
C =

Ikc + φ2(h)

(
βWPk

WSk+1
C

(P0+Pk
W )

)
1 + φ2(h)(µC + δC)

,

P k+1
W =

φ3(h)NhαhI
k
C + P k

W

1 + φ3(h)

(
µW − rW (1− rWPk

W

KW
)

) .

(4.4.0.2)
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The method described above ensures the positivity of the solution, as it guarantees that if the

initial conditions SC(0), IC(0), and PW (0) are non-negative, then the expressions on the right-

hand side of Equations (4.4.0.2) do not contain negative terms for any k = 0, 1, 2, ..., provided

that µW >

(
1− rWP

k
W

KW

)
.

4.4.1 The equilibrium points and stability analysis

In this subsection, we investigate the stability and convergence characteristics of equilibrium

points within the introduced numerical scheme. We designate X∗ as the equilibrium point of the

system (4.4.0.1), then it becomes:

X∗ = (ŜC , ÎC , P̂W ),

Thus, we observe that the equilibrium point X∗ of the system (4.4.0.1) can be found by solving



f1(ŜC , ÎC , P̂W ) = ŜC ,

f2(ŜC , ÎC , P̂W ) = ÎC ,

f3(ŜC , ÎC , P̂W ) = P̂W .

where fi(ŜC , ÎC , P̂W ), i = 1, 2, 3, can be obtained by considering the right hand sides of Equa-

tions (4.4.0.2), that is



f1(ŜC , ÎC , P̂W ) =
ŜC + φ1(h)ΛC

1 + φ1(h)

(
βW ˆPW

P0+ ˆPW
+ µC

) ,

f2(ŜC , ÎC , P̂W ) =
ÎC + φ2(h)βW P̂W ŜC

(P0+P̂W )

1 + φ2(h)(µC + δC)
,

f3(ŜC , ÎC , P̂W ) =
φ3(h)NhαhÎC + P̂W

1 + φ3(h)

(
µW − rW (1− rW ˆPW

KW
)

) .
(4.4.1.1)
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In the system mentioned above, when ÎC = P̂W = 0 and considering that the equilibrium point

of various equations is satisfied by fi(X∗) = X∗, i = 1, 2, 3, then



ŜC =
ŜC + φ1(h)ΛC

1 + φ1(h)µC
=

ΛC

µC
,

ÎC =
ÎC

1 + φ2(h)(µC + δC)
= 0,

P̂W =
φ3(h)NhαhÎC + P̂W

1 + φ3(h)

(
µW − rW (1− rW P̂W

KW
)

) = 0.

(4.4.1.2)

In this case, if both ÎC and P̂W are set to zero, the disease-free equilibrium becomes unique and is

represented as
(

ΛC

µC
, 0, 0

)
. However, if any of the infected variables is non-zero, it signifies the

presence of the endemic equilibrium within the NSFD scheme for the complete model (4.1.4.6).

4.4.2 Numerical stability analysis of the equilibrium points

In this subsection, we examine the following condition for a multiscale model (4.1.4.6 )

(SC(0), IC(0), PW (0)) = (1000, 10, 200000). The parameter values of the multiscale are given

in Table 4.3. To analyze the stability properties of the equilibria in the system (4.1.4.6), we begin

by calculating the Jacobian matrix of the system at the disease-free equilibrium point

E0 =

(
ΛC

µC
, 0, 0

)

and this matrix is represented as follows:

J =


J11 J12 J13

J21 J22 J23

J31 J32 J33

 , (4.4.2.1)
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where

J11 =
1

1 + φ1(h

(
βWPk

W

P0+Pk
W

+ µW

) ,
J12 = = 0, (4.4.2.2)

J13 =
−(SC + φ1(h)ΛC)[

(P0+Pk
W )βW−βWPk

W

P0+Pk
W

][
1 + φ1(h)

(
βWPk

W

P0+Pk
W

+ µW

)]2 ,

J21 =
φ2(h)βWP

k
W

[(P0 + P k
W ) + φ1(h)(βWP k

W + µW (P0 + P k
W ))][1 + φ2(h)(µC + δC)]

,

J22 =
(P0 + P k

W ) + φ1(h)(βWP
k
W + µW (P0 + P k

W ))

[(P0 + P k
W + φ1(h)(βWP k

W + µW (P0 + P k
W ))][1 + φ2(h)(µC + δC)]

,

J23 =
1

1 + φ2(h)(µC + dδC)

[
b0(b1 + b2)− (b3 + b4)(1 + φ1(h)(βW + µW ))

]
,

J31 =
φ3(h)Nhαh

1− φ3(h)

(
rwP k

W + µW −
rWPk

W

KW

)m1,

J32 =
φ3(h)Nhαh

1− φ3(h)

(
rwP k

W + µW −
rWPk

W

KW

)m2,

J33 =
q1P

k2

W + a1q2P
k2

W + r12p1P
k
W + [p2 + t1]− [p1P

k2

W [p2 + t1]P k
W + a4I

k
Cc1]2q1P

k
W + a1q2

(q1P k2
W + a1q2)P k

W + r1

.

with
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b0 = ((P0 + PW ) + φ1(h)(βWPW + µW (P0 + PW ))),

b1 = IC(1 + φ1(h)(βW + µW )), (4.4.2.3)

b2 = φ2(h)βW [SC + φ1(h)ΛC ],

b3 = IC

[
(P0 + PW ) + φ(h)(βW + µW (P0 + PW ))

]
ΛC ,

b4 = φ2(h)βWPW [SC + φ1(h)ΛC ],

m1 =
φ2(h)βWPW[

(P0 + PW ) + φ1(h)(βWPW + µW (P0 + PW ))

]
[1 + φ2(h)(µC + δC)]

,

m2 =
[(P0 + PW ) + φ1(h)(βWPW + µW (P0 + PW ))][

(P0 + PW ) + φ1(h)(βWPW + µW (P0 + PW ))

]
[1 + φ2(h)(µC + δC)]

,

q1 = a1d1d3,

q2 = k1d3 + d1d2,

r1 = a1b1d2,

p1 = a1c2,

p2 = a1c1,

t1 = a4(c2I
k
C + a5[φ1(h)ΛC + SkC ])

and

a1 = [1 + φ2(h(µC + δC))],

a2 = φ1(h)βW ,

a3 = φ1(h)µC ,

a4 = φ3(h)Nhαh,

a5 = φ2(h)βW ,

k1 = 1− φ3(h)rW + φ3(h)µW ,

d1 =
φ3(h)rW
KW

,

d2 = P0(1 + φ1(h)µC),

d3 = (1 + φ(h)µC + φ1(h)βW ).



Chapter 4 139

Substituting the disease-free equilibrium E0 , into the Jacobian matrix will yield:

J(E0) =



J11 0 J13

0 J22 J23

0 J32 J33


, (4.4.2.4)

where

J11 =
1

1 + φ1(h)µW
,

J13 =
ΛC(1 + φ1(h)µC)βW
µC(1 + φ1(h)µW )

,

J22 =
1

1 + φ2(h)(µC + δC)
,

J23 =
φ2(h)βWΛC [1 + φ1(h)µC ]

[1 + φ2(h)(µC + δC)][1 + φ1(h)µW ]P0µC
,

J32 =
φ3(h)Nhαh

(1− φ3(h)µW )[1 + φ2(h)(µc + δC)]
,

J33 =
[a1c1 + a4a5[φ1(h)ΛC + ΛC

µC
]]

a1b1d2

.

The characteristic equation corresponding to the matrix above is obtained by calculating the

determinant of the expression (J(E0)− λI). Nonetheless, the stability of the equilibrium points

in the system (4.4.0.2) will be assessed numerically because the model system is highly nonlinear

and complex, making it difficult to find exact solutions analytically [76].
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Time step λi(i = 1, 2, 3) ρ(λi) NSFD scheme

0.001 (0.47535, 0.99994, 0) 0.99944 converges

0.01 (0.47529, 0.99940, 0) 0.99940 converges

0.1 (0.47462, 0.99401, 0) 0.99401 converges

1 (0.46789, 0.94176, 0) 0.94176 converges

10 (0.40164, 0.5488, 0) 0.54881 converges

100 (0.04316, 0.00299, 0) 0.04316 converges

Table 4.4: Numerical convergence related to the disease-free equilibrium point of the NSFD

scheme.

Table 4.4 illustrates the convergence pattern of numerical values towards the disease-free state

within the NSFD scheme. The data in Table 4.4 demonstrates that all eigenvalues possess mag-

nitudes less than one, regardless of the chosen time step size. This observation leads us to the

conclusion that the disease-free equilibrium E0 =

(
ΛC

µC
, 0, 0

)
within the system is uncondition-

ally locally asymptotically stable [76]. Next, we proceed to assess the stability analysis of the

endemic point:

E∗1 =

(
Sk

∗

C , I
k∗

C , P
k∗

W

)
with 

Sk
∗

C =
ΛC(P0 + P k∗

W )

(βW + µC)P k∗
W + µCP0

,

Ik
∗

C =
βWΛCP

k∗
W

(δC + µC)(βW + µC)P k∗
W + (δC + µC)µCP0

,

P k∗

W =
1

2

[
φ0 +

√
φ2

0 − 4φ1

]
.

(4.4.2.5)

where 
φ0 =

rWKWk0 − rWk1 − µWKWk0

rWk0

,

φ1 =
µWKWk1(R0 − 1)

rWk0

,

(4.4.2.6)
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and 
k0 = (δC + µC)(βW + µC),

k1 = (δC + µC)µCP0.

(4.4.2.7)

Substituting endemic equilibrium pont into the Jacobian matrix gives

J(E∗1) =



a11 a12 a13

a21 a22 a23

a31 a32 a33


, (4.4.2.8)

where

a11 =
1

1 + φ1(h)

(
βWPk∗

W

P0+Pk∗
W

+ µW

) ,
a12 = 0,

a13 = −
Sk∗C + φ1(h)ΛC [

(P0+Pk∗
W )βW−βW k∗
P0+Pk∗ ][

1 + φ1(h)

(
βWPk∗

W

P0+Pk∗
W

+ µW

)]2 ,

a21 =
φ2(h)βWP

k∗
W

[1 + φ2(h)(µC + δC)][(P0 + P k∗
W ) + φ1(h)(βWP k∗

W + µW (P0 + P k∗
W ))]

,

a22 =
(P0 + P k∗

W ) + φ1(h)(βWP
k∗
W + µW (P0 + PWk∗))

[(P0 + P k∗
W ) + φ1(h)(βWP k∗

W + µW (P0 + P k∗
W ))][1 + φ2(h)(µC + δC)]

,

a23 = q1

[
(P0 + P k∗

W )φ1(h)(βWP
k∗
W + µW (P0 + P k∗

W ))(a0 + a1)− (b0 + b1)(1 + φ1(h)(βW + µW ))

]
,

a31 =
φ3(h)Nhαh

1− φ3(h)(rWP k∗
W − µW −

rWPk∗
W

KW
)
m1,

a32 =
φ3(h)Nhαh

1− φ3(h)(rWP k∗
W − µW −

rWPk∗
W

KW
)
m2,

a33 =
q1P

k∗2
W + a1q2P

k∗2
W + 2r1p1P

k∗
W + (p2 + t1)− [p1P

k∗
W (p2 + t1)P k∗

W + a4I
k
C ∗ c1]2q1P

∗
W + a1q2

(q1P k
W ∗ 2 + a1q2)P k

W ∗+r1

,
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with

b0 = ((P0 + P k∗
W ) + φ1(h)(βWP

k∗
W + µW (P0 + P k∗

W ))),

b1 = Ik∗C (1 + φ1(h)(βW + µW )),

b2 = φ2(h)βW [Sk∗C + φ1(h)ΛC ],

b3 = IC

[
(P0 + P k∗

W ) + φ(h)(βW + µW (P0 + P k∗
W ))

]
ΛC ,

b4 = φ2(h)βWP
k∗
W [SC + φ1(h)ΛC ],

m1 =
φ2(h)βWP

k∗
W[

(P0 + P k∗
W ) + φ1(h)(βWP k∗

W + µW (P0 + P k∗
W ))

]
[1 + φ2(h)(µC + δC)]

,

m2 =
[(P0 + P k∗

W ) + φ1(h)(βWP
k∗
W + µW (P0 + P k∗

W ))][
(P0 + P k∗

W ) + φ1(h)(βWP k∗
W + µW (P0 + P k∗

W ))

]
[1 + φ2(h)(µC + δC)]

,

t1 = a4(c2I
k∗
C + a5[φ1(h)ΛC + Sk∗C ]),

q1 = a1d1d3,

q2 = k1d3 + d1d2.

Applying a similar approach as used for analyzing the stability of the disease-free equilibrium,

we also determine the stability of the endemic equilibrium point through numerical calculations.

The following table illustrates the convergence of spectral radii associated with the endemic

point:

Time step λi(i = 1, 2, 3) ρ(λi) NSFD scheme

0.001 (0.99987, 0.99940, 0) 0.99994 converges

0.01 (0.99872, 0.99940, 0) 0.99940 converges

0.1 (0.88537, 0.94177, 0) 0.99402 converges

1 (0.88537, 0.94177, 0) 0.94177 converges

10 (0.54881, 0.40204, 0) 0.54881 converges

100 (0.00248, 0.0068, 0) 0.00248 converges

Table 4.5: Numerical convergence corresponding to the endemic point of NSFD scheme.

The spectral radii of the Jacobian matrix corresponding to the endemic equilibria of the NSFD

scheme are displayed in Table 4.5. It is clear from the data in Table 4.5 that the NSFD scheme
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consistently converges across different time steps. Consequently, we deduce that the endemic

equilibrium of the system (4.4.0.2) is locally asymptotically stable.

