University of Venda

DEPARTMENT OF MATHEMATICS
AND
APPLIED MATHEMATICS

Numerical Simulations of the Stokes Flow by the

Iterations of Boundary Conditions and Finite Difference
Methods

Ndivhuwo Ndou
(Student No: 11610934)

Project submitted in partial fulfilment of the requirements for the degree of

Masters of Science
in
Applied Mathematics
at the University of Venda
Supervisor: Dr S Moyo

Co-Supervisor: Mr N Mphephu

Date Submitted: February 2018

© University of Venda



University of Venda
Creating Future Leaders

@

Abstract

In this study the iteration of boundary conditions method (Chizhonkov and Kargin, 2006) is
used together with the well known Finite difference numerical method to solve the Stokes
problem over a rectangular domain as well as in irregular domain. The iteration of bound-

ary conditions method has been applied to the Stokes problem in a rectangular domain,

d d . , .
_E<x<f, U y < —W, by the above mentioned researchers. Our main task here is

to validate the results of the approximate methods by this analytical method in case of the
rectangular domain and extend that to the case of irregular domain.The (Chizhonkov and
Kargin, 2006) algorithm is typically the best choice for validation purposes because of its
high accuracy.

It is known in literature that increasing the parameter d, which represents the ratio of the
sides, leads to slow down in convergence of the approximate methods like the conjugate
Gradients of Uzawa (Kobelkov and Olshanskii, 2000). It is therefore important that an
algorithm that converges uniformly with respect to the parameter d is considered. The
(Chizhonkov and Kargin, 2006) algorithm is typical of such an algorithm, and hence our
choice of the method in this work.

In this project the non-homogeneous Stokes problem is transformed into a homogeneous
Stokes problem and the resulting problem is then decomposed into two sub problems that
are solvable by the eigenfunction expansion method. Once all necessary coefficients of the
generalised Fourier series are known and the functions describing the boundary conditions
are prescribed and represented in terms of the Fourier series, we then proceed to formulate
the iteration of boundary conditions numerical algorithm. Finally we develop a numerical
scheme, using the finite difference methods, for solving the problem in both rectangular and
irregular domains. Coding of the numerical algorithm is done using MATLAB 9.0,R2016a
programming language, and implemented by the author. The results of the two methods in
both cases of boundary conditions are then compared for validation of our purely numerical
results.
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Chapter 1

Background of the problem

1.1 Introduction

We considered the Stokes problem in two dimensional space. In general the numerical
approach to solving the Stokes problem is divided into three categories. They are Vorticity-
Stream function approach, stream function approach only and primitive variable approach
where in the velocities and pressure are used simultaneously. Each approach is found to
have its own strength over the other in solving Stokes problem and should be applied based
on the nature of the problem being solved. The primitive variable approach is known to pro-
duce only second order equations with boundary conditions which can be applied directly as
opposed to Vorticity-Stream function approach which represents a set of coupled non-linear
second order equations which must be solved by using an iteration scheme to obtain a solu-
tion. Two types of boundary conditions are suitable here, that is the Direchlet and Neumann
boundary conditions. In this problem the stream function has two boundary conditions while
vorticity function has none. The stream function vorticity approach is considered to take
into account the non-linear fourth order equation and also requires an iterative techniques
to find solutions. However in this project we decided to follow the vorticity Stream function
approach for solving our problem as is considered to be suitable when solving unsteady,
incompressible Stokes algorithms.

This work seeks to apply the iteration of boundary conditions method to validate the results
of the finite difference numerical method carried out in the case of rectangular and irregu-
lar domain. A comparison of flow properties like velocity profile, pressure distribution and
stream lines produced by the proposed two methods above will be conducted. An agreement
of those results will be interpreted to mean that the numerical results have been validated
since the analytical method is known to produce excellent results. We have conducted this
work in three stages.

The first stage of this work was to implement the analytical method through visualisation
and interpretation of the results in the case of a rectangular domains. A MATLAB program
was developed to achieve this objective. MATLAB (matrix laboratory) is a multi-paradigm
numerical computing environment. It is a proprietary programming language developed by
MathWorks. It allows matrix manipulations, plotting of functions and data, implementation
of algorithms, creation of user interfaces, and interfacing with programs written in other lan-
guages, including C, C' + +, Java, Fortran and Python Demuth and Beale (2009).
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The second stage involves the extension of the analytical method to the case of a domain
with the bottom boundary having a curved part. Flow properties were then computed for this
case through a MATLAB code we developed.

The last phase of this work is concerned with the development of a numerical scheme and
its implementation through MATLAB programs, in the case of a domain with an irregular
boundary. The results were then compared with those of the analytical method in order
to ascertain the validity of numerical results. It must be noted that the analytical method
remains valid even in the case of an irregular domain since the new boundaries conform to
all requirements of regularity of the solution to the problem with such boundaries.

1.2 An overview of Navier-Stokes equations

The Stokes problem is derived from the Navier-Stokes equations which is an equation used
in the construction of models describing fluid flows (Bachelor, 1967). In particular this equa-
tions are nonlinear. Its linear forms are used to model air flow, weather patterns, ocean cur-
rents, blood flow in veins, fluid flow in pipes and many other examples. The Navier-Stokes
equations are sometimes investigated for purely mathematical reasons. It is well known
fact that well-posedness of partial differential equations (PDES) is key to the construction of
meaningful models and this entails proving existence and uniqueness of solutions to those
equations (Bachelor, 1967). It is worth noting here that the problem of proving existence
and uniqueness of the solution to the Navier-Stokes equation in 3-dimensions is still pend-
ing. The Navier-Stokes equation is based on continuum mechanics and is solved for fluid
velocity as opposed to position at any given time (Djidjeli et al., 1993). Fluid mechanics is a
subject that deals with fluids based on two basic assumptions; i.e. the fluid at rest, known as
fluid statics, and the fluid in motion in the case of fluid dynamics (Bachelor, 1967). The study
of fluid motion is categorized into Newtonian and Non-Newtonian fluids depending on fluid
properties such as viscosity, surface tension and so on .Many scientists have been involved
in the study of fluid flows and some of the names of such people are Bernoulli, Stokes,
Navier, Cauchy, Hooke, Newton and many others.

© University of Venda
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1.3 Properties of the Navier-Stokes Equations

The Navier-Stokes equation is a nonlinear partial differential equations describing real life
fluid flows. The convective acceleration of fluid particles, which is the change in velocity with
respect to time, is the main cause of the nonlinearity effects. As we all have at some stage
experienced real life situations of flows, we definitely have observed some chaotic behaviour
of many fluid flows. The Reynolds numbers for Newtonian fluids determines the type of flow.
Navier-Stokes equations, arguably, represent the most applied fluid motion models and can
be extended to cover turbulence as well. In significantly small scales or under severe fluid
motion conditions, real fluid flows may have to be looked at in the form of discrete molecules
rather than a continuum. However, this work is not extended to cover that.

1.4 Incompressible fluid flow of Newtonian fluids

A Newtonian fluid is understood to be a fluid whose shear stress is linearly proportional to
the fluid velocity gradient in the direction perpendicular to the plane of shear (Davis, 1991).
Fluids that agree with Newtonian law of viscosity are termed Newtonian fluids; that is water,
gases, oil, etc.

In the case of incompressible flows the Navier-Stokes equation is defined by where the terms
of the equation represent, respectively, the unsteady acceleration, convective acceleration,
pressure gradient and body forces. To complete the description of the flow, the continuity
equation is also prescribed in the case where temperature is not included.

