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Abstract: In this sequel, the numerical solution of non-
linear two-point boundary value problems (NTBVPs) for
ordinary di�erential equations (ODEs) is found by Bezier
curve method (BCM) and orthonormal Bernstein polyno-
mials (OBPs). OBPs will be constructed by Gram-Schmidt
technique. Stated methods are more easier and applicable
for linear and nonlinear problems. Some numerical exam-
ples are solved and they are stated the accurate �ndings.
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1 Introduction
In this paper, the following NTBVPs are considered

y′′ = f (x, y, y′),
lay(a) − may′(a) = ka , x ∈ [x0, xf ] = [a, b], a, b ∈ R,
lby(b) + mby′(b) = kb , (1)

where f ∈ (C[a, b] × R2, R) is a nonlinear function, la, ma,
lb, andmb are givenpositive constants and ka, kb are given
constants.
We consider the above NTBVPs which occur in ap-
plied mathematics, theoretical physics, engineering, con-
trol and optimization theory. By various researchers, dif-
ferent numerical methods have been proposed. Among
these are the Adomian decomposition method (ADM) [1],
He-Laplace method [2], Homotopy perturbation method
(HPM) [3]. There are many methods for solving of two-
point boundary value problems ODEs.
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Additionally, many papers stated the BCM. In Ref. [5], au-
thors utilized the BCM for solving delay di�erential equa-
tion (DDE) and optimal control of switched systems nu-
merically. In Ref. [6], authors stated the utilization of BCM
on some linear optimal control systems with pantograph
delays. For solving the quadratic Riccati di�erential equa-
tion BCM is utilized (see Ref. [7]). In Ref. [8], authors pre-
sented BCM for solving singular nonlinear equations of
Lane-Emden type. In this work, one may utilize BCM and
orthonormal Bernstein polynomial (OBP) method for solv-
ing NTBVPs.
The Bernstein polynomials are not orthonormal therefore
Gram-Schmidt technique could be utilized to construct
OBP.
The organization of this paper is classi�ed as follows:
Problem statement is introduced in Section 2. Orthonor-
mal Bernsteinpolynomials of arbitrary order are presented
in Section 3. Numerical examples are solved in Section 4.
Finally, Section 5 will give a conclusion brie�y.

2 Problem statement
Our strategy is utilizing BCM to approximate the solutions
y(x) where y(x) is given below. De�ne the Bezier polyno-
mials of degree n over the interval [x0, xf ] as follows:

y(x) =
n∑
r=0

arBr,n

(
x − x0
h

)
, xf = 1, x0 = 0, (2)

where h = xf − x0, and

Br,n

(
x − x0
h

)
=
(
n
r

)
1
hn (xf − x)

n−r(x − x0)r , (3)

is the Bernstein polynomial of degree n over the interval
[x0, xf ], ar represents the control points. Suppose thatMB
is the coe�cient matrix of Br,n(x), r = 0, 1, . . . , n, where
MB(i, j) is the coe�cient of the Bi,n(x) with respect to the
monomial xj−1, then by Eq. (3) one may have

MB(i, j) = (−1)i+j
(
n
i

)(
n − i
j − i

)
,

i = 0, 1, . . . , n, j = i, . . . , n,
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By substituting y(x) in Eq. (1), one may de�ne
R1(x, a0, a1, . . . , an) for x ∈ [x0, xf ] as follows:

R1(x, a0, a1, . . . , an) = y′′ − f (x, y, y′). (4)

The convergence of this method is proven where n → ∞
(see [9]).
Now, we de�ne the residual function over the interval
[x0, xf ] as follows

R =
xf∫
x0

(
R1(x, a0, a1, . . . , an)

)2 dx. (5)

3 Orthonormal Bernstein
polynomials of arbitrary order

In this section, OBP is constructed. For arbitrary n, Eq. (6)
can be obtained by induction. Now, let n = 3, for simplicity
Bi = Bi(x) (i = 0, 1, 2, 3) and OBi = OBi(x), hence

ψ0 = B0, OB0 =
ψ0

‖ψ0‖
,

ψ1 = B1− < B1, OB0 > OB0, OB1 =
ψ1

‖ψ1‖
,

ψ2 = B2− < B2, OB0 > OB0− < B2, OB1 > OB1,

OB2 = ψ2
‖ψ2‖

,

ψ3 = B3− < B3, OB0 > OB0− < B3, OB1 > OB1
− < B3, OB2 > OB2,

OB3 = ψ3
‖ψ3‖

, (6)

where OBi (i ≥ 0) can be obtained from Gram-Schmidt or-
thonormalization technique

ψm = Bm− < Bm , OB0 > OB0
− < Bm , OB1 > OB1− < Bm , OB2 > OB2
− . . . − < Bm , OBm−1 > OBm−1,