4.4.3 Numerical Results

In this section, we validate through simulations that there exists a reciprocal influence between

the microscale and macroscale dynamics. We demonstrate the effectiveness of the bacterial

growth rate in the macroscale and microscale on disease transmission and prevalence, this un-

derstanding is vital in controlling the diseases caused by E. coli O157:H7. This is achieved by

varying microscale multiplication Ne holding macroscale bacteria growth rate rW constant and

varying macroscale pathogen growth rate holding microscale multiplication rate constant. The

numerical simulations were done using a set of parameters in Table 4.3. The parameter val-

ues utilized in the model are sourced from existing literature or estimated, as certain parameters

might not be explicitly provided in literature. For parameters that lack direct reporting, their

values are estimated based on deductions drawn from published sources. The simulation of the

model system (4.4.0.1) is conducted using MATLAB 2023. Below, we present the graphical

outcomes of the simulations carried out for the model system (4.4.0.1).
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Figure 4.4: Simulations of discrete model (4.4.0.1) showing changes of (a) population of suscep-

tible cattle (SC), (b) population of infected cattle (IC), and (c) environmental bacterial load (PW )

for different values of between-host bacterial growth rate rW = 0.75, rW = 1.75 and rW = 3.5

when average number of bacteria produced through replication and ready for excretion by an

infected cattle Ne = 10
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Figure 4.5: Simulations of discrete model (4.4.0.1) showing changes of (a) population of suscep-

tible cattle (SC), (b) population of infected cattle (IC), and (c) environmental bacterial load (PW )

for different values of environmental bacterial growth rate rW = 0.75, rW = 1.75 and rW = 3.5

when average number of bacteria produced through replication and ready for excretion by an

infected cattle Ne = 1000
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Figure 4.6: Simulations of discrete model (4.4.0.1) showing changes of (a) population of suscep-

tible cattle (SC), (b) population of infected cattle (IC), and (c) environmental bacterial load (PW )

for different values of environmental bacterial growth rate rW = 0.75, rW = 1.75 and rW = 3.5

when average number of bacteria produced through replication and ready for excretion by an

infected cattle Ne = 10000

Jointly, 4.4- 4.6, show the effects of increasing the environmental pathogen growth rate rW =

0.75, rW = 1.75, rW = 3.5 on between-host populations variables (a) Susceptible population,

(b) Infected population and (c) Pathogen population when the number of bacteria ready for ex-

cretion Ne = 10, Ne = 1000, Ne = 10000. We observe that when Ne = 10, there is a noticeable

variation as we increase to Ne = 10000, the variations in figures 4.4- 4.6 are comparable, mean-

ing that the between-host variables Infected and Pathogen increase and Susceptible decreases as

the value of Ne increases. These findings suggest that vaccines capable of inducing protective

immunity against incoming E. coli O157:H7 could be effective in reducing the growth rate of en-

vironmental pathogens. Consequently, such vaccines could play a significant role in controlling

E. coli O157:H7 infections in cattle.
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Figure 4.7: Simulation results of the discrete model (4.4.0.1) depict variations in (a) the suscep-

tible cattle population (SC), (b) the infected cattle population (IC), and (c) the environmental

bacterial load (PW ) across different scenarios with varying within-cattle scale bacterial replica-

tion rates (Ne = 10, Ne = 1000), and Ne = 10000 when average number of between-host

bacterial load growth cattle rW = 0.75
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Figure 4.8: Simulation results of the discrete model (4.4.0.1) demonstrate fluctuations in (a) the

susceptible cattle population (SC), (b) population of infected cattle (IC), and (c) environmen-

tal bacterial load (PW ) across various scenarios with different values of the within-cattle scale

bacterial replication rate Ne = 10, Ne = 1000 and Ne = 10000 when average number of

between-host bacterial load growth cattle rW = 1.75
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Figure 4.9: Simulations of the discrete model (4.4.0.1) show the variations in (a) the population

of susceptible cattle (SC), (b) the population of infected cattle (IC), and (c) the environmental

bacterial load (PW ) across different scenarios involving various values of the within-cattle scale

bacterial replication rate (Ne = 10,Ne = 1000, andNe = 10000), while maintaining an average

number of environmental bacterial load growth in cattle of rW = 3.75.

Collectively, the combined insights from Figure 4.7, Figure 4.8, and Figure 4.9 illustrate the

impacts of increasing the within-host bacterial replication rate (Ne = 10, Ne = 1000, Ne =

10000) on the between-host population variables, including (a) the susceptible population, (b)

the infected population, and (c) the pathogen population, while considering different scenarios

of the environmental bacterial growth rates (rW = 0.75, rW = 1.75, rW = 3.5). It can be

observed that the variations in Figures 4.7 to 4.9 are comparable when rW = 0.75, rW = 1.75,

and rW = 3.5. We learn from these three graphs that when rW = 0.75 the pathogen population

increase in approximately 10 days and when rW = 1.75 the pathogen population increases in

approximately 5 days, we also observe that environmental pathogen increases in approximately

1 day when rW = 3.5. From these results we deduce that any measures that could aim to target

pathogen in the environment could have great effect in reducing E. coli O157:H7 replication at

within-host scale.
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4.5 Discussion and Conclusion

The primary aim of this chapter was to construct a nested multiscale model that considers

pathogen replication cycles at both the within-host and between-host scales. The goal was to in-

vestigate the interaction between the growth rate of environmental pathogens and the microscale

pathogen replication rate at the infection site. This was accomplished by considering E. coli

O157:H7 as a paradigm for analysis. The mathematical analysis of the model has revealed the

existence of a domain within which the model is both epidemiologically and mathematically

well-defined. During the determination of equilibrium points, we derived the threshold value for

the basic reproductive number. Through this process, we identified two significant equilibria:

the disease-free equilibrium denoted as E0 and the endemic equilibrium denoted as E∗. We also

conducted a sensitivity analysis of the parameters in the nested multiscale model, focusing on

the basic reproductive number (R0) and the endemic point (P ∗W ). This analysis was performed

using the Latin Hypercube Sampling (LHS) scheme. The outcomes of the sensitivity analysis

regarding the basic reproductive number revealed that parameters such as Ne, βW , αh, µW , and

δC exhibited similar sensitivities to those observed for the parameters of the endemic point P ∗W .

These results highlight potential influential factors in both the between-host scale and within-

host scale dynamics, indicating potential targets for preventive and control measures against E.

coli O:157H7 infection in cattle. Therefore, we deduce that there is a reciprocal influence be-

tween microscale and macroscale in E. coli O:157H7 transmission. We constructed the NSFD

scheme and hence it is shown numerically that the discrete systems preserve the main properties

of the model such as positivity and stability. From the simulation of NSFD scheme, we observe

macroscale pathogen growth rate and microscale pathogen replication rate influence each other.

A significant contribution of this study is the introduction of a nested multiscale model featuring

type I reciprocal influence. The key innovation in this chapter lies in the application of a nested

multiscale model to elucidate the connection between the microscale replication rate of E. coli

O157:H7 and the between-host growth rate of E. coli O157:H7. Multiscale modelling offers a

framework for incorporating within-host and between-host submodels, as both contribute to the

transmission and control of foodborne pathogens. In this study, we have showcased the applica-

tion of a nested multiscale model to illustrate a one-way connection from the within-host scale

to the between-host scale. Specifically, the between-host scale is impacted by the within-host

scale, whereas the within-host scale remains unaffected by influences from the between-host

scale because the within-host dynamics is the one that sustains the disease. We accomplish this

by demonstrating that the within-host replication rate of E. coli O157:H7 influences the between-

host growth rate of E. coli O157:H7, however the between-host pathogen growth rate does not

have influence on between-host of E. coli O157:H7 growth rate. This suggests that any strategies
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that boost protective immunity targeting pathogen killing at the within-cattle scale is critical for

achieving successful disease control reducing E. coli O157:H7. In the next chapter we present a

coupled multiscale model for pathogens with no replication at both macroscale and microscale

that we use to study the dynamics of taenia solium at host level.
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A Coupled Multiscale Model to Study
Taenia Solium Dynamics at host level

5.1 Introduction

Several mathematical models have been formulated to describe the dynamics of disease transmis-

sion associated with various helminth infections [111]. Taenia solium (T. solium), Echinococcus

granulosus, Echinococcus multilocularis, and Taenia saginata are few examples of the zoonotic

parasites that belong to this family [38]. Transmission mechanism theory has been used as the

foundation to study the transmission of such infections, and also to compare and assess interven-

tion tactics that could be employed for the purpose of managing or eradicating these infections.

[13]. SIR models have been used to describe the transmission dynamics of the macroparasites,

however, these models neglect the complex life cycle of helminth parasites. In these models, it

is assumed that the count of infected individuals is equivalent to the product of susceptible hosts

and the probability of avoiding infection through contact with an infected person [112]. The

pioneering research conducted by Kostitsyne [44] forms the basis for many current theories re-

garding helminth infections. Kostitsyne developed a deterministic model featuring an extensive

set of differential equations to clarify variations in host populations that can sustain a specific

quantity of parasites [113]. The significant contribution of this initial investigation was the real-

ization that traditional epidemic models were insufficient in capturing the intricacies of helminth



Chapter 5 153

parasite dynamics [44]. Based on that, to understand helminth transmission, it must be taken into

consideration that these parasites have complex lifecycles that involve several intermediate hosts

before transmitting to a definitive host and will require multiscale modelling. In this chapter,

we construct a coupled multiscale model for foodborne diseases by using the case of T. solium,

commonly referred to as the ”pork tapeworm,” at the host level. It is important to note that host

behavior plays a crucial role in influencing the disease impact within communities affected with

environmentally transmitted infectious diseases. This is due to the fact that specific behaviors,

particularly related to sanitation and hygiene practices, can significantly impact the likelihood

of disease transmission T. solium, is a type of cestode parasite that has the ability to infect both

humans and animals. It is prevalent in many parts of the developing world, particularly in regions

where wild pigs have contact with human waste [114]. T. solium can cause two different diseases

in humans, depending on the type of infection: (i) intestinal taeniasis from eating undercooked

pork that has been contaminated with cysticercus larvae, and (ii) cysticercosis by ingesting eggs

present in food or water that has been polluted with the feces of individuals infected with the

human tapeworm [115]. The adult tapeworm that produces eggs is exclusively found in humans

(definitive host). As the host excretes, eggs are transmitted along, and when the intermediate

host (pigs) consumes them, they hatch and cause the emergence of cysticercosis, a state where

larvae form cysts within muscles and organs [116]. Ingesting infectious cysticerci present in in-

adequately cooked or raw pork products leads to taeniosis in humans, completing the parasite’s

life cycle. Rather than only monitoring the total number of infected individuals, the multiscale

model of the T. solium parasite described in this study incorporates the specific parasite load

within both human and pig hosts. Moreover, the model also considers the various developmental

stages of the parasite’s life cycle and explains the interaction between contact, establishment, and

parasite fecundity across different life stages within the definitive human host, the environment,

and the intermediate host, all within the context of the parasite’s life cycle. As of our present

knowledge, this study represents the first attempt to thoroughly investigate the complete life cy-

cle of T. solium infections. Our aim is to create a coupled multiscale model (CMSM) that covers

the entirety of the parasite’s life cycle, including both the within-humans interactions and the dy-

namics within-pigs. CMSMs are built upon the foundation of various multiscale categories, with

one of their distinctive concepts being the integration of embedded multiscale models (EMSMs)

as submodels. The fundamental characteristic of host-level EMSMs is the ongoing, bidirectional

interaction between micro and macroscales throughout the duration when infected hosts are ca-

pable of spreading the infection [88]. The primary goal is to evaluate how the within-human and

within-pig scales influence the between-host scale, as well as to examine how the between-host

scale affect the within-human and within-pig levels in the context of taeniasis disease dynamics.

Below we present the Taenia solium life cycle:
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Figure 5.1: Taenia solium life cycle obtained from [2]

5.2 Multiscale Model

In this section, we consider and modify the general multiscale model introduced in [117]. In

this adapted model, the sub-models at the between-host scale (for both human and animal hosts)

are constructed by categorizing the host population into susceptible, infected individuals, and in-

corporating an additional variable that characterizes the community pathogen load (CPL) (SIP).

Given the absence of a pathogen replication cycle at the within-host scale for both human and

animal hosts, the within-host sub-models for human taeniasis can be formulated by illustrating

the progression of pathogen populations from one life stage to another, using the linear transition

functions as outlined in the general multiscale model [117]. We create a linked multiscale model
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that follows the life cycle of the intestinal taeniasis parasite, encompassing two separate biolog-

ical environments: the host environment within humans and the host environment within pigs.

This coupled multiscale model is constructed by examining the behaviors of eleven populations

at a given time point t. The human-host population is compartmentalized into susceptible humans

(SH(t)) and infected humans (IH(t)), plus an additional variable for environmental pathogen T.

solium load (EH(t)). At the level within humans, the T. solium parasite undergoes three primary

stages in its life cycle and the within-pig scale the parasite has two main life stages Ch(t), Wh(t)

and Eh(t) classes describe the three life stage of parasite within-human scale, ingested cysterci,

matured worm and the number of eggs produced by an adult worm at human microscale respec-

tively. The pig population is categorized into two classes denoted as SA(t) and IA(t), signifying

susceptible pigs and infected pigs, respectively. At the within-pig level, there are representations

for ingested parasite eggs (Ea(t)) and oncospheres (Oa(t)). Additionally, the number of T. solium

eggs excreted into the environment is represented as EH(t), while the community pathogen load

is denoted as PA(t). For this model, we assume the following:

(a) Diseases cannot be transmitted vertically.

(b) The spread of the disease within the human population exclusively occurs when individuals

consume inadequately cooked pork that contains cysticerci.

(c) Pigs become infected when they consume infected human faeces.

(d) The total population of humans and pigs is constant.

(e) There is an absence of immune responses within both the human and animal populations.

(f) All recently recruited individuals are regarded as being in a state of good health and have

not encountered the disease before.

(g) The infected human population do not recover naturally from the infection.
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Using the assumptions we have made, we are able to formulate the following multiscale model

describing the transmission dynamics of T. solium taeniasis:

1.
dSH(t)

dt
= ΛH −

βHPASH
P0 + PA

− µHSH ,

2.
dIH(t)

dt
=

βHPA(t)SH(t)

P0 + PA(t)
− (δH + µH)IH(t),

3.
dCh(t)

d(t)
=

βHPA(t)[SH(t)− 1]

[P0 + PA(t)]ΦH [IH(t) + 1]
− (µc + αc)Ch(t),

4.
dWh(t)

d(t)
= αcCh(t)− (µw + αw)Wh(t),

5.
dEh(t)

d(t)
= αwWh(t)− (µe + αe)Eh(t),

6.
dEH(t)

d(t)
= (IH(t) + 1)αeEh(t)− αHEH(t)

7.
dSA(t)

dt
= ΛA −

βASAEH(t)

E0 + EH(t)
− µASA(t),

8.
dIA(t)

dt
=

βASA(t)EH(t)

E0 + EH(t)
− (µA + δA)IA(t),

9.
dEa(t)

ds
=

βAEH(t)[SA(t)− 1]

[E0 + EH(t)]ΦA[IA(t) + 1]
− (αa + µa)Ea(t),

10.
dOa(t)

ds
= αaEa(t)− (µo + αo)Oa(t),

11.
dPA(t)

dt
= Oa(t)αo(IA(t) + 1)− αAPA(t).