1.5 Stokes Flows

The Stokes flows take place at low Reynolds numbers Re << 1, and are described by lin-
earised Navier-Stokes equations (Nakanishi and Kida, 1999). A lot of studies have been
done around the type of flow. There have been studies about flows around stationary as
well as moving objects (Hishida and Toshiaki, 2006). Flows around cylindrical and spherical
shapes are some of the examples of studies that have been extensively carried out (To-
motika and Aoi, 1950). The Stokes paradox, others call it Jeffery paradox, is one interesting
phenomenon in as far as Stokes flows are concerned. It is stated that there does not exist
a global solution to the Stokes problem past a cylinder that satisfies the no-slip condition on
the cylinder and zero condition at infinity. However our case is the one described for flows in
a bounded region.

For potential flows we derive the equation of creeping flow (Stokes flow) through combining
continuity equation and irrationality condition of the flow field (Sisavath et al., 2002). There
are many applications of this theory in engineering, medical application and other setups.
Stokes’ analysis of fluid flows has been used for a very long time now in the construction of
models that describe, among other phenomenon, lubrication, flow of micro-organisms and
many other examples (Lauga and Powers, 2009). In this work we are concerned with the
application of a powerful method called iteration of boundary conditions in solving a general
Stokes problem on irregular domain. It is hoped that if the numerical approach to the solution

© University of Venda
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of this problem is validated then researchers in various disciplines which apply this theory
may adopt the numerical method of solution of the problem which is less costly to use.

1.6 Derivation of Navier Stokes Equation

The Navier-Stokes equation is derived from Newton’s 2nd law of motion taking into consid-
eration the fluid stress due to viscosity and pressure that develops in the flow.

We first consider the assumption made in Reynold’s transport theorem which is defined as
follows

where p is the density ,V is the volume,v is the velocity, A is the area and t is time.The left
handside term defines the change in the density over time.

Jo, pv - ndA shows how much the property P is leaving the given volume.
J, @dV shows how much the property p is leaving the given region.

We need to express the flux term in terms of volume integral by using divergence theorem.
thus

/ Pv-dA:/V-(Pv)dV (1.1)
6Q Q
This implies that
/ Pv-dA:—/V-(Pv)+QdV (1.2)
00 Q
Thus the above equation can be expressed as follows
/ Pv-dA:—/V-(PU)+QdV (1.3)
00 Q
thus
/ Pv-dA+/V-(Pv)+QdV:O (1.4)
9] Q
hence
dp
%+V-(pv)+Q:0 (1.5)

Due to the fact that the region were the fluid is flowing is constant across the board, this
suggest that () = 0 thus

dp B
E—FV-(pv)—O (1.6)

this is the equation of conservation of mass.

© University of Venda
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we’ll need to also employ the concept of material derivative which is necessary for derivation
of momentum equation. Thus material derivative is defined as follows

Du  du
E—E—F(U-VU) (17)

where v - V symbolised the directional derivative of « in the direction of velocity v
Momentum equation is derived from basic Newton’s law defined as follows
F=ma

By transforming the above equation we obtain the following

P,z t) = F (1.8)
thus
ov Ov Or Ov Oy Ov 0z
p(a—i—%a—Fa—ya-ﬁ-aa)—F (1.9)
Similarly
v
— : =F 1.1
p(at+v Vv) (1.10)

By using the definition of material derivative we then obtain the following expression

Av
'OE_F (1.11)

By assuming that the body force on the fluid is due to fluid stress and external forces, implies
the following

F=V-o+f (1.12)

Due to the fact that the equation of motion depends on stress tensor ¢ which is defined as
follows

The above expression can be expressed as the following

By denoting the stress deviator tensor as S, thus

Av

PAt

For the newtonian and Non-Newtonian fluid the stress is considered as proportional to the
rate of change in velocity in the direction of the stress, thus

= —Vp+V-S+f (1.13)

© University of Venda
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thus for

Tog = H (9a:j 8@

ou

(V ),— 2 2___ _|_2 @4_@ _|_£ a_u+a_w
)= o \“or) Toay\ay T o) T 02\8: " oz

0%u

’u  0*u  Pu 0w 0%u

- M@.IQ + 0y? +

072 + 0x? + 0xdy + 0x0z

)
= iV A+ po (V)

(1.14)

thus V - S = uV2S Therefore the general Navier-Stoke’s equation is described as follows

Du
Dt

=—Vp+uViu+f

1.7 Symbols used in the Equations

Table 1.1: For symbols in equations and name assigned

Symbols in Equations Names of the symbols
U, U, Uk, Uk Velocity of the fluid flow along = and y direction
D, Pk Pressure distribution
l Length
t Time
Fp Body forces acting in the fluid
T

Tangential velocity

© University of Venda
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1.8 Greek Symbols

Table 1.2: For Greek symbols and names assigned

Symbols | Names of the symbols
Re Reynold number
p Density of the fluid
1 Viscosity
Y Stream function
V. Divergence
\Y Gradient
A Laplace
Ii Integration
i Derivation
dx

1.9 The aim and objectives of the study

The aim of this study is to apply the iteration of boundary conditions method to validate the
results obtained using the finite difference method in a case of rectangular and irregular
domains.

The objectives of the research project are stated below:

In this project we used the iteration of boundary conditions method and well known Finite dif-
ference method to solve the Stokes problem in a rectangular domain as well as in a irregular
domain.

The finite difference numerical method results are tested against the analytical results in the
two cases of a rectangular and irregular domains.

For purposes of illustration of the results, Matlab programmes are developed for the gener-
ation of data and graphs of some key fluid properties in both the analytical and numerical
cases.

© University of Venda
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Chapter 2

Literature review

The Stokes problem is governed by the linearized Navier-Stokes equation defined by

p%l; = —-Vp+ pAu+ Fg (2.1)
The Stokes problems describes viscous, incompressible fluid flows in various flow domains.
Examples are flows in porous media studied extensively by the likes of (Padmaathi et al.,
1998) and many other authors. Problems in this area involve flows around obstacles, in
pipes, over plates, past circular cavity and many others. Cavitation problems as described
by Stokes problems are good candidates for the application of the iteration method being
discussed here. Those Stokes problems modelling various processes have been solved
using various methods. Integral equations have been used, numerical methods are widely
used and analytical methods are also in use though in a limited scope because of the na-
ture of equations describing real life situations which turn out to be nonlinear rendering the
use of analytical methods difficult. The likes of (Cumsille and Tucsnak, 2006) have suc-
cessfully worked on analytical solutions of Stokes problems with relatively small Reynolds
numbers involving rotating and translating bodies in the flow domain. These authors con-
sidered and proved global in time and local in time existence and uniqueness respectively,
the two-dimensional and three-dimensional problems of a rotating circularly cylindrical body
about its axis, in the vertical direction, governed by classical Navier-Stokes equations.

To carry out the proofs, the classical Navier- Stokes equations are initially linearized to a
Stokes system. Other authors like (Hishida and Toshiaki, 2006), (Fujita and Kato, 1964) and
(Galdi, 1993) have also produced remarkable results on well-posedness of the solution to
the problem of a rotating cylindrical body about a vertical axis at low Reynolds numbers.
We also make mention the work of (Ueda et al., 2001) on steady viscous flow past two
infinite rotating circular cylinders, which also is an example of Stokes flow problems . Like
in our case, the solutions to those problems have to be found in special function spaces as
opposed to the usual classical solutions in L, spaces. Numerical methods have also been
extensively used in determining solutions for incompressible viscous flows involving complex
flow dynamics. Some of those methods utilize integral equations, for example the work of
(Wu et al., 2005) and others.