OBm = ψm
‖ψm‖

, (for arbitrary m),

and

‖ψ0‖2 =< ψ0, ψ0 >=
1∫

0

ψ0ψ0 dx,

hence

OB0 = 8(12 − t)
3√7,

OB1 = (13(24t(
1
2 − t)

2 + 24(12 − t)
3))

√
5,

OB2 = (56(24t
2(12 − t) + 48t(

1
2 − t)

2

− (485 )(12 − t)
3))

√
3,

OB3 = 12t3 + 36t2(12 − t) + 16t(
1
2 − t)

2 − 8(12 − t)
3,

then the following OBP is considered as

y(x) =
n∑
i=0

arOBi(x), x ∈ [0, 1], (7)

by substituting Eq. (7) in Eq. (4), we can continue the
stated algorithm for solving NTBVP.

4 Numerical examples
Now, some numerical examples of NTBVPs are stated to
illustrate BCM. All results are obtained by utilizing Maple
14.

Example 1. First, the following NTBVP is considered (see
[4])

y′′ = − cos y sin y′ + 2y + cos(1 − x2) sin(2x)
− 2(x2 − 1) + 2, x ∈ [−1, 1],

y(−1) = 0, y(1) = 0,
yexact = x2 − 1,

Applying the proposed technique with n = 4, one may
have

yapprox = 8.807584016 × 10−309(1 − x)4

− (0.250000000000226(x + 1))(1 − x)3

− 0.500000000000764(x + 1)2(1 − x)2

− 0.249999999994255(x + 1)3(1 − x),

where the obtained error is zero. The graphs of approxi-
mated and exact solution y are plotted in Figure 1.

Example 2. Second, one may solve the Example 1 by OBP.
Let n = 3, we can obtain easily the following results (see
Table 2). these results can be obtained by OBP method.

y(x) = −1 + 4 × 10−9x + x2 + 2 × 10−9x3, x ∈ [0, 1].

Example 3. Third, the followingNTBVP is considered (see
[4])

y′′ = − sin y′ − cos y + cosx(4x2 − 1) − sin(1 − 12x2)

+ 24x, x ∈ [−12 ,
1
2],
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Table 1: The error of proposed method for Example 1

x error of proposed method
0.0 0.0
0.1 2.795541576 × 10−13

0.2 9.436895709 × 10−14

0.3 8.264500195 × 10−13

0.4 2.513322883 × 10−12

0.5 4.755085214 × 10−12

0.6 7.098766019 × 10−12

0.7 8.850919997 × 10−12

0.8 9.076406293 × 10−12

0.9 6.598610547 × 10−12

1.0 0.0

y(−12) − y
′(−12) = −2,

y(12) + y
′(12) = 2,

yexact = x(4x2 − 1),

Applying the proposed technique with n = 4, one may
have

yapprox = −2.22044604925031 × 10−16(12 − x)
4

+ (2(x + 1
2))(

1
2 − x)

3

− 1.33226762955019 × 10−15(x + 1
2)

2(12 − x)
2

− 2(x + 1
2)

3(12 − x).

where the obtained error is stated in Table. 3 for n = 3
and n = 4. This shows that the error should decay as n
increases. The graphs of approximated and exact solution
y are plotted in Figure 2.

Figure 1: The graphs of approximated and exact solution y for Exam-
ple 1

Table 2: The error of OBP method for Example 2

x error of OBP method
0.0 0.0
0.1 0.0
0.2 0.0
0.3 0.0
0.4 0.0
0.5 0.0
0.6 1 × 10−10

0.7 1 × 10−10

0.8 0.0
0.9 0.0
1.0 0.0

Table 3: The error of proposed method with n = 3, 4 for Example 3

x error with n = 4 error with n = 3
0.0 2.220446049 × 10−16 2.220446049 × 10−16

0.1 1.942890293 × 10−16 1.665334537 × 10−16

0.2 2.498001805 × 10−16 1.110223025 × 10−16

0.3 2.498001805 × 10−16 2.775557562 × 10−17

0.4 2.081668171 × 10−16 1.387778781 × 10−17

0.5 1.804112415 × 10−16 1.110223025 × 10−16

0.6 1.526556659 × 10−16 1.804112415 × 10−16

0.7 8.326672685 × 10−17 1.942890293 × 10−16

0.8 5.551115123 × 10−17 1.110223025 × 10−16

0.9 2.775557562 × 10−17 5.551115123 × 10−17

1.0 0.0 2.220446049 × 10−16

Figure 2: The graphs of approximated and exact solution y for Exam-
ple 3

5 Conclusions
This paper deals with the approximate solution of NTBVPs
via BCM and OBP. The unity of the function of orthogonal-
ity for Bernstein polynomials (BPs) and the simplicity of
applyingBPs are greatmerits thatmake the technique very
attractive and easy to use. Illustrative examples are solved
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to express the validity and applicability of the proposed
methods. The approximate solution is coming very close
to the exact solution.
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