(5.2.0.1)

This interconnected multiscale model incorporates variables such as susceptible humans SH(t),

infected humans IH(t), and community parasite load PA(t), to illustrate the transmission of the

taeniasis parasite from pigs to humans. The dynamics of the human population are described

by Equation (1) within the coupled multiscale model (Equation 5.2.0.1). The susceptible human

population SH(t) is projected to grow steadily at a consistent rate, ΛH due to births. Infection

in the human population occurs at a rate, βH , leading to a decrease, while natural mortality tran-

spires at a rate, (µH), contributing to a decline. Equation (2) of the submodel (5.2.0.1) presents
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the infected humans IH(t) compartment, this class increases due to infection of the susceptible

humans and is reduced due to the rate of mortality caused by the disease, δH and through natu-

ral death rate, µH . Equation (3) presents the population of the initial life stage of the taeniasis

parasite within the context of the human scale which begins when humans consume cysticerci

Ch(t) via the ingestion of insufficiently cooked pork and has the potential to intensify through

super-infection.

λaSh =
βHPA(t)[SH(t)− 1]

[P0 + PA(t)]φH [IH + 1]
.

Superinfection involves downscaling, which involves transferring the between-host scale param-

eters and variables to the within-human scale, the cysticerci transit to next stage of life cycle

through growing to mature worms which attach themselves to the wall of the intestines at a

rate, αc and die naturally at a rate, µc. Equation (4) presents second stage of parasite lifecycle

which is a worm Wh(t), fully developed worms generate segments containing eggs (referred to

as proglottids) denoted as Eh(t) at a rate of αw, and these segments naturally decrease at a rate

of µw. Equation (5) gives the dynamics of the final stage of worms which they hatch eggs Eh(t)

in the within-human scale stage. Eggs or detached proglottids are passed in stool to the environ-

ment at a rate αe and they naturally decline with a rate of µe. The first term of Equation (6) of

the multsicale model system (5.2.0.1) given by (IH(t+ 1)αeEh(t), where every infected human

excretes the within-human scale parasite eggs at a rate αeEh(t) and when accounting for a total

number of Ih(t) = IH(t) + 1 infected humans, this represents the transition from the within-

human scale to the between-host scale. Eggs in the environment, EH(t) deplete naturally at a

rate αH . An additional sub-model is incorporated into the multiscale model (Equation 5.2.0.1),

introducing variables such as susceptible pigs denoted as SA(t), infected pigs IA(t) and commu-

nity parasite load EH(t) to describe the transmission of the taeniasis parasite from environment

to pigs. Equation (7) of the multiscale model (5.2.0.1) presents the dynamics of susceptible pigs,

the first term of the equation is the increase rate of susceptible pigs through birth, the second term

of this equation is the infection rate, βA with eggs consumed from contaminated human faeces,

the compartment of susceptible pigs deplete due to natural death at a rate, µA. Equation (8) of the

multiscale model (5.2.0.1) is the dynamics of infected pigs IA(t). Infected class increases due

to infection rate of susceptible pigs and reduced due to disease induced death and natural death

rate, δA and µA respectively. Equation (9) presents the population of the initial life stage of the

ingested eggs of taeniasis parasite in the within-pig scale which begins when pigs consume eggs

from faeces of the infected human EH(t) and may increase through super-infection at a rate

λhSa(t) =
βAEH(t)[SA(t)− 1]

[E0 + EH(t)]ΦA[IA(t) + 1]
,

where ΦA is the proportion of new infection, this class decay naturally at rate µa and proceed
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to the next stage of life at a rate, αa. Equation (10) of the multiscale model (5.2.0.1) presents

oncospheres, which are released from the ingested eggs through hatching within the intestines,

at a rate, αa, and experience natural mortality at a rate of µo also reduced through upscaling to

become a community pathogen load at a rate αo. The last equation presents community cysticersi

load (PA(t)), the first term on the right side of Equation (11) in model (5.2.0.1) is represented

through the expression Oa(t)αo(IA(t) + 1), where every infected pig sheds/excretes the within-

pig scale pathogens (cysticerci) at a rate αoOa(t), additionally, the model requires upscaling (to

connect the within-pig scale to the between-human scale) for a total of Ia(t) = (IA(t) + 1)

infected pigs, and they naturally expire at a rate of αA.

λHSH 
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µASA 

λASA 

(δH + µH)IH 

(δA + µA)IA 

ᴧH 
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Figure 5.2: A visual representation illustrating the coupled multiscale model (5.2.0.1)

portraying the dynamics of taenia-cysticercosis.
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Variable Variable Description Initial value
SH(t) Susceptible humans 2000
IH(t) Infected humans 100
Ch(t) Infective cysticerci 0
Wh(t) Worms inside the human host 0
Eh(t) Eggs hatched by the mature worms 0
EH(t) Excreted eggs in the environment 0
SA(t) Susceptible pigs 1000
IA(t) Infected pigs 0
Ea(t) Parasite eggs within-pig scale 0
Oa(t) Oncosphere (embryonic form of a tapeworm) 0
PA(t) Community pathogen load 1500

Table 5.1: Description of variables in the system (5.2.0.1).

Parameter Description Unit

ΛH the rate of supply of susceptible individuals through birth day−1

βH contact rate of susceptible humans with contaminated food day−1

µH Human mortality rate day−1

δH human disease-related mortality rate day−1

ΦH proportion of new infecetd humans in the total infected population day−1

P0 half saturation constant associated with infection of humans day−1

µc Natural death rate of cysticerci day−1

αc cysticerci transition rate day−1

µw worm natural death rate day−1

αw worm transition rate day−1

µe mortality rate of the eggs day−1

αe excretion rate of eggs day−1

αH eggs in the environment natural death rate day−1

ΛA susceptible pig birth rate day−1

µA infected pig death rate day−1

βA pig infection rate day−1

δA pig disease induced death rate day−1

αa eggs in the pig transition rate day−1

µa within-pig eggs death rate1 day−1

H0 half saturation constant associated with infection of pig day−1

µ0 onchospheres natural death rate day−1

α0 rate at which onchospheres are shed/excreted into community0 day−1

αA community pathogen load death rate day−1

E0 half saturation constant associated with infection of pigs day−1

ΦA proportion of new infected pigs in the total infected pig population day−1

Table 5.2: Description of parameters.
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5.2.1 Feasible Region

Since the coupled multiscale model (5.2.0.1) traces the transmission cycle of human taeniasis

parasite which occur within three distinct contexts: (i) the environment at the within-human-

host scale, (ii) the environment at the between-host scale, and (iii) the environment within the

pig scale. The parameters and state variables within the model system (5.2.0.1) are assumed to

possess non-negative values, aligning with the characteristics of human and pig populations. In

order to ensure biological and epidemiological relevance, it is crucial to establish that the solu-

tions of the model remain positive and bounded. For all t > 0, it is assumed that all parameters

and state variables within the multiscale model (5.2.0.1) maintain positive values. By defining

NH = SH + IH and summing Equations (1) and (2) within the model system (5.2.0.1), we derive

the following:

dNH

dt
= ΛH − µHNH − δHIH , (5.2.1.1)

so that

dNH(t)

dt
≤ ΛH − µHNH . (5.2.1.2)

This implies that

lim
t→∞

sup(NH(t)) ≤ ΛH

µH
. (5.2.1.3)

Similarly, letting NA = SA + IA and adding Equations (7) and (8) in the system (5.2.0.1), we get

dNA

dt
= ΛA − µANA − δAIA. (5.2.1.4)

so that

dNA(t)

dt
≤ ΛA − µANA. (5.2.1.5)

This implies that

lim
t→∞

sup(NA(t)) ≤ ΛA

µA
. (5.2.1.6)

Using solutions for NH and NA above, solutions for the remaining variables can be obtained.

Therefore, all viable solutions of the model system (5.2.0.1) exhibit positivity and fall within a



Chapter 5 161

defined region outlined by
Ω = {(SH , IH , Ch,Wh, Eh, EH , Ea, Oa, SA, IA, PA) ∈ R11

+ :

0 ≤ SH + IH ≤ S1, 0 ≤ Ch ≤ S2, 0 ≤ Wh ≤ S3,

0 ≤ Eh ≤ S4, 0 ≤ EH ≤ S5, 0 ≤ Ea ≤ S6, 0 ≤ Oa ≤ S7,

0 ≤ SA + IA ≤ S8, 0 ≤ PA ≤ S9,

(5.2.1.7)

which remains positively invariant and possesses an attracting nature for all t > 0, where:



S1 =
ΛH

µH
,

S2 =
Q∗HPA
PA + P0

,

S3 =
Q∗∗HPA
P0 + PA

,

S4 =
Q∗∗∗H PA
P0 + PA

,

S5 =
P0E0(R2

0 − 1)

P0 +Q∗A
,

S6 =
ΛA

µA
,

S7 =
Q∗AEH
E0 + EH

,

S8 =
Q∗∗A EH
E0 + EH

,

S9 =
Q∗AP0E0(R2

0 − 1)

E0(P0 +Q∗A) + P0E0(R2
0 − 1)

.

(5.2.1.8)



Chapter 5 162

Where 

Q∗H =
βH(ΛH − µH)

ΦH(ΛH + µH)
,

Q∗∗H =
αc

µw + αw
.

1

µc + αc
.

βH(ΛH − µH)

ΦH(ΛH + µH)(µc + αc)
,

Q∗∗∗H =
αw

µe + αe
.

1

µc + αc
.

βH(ΛH − µH)

ΦH(ΛH + µH)(µc + αc)
,

Q∗A =
βA(ΛA − µA)

ΦA(ΛA + µA)(αa + µa)
,

Q∗∗A =
αa

µo + αo
.
αo

αAµA
.

βA(ΛA − µA)

ΦA(ΛA + µA)(αa + µa)
.

R0 =

√
α0

µo + αo
.

αa
µa + αa

.b0.
αe

µe + αe
.

αw
µw + αw

.
αc

µc + αc
.b1

(5.2.1.9)

5.2.2 Disease-Free Equilibrium and Reproductive Number

In order to derive the disease-free equilibrium point of the multiscale model system (5.2.0.1), we

equate the left-hand side of the equations to zero and establish that IH , Ch, Wh, Eh, EH , IA, Ea,

Oa, and PA are all set to zero. Therefore we let

E0 =

(
ΛH

µH
, 0, 0, 0, 0, 0,

ΛA

µA
, 0 0 0, 0

)
, (5.2.2.1)

represent the disease-free equilibrium state within the model system (5.2.0.1). Thus, we continue

to compute the basic reproductive number R0 in order to assess the stability of this disease-free

equilibrium. The methodology of the next-generation approach, as outlined in [69], will be

employed for the computation of the basic reproduction number within this multiscale model
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(5.2.0.1). The representation of the multiscale model (5.2.0.1) can be reformulated in the follow-

ing way: 

dX

dt
= f(X, Y, Z),

dY

dt
= g(X, Y, Z),

dZ

dt
= h(X, Y, Z),

(5.2.2.2)

where

(i) X = (SH , SA) represents a compartment of susceptible individuals,

(ii) Y = (IH , Ch,Wh, Eh, IA, Ea, Oa) denote all states of infected individuals that do not trans-

mit the disease.,

(iii) Z = (EH , PA) depicts a compartment containing infected individuals who have the poten-

tial to spread the disease.

Following [90] we define g̃(X∗, Z) by

g̃(X∗, Z) = (g̃1(X∗, Z), g̃2(X∗, Z), g̃3(X∗, Z), g̃4(X∗, Z), g̃5(X∗, Z), g̃6(X∗, Z), g̃7(X∗, Z)),

(5.2.2.3)

with
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

1. g̃1(X∗, Z) =
βHΛHPA

µH(µH + δH)(P0 + PA)
,

2. g̃2(X∗, Z) =
βHPA[ΛH − µH ]

µH(µc + αc)(P0 + PA)φh[g̃1(X∗, Z) + 1]
,

3. g̃3(X∗, Z) =
αcβH [ΛH − µH ]PA

µH(µw + δw)(µe + αe)φh(P0 + PA)[g̃1(X∗, Z) + 1]
,

4. g̃4(X∗, Z) =
αwαcβH [ΛH − µH ]PA

µH(µw + δw)(µe + αe)ΦH(P0 + PA)[g̃1(X∗, Z) + 1]
,

5. g̃5(X∗, Z) =
βAΛAEH

µA(µA + δA)(E0 + EH)
,

6. g̃6(X∗, Z) =
βA[ΛA − µA]EH

µA(αa + µa)(E0 + EH)ΦA[g̃5 + 1]
,

7. g̃7(X∗, Z) =
αaβA[ΛA − µA]EH

µA(α0 + µ0)(αa + µa)(E0 + EH)ΦA[g̃6 + 1]
.

(5.2.2.4)

We let

h(X, Y, Z) = (h1(X, Y, Z), h2(X, Y, Z)), (5.2.2.5)

where
h1(X, Y, Z) =

αeαwαcβH [ΛH − µH ]PA
µH(µe + αe)(µw + δw)(µc + αc)φPhiH(P0 + PA)

− αHEH ,

h2(X, Y, Z) =
α0αaβA[ΛA − µA]EH

µA(µ0 + α0)(αa + µa)ΦH(E0 + EH)
− αAPA.

(5.2.2.6)

Let us define A as DZh(X ,g̃(X ,0), 0), and additionally suppose that A can be expressed in the

manner of A = M − D, where M is non-negative (M ≥ 0) and D is positive (D > 0). This

yields a diagonal matrix for A, which can be presented as a matrix.

A = DZh(X∗, g̃(X∗, 0), 0) =


−αh

a0

P0

a1

E0

0

 , (5.2.2.7)
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where 
a0 =

αeαwαcβH [ΛH − µH ]

µH(µe + αe)(µw + δw)(µc + αc)PhiH
,

a1 =
α0αaβA[ΛA − µA]

µA(µ0 + α0)(αa + µa)ΦH

.

(5.2.2.8)

Given thatA can be written asA = M−D, we deduce that matricesM andD take on the values

of:

M =


0

a0

P0

a1

E0

0

 , (5.2.2.9)

and

D =


αH 0

0 αA

 . (5.2.2.10)

The basic reproductive number corresponds to the largest eigenvalue of the matrix obtained by

multiplying M and the inverse of D, thus MD−1:

R0 =

√
α0

µo + αo
.

αa
µa + αa

.b0.
αe

µe + αe
.

αw
µw + αw

.
αc

µc + αc
.b1. (5.2.2.11)

where, 
b0 =

βH [ΛH − µH ]

µHΦHαAP0

,

b1 =
βA[ΛA − µA]

µAΦAαHE0

.

In this case

R0 =
√
R0AH , R0HA (5.2.2.12)

In Equation (5.2.2.12), the quantity R0AH can be understood in the following way: imagine a

single newly infected pig entering a population of humans that is initially free of the disease and
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is in a steady state. The predicted number of people infected by this pig, which is still present

and contagious, is roughly

R0AH =
α0

µo + αo
.