Others have reduced differential equations into linear algebraic systems and used iterative
solvers for the system of linearized unsteady, viscous incompressible Navier-Stokes equa-
tions. Olshanskii (2002) is one mathematician who uses this approach with good results

8
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for various sizes of viscosity in both two-and three-dimensional problems. However, it is
known that some commonly used numerical methods, like conjugate gradients methods of
Uzawa and others, develop some problems in terms of rate of convergence. It is essential
that the formulated algorithms are uniformly convergent. Many numerical approaches suffer
from lack uniform convergence and as a result efficiency of such schemes is compromised.
Further examples of computational methods can be found in paper of numerical solution
of saddle point problems (Benz et al., 2005) as well as paper on relaxation methods on
saddle point problems (Chizhonkov, 2002). Taking advantage of the fact that the problem
under study is known to have a unique solution, it is common procedure to use the formula-
tion of the problem for justification of numerical solutions presented for the study of Stokes
problems.

The lteration method, which is considered to be partial analytical and numerical method,
is versatile in the sense that it converges uniformly with respect to the increasing value of
the parameter d and is not difficult to implement. (Kobelkov and Olshanskii, 2000) also
considered and developed a uniformly convergent numerical scheme for solving nonstation-
ary Stokes equations by making use of a specially developed preconditioner for the Schur
compliment. Other successful methods are those of Laplace-Beltrami whose approach is
based on splitting the boundary conditions, see (Froyd et al., 2013). As opposed to numer-
ical methods, (Chizhonkov and Kargin, 2006) method is analytical, and uses an iteration of
the boundary conditions to step forward the iterations. In other words, this is a problem for
determination of the solution in parametrically extended domains. The constructed auxiliary
problems are solved sequentially to produce the required solution. The trace of the solu-
tion to the first auxiliary problem is evaluated at the next prescribed boundaries to produce
boundary conditions for the second auxiliary problem. The process is continued for the re-
quired number of steps. Adding those pieces gives us the solution to our original problem.
Our understanding is that, the method may prove to be easy to apply in, for example, engi-
neering situations better than many other available methods. It is envisaged that after this
study the method will be put to test in one of the many situations of applications of the Stokes
problems.

The Stokes problems are obtained from Navier-Stokes equations as a result of both lin-
earization and non-dimensionalization of those equations (John et al., 2006). At the level of
this study, it is probably crucial to do the non-dimensionalization of the equations in detalil.
It is well known that non-dimensionalization of an equation means to transform the equation
into dimensionless form (Hui, 1987). There are several reasons for doing that. In some
cases we end up with reduced number of parameters and terms of the original equations.
Non-dimensionalization can also help in the linearization of the equations when comparisons
between large and small terms are made as well as reveal some important physical proper-
ties of the flow. Before one can do this it is important to understand properly the contributions
of each term of the equations so that the scaling can be done to maximize possibilities of
obtaining simplified equations. In our case we shall utilize our knowledge that the Stokes
problems under study represent highly viscous flows, low Reynolds number flows, to non-
dimensionalize our equations. In that way we will use viscous forces to non-dimesionalize
our equations instead, for example, of inertia forces. This is book work information from
any standard text book of fluid dynamics, however for the purposes of completeness of our
work.

© University of Venda
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Chapter 3

Problem Formulation

3.1 Non-dimensionalisation of Navier-Stokes Equations

The Navier-Stokes equations are non-dimensionalized below term by term. From conserva-
tion of momentum equation we have the equation

Du

Dr Fs- A
P Dy Vp + pAu + Fg (3.1)

The above equation can be non-dimensionalized through selection of the appropriate scales
as follows

Table 3.1: For dimensionless parameters and names assigned

Scales Dimensionless variables
Length, [ r=Ilz*, y=1y*, z=1z*
Velocity, U u="Uou*
Time, =
Operators V =1V*, A=[]A*
Pressure, p p = Lo

We substitute the representations for the variables in the above equation 3.1 to obtain the
following non-dimensional terms of the Navier-Stokes equation. Thus the left hand side of
the equation becomes

Du ou pU?0u*  pU?
Phr p8t+puVu ; at*+ l u“.Viu (3.2)
whereas the right handside simplifies to
U U
— Vp + pAu + Fg = —"l—Qv*p* + ’“;—QA*u* + Fg. (3.3)
By equating 3.2 and 3.3 we obtain
pU? ou*  pU? ulU ulU
lat*+luVu l2vp+l2 u +Fg (3.4)
10
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Further,we divide both sides of 3.4 by ‘;—QU to obtain
Ul ou* Ul 12
P + 2w v = —V*'p* + A*u* + —Fg- (3.5)
poot - p nU
This equation reveals some important features on scaling of the equations as we readily see
the reynold number, Re = PTUZ appearing in some terms of the equation.Thus 3.5 becomes
au* * * * k ok * *
Re@t*+R€u NVu' = -Vp*+ A*u* + 1 (3.6)

Where f = ;—UFB

In our case, the inertia forces are regarded as smaller than the viscous forces, i.e.Re — 0.
In that case the inertia terms can be neglected, leaving the equation of the fluid motion to
be described by the equation

—Vu +Vip =+ (3.7)

which is called Stokes equation.

3.2 Stokes problem

Having non-dimensionalized our equations we now are ready to consider the Stokes problem
described by the following equations

—-Vu+Vg=*F in Q
V-u=0 in Q (3.8)
u=>0 in o0

The problem is studied in the rectangular domain €2 bounded by the intervals described by
—Icr<I T oy

where parameter d plays a crucial role in the analysis of the flow.

For this problem, simple as it looks, we may not be able to apply the method of iteration of
boundary conditions directly. It is then required that we transform it into a form susceptible
to the use of the proposed method. This problem is transformed into homogenous Stokes
problem by using the solution of the well-known Stokes problem with periodically extended
boundary conditions governed by the following equations

W vr=f in 0
V.v=0 in  Q (3.9)

o) _ g in 90

v-n=0,—5"

The transformed Stokes problem takes the form

-Vw+Vp=0 in Q
V-w=0 in Q (3.10)
wW-n=0w-7=0 in o5}
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where 7 the given tangential velocity along the boundary and b, and its fractional derivative
of order 3 , is a functions in Lyrepresenting a trace of v along the boundary.

The new vector w=v-u and the pressure function p = r — ¢ are used to transform the partial
differential equation in 3.9 into a homogeneous equation given in 3.10. The new problem,
3.10, obtained is sometimes called the generalized cavity problem.

Further, we use linearity of 3.10 to obtain two sub-problems. one with the given tangent on
the horizontal and the other with the given tangent on the vertical boundary. We therefore
can break up our problem 3.10 into two problems satisfying the same partial differential
equation by setting

wW=u+up=p+pb=a+a (3.11)
a(w), y=-%
_ 2 (3.12)
a(x) { a2(x)7 Yy = %
i) = { Z;Eg vy="1 (3.13)

The two new problems, are in the unknown variables u and 7, and u and p. The correspond-
ing boundary conditions for the two new problems are determined as shown below.