αa
µa + αa

.b0. (5.2.2.13)

As such, the pig-to-human transmission coefficient R0AH is a combination of parameters related

to transmission between human hosts and parameters within individual pigs. Similarly, in Equa-

tion (5.2.2.12) the quantity R0HA is interpreted as follows: Consider a single newly infected

human entering a disease-free population of pigs at equilibrium. The predicted number of pigs

infected by this human, which is still present and contagious, is roughly

R0HA =
αe

µe + αe
.

αw
µw + αw

.
αc

µc + αc
.b1. (5.2.2.14)

From the expression (5.2.2.14), we also deduce that the human-to-pig transmission coefficient

R0HA is composed of between-host disease parameters and within-pig parameters. We also con-

clude from the expression of the basic reproductive number of T. solium infection that it is a

function of both the within-host scale parameters and the between-host scale parameters. Thus,

the outcomes derived from this study demonstrate a reciprocal interaction between the microscale

and the macroscale in influencing each other within the context of T. solium infection.

5.2.3 Local stability of the disease-free equilibrium

In this section, we analyze the stability of the Disease-Free Equilibrium of the model described

by equations (5.2.0.1). This is achieved by linearizing all equations within the model (5.2.0.1),

resulting in the calculation of the Jacobian matrix. The evaluation of the Jacobian matrix is

performed at the DFE point

E0 =

(
ΛH

µH
, 0, 0, 0, 0, 0,

ΛA

µA
, 0 0 0, 0

)
. (5.2.3.0.1)

Hence, the Jacobian matrix corresponding to the model equations (5.2.0.1) when evaluated at the

state of disease-free equilibrium (DFE) can be expressed as follows:
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J(E0) =



−µH 0 0 0 0 0 0 0 0 0 q1

0 −a0 0 0 0 0 0 0 0 0 q2

0 0 −a1 0 0 0 0 0 0 0 m1

0 0 αc −a2 0 0 0 0 0 0 0

0 0 0 αw −a3 0 0 0 0 0 0

0 0 0 0 αe −αH 0 0 0 0 0

0 0 0 0 0 q3 −µA 0 0 0 0

0 0 0 0 0 q4 0 −a4 0 0 0

0 0 0 0 0 m2 0 0 −a5 0 0

0 0 0 0 0 0 0 0 αa −a6 0

0 0 0 0 0 0 0 0 0 α0 −αa



(5.2.3.0.2)
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where 

a0 = (µH + δH),

a1 = (µc + αc),

a2 = (µw + αw),

a3 = (µe + αe),

a4 = (µA + δA),

a5 = (µa + αa),

a6 = (α0 + α0),

m1 =
βH(ΛH − µH)

P0µHΦH

,

m2 =
(ΛA − µA)βA
µAΦAE0

,

q1 = − βHΛH

P0µH
,

q2 =
βHΛH

P0µH
,

q3 = − βAΛA

µAP0

,

q4 =
βAΛA

µAP0

.

(5.2.3.0.3)
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Now, considering stability of DFE E0 by calculating the eigenvalues (λs), of the Jacobian matrix

given by (5.2.3.0.2), the characteristic equation at the equilibrium E0 is given by:

| J(E0)− λI |= 0,

(−µH − λ)(−a0 − λ)(−a1 − λ)(−a2 − λ)(−a3 − λ), (−αH − λ)(−µA − λ)(−a4 − λ)

(−a5 − λ)

[
(−a6 − λ)(−αA − λ)

]
= 0.

From the above characteristic equation, we notice that there are nine negative eigenvalues λ1 =

−µH , λ2 = −a0, λ3 = −a1, λ4 = −a2, λ5 = −a3, λ6 = −αH , λ7 = −µA, λ8 = −a4 and

λ9 = −a5.

The stability of the DFE can be conluded by using Routh-Hurwitz Criteria to determine the sign

of the remaining eigenvalues of the polynomial

λ2 + φ1λ+ αaa6 = 0, (5.2.3.0.4)

where {
φ1 = (a6 + αa),

φ2 = αaa6.
(5.2.3.0.5)

Applying the Routh-Hurwitz stability criterion, we can deduce that the equilibrium state with the

model system (5.2.0.1) would be stable if and only if the determinants of all the Hurwitz matrices

associated with the characteristic equation (5.2.3.0.4) are positive. In this case, we define the

following matrices whose elements are the coefficients (φS) of the characteristic polynomial

(5.2.3.0.4):

H1 =
(
φ1

)
, H2 =

(
φ1 1

0 φ2

)
. (5.2.3.0.6)

Evaluating the determinant of H1, we obtain
det(H1) =

∣∣∣ φ1

∣∣∣ ,
= φ1,

= (a6 + αa) > 0.

(5.2.3.0.7)
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The determinant of H2 is given by:
det(H2) =

∣∣∣∣∣ φ1 1

0 φ2

∣∣∣∣∣ ,
= φ1φ2,

= (a6 + αa) > 0, .

(5.2.3.0.8)

The disease-free equilibrium is stable when all the eigenvalues obtained from J(E0) are nega-

tive or have negative real parts. Clearly, the nine eigenvalues listed above are strictly negative,

ensuring the stability of the equilibrium. Now, when examining the stability of the disease-free

equilibrium (DFE), we proceeded by using Routh-Hurwitz Criteria to determine the sign of the

remaining eigenvalues of the polynomial (5.2.3.0.4). By using the Routh-Hurwitz criterion on

our quadratic characteristic equation, we determine that the system is locally stable because both

φ1 and φ2 are positive. Consequently, the equilibrium state of the system is stable.

5.2.4 Global stability of the disease-free equilibrium

We establish the global stability of the disease-free equilibrium in the multiscale model rep-

resented by equations (5.2.0.1) employing a next-generation operator [90]. Consequently, the

system (5.2.0.1) can be re-written in the following manner:
dX

dt
= F (X,Z),

dY

dt
= G(X,Z),

(5.2.4.0.1)

where

• X = (SH , SA) denotes a compartment corresponding to the uninfected category.

• Z = (IH , Ch,Wh, Eh, , EH , IA, Ea, Oa, PA) represent compartments of infected and infec-

tive classes.

We let

E0 =

(
ΛH

µH
, 0, 0, 0, 0, 0,

ΛA

µA
, 0 0 0, 0

)
, (5.2.4.0.2)
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represent the disease-free equilibrium (DFE) state of the interconnected multiscale model de-

scribed by equations (5.2.0.1). In order for X∗ to attain global asymptotic stability, the following

conditions, denoted as (H1) and (H2), need to be met:.

H1.
dX

dt
= F (X, 0) demonstrates globally asymptotically stable (g.a.s),

H2. G(X,Z) =AZ−Ĝ(X,Z), Ĝ((X,Z)≥ 0 for (X,Z) ∈ R9
+ whereA = DZG(X∗, 0) repre-

sents an M-matrix, and R9
+ describes the domain within which the model holds biological

significance.

In this case

F (X, 0) =

[
ΛH − µHSH
ΛA − µASA

]
, (5.2.4.0.3)

and the matrix A is given by

A =



−a0 0 0 0 0 0 0 0 b0

0 −a1 0 0 0 0 0 0 b1

0 αc −a2 0 0 0 0 0 0

0 0 αw a3 0 0 0 0 0

0 0 0 0 −αH 0 0 0 0

0 0 0 0 b2 −a4 0 0 0

0 0 0 0 b3 0 −a5 0 0

0 0 0 0 0 0 αa −a6 0

0 0 0 0 0 0 0 α0 −αA



, (5.2.4.0.4)
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where 

b0 =
βHΛH

P0µH
,

b1 =
βH(ΛH − µH)

P0µH
,

b2 =
βAΛA

µAP0

,

b3 =
(ΛA − µAβA)

µAΦAE0

,

(5.2.4.0.5)

with Ĝ(X,Z) given by

Ĝ(X,Z) =



(
ΛH

P0µH
− SH
P0 + PA

)
βHPA

(
ΛH − µH
P0µH

− SH − 1

(P0 + PA)ΦH(IH + 1)

)
βAPA
ΦH

0

0

(IH + 1)αeEH

(
ΛA

E0µA
− SA
E0 + EH

)
βAEH

(
ΛA − µA
E0µA

− SA − 1

(E0 + EH)ΦH(IA + 1)

)
βAEH

ΦA

0

α0Oa − IA



. (5.2.4.0.6)

Since ΛH/(µHP0) ≥ SH/(P0+PA), (ΛH−µH)/(P0µHΦH) ≥ [SH−1]/[(P0+PA)ΦH(IH+1)],

ΛA/(µAP0) ≥ SA/(P0 + PA) and (ΛA − µA)/(E0µAΦA) ≥ [SA − 1]/[(E0 + PA)(IA + 1)], It is

clear that Ĝ(X,Z) ≥ 0 for all (X,Z) ∈ R11
+ . It is also clear that A is an M-matrix because its
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off diagonal elements are non-negative. Consequently, we proceed to formulate a theorem that

encapsulates the findings presented above.

Theorem 5.1. [72] The global asymptotic stability of the disease-free equilibrium in the model

described by equations (5.2.0.1) is established when R0 is less than or equal to 1, and the con-

ditions (H1) and (H2) are fulfilled.

5.3 The Endemic Equilibrium and Its Stability

This section provides the results related to the presence of a solution in an endemic equilibrium

for the model described by equations (5.2.0.1). The endemic equilibrium state of the multiscale

model system (5.2.0.1) is determined by equating the left-hand side of the model equations to

zero. Letting:

E∗1 = (S∗H , I
∗
H , C

∗
h,W

∗
h , E

∗
H , E

∗
H , S

∗
A, I

∗
A, E

∗
a, O

∗
a, P

∗
A), (5.3.0.0.1)

be an endemic solution for the multiscale model system (5.2.0.1), the human taeniasis baseline

burden can be approximated using the endemic solutions of E∗1 . We now give expression for the
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endemic variables and their interpretation as follows:

S∗H =
ΛH(P0 + P ∗A)

βHP ∗A + µH(P0 + P ∗A)
,

I∗H =
ΛHβHP

∗
A

[βHP ∗A + µH(P0 + P ∗A)](δH + µH)
,

C∗h =
βHP

∗
A[S∗H − 1]

[Po + PA]ΦH [I∗H + 1]]
a4,

W ∗
h =

βHP
∗
A[S∗H − 1]

[Po + P ∗A]ΦH [I∗H + 1]]
a1a4,

E∗h = a1a2
βHP

∗
A[S∗H − 1]

[Po + P ∗A]ΦH [I∗H + 1]]
a4,

E∗H =
(I∗H + 1)αe

αH
a1a2

βHP
∗
A[S∗H − 1]

[Po + P ∗A]ΦH [I∗H + 1]]
a4,

S∗A =
ΛA(E0 + E∗H)

βAE∗H + µA(E0 + E∗H)
,

I∗A =
βAS

∗
A

(E0 + E∗H)(µA + δA)

(I∗H + 1)αe
αH

βHP
∗
A[S∗H − 1]

[Po + P ∗A]ΦH [I∗H + 1]]
a1a2a4,

Ea =
βA[S∗A − 1]

(µa + αa)[E0 + E∗H ]ΦA[I∗A + 1]

(I∗H + 1)αe
αH

βHP
∗
A[S∗H − 1]

[Po + P ∗A]ΦH [I∗H + 1]]
a1a2a4,

Oa = E∗a
βA[S∗A − 1]

[E0 + E∗H ]ΦA[I∗A + 1]

(I∗H + 1)αe
αH

βHP
∗
A[S∗H − 1]

[Po + P ∗A]ΦH [I∗H + 1]]
a1a2a3a4,

P ∗A =
αo(I

∗
A + 1)

αA
E∗a

βA[S∗A − 1]

[E0 + E∗H ]ΦA[I∗A + 1]

(I∗H + 1)αe
αH

βHP
∗
A[S∗H − 1]

[Po + P ∗A]ΦH [I∗H + 1]]
a1a2a3a4.

(5.3.0.0.2)
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where 

a1 =
αc

µw + αw
,

a2 =
αw

µe + αe
,

a3 =
αa

(µo + αo)(µa + αa)
,

a4 =
1

µc + αc
,

a5 =
αe

µc + αc
.

(5.3.0.0.3)

S∗H =
ΛH(P0 + P ∗A)

βHP ∗A + µH(P0 + P ∗A)
. (5.3.0.0.4)

In Equation (5.3.0.0.4), we can observe that the susceptible human population in a state of en-

demic equilibrium is influenced by both the average duration individuals remain in the suscep-

tible category and the rate at which new susceptible individuals join this category due to births.

Individuals within the susceptible category transition out of it due to either infection or mortality.

The quantity of infected humans during the endemic state is expressed as follows:

I∗H =
ΛHβHP

∗
A

[βHP ∗A + µH(P0 + P ∗A)](δH + µH)
. (5.3.0.0.5)

It can be observed from Equation (5.3.0.0.5) that the number of infected human individuals at

the state of endemic equilibrium is determined by both the average duration individuals spend in

the infected category and the rate at which susceptible individuals get infected. The within-host

infective cysticerci in the human intestine during the endemic phase is described as follows:

C∗h =
βHP

∗
A[S∗H − 1]

[Po + PA]ΦH [I∗H + 1](µc + αc)]
. (5.3.0.0.6)

By examining Equation (5.3.0.0.6), we can observe that the average population of infective cys-

ticerci within an individual infected human is determined by both the typical lifespan of infective
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cysticerci within a single infected human host and the rate at which a susceptible individual be-

comes infected. The quantity of first-stage worm larvae population within an infected human

host during the endemic state is expressed as follows:

W ∗
h =

βHP
∗
A[S∗H − 1]

[Po + P ∗A]ΦH [I∗H + 1](µc + αc)]
a1. (5.3.0.0.7)

It can be observed from Equation (5.3.0.0.7) that the population of tapeworm at the state of

endemic equilibrium is determined by the rate at which humans become infected, the rate at

which cysticerci develop into mature worms, and the average lifespan of infective worm eggs

within the internal human environment. The established quantity of within-host infective worm

eggs in the human intestine during the endemic phase is described as follows:

E∗h =
βHP

∗
A[S∗H − 1]

[Po + P ∗A]ΦH [I∗H + 1](µc + αc)]
a1a2. (5.3.0.0.8)

We observe from Equation (5.3.0.0.8) that the population of tapeworm eggs at the endemic equi-

librium state is determined by the rate at which humans become infected, the rate at which

cysticerci develop into mature worms, the rate at which tapeworm hatch eggs, and the average

lifespan of infective eggs within the within-human environment. The established quantity of

infective tapeworm eggs in the environment during the endemic phase is expressed as follows:

E∗H =
(I∗H + 1)αe

αH

αw
µe + αe

αc
µw + αw

βHP
∗
A[S∗H − 1]

[Po + P ∗A]ΦH [I∗H + 1](µc + αc)]
. (5.3.0.0.9)

We note from Equation (5.3.0.0.9) that the tapeworm eggs population in the environment at

equilibrium point is equal to the rate at which humans get infected, the rate at which cysticerci

develop into mature worms,, the rate at which tapeworm eggs are hatched, the rate at which

tapeworm eggs are shed to the environment and the average life span of infective eggs in the

outside environment. The endemic value of infective tapeworm eggs in the environment is given

by

S∗A =
ΛA(E0 + E∗H)

βAE∗H + µA(E0 + E∗H)
. (5.3.0.0.10)

By examining Equation (5.3.0.0.10), we can observe that the susceptible pig population at the
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state of endemic equilibrium is influenced by both the average duration that individuals remain

in the susceptible category and the rate at which new susceptible pigs join this category through

births. Pigs within the susceptible category transition out of it due to either infection or mortality.

The quantity of infected pigs during the endemic phase is expressed as follows:

I∗A =
βAS

∗
A

(E0 + E∗H)(µA + δA)

(I∗H + 1)αe
αH

βHP
∗
A[S∗H − 1]

[Po + P ∗A]ΦH [I∗H + 1]]
a1a2a4. (5.3.0.0.11)

It can be observed from Equation (5.3.0.0.11) that the number of infected pigs at the state of

endemic equilibrium is determined by the rate at which susceptible individuals become infected,

and the average duration that individuals remain in the infected category. The quantity of within-

pig host tapeworm eggs during the endemic phase is described as follows:

Ea =
[S∗A − 1]

(µa + αa)[E0 + E∗H ]ΦA[I∗A + 1]

(I∗H + 1)

αH

P ∗A[S∗H − 1]

[Po + P ∗A]ΦH [I∗H + 1]]
Z1.(5.3.0.0.12)

whereZ1 = αeβAβHa1a2a4. Notice from Equation (5.3.0.0.12) that the tapeworm eggs at within-

pig scale at the endemic equilibrium point is given by the rate at which susceptible pigs become

infected, the rate at which eggs are ingested and the rate at which they grow to release oncho-

spheres. The endemic value of within-pig host onchospheres is given by

Oa =
E∗aβA[S∗A − 1]

[E0 + E∗H ]ΦA[I∗A + 1]

(I∗H + 1)αe
αH

βHP
∗
A[S∗H − 1]

[Po + P ∗A]ΦH [I∗H + 1]]
a1a2a3a4. (5.3.0.0.13)

Note from Equation (5.3.0.0.13) that onchospheres at the endemic equilibrium point is given

by the rate at which susceptible individuals and pigs become infected and the rate at which

onchospheres are released from ingested eggs within-pig host. The endemic value of community

pathogen load is given by

P ∗A =
(I∗A + 1)

αA

E∗a[S
∗
A − 1]

[E0 + E∗H ]ΦA[I∗A + 1]

(I∗H + 1)αe
αH

P ∗A[S∗H − 1]

[Po + P ∗A]ΦH [I∗H + 1]]
Z2.(5.3.0.0.14)

where Z2 = a1a2a3a4aoβAβH .

Note from Equation (5.3.0.0.14) that community pathogen load at the endemic equilibrium point

is given by the rate at which susceptible individuals and pigs become infected, the rate at which

onchospheres are released from ingested eggs within-pig host and the rate at which onchospheres
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develop into cycticerci in muscles within an infected pig host.

Therefore, we conclude that the between-host scale endemic expressions for S∗H , I
∗
H , E

∗
H , S

∗
A, I

∗
A, P

∗
A

are determined by both within-host scale disease parameters and between-host scale parameters

and in turn, the within-host scale endemic expressions for C∗h,W
∗
h , E

∗
h, E

∗
a, O

∗
a are dependent

on both within-host scale and between-host scale parameters. Therefore, the obtained results

here also show that the microscale (within-host scale) and the macroscale (between-host scale)

influence each other in a reciprocal way.

5.3.1 Local stability of the endemic equilibrium state

In this subsection, we investigate the local asymptotic stability of the endemic steady state within

the model system (5.2.0.1) using the Center Manifold Theory introduced in [73]. To apply

the Center Manifold Theory, we proceed to alter the variables within the model system as fol-

lows: defining SH = x1, IH = x2, Ch = x3, Wh = x4, Eh = x5, EH = x6, SA = x7,

IA = x8, Ea = x9, Oa = x10, and PA = x11. Additionally, we employ the vector notation

x = (x1, x2, x3, x4, x5, x6, x7, x8, x9, x10, x11)T , which enables us to express the model system

(5.2.0.1) in the following form:
dx
dt

= f(x, β∗), (5.3.1.0.1)

where

f = (f1, f2, f3, f4, f5, f6, f7, f8, f9, f10, f11). (5.3.1.0.2)
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Therefore, model system (5.2.0.1) can be re-written as:

ẋ1 = ΛH −
β∗x1x11

P0 + x11

− µHx1 = f1,

ẋ2 =
β∗x1x11

P0 + x11

− (µH + δH)x2 = f2,

ẋ3 =
βHx11[x1 − 1]

[P0 + x11]ΦH [x2 + 1]
− (µc + αc)x3 = f3,

ẋ4 = αcx3 − (µw + αw)x4 = f4,

ẋ5 = αwx4 − (µe + αe)x5 = f5,

ẋ6 = (x2 + 1)αex5 − αHx6 = f6,

ẋ7 = ΛA −
βAx7x6

E0 + x6

− µAx7 = f7,

ẋ8 =
βAx7x6

E0 + x6

− (µA + δA)x8 = f8,

ẋ9 =
βAx6[x7 − 1]

(E0 + x6)ΦA(x8 + 1)
− (αa + µa)x9 = f9,

˙x10 = αax9 − µo + αox10 = f10,

˙x11 = x10αa(x8 + 1)− αAx11 = f11.

(5.3.1.0.3)

Since we are using the Center Manifold Theory method, thus, the Jacobian matrix of the system

(5.3.1.0.3) will be computed at the disease-free equilibrium point E0, represented as J(E0). The

Jacobian matrix corresponding to the set of Equations (5.3.1.0.3) when evaluated at the disease-

free equilibrium E0 is formulated as follows:
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Jβ∗ =



−µH 0 0 0 0 0 0 0 0 0 b0

0 −a0 0 0 0 0 0 0 0 0 b1

0 0 −a1 0 0 0 0 0 0 0 b2

0 0 αc −a2 0 0 0 0 0 0 0

0 0 0 αw −a3 0 0 0 0 0 0

0 0 0 0 αe −αH 0 0 0 0 0

0 0 0 0 0 b3 −µA 0 0 0 0

0 0 0 0 0 b4 0 −a4 0 0 0

0 0 0 0 0 b5 0 0 −a5 0 0

0 0 0 0 0 0 0 0 αa −a6 0

0 0 0 0 0 0 0 0 0 α0 −αA



,(5.3.1.0.4)
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where 

a0 = (µH + δH),

a1 = (µc + αc),

a2 = (µw + αw),

a3 = (µe + αe),

a4 = (µA + δA),

a5 = (µa + αa),

a6 = (α0 + α0),

b0 = − βHΛH

P0µH
,

b1 =
βHΛH

P0µH
,

b2 =
βH(ΛH − µH)

P0µH
,

b3 =
βAΛA

µAP0

,

b4 = − βAΛA

µAP0

,

b5 =
(ΛA − µA)βA
µAΦAE0

.

(5.3.1.0.5)

The basic reproductive number of our model system is

R0 =

√
M1

βA[ΛA − µA]

µAΦAαHE0

.
αe

µe + αe
.

αw
µw + αw

.
αc

µc + αc
.
βH [ΛH − µH ]

µHΦHαAP0

. (5.3.1.0.6)

where

M1 =
α0

µo + αo
.

αa
µa + αa

.
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Consider βA = kβH , where k lies within the interval (0, 1) or k ≥ 1. Additionally, let βH = β∗.

Assuming β∗ as the bifurcation parameter and adopting R0 = 1, we can solve for β∗, yielding:

β∗ =

√
M2µAΦAαHE0.µHΦHαAP0

kα0αaαeαwαc(ΛA − µA)(ΛH − µH)
. (5.3.1.0.7)

where M2 = (µo + αo)(µa + αa)(µe + αe)(µw + αw)(µc + αc).

It is clear that the linearized version of the transformed Equations (5.3.1.0.3), when examined

near βH = β∗ with the bifurcation point β∗, demonstrates a simple occurrence of a zero eigen-

value.

It is necessary for us to have the following computations in order to apply Theorem (2.4.1.11),

(It is important to highlight that we are utilizing β∗ as the parameter for bifurcation, replacing φ

as presented in Theorem (2.4.1.11).

Eigenvectors of Jβ∗: In situations where R0 = 1, it is possible to demonstrate that the Jacobian

matrix (5.3.1.0.4) at βH = β∗ (referred to as Jβ∗) possesses a corresponding right eigenvector

linked to the zero eigenvalue, which is expressed as:

u = [u1, u2, u3, u4, u5, u6, u7, u8, u9, u10, u11]T , (5.3.1.0.8)
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where 

u1 = − β∗ΛH

µ2
HP0

,

u2 =
β∗ΛH

P0µH(µH + δH)
,

u3 =
β∗(ΛH − µH)

P0µHΦH(µc + αc)
,

u4 =
αc

µc + αc

β∗(ΛH − µH)

(µw + αw)P0µHΦH

,

u5 =
αw

µw + αw

αc
µc + αc

β∗(ΛH − µH)

(µe + αe)P0µHΦH

u6 =
αe

µe + αe

αw
µw + αw

αc
µc + αc

β∗(ΛH − µH)

αAµHΦHP0

,

u7 =
−kβ∗ΛAαe
µ2
AE0

αe
µe + αe

αw
µw + αw

αc
µc + αc

β∗(ΛH − µH)

αAµHΦHP0

,

u8 =
kβ∗ΛA

µAE0(µA + δA)

αe
µe + αe

αw
µw + αw

αc
µc + αc

β∗(ΛH − µH)

αAµHΦHP0

,

u9 =
αA
αa

(µo + αo)

αo
,

u10 =
αA
αo
,

u11 = 1.

(5.3.1.0.9)

In addition, the left eigenvector of the Jacobian matrix (5.3.1.0.4) associated with the zero eigen-

value at βH = β∗ is given by

v = [v1, v2, v3, v4, v5, v6, v7, v8, v9, v10, v11]T , (5.3.1.0.10)

where
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

v1 = 0,

v2 = 0,

v3 =
αe

µe + αe

αw
µw + αw

.
αc

µc + αc
.
kβ∗(ΛA − µA)

αHµAΦAE0

,

v4 =
αe

µe + αe
.

αw
µw + αw

.
kβ∗(ΛA − µA)

αHµAΦAE0

,

v5 =
αe

µe + αe
.
kβ∗(ΛA − µA)

αHµAΦAE0

,

v6 =
kβ∗(ΛA − µA)

αHµAΦAE0

,

v7 = 0,

v8 = 0,

v9 = 1,

v10 =
µa + αa
αa

,

v11 =
µa + αa
αa

.
µo + αo
αo

.

(5.3.1.0.11)

Computation of bifurcation parameters a and b:

To determine the signs of a and b, we analyze the non-zero second-order mixed derivatives of

vector f with respect to the variables and β∗. The determination of the sign of a is connected to

the existence of the following non-vanishing partial derivatives of vector f:
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

∂2f1

∂x1∂x11

=
−β∗

P0

,

∂2f1

∂x2
11

= − 2β∗ΛH

P 2
0 µH

,

∂2f2

∂x1∂x11

= − β∗

P0

,

∂2f2

∂x2
11

=
−2β∗ΛH

P 2
0 µH

∂2f3

∂x1∂x11

= − β∗

P0ΦH

∂2f3

∂x2
11

= − −2β∗(ΛH − µH)

P0µHΦH

,

∂2f6

∂x2∂x5

= αe,

∂2f7

∂x7∂x6

=
−kβ∗

E0

,

∂2f7

∂x2
6

=
2kβ∗ΛA

E2
0µA

,

∂2f8

∂x2∂x6

=
kβ∗

E0

,

∂2f8

∂x2
6

=
−2kβ∗ΛA

E2
0µA

,

∂2f9

∂x7∂x6

=
kβ∗

E0ΦA

,

∂2f9

∂x8∂x6

=
−kβ∗[ΛA − µA]

E0ΦAµA
,

∂2f9

∂x2
6

=
−kβ∗[ΛA − µA]

E2
0ΦAµA

,

∂2f3

∂x11∂x2

=
β∗[ΛH − µH ]

P0ΦHµH
,

∂2f11

∂x10∂x8

= αo.

(5.3.1.0.12)
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The sign of b is connected to the following non-vanishing derivatives within vector f:



∂2f1

∂x11∂β∗
= − ΛH

µHP0

,

∂2f2

∂x11∂β∗
=

ΛH

µHP0

,

∂2f3

∂x11∂β∗
=

(ΛH − µH)

µHP0ΦH

,

∂2f7

∂x6∂β∗
= − kΛA

µAE0

,

∂2f8

∂x6∂β∗
=

kΛA

µAE0

,

∂2f9

∂x6∂β∗
=

k(ΛA − µA)

µAE0φA
.

(5.3.1.0.13)

Substituting expressions (5.3.1.0.9), (5.3.1.0.11), (5.3.1.0.12) and (5.3.1.0.13) into a and b in

(2.4.1.11)



a =
n∑

k,i,j=1

ukvivj
∂2fk
∂xi∂xj

(0, 0),

= −2β∗
[

Λ2
H

P 3
0 µ

3
H

(µa + αa)
∗

α2
a

(µo + αo)
∗

α2
o

+

Λ2
H

P 3
0 µ

2
H(µH + δH)

(µa + αa)
2

α2
a

(µo + αo)
2

α2
o

+
(ΛH − µH)2

P 3
0 µ

2
HΦH(µc + αc)

(µa + αa)
2

α2
a

(µo + αo)
2

α2
o

+

k2Λ2
A

µ3
AE

3
0

αe
µe + αe

αw
µw + αw

αc
µc + αc

β∗(ΛH − µH)

αAµHΦHP0

(ΛA − µA)2k2β∗2

α2
Hµ

2
AΦ2

AE
2
0

+

k2Λ2
A

µ2
AE

3
0(µA + δA)

αe
µe + αe

αw
µw + αw

αc
µc + αc

β∗(ΛH − µH)

αAP0µHΦH

(ΛA − µA)2k2β ∗ 2

α2
Hµ

2
AΦ2

AE
2
0

kβ∗(ΛA −muA)

E2
0µAΦA

αA
αa

(µo + αo)

αo

(ΛA − µA)2k2

α2
Hµ

2
AΦ2

AE
2
0

]
< 0.