3.3 Boundary conditions

3.3.1 Rectangular domain case.
Boundary conditionsw-n =0

Let w = u + u and determine the boundary conditions on u and u as follows

On the right hand side of the vertical boundary

W-n= (u + ﬁ)(LO) = (u(x)av(y)) + (ﬂ(m),f}(y)) ) (170)’ (314)
= u(x) +a(z) =0

Thus the boundary conditions take the form

u(z)|og,.,= 0, @(r)|a,.,= 0- (3.15)
On the left hand side of the vertical boundary
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u(z)loq,..= 0, 4(x)|aq,., = 0 (3.17)

On the upper side of the horizontal boundary

W-n=(u+u)(0,1) = (u(z),v(y)) + (a(z), o(y)) - (0, 1), (3.18)

Boundary conditions then take the form

U('T)laghor: 076(x)|89h0r: 0- (319)

On the lower side of horizontal boundary

W-n=(u+u)-(0,-1) = (u(z),v(y)) + (alz),0(y)) - (0, -1), (3.20)

= —v(z) —0(x) = 0- (3.21)
Boundary conditions w - 7=b
Also,for the condition w - n = 0 we use w=u + u to obtain the boundary conditions on u and

u as follows

On the right hand side vertical boundary

(Uu+u)-(0,1) = (u(@),v(y) + (a(x), 0(y)) - (0,1) = a + a, (3.22)
=b(y).
v(z) + 0(x) = bly)- (3.23)

hence the boundary conditions take the form

© University of Venda
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V()00 = 0, 8(y)lo0,.. = b(y) (3.24)
On the left hand side of the vertical boundary
—v(z) —0(x) = a+ a(y), (3.26)
v(y) =0,0(y) = a(y) (3.27)
Boundary conditions then take the form
v(Y)]o0.e,= 0,9(y)]o0,., = a(y)- (3.28)
On the lower side of horizontal boundary
—u(z) — a(x) = b(x), (3.30)
u(z) = 0,u(x) = —b(x) (3.31)
Boundary conditions take the form
a|39hor: 0>u|39hor: —b(l’) (332)
On the upper side of horizontal boundary
w7 = (u(z),v(y)) - (1,0) + (a(z), (y)) - (1,0), (3.33)
u(z) + u(x) = b(z) = a(x), (3.34)
U o0, = CL(SC), ﬂ”aﬂhor: 0 (3.35)

© University of Venda
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3.4 Boundary conditions of an irregular domain

3.4.1 Domain with irregular boundaries.

The only changes here are at the bottom of the domain where the boundary is made up of
straight lines and a curve, which is semi-circular. This semi-circular part of the domain is
inserted at the middle of the bottom side of the domain. Below we describe the conditions
on this boundary. The conditions on the other boundaries remain unchanged.

At the bottom of the domain the new conditions are given as follows

T T T T dm
whenz=——to——andz=—-to=-fory= ——
T 5 1 x 4'[020y 5

u|89h07‘: O’ a|89hor: 0 (3'36)

when z = /72 — (y — v0)? + zo at the semi-circular part of the domain is inserted at the
middle of the bottom side of the domain from x» = —% to % , Where r is the radius of the
semi-circle, (g, yo) is centre coordinates.

ulag,,.= 0, 1lsq,, = 0 (8.37)

Taking into consideration the above boundary conditions,the new problems are given by

V-u=0 in 0 (3.38)

u|aQ1zer: O7 U‘agz 07 u|thor: CL(x)

{Vu+Vﬁf in  “Q

—Va+Vp=f in 0
V-i=0 in Q (3.39)
/a’aﬂhor: 07 a|69: 07 6|8Qver: d(y)

where u = (u,v) and u = (@, )

The key problem is therefore to solve 3.38 since the solution to 3.9 is known from literature
and that 3.39 is obtained from 3.38 through rotating the domain of the flow of the problem by
90° . To do that we formulate two auxiliary problems subject to specially selected boundary
conditions. The problems are of the form

Vu+Vi=f in Q
V-u=0 in Q
g|aﬂmz 0, ulog,,, = a
5elon.e= 0,v/a0,,,= 0

(3.40)

and
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-Vu+Vvp=f in Q
V.-u=0 in Q
g_qxl|69hor: Olﬂ|8gver:~0
U|89hor: 07,U|agver: a

(3.41)

Problem 3.8 is rendered solved once the solutions for 3.40 and 3.41 are obtained.
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Chapter 4

Analytical Method for Solving Stokes
problem

Clearly, the Stokes problems are only an approximation of problems involving fully nonlin-
ear equations described by Navier-Stokes equations. Key aspects of the Stokes Problems
involve approximations, study of non-local effects and vorticity. The approximation of Navier-
Stokes equations are based on scaling analysis and non-dimensionalisation of variables.
Depending on the order of forms in the equations some terms may be neglected leading to
simple problems which normally are solved without hitches. However, it must be noted that
when we neglect some terms the resulting physical properties of the flows for the simplified
version may no longer be similar to the initial phenomena.

It is therefore critical to know that the approximations may only correspond to severe situ-
ations. With that in mind we shall pursue the approximated solution of the Stokes problem
by the iteration method and Finite difference methods cognisant of the fact that the results
for these cases cannot be taken blindly into the more complex processes of practical in-
terest. However, those results can help us to make meaningful approximations to certain
phenomena.

The nonhomogenous Stokes problem will be transformed into homogeneous Stokes prob-
lem and then decomposed into two solvable problems by the eigenfunction expansion method.
It will be shown how Stokes problem is deduced from Navier-Stokes equation together with
suitable boundary conditions. The flow equations are then non-dimensionalised through a
selection of appropriate scales. We chose to deal with a problem where the inertia forces
are small compared to viscous forces, that is at small Reynolds number. When the inertia
terms are neglected and a creeping flow is obtained.

The Stokes problem obtained will then be solved through an iteration method. To make
progress the initial problem was split into two auxiliary problems whose solutions are added
up to produce the general solution of the problem. Eigen-function expansion method would
be used to solve the auxiliary problems in terms of the Fourier series. For the solution of
original problem a scheme of iteration of the boundary conditions will then be introduced.
Auxiliary problems are constructed for each value of n and the solutions serve as an approx-
imation at that stage of the calculations. One iteration of the algorithm consists of two steps.
The most important aspect of this algorithm is that it converges uniformly with respect to the
parameter d whereas it is known from literature that conventional schemes of Uzama type

17
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known as conjugate gradient tend to slow down as d increases.

In this section we will be focusing on finding the analytical solution of stokes problem by
solving two auxiliary problems generated from our main problem. By means of solving below
two auxiliary problems, it’ll then imply that Stokes problem is rendered solved.

Below are the two auxiliary problems we suppose to solve.

—Vu+Vp=1f in Q

V-u=0 in Q
uyaﬂve'r: 07 u’aﬂho'r: a (4'1)
ov

%L‘?Qver: O? U|thoT: O

and

Va+Vi=f in Q
V-u=0 in Q
dii ) 42
a_x|tho'r: 07u’aﬂver: 0 ( )

6|8Qh,or: 07 6|BQU€7": d

Equation (3.2) is obtained through rotating the domain of (3.2) by 90°.Our main task now is
to solve (2.1) through the well-known method of eigen-function expansion. Equation (2.1)
can be written as

0w  0*u  Op
@ + 8—y2 - % =0, (4.3)
v 0% Op
@‘i‘a—yz—a—y—o, (44)
ou Ov
L2 =0 4.
ox * dy 0 (4-5)
where u = (u, v), and this problem is subjected to the following boundary conditions
T m
dm dm
U (35, 7) =a, U (a:, —7) =a, (4.7)
ov (m ov T
— (= = —(—= = 4.
ox <2,y> 0 8x( 2,y> 0 (4.8)
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dm dm
v (x, 7) =0, u (x, —7) =a- (4.9)

To find the solution set {u, v, p} we apply eigen-function expansion method. But due to the
fact that we are dealing with non-homogenous equation, eigen-function of related homoge-
nous problem is used. Thus in this case we are going to use the solution of homogenous
problem below

82u 9%u

) 4.1
8x2 8y =0 (4.10)

The eigen-function of the above equation is sin(z + g) . The functions w,v and p are as-
sumed to be piecewise smooth such that they can be represented as Fourier series as

follows
2 ) T
= \/;mz:lum(y)smm (:L‘+ 5), (4.11)
v(z,y) = \/gi vm(y)cosm (37 + g), (4.12)

p(x,y) = \/gipm(y)cosm (w + g), (4.13)

By assuming a (y) and b(y) are smooth function on 052. Writing this in terms of fourier series
we get the following

\/>Zam smm(:t—l—2 be cosm<x+2> (4.14)

Taking advantage of orthogonality of eigenfunctions, the coefficients a,, and b,, are deter-
mined from the following formulae