(5.3.1.0.14)
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and

b =
n∑

k,i=1

ukvi
∂2fk
∂xi∂φ

(0, 0),

=

[
β∗Λ∗H
µ3
HP

2
0

(µa + αa)

αa

(µo + αo)

αo
+

β∗Λ2
H

µ2
HP

2
0 (µH + δH)

(µa + αa)

αa

(µo + αo)

αo
+

β∗(ΛH − µH)2

µ2
HP

2
0 Φ2

H

(µc + αc)
µa + αa
αa

(µo + αo)

αo
+
k2β ∗ Λ2

A

µ3
AE

2
0

αe
(µe + αe)

αw
(µw + αw)

αc
(µc + αc)

β∗(λH − µH)

αAµHΦHP0

(ΛA − µA)kβ∗

αHµAΦAE0

+
k2β ∗ Λ2

A

µ2
AE

2
0(µA + δA)

αe
µe + αe

αw
(µw + αw)

αc
(µc + αc)

β∗(ΛH − µH)

αAP0µHΦH

β∗(ΛH − µH)

αAP0µHΦH

(ΛA − µA)kβ∗

αHµAΦAE0

k2β∗Λ∗A
µ2
AE

2
0(µA + δA)

αe
(µe + αe)

αw
(µw + αw)

αc
(µc + αc)

β∗(ΛH − µH)

αAP0µHΦH

(ΛA − µA)kβ∗

αHµAΦAE0

+
k2(ΛA − µA)2β∗

αHµ2
AE

2
0Φ2

A

αA
αa

(µ0 + α0)

αo

]
> 0.

(5.3.1.0.15)

Thus a < 0 and b > 0 whenever ΛH > µH and ΛA > µA. Applying point (iv) of the Center

Manifold Theory, we have derived the following outcome, which is valid within a range of R0

values greater than 1 and approaching 1. The Center Manifold Theory ensures that the endemic

equilibrium is locally asymptotically stable when R0 is slightly above 1.

Theorem 5.2. The local stability of the endemic equilibrium of the coupled multiscale model

(5.2.0.1), by the Center Manifold Theorem in [73], is established when the basic reproduction

number (R0) is slightly greater than 1.

5.4 Sensitivity Analysis

In this section, we perform a sensitivity analysis on the basic reproductive number to assess

the relative change in the metric of taeniasis disease dynamics. This assessment focuses on ob-

serving changes to the within-host scale and between-host scale parameters within the coupled
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multiscale model system (Equation (5.2.0.1)). We accomplish this by using Latin hypercube

sampling (LHS) and partial rank correlation coefficients (PRCCs). The outcomes of the investi-

gation into the sensitivity of the basic reproductive number (R0) for taeniasis disease in response

to variations in the parameters of the baseline coupled multiscale model system (5.2.0.1) are

presented in the Tornado plot, shown in Figure (5.3) for the parameters in Table 5.3.

Parameter Initial values Unit Source

ΛH 2247 day−1 [118]

βH 0.036 day−1 Estimated

µH 0.0141 day−1 [119]

δH 0.0925 day−1 [119]

ΦH 0.009 day−1 Estimated

P0 10000 day−1 Estimated

µc 0.007 day−1 Estimated

αc 0.0001 day−1 Estimated

µw 0.8 day−1 Estimated

αw 0.14-0.33 day−1 [120]

µe 10.42 day−1 [119]

αe 0.150 day−1 [45]

αH 50 day−1 [121]

ΛA 1450 day−1 Estimated

µA 0.0996 day−1 [112]

βA 0.25 day−1 [122]

δA 0.0001 day−1 Estimated

αa 0.01 day−1 Estimated

µa 0.0001 day−1 Estimated

E0 100000 day−1 Estimated

µo 0.001 day−1 Estimated

αo 0.0001 day−1 Estimated

αA 00.007 day−1 Estimated

E0 10000 day−1 Estimated

ΦA 0.0001 day−1 Estimated

Table 5.3: Parameter values.
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Figure 5.3: Global Sensitivity for Reproductive number (R0)

Referring to Figure (5.3), we draw the following conclusions: The parameters that show the

highest sensitivity to the taeniasis disease dynamics metric (R0) are αo, αc, µe, αe, µo, and

µw, all of which relate to the within-host scale of taeniasis disease dynamics. This suggests

that special attention should be given to enhancing the accuracy of these five parameters related

to the within-host scale when gathering data, as doing so could lead to enhancements in the

reliability and usefulness of the multiscale model for understanding taeniasis disease dynamics as

described by Equation (5.2.0.1). The between-host scale parameters that demonstrate the highest

sensitivity are βH , P0, ΦH , ΦA, αA, E0, and αH . Consequently, when initiating interventions

for human taeniasis disease, it becomes crucial to ensure the accuracy of these seven between-

host parameters to achieve effective outcomes. In conclusion, we observe that evaluating the

sensitivity of (R0) to the parameters of the multiscale model offers valuable insights into guiding

the collection of data for model parameterization. Additionally, this assessment helps identify

parameters that play a vital role in controlling taeniasis infection in humans and pigs, both at the

within-host and between-host scales.

5.5 Numerical Analysis of the Coupled Multiscale Model

In this section of the study, we conduct numerical simulations of a coupled multiscale model

for the taeniasis disease system. This is done with the aim of visually demonstrating certain

analytical findings that have been derived in this research. We undertake numerical analysis
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to describe the impact of various parameters. The dynamics of the coupled multiscale model

system (5.2.0.1) were examined using a Python program, specifically version 2.7, running on

the Windows 10 operation system which differs from the method used in the first three models

because the coupled multiscale is highly nonlinear and not easy to apply NSFD scheme. The

values of parameters employed for model simulation are presented in Table 5.3. Several of the

parameter values utilized in this research were extracted from established literature. The reason

for assuming or estimating certain parameter values lies in the current lack of development and

analysis of multiscale modelling for taeniasis infectious disease, particularly within the frame-

work of replication theory. We demonstrate (a) the impact of within-host scale factors on human

taeniasis disease at the between-host level, and (b) the influence of between-host scale factors

on the within-host scale. The initial conditions used for simulation are given by SH(0) = 2000,

IH(0) = 100, Ch(0) = 0, Wh(0) = 0, Eh(0) = 0, EH(0) = 0, SA(0) = 1000, IA(0) = 0,

Ea(0) = 0, Oa(0) = 0 and PA(0) = 1500.

5.5.1 The influence of within-host scale on between-host scale human taeni-
sis dynamics

In this subsection through numerical analysis we investigate reciprocal influence of the within-

human scale parameters (αc, αw, αe, µc, µw, µe) and within-pig scale parameters (αa, αo, µa,

µo) on four key between-host variables (IH , EH , IA, PA). These parameters and variables were

selected as illustrative examples to showcase how within-host scale disease processes can affect

the human taeniasis transmission dynamics at the between-host scale.
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Figure 5.4: Graph of numerical solutions of model system (5.2.0.1) of average progresssion rate

of cysticerci Ch to a worm Wh within-human scale on the between-host scale population

dynamics of infected individuals (IH ), environmental pathogen (EH ), infected pig (IA) and

community pathogen load (PA) for different values of αc: αc = 0.0001, αc = 0.001, and αc =

0.01.

Figure 5.4 shows the impact of the average progression of cysticerci (Ch) transforming into

a worm (Wh) at the within-human scale on between-host variables, with αc values of αc =

0.0001, αc = 0.001, αc = 0.01. The numerical outcomes depicted in Figure 5.4 reveal a rise

in between-host variables: infected individuals (IH), environmental pathogen (EH), infected

pigs (IA), and community pathogen load (PA). This increase is attributed to an increase of

αc values. As of now, we are not aware of any interventions specifically aimed at addressing

this particular life stage. These findings imply that implementing control strategies directed at

the initial life stages of the pathogen within the definitive host’s within-host scale would yield

optimal advantages in terms of reducing both parasite load and environmental impact.
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Figure 5.5: Graph of numerical solutions of model system (5.2.0.1) showing the influence of

eggs excretion rate by mature worms within-human scale where αw = 0.0014, αw = 0.014,

αw = 0.14 on the between-host scale population dynamics of infected individuals (IH ),

environmental pathogen (EH ), infected pigs (IA) and community pathogen load (PA).

Figure 5.5 presents graphs of numerical solutions for the model system (5.2.0.1). The results

show the effects of increasing matured tapeworm eggs release rate in the within-human scale αw
on between-host variables. The outcomes depicted in Figure 5.5 illustrate a rise in the population

of infected people (IH), environmental pathogens (EH), and infected pigs (IA) for various levels

of eggs excretion rate by mature worms at the human scale αw = 0.0014, αw = 0.014, and

αw = 0.14. The outcomes propose that employing measures to constrain the matured worm to

release eggs at the within-human scale may have benefits in reducing the environmental pathogen

load and hence infected humans.
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Figure 5.6: Graphs of numerical solutions of model system (5.2.0.1) illustrating the effect of

human excretion rate to the environment αe where αe = 0.0015, αe = 0.015, αe = 0.15 on the

between-host scale population dynamics of infected individuals (IH ), environmental pathogen

(EH ), infected pigs (IA) and community pathogen load (PA).

Figure 5.6 displays graphical representations of numerical solutions for the model system (5.2.0.1).

The outcomes illustrate the impact of varying egg excretion rates on the environment by the in-

fected human on between-host variables αe = 0.0015, αe = 0.015, αe = 0.15 in population

of the infected individuals IH , environmental pathogen EH , infected pigs IA and community

pathogen PA. The results of these graphs show an increase in infected humans IH , environ-

mental pathogen EH , infected pigs IA, when a significant quantity of eggs is released into the

environment by the infected human at a high rate. The findings indicate that implementing con-

trol measures aimed at reducing the rate of shedding by an infected human may have benefits in

reducing the environmental pathogen load and hence infected humans.
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Figure 5.7: Simulations of model system (5.2.0.1) presenting the effect of death rate of cysticerci

in the within-human scale µc where µc = 0.0.007, µc = 0.07, µc = 0.7 on the between-host

scale population dynamics of infected individuals (IH ), environmental pathogen (EH ), infected

pigs (IA) and community pathogen load (PA).

Figure 5.7 displays graphical representations of numerical solutions for the model system (5.2.0.1),

illustrating changes in the populations of infected humans (IH), environmental pathogens (EH),

infected pigs (IA), and community pathogen load (PA) across various values of the natural decay

rate of cysticerci within the human scale, denoted as µc: µc = 0.007, µc = 0.07, and µc = 0.7.

The numerical outcomes depicted in Figure 5.7 demonstrate that with an increase in the natural

decay rate of cysticerci within the human scale, there is a corresponding reduction in the variables

that pertain to interactions between hosts EH , IA and PA. Therefore, control measures intended

to kill cysticerci within-human scale may have maximum effect on reducing transmission of

human taeniasis at population/community level.
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Figure 5.8: Simulations of model system (5.2.0.1) presenting the effect of death rate of matured

worm in the within-human scale µw where µw = 0.008, µw = 0.08, µw = 0.8 on the

between-host scale population dynamics of infected individuals (IH ), environmental pathogen

(EH ), infected pigs (IA) and community pathogen load (PA).

Figure 5.8 presents graphical representations of numerical solutions for the model system (5.2.0.1),

illustrating changes in the populations of infected humans (SH) and environmental pathogens

(EH), population of infected pigs (IA) and population of community pathogen load (PA) across

various levels of the natural decay rate within the human scale matured worm for µw = 0.008,

µw = 0.08, and µw = 0.8. The numerical findings illustrated in Figure 5.8 indicate that with

an increase in the decay rate of mature worms within the human scale, there is a corresponding

decline in the variables related to interactions between hosts IH , EH , IA and PA. Therefore,

these results suggest that any control measures intended to kill matured tapeworms within an

infected individual may have maximum effect on reducing transmission of human taeniasis at

population/community level.
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Figure 5.9: Simulations of model system (5.2.0.1) showing the effect of death rate of eggs

within-human scale µe where µe = 3.42, µe = 6.42, µe = 10.42 on the between-host scale

population dynamics of infected individuals (IH ), environmental pathogen (EH ), infected pigs

(IA) and community pathogen load (PA).

Figure 5.9 showcases visual representations of numerical solutions for the model system (5.2.0.1),

depicting variations in the populations of infected humans (IH) and environmental pathogens

(EH), population of infected pigs (IA) and population of community pathogen load (PA) across

different values of the natural decay rate of tapeworm eggs within the context of a human scale,

represented as µe: µe = 3.42, µe = 6.42, and µe = 10.42. The numerical findings shown in Fig-

ure 5.9 indicate that with an increase in the natural decay rate of tapeworm eggs within the human

scale, there is a corresponding reduction in the variables related to interactions between hosts IH ,

EH , IA and PA. Therefore, control measures intended to kill tapeworms eggs within an infected

individual may yield great achievement on the reduction of human taeniasis transmission at an

individual level and population/community level.
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Figure 5.10: Simulations of model system (5.2.0.1) presenting the effect of eggs progression

rate to onchospheres in the within-pig scale for αa = 0.0001, αa = 0.001, αa = 0.01 on the

between-host scale population dynamics of infected individuals (IH ), environmental pathogen

(EH ), infected pig (IA) and community pathogen load (PA).

Figure 5.10 presents graphs of numerical solutions for the model system (5.2.0.1). The results

show the effects of eggs in the within-pig scale progression rate to become onchospheres αa
where αa = 0.0001, αa = 0.001, αa = 0.01. The results in Figure 5.10 show variations in popu-

lation of the infected individuals IH , environmental pathogenEH , infected pig IA and community

pathogen PA for different values of eggs transition rate within-pig scale. The outcomes presented

in Figure 5.10 indicate that raising αa leads to only marginal rises in the interplay of population

dynamics between hosts, including infected individuals (IH), environmental pathogens (EH),

infected pigs (IA), and community pathogen load (PA). These findings imply that strategies fo-

cused on addressing the initial life stages of the pathogen within the pig scale are likely to yield

limited benefits in reducing parasite burden at the pig scale and lessening the burden of human

taeniasis at the broader population/community level.
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Figure 5.11: Simulations of model system (5.2.0.1) presenting the effect of eggs death rate

within-pig scale µa where µa = 0.0001, µa = 0.001, µa = 0.01 on the between-host scale

population dynamics of infected individuals (IH ), environmental pathogen (EH ), infected pigs

(IA) and community pathogen load (PA).

Figure 5.11 presents graphs of numerical solutions for the model system (5.2.0.1). The results

show the effect of eggs death rate in the within pig µa where µa = 0.0001, µa = 0.001, µa =

0.01. The results of these graphs illustrate a small variation on environmental pathogen EH ,

infected pig IA and infected humans. Figure 5.11 shows that increasing µa resulted in very small

changes in between-host scale population dynamics of infected individuals (IH), environmental

pathogen (EH), infected pigs (IA), and community pathogen burden (PA). These findings imply

that control methods aimed at eliminating tapeworm eggs at the within-pig scale will have little

effect on parasite load and community pathogen load burden.
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Figure 5.12: Simulations of model system (5.2.0.1) presenting the effect of rate at which

onchospheres are shed/excreted into the community by pig αo with αo = 0.0001, αo = 0.01,

αo = 0.1 on the between-host scale population dynamics of infected individuals (IH ),

environmental pathogen (EH ), infected pig (IA) and community pathogen load (PA).

Figure 5.12 presents graphs of numerical solutions for the model system (5.2.0.1). The results

display the consequences of the rate at which pigs release or excrete oncospheres into the com-

munity αo where αo = 0.0001, αo = 0.01, αo = 0.1 on the between-host scale population

dynamics of infected individuals (IH), environmental pathogen (EH), infected pig (IA) and com-

munity pathogen load (PA). The results in Figure 5.12 show that an increase in αo results in

increases in between-host scale population dynamics of infected individuals (IH), environmental

pathogen (EH), infected pigs (IA) and community pathogen load (PA). These findings imply

that implementing control measures focusing on the second life stage of the pathogen within the

pig scale would be advantageous for decreasing parasite burden within the pig population and

weakening human taeniasis at the broader human population/community level.
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Figure 5.13: Simulations of model system (5.2.0.1) illustrating the effect of scalonchospheres

death rate at the within-pig scale µo with µo = 0.0001, µo = 0.001, µo = 0.01 on the

between-host scale population dynamics of infected individuals (IH ), environmental pathogen

(EH ), infected pig (IA) and community pathogen load (PA).

Figure 5.13 displays graphical representations of numerical solutions for the model system (5.2.0.1),

illustrating changes in the populations of infected humans (IH) and environmental pathogens

(EH), population of infected pigs (IA) and population of community pathogen load for differ-

ent values of natural decay rate of onchospheres in the within-pig scale across various levels of

the natural decay rate of oncospheres within the pig-scale µo: µo = 0.0001, µo = 0.001, and

µo = 0.01. The results in Figure 5.13 show that an increase in αo results in very minimal in-

creases in between-host scale population dynamics of infected individuals (IH), environmental

pathogen (EH), infected pig (IA) and community pathogen load (PA). These findings indicate

that implementing control measures aimed at affecting the death rate of oncospheres within the

pig scale would result in limited advantages for reducing parasite load within the pig population

and addressing the burden of human taeniasis at the population/community level.

5.5.2 The influence of between-host scale on the within-host taeniasis dis-
ease dynamics

In this subsection, we examine how the parameters at the between-host scale, namely βH , P0,

βA, and E0, impact the variables within the human scale (Wh, Eh) and within the pig scale (Ea,

Oa)
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Figure 5.14: Simulations of model system (5.2.0.1) showing the influence of half saturation

constant associated with (P0) on the within-humans scale variables (Wh, Eh) and within-pig

scale variables (Ea, Oa).

In Figure 5.14, we illustrate the outcomes resulting from changing the half-saturation constant

linked to human infection P0 using the values P0 = 10000, P0 = 100000, and P0 = 1000000.

Increasing P0 is associated with the decrease in within-human scale variables (Wh, EH) and

within-pig scale variables (Ea, Oa). The findings indicate that as P0 increases, there is a consid-

erable decrease in the variables within the human scale and within-pig scale taeniasis intensity.

Therefore, adequate distribution of vaccines in the population to reduce susceptibility of human

to the disease will significantly reduce the infection intensity of the disease at an individual level.
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Figure 5.15: Simulations of model system (5.2.0.1) showing the influence of half saturation

constant associated with pig infection (E0) on the within-host scale variables of within-human

scale (Wh, Eh) and within-pig scale variables (Ea, Oa)

.

In Figure 5.15, we present the consequences of the half-saturation constant linked to pig infection

E0 using the values E0 = 20000, E0 = 100000, and E0 = 1000000. Increasing E0 is associ-

ated with the decrease in within-human scale variables (Wh, EH) and within-pig scale variables

(Ea, Oa). The findings reveal that an increase in E0 leads to a notable reduction in both the

within-human scale and within-pig scale taeniasis intensity. Therefore, adequate distribution of

vaccines in the population to reduce susceptibility of pigs to the disease will significantly reduce

the infection intensity of the disease at an pig level.
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Figure 5.16: Graph of numerical solutions of model system (5.2.0.1) showing the influence of

between-host transmission rate parameter (βH ) on the within-host scale population dynamics of

matured worms (Wh), eggs released by tapeworm in the human intestines (Eh), eggs within an

pig (Ea), and onchosphers (Oa) for different values of βH : βH = 0.036, βH = 0.56, and βH =

0.96.

Figure 5.16 illustrates graphs of numerical solution showing the variations in the within-human

scale cycsticerci (Ch), the within-human scale eggs released by matured worm (Eh), ingested

eggs in the within-pig scale (Ea), oncospheres (Oa) within-pig scale for different values of βH :

βH = 0.036, βH = 0.56, and βH = 0.96. The outcomes presented in Figure 5.16 indicate that

with an increase in βH , there is a corresponding rise in the variables within the human scale

(Wh,Eh) and within-pig scale variables (Ea,Oa). This implies that interventions that include im-

proving pig husbandry thus avoiding free-roaming pig, enhanced meat inspection and improved

meat product processing will effectively prevent humans from consuming contaminated food.
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Figure 5.17: Graph of numerical solutions of model system (5.2.0.1) showing the influence of

between-host transmission rate parameter of pigs (βA) on the within-host scale population

dynamics of matured worms (Wh), eggs released by tapeworm in the human intestines (Eh),

eggs within an pig (Ea), and onchosphers (Oa) for different values of βA: βH = 0.0025, βH =

0.025, and βH =0.25.

Figure 5.17 illustrates graphs of numerical solution showing the variations in the within-human

scale matured worms (Wh), the within-human pig eggs released by matured worm (Eh), ingested

eggs in the within-pig scale (Ea), oncospheres (Oa) within-pig scale for different values of βA:

βA = 0.0025, βA = 0.025, and βA = 0.25. The findings presented in Figure 5.17 demonstrate

that as βA increases, there is also an increase in the variables within the human scale (Wh,Eh)

and within-pig scale variables (Ea,Oa). This suggests that interventions encompassing commu-

nity health education, which addresses hygiene and food safety, along with enhanced sanitation

practices and termination of open defecation, these will prevent pigs to feed on infected human

faeces.

5.5.3 Discussion and conclusion

In this chapter, we formulated a multiscale model to represent a type I environmentally transmit-

ted disease system within hosts, where there is no pathogen replication cycle at either the within-

human host scale or the within-pig host scale. In the case of such type I foodborne diseases,

the pathogen load within infected hosts (both human and pig hosts) can only increase through
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super-infection, which refers to the occurrence of infection again before a host has fully recov-

ered from a previous infection. We conducted a comprehensive mathematical analysis of the

multiscale model, including considerations of the feasible region, the basic reproductive number,

stability analyses for both the disease-free equilibrium and the endemic equilibrium. The basic

reproductive numberR0 is defined based on a combination of parameters associated with interac-

tions between hosts and factors within individual hosts. From the formulation of the reproductive

number, it becomes clear that a component of it, represented by the pig-to-human transmission

coefficient R0AH , is comprised of disease parameters that operate between hosts and within pigs.

Additionally, from the expression of the basic reproductive number, R0HA, it is apparent that

this value is influenced by a combination of parameters at both the within-host scale and the

between-host scale. Furthermore, we can deduce that the expressions for endemic values at the

between-host scale, such as S∗H , I∗H , E∗H , S∗A, I∗A, and P ∗A, are influenced by both within-host

disease parameters and between-host parameters. Conversely, the expressions for endemic val-

ues at the within-host scale, namely C∗h, W ∗
h , E∗h, E∗a , and O∗a, are dependant on a combination

of within-host scale and between-host scale parameters. As a result, the outcomes derived here

emphasize a reciprocal interaction between the microscale and macroscale factors in the context

of T. solium infection. We also conducted a sensitivity analysis to evaluate the parameters that

exert the most significant influence on either increasing or decreasing the dynamics of taeniasis

disease. From the numerical outcomes presented in Figures 5.4 to Figures 5.13, we observe that

changes in the chosen within-host scale parameters (αc, αw, αe, µc, µw, µe, αa, αo, µa, µo) lead

to corresponding changes in the variables at the between-host scale (IH , EH , IA, PA). This con-

firms that throughout the progression of disease dynamics, the within-host scale plays a role in

influencing the between-host scale for human taeniasis infection. We also noted that the varia-

tions observed in Figures 5.14 to Figure 5.17 of the selected between-host scale parameters (βH ,

P0, βA, and E0) correspond with changes in the four important selected within-host scale vari-

ables (Wh, Eh, Ea, and Oa). This validates that throughout the progression of disease dynamics,

the between-host scale impacts the within-host scale for human taeniasis infection. To conclude,

the outcomes substantiate that both the between-host scale and the within-host scale reciprocally

influence each other during human taeniasis infection. The results of this study are useful for

policymakers and members of the community in teanisis-endemic areas to use better strategies

in improving disease management.



Chapter 6

Conclusion and Future Research
Directions

In this study, we developed multiscale models of foodborne diseases caused by three different

pathogens which are environmentally transmitted for describing and understanding the complex

life cycle of foodborne pathogens considering the role of humans, plants, animals and the en-

vironment and their interconnectedness in sustaining the transmission of foodborne diseases.

The multiscale models were developed with a main purpose of illustrating the reciprocal influ-

ence between microscale and macroscale for foodborne diseases based on replication-relativity

theory. The three environmental transmitted pathogens considered in the study are norovirus

which represent foodborne pathogens with replication-cycle at microscale only, E. coli O157:H7

which represent foodborne pathogens with replication-cycle at both macroscale and microscale

and tapeworm which represent foodborne pathogens which do not replicate at both macroscale

and microscale. Traditionally, foodborne diseases have been modelled based on transmission

theory which considers transmission to be the primary cause of infectious disease spread at the

macroscale. It is important to consider that disease dynamics is influenced by interaction be-

tween two scales where pathogen replication occurs microscale (within the host) and transmis-

sion occurs at macroscale (between-hosts). We started by developing a single-scale model that

we progressively extend to develop the nested multiscale for norovirus. To be more specific:
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Chapter 2, we formulated a single-scale model to represent the transmission dynamics of food-

borne disease systems, focusing on viral infections in a general context. The model was devel-

oped following the transmission mechanism theory, which emphasizes single-scale modelling at

each level of organization within an infectious disease system [20]. The specifics of the pathogen

replication-transmission interactions are not clearly modeled in this single scale model. Instead,

a single parameter serves as the sole phenomenological representation of pathogen proliferation

[33]. By means of mathematical examination, the single-scale model has demonstrated robust-

ness both in mathematical terms and from an epidemiological standpoint. Additionally, a sensi-

tivity analysis was conducted to evaluate the model’s two key disease transmission metrics, the

basic reproduction number (R0) and the endemic value of the environmental viral load (V ∗F ), with

respect to all model parameters. This analysis employed the Latin hypercube sampling scheme.

In terms of numerical analysis and computational considerations, we introduced the NSFD (Non

Standard Finite Difference) approach. Through numerical simulations, we demonstrated that our

NSFD scheme maintains dynamic consistency concerning the essential properties of the continu-

ous model, specifically positivity and equilibrium stability. In this chapter, we demonstrated that

although the model analyses were simple, a significant limitation of the model was its depiction

of the pathogen’s replication dynamics within an infected host, which was characterized in a

phenomenological manner which makes the model being unrealistic in predicting the dynamics

of foodborne disease systems. We anticipated that this kind of limitation of single-scale models

can be overcome by extending the single-scale model to a multiscale model.

In Chapter 3, we extended and modified the single-scale model for viral foodborne infection

from Chapter 2. The primary goal of this chapter was to construct microscale and macroscale

submodels and interconnect them to establish a nested multiscale model. The aim was to demon-

strate that the microscale disease dynamics significantly influence the macroscale disease dynam-

ics of norovirus infection. Given the extensive impact of human norovirus infections worldwide,

there is an urgent need to devise strategies for prevention and treatment. In this chapter, we intro-

duce a nested multiscale model for norovirus infection that combines microscale and macroscale

submodels, allowing us to evaluate the impact of microscale disease dynamics on macroscale

disease dynamics based on replication-relativity theory. The connection between the scales was

usually established by relating the transmission rate at the macroscale to the pathogen load at the

microscale [55]. Gaining insights into the replication cycle of norovirus and its interactions with

cellular processes and innate immune responses is crucial for identifying molecular targets that

can be utilized to manage human norovirus infections and mitigate the occurrence of outbreaks

[123], because viruses develop strategies to counteract host immune responses in order to infect

their hosts and replicate within them. We established a connection between the within-human
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scale model and an epidemiological model by incorporating the within-human scale submodel’s

dynamics into the epidemiological framework. The results in this study reveals that within-

human pathogen replication rate, the epithelial supply rate, the amount of pathogens produced

through replication, pathogen shedding rate to the environment, immune system activation and

within-host pathogen natural death rate have great influence on the transmission dynamics of

norovirus infection. In particular, microscale parameters have shown to have great impact on

macroscale variables through shedding or excretion processes. These parameters represent key

targets for therapeutic and vaccine design since they show the impact on norovirus transmis-

sion. A research investigation indicated that regular immunization has the potential to decrease

the occurrence of norovirus by as much as 70.5%, even if the vaccines do not offer full pro-

tection against the disease. The authors developed a dynamic, age-specific mathematical model

of norovirus transmission and vaccination, utilizing available data, especially age-stratified time

series case notification data. Their findings demonstrated that focusing on infants and toddlers

is a more effective strategy for infection prevention [124]. Their findings demonstrate the ef-

fectiveness of the norovirus vaccine, with outcomes varying based on specific age groups. Our

study suggests the development of a vaccine that induces the production of protective antibodies,

the design of the vaccine should prioritize the engulfment of norovirus cells, thereby enhanc-

ing virus clearance and preventing viral replication at the site of infection. We emphasize the

potential impact of vaccines at the individual level, with the goal of restricting replication and

minimizing the shedding of norovirus into the environment. Our results concur with the sensi-

tivity analysis results in [124], their findings revealed that the most critical vaccine attributes are

the ability to clear infection and susceptibility. Additionally, they suggested that while reductions

in infectiousness and symptoms also play a role, their impact is comparatively less significant.