\f / sinm (2 +7) (4.15)
\/>/ﬁ cosm T+ g) (4.16)

and

© University of Venda



3

=2 University of Venda
@)

Page 20

By substituting (4.11), (4.12), (4.13) into the partial differential equation in (2.1), we get

P . ™ 2 & ™ 2 — : ™
—mQ\/;Z U (y) smm(x+§)+\/;z Uy (V) cosm(x+§)+m\/;2pm(y) 81nm(x+§) =0,
m=1 m=1 m=1

(4.17)

_m \/72%1 smm:c+ \/721)// cosm:c—i— \/7me smm:c—i—2) 0,

m\/gum(y) cosm(z + g) + \/g m(y) cosm(x + g) =0

Further simplifications of the above equations lead to the following coupled system

(4.18)

(4.19)

A system of this kind has a unique solution, which can be conveniently expressed in terms

of hyperbolic functions. To solve the system we proceed as follows

(m%uy, — u — mpp =0 (i)
m*vy,, — vl +pl, =0 i)
mu, + v, =0 (i17)

dm o _d7r B
dm dm
(7)—0’”7" (‘7)— |

By differentiating (iii) once with respect to y we obtain

/ " Vi /
mu,,+v =0 —v',=—mu,,

Substitute this into (ii) to obtain

m2vp,+mad y+p”, = 0-
Now differentiate this once with respect to y to get
m*v p+mu” +p” =0 or —m3um+mu”m+pﬂm: 0,
Since

V= — M.

We multiply (i) by m and add the resulting equation to (4.24), to get

p//m_m2pm: O
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Solving for p,, we get
Pm=c1e>Y+cpe” Y. (4.26)
Substitute (4.26) into (i) to get
U —m* = —m(cre™+coe” ™). (4.27)
Now Consider
u” —m2u,= 0- (4.28)
Thus
u=C(y)e™+D (y)e ™. (4.29)
By method of variation of parameters, we have
C'(y)e™ + D'(y)e”™ =0,
mC'(y)e™ —mD'(y)e™™ = —m(Cre™ + Coe™™Y)-
Adding the two equations above, we get first order ordinary differential equation.
Ty = A2 ey 4
C (y) 2+2e : (4.30)
whose solution is
__a,_ 2 omy, 4.31
Cly)=—5y—7¢ (4.31)
Similarly, we solve for D(y) from the equation.
’ C1 9m Co
D =—e™——= 4.32
to obtain
_ O omy_ @2 4
D(y)=7 ¢ 5 Y (4.33)
Thus
—_ ﬁ C2 —2my my C_l me_% —my
U, (Y) <2y+4m6 )6 g 5 Y)e
1 C1 Y Cy _ Y 1 1 .
= —- my_ 2= (— 4y)= | ——y | = (cosh h
(2m )2 5 € (2 Y) (Zm y)Q(cos my +sinhm y)
—C—2(L—I— )(coshm y—sinhm y) (4.34)
2 \9m Yy Y ) .

Since coshy +sinhy =e¥ and coshy —sinhy =e~¥ the expression for u,,, then takes the form
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- 1 C1 Co 1 1 C1 (&) 1 .
i (9) = {(2m_y) 2 2 (2m+y>} coshrm -+ {(Qm_y) 27 2 (2m+y)] sinhm y
(4.35)
Now we apply the boundary condition um(dg) = b,, to obtain the unknown coefficients

"\2/) (\2m 2 /)2 2\2m 2 2

1 dnNe o (1 dm . dm
+ [(%—7) E — 5 (%—F 7)] sinhm 7— b, (436)
dm 1 dn\e e (1 dm dm
Up | — | = || —+— ) == | =——— ] | coshm —
2 2m - 2 ) 2 2 \2m 2 2
1 dn\ce e/ 1 dr . dm

By adding (4.36) and (4.37), we get

1 dm 1 . dm
[%(01_02)} coshm 7—# [%(01—02)] sinhm T—am—i-bm, (4.38)
2

dm . dm

coshm —+sinhm —

2 2

Substitute (4.39) into (4.35), we get
T Y (s

o2 |\ ) M a2 ) 440
= Tir dm dm ' (4.40)

hm —-+sinhm —
cosm2—|—smm2

Substitute (4.40) into (4.35), to obtain
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1 dm 2 .3 dm
11 am(2m+§—m7)+bm(2m— %(5 —m;))
um(y) = 1355 —¥) I dr
coshm(;) + sinhm(j)
3 d 1 d
) (G- nch ) |
- dm T - dm (2_ Ty)| coshmy
m coshm(i) + sinhm(;) m
1 d 2 3 d
L1 an@m s = m Tt ba(m— (5 =mT)
NV 2" ar2 " "2V 1
2\om Y dr . dn 2\9m Y
cosh m? + sinh m7
3 dm 1 dm
) bm(§ —m7)+m(% - 7) —i—m(i - d_ﬂ)a
2 2 2m 27" | . _
=+ o - sinh my (4.41)

Thus we obtain the following

1 Yy
Um(y) - [5 (w—2m2+a

d d
coshm g—i-sinhm ;

ot m @V (om— 2 (3T
)amm2m2 m M\ 27

b §_ d_T(' + L_d_ﬂ—
o 17\ ™" )™ om T 2 )/ 3 , .
e Ir 2m2—2m + — | [coshm y

dm
hm —+sinhm —
cosm2+smm2

1 dm 2 /3 dm
am | 2m4+=—m— | +b, | 2m——( =—m—
1 1 5 2 Y 2 2 dm\ 2 2
+ 2\ 2m? m m dm . dm

coshm 7+Smhm 5>

b (3—mdw>+m< 1 _dw)a
1 i_2m2_£ 2 2 2 2m__2 sinhm y- (4.42)
2 \ 2m? m ) dm dm . T
coshm 7+smhm 5
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and

pm<y) = dr -
coshm - + sinhm 5
b §_ d_ﬂ + L_d_ﬂ-
2{’”2”12 m2m2a’”D
- — coshmy
drm dm )
coshm — + sinhm —
2 2
1 dm 2 /(3 dm
. T dm
coshm 7—|—sinhm -
b (3 mdﬂ') +m( 1 d7r>
m| &5 A — — —— |Qm
2 2 2 2
+ o [ m__2 ] )sinhmy- (4.43)
T

d
coshm —W—l—sinhm @
2 2 2

Further, we make the following denotations to make the expressions of u,,, v,, and p,,.

( bm —0m bm +a'm

2 (sinh(mdm) +mdm) o= 2 (sinh(mdm) —mdm)
d
i ot ("7 ) s 2cosh( 57 (4.44)

d d
S1= mdmcosh (%) ;So= QSinh(%)

K=

\

In that way we have

U, (y) =Ko [(S2—5S1) coshmy 4S5 (my) sinhm y]
+ K [(Ry—Ry) sinhm y+Ry (my) coshm y]
Um (y) =K [Ricoshm y— Ry (my) sinhm y] (4.45)
+ K5 [Sisinhm y— Sacoshm y]
Pm (y) = —2m [K3Socoshm y+ K7 Rysinhm y]

For the construction of the iteration process we need to solve the second auxiliary prob-
lem. To the first component of u impose the second kind boundary condition as horizontal
boundary conditions. Thus

—-Vu+Vp=1f in )
V-u=0 in Q

u|8Qver: 07 u|8Qhor: a

(4.46)
v
%‘GQ’UET: 07 ’U’thor: O

The solution of this problem follows from the steps undertaken in the case of the first auxiliary
problem. For this problem

ﬂ:\/% i U, () coshm (%—l—g), (4.47)
m=1

© University of Venda



3
O
ersity of Venda

Section 4.1. Method of iteration of boundary@)wdﬁ’rorrs Page 25

v—\/;va ) sinhm (%—l—g), (4.48)

Pm= \/7me ) coshm (a 2) (4.49)

Similarly as in the first auxiliary problem, the coefficients ,,,7,, and p,, are expressed as
follows

( Uy, = I?l [ﬁlcosh <%> ]3;2 (77;:70) sinh (% } +K2 [Slslnh < ) —52 ( ) cosh (Tr;x
vm:Kg [(Sg—51> cosh (%) +§2 smh w> } +
I?l [(Ez—ﬁ1> sinh <% —|—§2 < gcosh d 3 ] DPm

= —2md [f(gcosh (77?) +K1Rgsmh x) ]

(4.50)
where we set
- P _ [
VA @
Rlz%smh (%) , Ro= 2cosh % .
| glz%cosh (%) , o= 2sinh (@)

4.1 Method of iteration of boundary conditions

Here we implement the method of iteration of boundary conditions for the approximation
of the solution to our Stokes problem. The first auxiliary problem is solved after which its
solution is used to calculate the boundary conditions for use in solving the second auxiliary
problem. The Fourier series solution to the first auxiliary problem as determined above, is
given by

m+am . mdm mdm
2sinh [ —— | — h{—— h
(z,y) \/> E 3 (s (1mdir) — mdi) { ( sin ( 5 ) mdmcos ( 5 ) ) cosh (my)

mdm

—|—2smh( ;l )smh (my) 2cosh (T) (my) cosh (my)}sinm (w%) (4.52)

© University of Venda



$
qrsl;y of Venda

Section 4.1. Method of iteration of boundaryw itrons Page 26

The boundary condition « <g, y) is applied on this solution to obtain

b +am, mdm mdm
,y \/72 (inh (mdr) — mdr) [ (281Hh ( 5 > —mdmcosh (T) > cosh (my)

dm T

+281nh( j )smh(my) 2cosh (mT) (my) Cosh(my)}sinm (g+§) —0.

And boundary condition u <—g, y> is used, to obtain

b+, . mdm mdr
,y \/72 3 (s (imdir) — mdi) [ (QSlnh <T> —mdmcosh (T) > cosh (my)

dm

+ 2sinh ( ;l ) sinh (my) 2cosh (mT) (my) cosh (my) ]sinm (—g—l—g) =0
(4.54)

Thus the condition on u(x, y) along the vertical boundary is given by

u]aﬂmz 0.

. d ,
Boundary condition u (m,%) is used, to get

(=3)=13 EQ(Smh(bZZS ") (o (~5)

() e 2]
() (o) ()

—mdwmnh(mj”) )smh< )

+2005h( ) < 7T>cosh( d;) }sinm (:Hg) = a(z)- (4.55)
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" dm .
Also, the boundary condition u (:1:, —§> is used, to get
— 2 X —
U (I,%) = \/j Z bt G {(2sinh (deﬂ)

= (Sinh( — mdw) — mdw)

— mdmcosh ( _mdﬂ) > cosh (m_—dﬂ)

2 2
) mdm mdm\ . dm mdm
—{—2s1nh(T) ( 5 )smh (m7) } |:<COSh(T)

. mdm , dm
—mdmsinh (T) ) sinh (m;)
—|—2(:osh<de7T> (mdg) cosh (mdg) 1sinm <:c—|—g) = a(x)- (4.56)

Thus the condition on u(x, y) along the horizontal boundary is given by

u|8g}m =a(x) .

The boundary conditions on v (z,y) are calculated from its already known expression

oz, y) = \/g i b~ o ) lmdwsinh<m7d”> cosh <my>

m=12 <sinh (mdﬂ) +mdm
—2cosh (deW) <my) sinh (my) 1 + b+ {mdwsinh (my>
2 (sinh <md7r> —mdﬂ)
, mdm s
— 2sinh (T) (my) cosh (my) } cosm <x+§) . (4.57)

We differentiate the above expression with respect to x, to obtain

ov 2 — by —ay, . mdm
9 = —m\/;z ) {mdﬂsmh(T) cosh (my)

m=12 (sinh (mdw) +mdm
d | b d
—2cosh (%) (my) sinh (my) + mtm {mdﬂcosh (%) sinh (my)
-2 (sinh (mdw) —mdw)
_ mdm 1. T
—2sinh (T) (my) cosh (my) sinhm (q:+§) . (4.58)
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The boundary condition @ (g, y) is used, to obtain

Ox
ov 7r b — o, . mdm
83: ,y —m\/72 (sinh (mdm) +mdm) [mdﬂsmh <T) cosh (my)
dm b +am, mdr\ .
—2cosh ( 5 ) (my) sinh (my) }—1— 3 (s (imdir) —mdn) {mdﬂcosh (T) sinh (my)
. mdm . T
—2sinh (T) (my) cosh (my) }smm (§+§) =0- (4.59)

And the boundary condition 9v (—E, y) is used, to obtain
ox 2

g_v (—— ) m\/7 Z b= {mdﬂsinh <de7T> cosh (my>
o m=1 2 (sinh (mdﬂ) +md7r)
—2cosh <de7T> (my) sinh (my) ] + b+
2 <sinh (mdﬂ) — mdn )
* {mdﬂcosh (de?T) sinh (my) —sinh(deﬂ) (my) cosh <my) }

i —— =0 4.
*smm( 2+2> 0 (4.60)
- ov . o
Thus the condition on %(:v, y) along the vertical boundary is given by
ov
%bﬂm: 0.

Also, the boundary condition v (x,dg) is used, to get
( dw) [Z bm =l [mdwsinh(de?T> cosh (md%)
m=1 2<sinh (mdw) +md7r)
_QCosh(mjﬁ> (md;)smh( dg) }—i— bmt-m
2 (sinh (mdw — mdw)

[ () ) - 305 (o) o)

* COSTN, (a:+g> =0- (4.61)
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. dm . .
Whereas the boundary condition v (:c, _EW) is used, to obtain
d 2 — b=,
v (x, —g) = \/i Z ¢ [mdﬂsinh (de?T> cosh (—md;)
T m=19 (sinh (mdw) + mdﬁ)
— 2cosh (m_d7r) (—md—ﬂ) sinh (—md—ﬁ) ]
2 2 2
+ b+ [mdwcosh (— deW> sinh (—mdg)
2 <sinh (mdw) —mdw)
. mdm s
—2sinh <_T) (my) cosh <my) ]Cosm (x+§> =0 (4.62)

Thus the condition on v(z, y) along horizontal boundary is given by

v|aﬂm: 0.
We obtained new boundary conditions for the first auxiliary problem, which are

U|8852U€T: O 7,LL|8QFL07“ :a (x)
a_zlagver: 0 7'U‘aghm": O

(4.63)

In the same way we obtain the boundary conditions for the second auxiliary problem from
the expressions for the velocity components as calculated above. The resulting boundary
conditions are

ou -
- =0 =0
{ aylaﬂhor ’u’aﬂver (464)

Vg, = 0 o, =a)
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4.2 Iteration algorithm

Iteration method is employed to solve our auxiliary problems. Iteration scheme consist of
2 steps undertaken sequentially by first solving the first auxiliary problem after which we
use that solution to obtain boundary conditions to be used in the solution of the second
auxiliary problem. The solution of the first auxiliary problem plus the solution of the second
auxiliary problem give us the zero**approximation of the solution of our problem. The solution
of the second auxiliary problem is then used to provide the boundary conditions for the
first auxiliary problem in the subsequent iteration. This first step is towards finding the first
iteration or the second term of the sum representing an approximation to the solution of the
main problem. After n iterations the solution to our main problem is finally represented in the
form