However, they differ with our results, because we concluded that infectiousness plays a big role

in disease progresssion because we found that within-host scale is the scale that sustains the dis-

ease. Furthermore, their results emphasized that the primary advantages of vaccination would

be individual-focused rather than through herd effects. We also offer insights into the sensitivity

of our findings to model parameters, such as the vaccine mode, allowing us to underscore areas

where further research is needed. Our results emphasize the importance of addressing within-host

disease dynamics on par with between-host disease dynamics. This confirms that the microscale

dynamics for any infection cannot be ignored in modelling of infectious disease. Considering

that currently there is no vaccines or specific treatments available for norovirus infection, ex-

cept palliative treatment, therefore the findings imply that the creation of drugs targeting the

elimination and suppression of norovirus replication at the microscale could yield advantageous

outcomes in mitigating the disease transmission risk among the human population at a broader

level.
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A new mathematical model for the transmission of norovirus on cruise ships, considering both

direct and environmental transmission was developed. The findings suggest that isolating symp-

tomatic passengers is not guaranteed to effectively control outbreaks. The study highlighted

that direct person-to-person contact plays a major role in overall transmission. The conclusion

suggests that implementing personal hygiene measures, like thorough handwashing, is a poten-

tially effective strategy to reduce the probability of infection through contact with contaminated

surfaces or individuals [125].

In Chapter 4, the key innovation in this study lies in the application of a nested multiscale

model to clarify the connection between the within-host replication rate of E. coli O157:H7 and

the between-host growth rate of E. coli O157:H7. Multiscale modelling offers a framework for

incorporating within-host and between-host submodels, as both contribute to the transmission

and control of foodborne pathogens. In this study, we have showcased the application of a nested

multiscale model to illustrate a one-way connection from the within-host scale to the between-

host scale. Specifically, the between-host scale is impacted by the within-host scale, whereas

the within-host scale remains unaffected by influences from the between-host scale. We accom-

plish this by demonstrating that the within-host replication rate of E. coli O157:H7 influences the

between-host growth rate of E. coli O157:H7, however the between-host pathogen growth rate

does not have influence on between-host of E. coli O157:H7 growth rate. Based on our numerical

analysis, we discover that the within-host replication can be regulated through vaccination. Vac-

cines exert biological effects at the individual level, aiming to either diminish the susceptibility of

cattle to colonization by E. coli O157:H7 or reduce the duration of such colonization. For E. coli

O157:H7 to be expelled, it must initially endure in the gastrointestinal tract of cattle. A vaccine

capable of eliciting the production of antibodies against these virulence factors could hinder the

organism’s adherence, leading to its elimination from the gastrointestinal tract [126]. Our find-

ings align with those of a study conducted by [127], where they employed a simulation model for

E. coli O157:H7 infection in cattle to evaluate pre-slaughter intervention strategies. They con-

cluded that vaccinating cattle against E. coli O157:H7 and employing substances to minimize

fecal shedding of the organism held the most significant potential for reducing contamination

of beef carcasses. The outcomes of this study are in agreement with the findings reported in

[128]. Their findings revealed that in the progression of PTB infection in ruminants, once the

infection has effectively established within the host, the impact of superinfection on the overall

pathogen load at this scale becomes insignificant in comparison to the contribution of pathogen

replication [128]. The multiscale model developed in this study offers novel perspectives on how

the within-host pathogen replication rate contributes to the dynamics of environmental disease

systems, where pathogens replicate at both the individual host and population levels. While the

primary focus of this investigation was on E. coli O157:H7 in cattle, the multiscale modeling
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framework employed is sufficiently broad and can be applied to provide guidance for the control

and elimination of numerous other environmentally transmitted diseases that share a transmission

mode similar to E. coli O157:H7.

In Chapter 5 we have presented a coupled multiscale model of taeniasis infection, wherein no

pathogen replication cycle occurs at either the individual human scale or the individual pig scale.

In cases of such type I environmentally transmitted diseases, the volume of pathogens within the

infected hosts (both human and pig hosts) can solely escalate through super-infection, denoting

instances of recurring infection transpiring before the host has recuperated from the initial infec-

tious episode. Multiscale models of this type include the actual burden of parasites across the dis-

tinct life stages within the parasite’s life cycle, observed both at the microscale and macroscale,

rather than only monitoring the number of afflicted hosts. This study demonstrates a diverse

range of mass intervention strategies that can be employed to eradicate taenia/cysticercosis.

To assess the accuracy of the model, we examined the impact of the parameters at the individual

level (cysticerci transition rate αc, worm transition rate αw, excretion rate of eggs αe, natural

death rate of cysticerciµc, natural death rate of a tapeworm µw, natural death rate of eggs µe) and

within-pig scale parameters (eggs transition stage αa, onchospheres shedding rate αo, within-pig

eggs natural death rate µa, onchospheres natural death rate µo) on four key between-host variables

(Infected humans IH , environmental eggs EH , infected animals IA, community pathogen load

PA). These specific parameters and variables were chosen as examples to highlight the impact

of disease processes at the individual host level on the transmission dynamics of human taeniasis

at the broader between-host scale. Our findings indicated that inhibiting the advancement of the

three primary life stages of a parasite within the human host (cysticerci, adult worm, and eggs)

can lead to the elimination of pig and human cysticercosis, as well as human taeniasis. However,

our findings demonstrated that the parameters related to the two primary life stages at the within-

pig scale are likely to provide minimal benefits in decreasing the parasite load at the pig scale

and reducing the prevalence of human taeniasis at the broader population or community level.

These results suggest that strategies targeting the eradication of tapeworm eggs at the within-pig

scale will have minimal impact on both the parasite load and the overall pathogen burden within

the community. Conversely, we investigated the influence of between-host scale parameters,

specifically βH , P0, βA, and E0, on the variables within-human scale (Wh, Eh) and within-pig

scale (Ea, Oa). Additionally, we observed that the changes identified in these specified between-

host scale parameters align with fluctuations in the four essential within-host scale variables we

selected.

This validates that throughout the progression of disease dynamics, the between-host scale im-

pacts the within-host scale for human taeniasis infection and vice versa. For this reason our
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coupled multiscale model suggest the development of vaccine that will effectively kill or restrict

the cisterci within-human scale from growing to become an adult worm, or the vaccine that will

kill the matured tapeworm within-human scale or hinder the tapeworm to release eggs or the

vaccine that will kill the eggs at within-human scale. In terms of vaccine, our model supports

the model developed in [46], their model is recommended for pig vacination to reduce infections

caused by tapeworm, however, they concluded that if the vaccine efficacy is 100% but the cover-

age of pig vaccination is 82%, pig cysticercosis will be eliminated as predicted by herd immunity.

[46], these results were also supported by other mathematical models with vaccine reported in

the literature [129].

Most of the interventions that have been tested for T. solium to date have relied on the treat-

mentof the definitive hosts (humans) to remove tapeworm infections[130]. These interventions

agree with our study because our study has revealed that strategies focused on addressing the

initial life stages of the pathogen within the pig scale, the death rate of oncospheres within the

pig scale and eliminating tapeworm eggs at the within-pig scale would result in limited effect for

reducing parasite load within the pig population and hence little success on addressing the bur-

den of human taeniasis at the population/community level. However, our results further find that

implementing control measures focusing on the second life stage of the pathogen within the pig

scale would be advantageous for decreasing parasite burden within the pig population and weak-

ening human taeniasis at the broader human population/community level. Results in [46], further

shown that implementing campaigns to inform the population in combination with the vaccina-

tion of pigs and chemotherapy to humans is the best strategy to combat taeniasis/cysticercosis in

any country, even though it generates high costs in a short time, the health problems caused by the

infection will be reduced and it will be eliminated. Another study has recommended that a com-

bination of both vaccination/oxfendazole treatment of pigs together with anthelmintic treatment

of the human population to eliminate the adult tapeworms, particularly when control procedures

were first implemented, would have the greatest and most rapid impact on reducing the incidence

of neurocysticercosis [44, 131, 132]. Given that multiscale modelling allows the examination of

the disease at the scale of infection occurrence, our research demonstrated that gaining insights

into the life stages of the tapeworm at both within-human and within-pig scales can result in sub-

stantial cost reduction. This is because interventions can be targeted specifically at a particular

life stage in both hosts. Our study carried on to assess the influence of between-host scale disease

dynamics on within-human and within-pig scales disease dynamics. The findings indicate that

as half saturation constant associated with humans infection P0 and pigs E0 increases respec-

tively, there is a considerable decrease in the variables within the human scale and within-pig

scale taeniasis intensity. Therefore, adequate distribution of vaccines at the population to reduce

susceptibility of human and pigs to the disease will significantly reduce the infection intensity
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of the disease at an individual level. Further, our results suggest that with an increase in human

infection βH and pig infection βA respectively, there is a corresponding rise on the within-human

scale and within-pig scale variables. This implies that interventions that include improving pig

husbandry thus avoiding free-roaming pig, enhanced meat inspection and improved meat prod-

uct processing will effectively prevent humans from consuming contaminated food, and suggests

also that interventions encompassing community health education, which addresses hygiene and

food safety, along with enhanced sanitation practices and termination of open defecation, will

prevent pigs to feed on infected human faeces.

Based on the numerical outcomes, the multiscale model addressing human taeniasis highlights

several potential intervention points that are appropriate for testing strategies aimed at managing

the proliferation of this foodborne illness. The control measures can be categorized into two

groups: those focusing on the animal host to manage susceptible pigs, SA (possibly involving

animal population control or decreasing parasite load within the animal host scale), and those

concentrating on the human host to modify susceptible humans, SH (likely involving regulating

human-animal contact or reducing parasite load across different life stages within the human

host scale). In general, the outcomes of this investigation affirm the bidirectional impact be-

tween public health interventions aimed at curtailing human taeniasis within communities and

populations (on a macroscale) on one side, and medical interventions intended to address indi-

vidual well-being and disease treatment (on a microscale) on the other. These findings emphasise

the significant medical and public health implications that need to be taken into account during

the planning stages for controlling and eradicating human taeniasis. Our model allowed us to

assess the impact of combined human-pig intervention upon the infection of T. solium in hu-

mans and human cysticercosis. The application of the model is not restricted to a community

or a country. It can be applied worldwide but not with a single strategy. Our model has the

potential for designing optimal strategies to achieve the control, reduction, or to eliminate the

infection. Multiscale modelling can be used to study or characterize an infectious disease system

at more than one scale, thus studying disease through consideration of different scales can im-

prove the predictions used to inform public health strategies, by adding patient-specific dynamics

to population-level pathogen spread and it can save costs since interupting one or all the main

stages at within-human scale can reduce these infections greatly. To sum up the findings from

the three multiscale models created within this study, it becomes obvious that the two disease

transmission metrics, namely, the basic reproductive number R0 and the points of endemicity are

influenced by a combination of disease parameters at the within-host scale and parameters gov-

erning interactions between hosts at the between-host scale. Nevertheless, as is the case with any



Chapter 6 213

model development, our multiscale models have their limitations. The limitations of the multi-

scale modeling framework outlined in this study involve the omission of recovery, rendering the

models unrealistic by implying that an individuals infected remains infectious until death. While

we acknowledge individual variations in infection response, our multiscale models assumes ho-

mogeneity. Additionally, the models do not account for the impact of infection control measures.

Furthermore, the reliability of the model studied here, depends on their validation against em-

pirical data and ability to accurately represent the dynamics of the system designed to model.

However, the multiscale models empirical data is scarce to validate the models. The models are

more of theoretical approach because they aimed at laying a foundation on the use of multiscale

modelling of foodborne diseases.

The primary contributions of this study to scientific understanding are as follows:

(i) Introduction and utilization of a nested multiscale model to demonstrate that the disease dy-

namics at the microscale level exert an impact on the macroscale level for environmentally trans-

mitted foodborne pathogens that undergo replication only at the microscale, (ii) Creation and

application of a nested multiscale model to establish a correlation between the replication rate

of pathogens at the microscale and the growth rate of environmental pathogens for environmen-

tally transmitted foodborne pathogens that replicate at both the microscale and macroscale, (iii)

the use of a coupled multiscale model to illustrate how the dynamics within a host influence the

dynamics between hosts in the context of human taeniasis, and vice versa, for pathogens that

do not undergo replication at either scale, and development of the NSFD scheme as a means to

demonstrate both positivity and stability for the proposed multiscale models.

6.1 Future Research Directions

As the primary objective of this research was only the creation of nested and interconnected

multiscale models for evaluating the mutual impact between microscale and macroscale factors

concerning environmentally transmitted foodborne diseases, for future research directions the

following aspects can be taken into consideration:

1. The multiscale model for environmentally transmitted foodborne diseases can be extended

by explicitly incorporating age because all ages affected including children under the age

of 5 years who account for almost one third of the deaths from foodborne diseases.

2. Temperature is commonly regarded as the predominant factor influencing the rate of devel-

opment in free-living pathogens, and it is therefore anticipated that temperature will have
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an impact on the possibility that hosts would be exposed to a pathogen dose large enough

to result in infection [133].

3. Regarding the coupled multiscale model, we will create an NSFD scheme, known for its

efficiency compared to the well known numerical techniques. This scheme ensures both

solution positivity and numerical stability across broader domains.

4. It is imperative to consider cost effectiveness when designing and implementing foodborne

diseases interventions. The two nested multiscale models may be extended by incorporat-

ing cost effectiveness.
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niasis/cysticercosis: porcine vaccination and human chemotherapy (part 2). Theoretical

Biology and Medical Modelling, 16(1):1–14, 2019.

[47] M.Z. Ndii, D. Tambaru, and B.S. Djahi. A nonstandard finite difference scheme for water-

related disease mathematical model. Appl Math Inf Sci, 13(4):545–551, 2019.

[48] T. Berge, J.M.S. Lubuma, G.M. Moremedi, N. Morris, and R. Kondera-Shava. A simple

mathematical model for ebola in africa. Journal of Biological Dynamics, 11(1):42–74,

2017.

[49] S. Treibert, H. Brunner, and M. Ehrhardt. A nonstandard finite difference scheme for the

svicdr model to predict covid-19 dynamics. Math. Biosci. Eng, 19(2):1213–1238, 2022.

[50] R.B. Garabed, A. Jolles, W. Garira, C. Lanzas, J. Gutierrez, and G. Rempala. Multi-scale

dynamics of infectious diseases, 2020.

[51] Andreas Handel and Pejman Rohani. Crossing the scale from within-host infection dy-

namics to between-host transmission fitness: a discussion of current assumptions and

knowledge. Philosophical Transactions of the Royal Society B: Biological Sciences, 370

(1675):20140302, 2015.

[52] Christoforos Hadjichrysanthou, Emilie Cauët, Emma Lawrence, Carolin Vegvari, Frank
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