Ulzﬁl_{_ﬁla
Uy=U,+ U, +Uy+-Uy,

Un=Uy+U1+Us+Us+ - +Un+U,,
=1
Here, we demonstrate how the procedure works. Firstly, we consider the first auxiliary prob-
lem with the following boundary conditions
uly, =0, U|8Qhor =a
ol =0 vl =0

The first approximation to the solution to this auxiliary problem is of the form

U, = { <\/g g:lum (y) sinm (%%) , @ g:lvm (y) cosm <x+g) )
\/g g:lpm (y) cosm (:v—l—g) } (4.65)

U,= {(u1,v1), p1} which imply the following expression
And we solve the second auxiliary problem from with boundary conditions

ou

a_y |thOT: 07 :&/|an67‘: 0

oy, = 05 Vlog,,, =0

The solution to this auxiliary problem is of the form U= {(uy,v1),p1} and this implies that

7= | (\/% mfj o) cos (47 e mffm (ysinm (3+ ) )
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\/7 Zpl cosm( ; g)} (4.66)

The above solution u; and u,of auxiliary problem are added to obtain U;=u;+u; .Then

SUUEEORECHREEORECHD
Az B ()en(++3)
AWEE o (Jn(5) Vi S (e)em (343) )
Varn(e)en (i) b

From the above expression we obtain U1:l71+(71, given given as

\/>zm L Um (y) sinm x—l— \/ Zm L Um () cosm (%—kg)
\/723m 1 Um (y)cosm £L‘+ \/ Zm | Um (z)sinm (%—i—g)

And for py=p1+p1 , we have

p1 = \/72pm cosm:z:+ \/7me cosm( —|—2) (4.67)

Then the 1st component of the first iteration is the exact solution of the problem

Page 31

( —Aﬁ(l)-i-Vﬁ(l): 0 in €
V-U(l): 0 mn Q
Umlag,,, =0 Uwla,, =a+h
U,
\ ox 00 V(1)|aﬂhm»_ 0

where f;is the trace of the solution w; to the second auxiliary problem at the 1% iteration.

The algorithm consists of the construction and solving of a sequence of pairs of auxiliary
problems. The solution of each auxiliary problem is obtained through the use of the bound-
ary conditions calculated from the trace of the solution of the previous auxiliary problem.
However, the initial data for solving the first auxiliary problem is taken from the original prob-
lem. The sum of the solutions of the successive pair of auxiliary problems constitutes the
solution of our initial problem. Similarly, the first term for the approximation of the second
auxiliary problem is determined from the problem

( —Af](l)-i-Vﬁ(l): 0 mn Q
3U ~ (4.68)
ay - N(l)’aﬂver: 0
\ ‘/(1)|th07": 07 ‘/(1)|8Qve'r :al
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whose solutions are of the form

(7(1):\/ % Z U, (x)cosm (%4—%) ,
m=1

17(1):\/ % Z \7m (x) sinm <%+g>
m=1

13(1):\ / % Z P,, (z)cosm (%—i—%) -
m=1

Thus the first iteration of the first auxiliary problem is given by

Ua= { (Umv V(l)) ) P(l)} '
Then by substituting the iterated solutions of first auxiliary problem into above equation, we
obtain
~ 2 — i T 2 — s
U, = { <\/;m221 Up (y) sinm <I+§) ,\/;mZ:l Vin (y) cosm (x—l— 5) )
2 — s
: \/;mZ:l P,, (y) cosm (x—l-E) } (4.69)

And first iteration of second auxiliary problem is given by
U= { (U(1), V(1)> ,P(1)} :

Similarly by substituting iterated solutions of second auxiliary problem into U, we obtain
= { ({2 20 IRANNER S U
o= { (VE St (3) AF S (323) )
2 -~ y
; \/%mzﬂ P,, (x)cosm (34_5) } 470

By adding above equations, we get Uiy =Uqy+U1) + U +U ), S0 that
2 — ) T 2 & T
Uy= { (\/;mzl Un (y) sinm <x+§> ,\/;mzl Vin (y) cosm <x+§> ) }
2 o= ~ Yy 2 o= ~ i Yy
—l—{(\/%mZ:lUm(x)cosm <E+§> ,\/%mZ:le(x)smm <d+2> ) }
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{ (@mi; U, (x)cosm (%"‘g) ) % i Vi, (x) sinm (%—l—g) > } (4.71)

From the above equation we get

9 .
\/>Zm U Slnm(x—i-g)—i— %223:1[] (z )cosm(y%—i)

2

i

\/727,1  Vinly) cosm(a + 5) +

And for Pzzﬁ(l)—l—ﬁ(l) + ﬁ@)—l—ﬁ(g) , we have

PQZ\/g i P,, (y) cosm <x+g> —i—\/% i P,, (z)cosm (%—Fg)
m=1 m=1

—i-\/g i: P,, (y) cosm (x—l—g) + % i: ﬁm (x)cosm <%—|—g>
Py=2 (\/gi: Py, (y) cosm <$+g) —i—\/zﬂi B, (x)cosm (%—l—g) ) .

Then the 2"¢ component of the first iteration is the exact solution of the problem

( —Aﬁ(z)—i‘Vﬁ(g): 0 in €
V-U(g): 0 mn Q
U(2)‘8QUW: 0, U(2)|aﬂhor :OH‘ﬁQ
U
g |72e=0 " Vola, =0

\
whose solution are of the form

:\/dzﬁmi.::l ﬁm (z)cosm (%—f—g) ,
:\/%gvm(x)sinm< + ) ,
ﬁ(g):\/% i P,, (z)cosm ( ) :

where 3,is the trace of the solution %, to the second auxiliary problem at the 2" iteration.

Q=
ol

+

ISHE
b | 3

Similarly, the 2™¢ term for the approximation of the second auxiliary problem is determined
from the problem

( —Af](g)-i-Vﬁ(g): 0 mn Q
90 _ (4.73)
ay - _ 2) ’aﬂver: 0
\ V(2)|89}W: 07 ‘/(2)|8Q,Ue,r =az
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whose solutions are of the form

2 —— ~
:\/%; Up (x)cosm <%+g> ,
‘7(2)—\/% Z_l Vi (x) sinm <%—|—g> ,
13(2):\/% Z P, (x)cosm (%—i—%) .
m=1

Thus the 2"¢ iteration of the first auxiliary problem is given by

Us= { (U(2), V(z)) ,P(2)} .
Then by substituting the iterated solutions of first auxiliary problem into above equation, we
obtain
U 2y ; T 2 — s
0. - { (\/; > 0 s (143 2 > Vi) cowm (1 3) )
2 o
) \/i Z P, (y) cosm (HZ) } e
T m=1 2

And first iteration of second auxiliary problem is given by

Us= { (ﬁ@)» ‘7(2>> ’ﬁ(m}

Similarly by substituting iterated solutions of second auxiliary problem into Us, we obtain

U = { (@g U,n, ()cosm (%%) \/%mil V.. (z) sinm (%%) )
,@éﬁwM%a} 479

By addlng Us= +U + (7(2)"’(7(2) + [7(3)+[7(3)

g e () )y
m 2 o T
\/>Zm 1 Vin (y) cosm <!E+2> + d—zm ( ) sinm (34—5)

Py= P( )+P(1) + P( )+P(2) + A(3)+P(

et (25 ey () o425 Pn (1) )

m=1

© University of Venda



)
-]

. . . University of Venda
Section 4.2. lteration algorithm N7 e Page 35

Then the 3" component of the first iteration is the exact solution of the problem

( —Aﬁ(3)+vﬁ(3): 0 n
Ulag,. =0, U(3)|aﬂhw:@+53
o0
\ 31‘ ’aneT_ 0 ‘/(3)|8Qho7*_ 0

whose solution are of the form
~ 2 = ~ y
Uiz)=1/ e mz:l Up (x)cosm (a+§> :
Vig= 2 if/ (x) sinm (Q+Z>
OV g 2" d 2/’
~ [2 = ~ y o
P(g)— % mzl Pm (QZ)COS’WL <E+§> .
where f3; is the trace of the solution Us to the second auxiliary problem at the 37¢ iteration.

Similarly, the 37 term for the approximation of the second auxiliary problem is determined
from the problem

—Aﬁ(g)-i-Vﬁ(g): 0 mn Q
OUs) - (4.77)
~ay 6ﬂhor - 07 Y(B) |6ﬂver -
. ‘/(3) |8Qhor - 07 ‘/(3) |8Q'ue'r :CLQ

whose solutions are of the form

17(3):\ / % Z Uy, (z)cosm (%—f—g) ’
m=1

Ty 2 3 T ) s (L4,
m=1

f)(fi):\/ % Z Py, ()cosm (%ﬁ%) .
m=1

Thus the 37 iteration of the first auxiliary problem is given by

/U\4: { </U\(3)7 ‘/}(3)> ’ ﬁ(3)} :

Then by substituting the iterated solutions of first auxiliary problem into above equation, we

obtain
U, = { (@ mi U, (y) sinm (w%) \/g mfjl Vi () cosm (x—i— g) )
, \/g gl Py, (y) cosm (a:+g) } (4.78)
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And first iteration of second auxiliary problem is given by

Uy= { (U(g), V(3)> ,P(g)} .
Similarly by substituting iterated solutions of second auxiliary problem into U, we obtain
~ 2 © y 9 o ‘ g z
Us= { (\/;mZ:l Uy, (x)cosm <d+2> ,\/;mZ:l Vin () sinm (d+2> >
2 -~ y o7
) \/%mz:1 P,, (z)cosm (8+§) } .

By adding Us=U)+Uq) + Uy +Ut) + Us)+Ugs) + Uy +U0a)

» \/>Zm L U (y) sinm (x—i— ) d7r Zm L Up (2)cosm (Z%—;T)

_ .2
\/727,1 L Vin (y) cosm (x—l— ) e Zm L Vi () sinm <d+2>
Puy+Puy + Pay+ Py + Py+P) + Puy+Puy

P= 4 ([ZP cosm (w+3 \/>ZP Cosm<d 2>>

Then the 4" component of the first iteration is the exact solution of the problem

( —Aﬁ(4)+V]3(4): 0 n S
VU 4= 0 m Q
U(4)|agver: 0, U(4)|aﬂho7.:04+54
U 4
\ B |0%er =0 Vi la, =0

whose solution are of the form

A(4):\/%mi;l Uy, (z)cosm (%4—%) ;

:\/%iﬁm(x)sinm( + ),

ﬁ(4):\/% f: P,, (z)cosm ( ) :
m=1

where B,is the trace of the solution U, to the second auxiliary problem at the 4" iteration.

Q=
bo |

_|_

o] 3

Qle

Similarly, the 4" term for the approximation of the second auxiliary problem is determined
from the problem
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( —A[NIA(fl)JrVﬁM): 0 m Q
{ 8U ~ (4.80)
Jy S @lag,,, =0
Vinlag,, =0 Viala,,, =

\

whose solutions are of the form

2 = ~ y T
:\/%mz:l Up (x)cosm (a+§> :
‘7(4):\/%; V. () sinm <%+g> :
f’(4):\/% Z P,, (z)cosm (C%—i-g) -
m=1

Thus the 4" iteration of the first auxiliary problem is given by

Os={ (Ui Vi) - Py } -
Then by substituting the iterated solutions of first auxiliary problem into above equation, we
obtain
~ 2 — . T 2 — s
Us = { (\/;mzz1 Unm (y) sinm <x+§> ,\/;mZZI Vin (y) cosm (x—l— 5) )
2 — T
: \/;mz::l P,, (y) cosm (x—i—E) } (4.81)

And first iteration of second auxiliary problem is given by

(752 { (ﬁ(4), ‘7(4)> 7ﬁ(4)} ’

Similarly by substituting iterated solutions of second auxiliary problem into Us, we obtain

0= { (/2 5 utomon (12) 5 Tutwrion (3:5) )
[ZP (@)eosm (447 } (4.82)

By adding Us=U)+U) + Ut +Ucz) + Uis)+Ugs) + Uiy +-Utay + Uty +Us)

\/727” L Un (y) sinm (a:+g) + %sz:l U, () cosm <%+ ) 4.83)

m
2
\/>Zm L Vin (y) cosm (x+g> /=D V. () sinm (%—f—g)
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o~ ~ o~ ~ o~ ~ ~ o~ ~

Ps=P)+P) + Poyt-Pa) + Pay+ Poy+-Piay+Pay + Foy+ Py +-Peg

Pi=5 ([ZP cosm x+ \/;ZP COS”(d 2))

Then the 5" component of the first iteration is the exact solution of the problem

( —Aﬁ(5)+VI3(5): 0 n
V-U(5): 0 mn Q
) Us)log,, =0 Usla,, =a+8s
U
\ a’L‘ ’aﬂve?ﬁ_ 0 ‘/(5)|8Qhor_ 0

whose solution are of the form

:\/%; Uy, (2)cosm (%+g> ,

‘7(5):\/%i V. () sinm ( + ) :
m=1

13(5)—\/% i;l P,, (z)cosm ( ) :

where j5 is the trace of the solution Us to the second auxiliary problem at the 5" iteration.

Qe
bo | 3

+

o

ISHES

Similarly, the 5" term for the approximation of the second auxiliary problem is determined
from the problem

( —Aﬁ(5)+V§(5)= 0 mn Q
oU s ~ (4.84)

dy |6Qhor 0 U(5)|6Q1jer:

Volo,, =0, Vis)la,,, =05

\

whose solutions are of the form
2 = ~ y
—\/%;Um (x)cosm <E+§> :
:\/i if/ (x) sinm <Q+Z>
dm — " d 2/’
~ 2 = ~ y T
Piy=y/ — P =+ -
(5) “dﬁmzjl ' () cosm <d+2>

Thus the 6" iteration of the first auxiliary problem is given by

(762 { ((7(5), ‘7(5)> 713(5)} ’

© University of Venda
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Then by substituting the iterated solutions of first auxiliary problem into above equation, we

obtain
Us = { (@ ,i U (y) sinm (w%) \/g mi; Vi (y) cosm (x—i— g) )
, \/gg Py, (y) cosm (:c+g> } (4.85)

And first iteration of second auxiliary problem is given by

Us= { (fj(5)’ ‘7(5)> >ﬁ(5)} ’

Similarly by substituting iterated solutions of second auxiliary problem into Us, we obtain

Us = { (\/%mi U ()cosm (447 \/gmi Vi () s (447) )
,\/%gﬁm(x)cosm (5+3) } (4.86)

By adding Us= —|—U + [7(2)—1-(7(2) + (/]\(3)—1-[7(3) + [7(4)—1-[7(4) + [7(5)—1-[7(5) + [7(6)+(7(6)

\/72m L Un (y) sinm <$+7T> m (x)cosm <%+g> “87)
2

dﬂzml
Ve o) 5 Beton (1)

Po=Pi)+ Py + Poy+ P2y + P+ Py + Puy+Puay + Poy+-Prs) + Pioy+Pe-

Pi= ( ZP )cosm (45 \/;ZP Cosm<d 2))

Then the 6" component of the first iteration is the exact solution of the problem

( —Aﬁ(6)+Vﬁ(6): 0 n
U(6)|3mer: 0, U(6)|aﬂhor =a+0s
o)
\ 5 |0%er=0 Vio)lag, =0

whose solution are of the form

[2 o= ~

= %;Um(:ﬁ)cosm (%—f—g),
[2 _

= %WZ:le (x) sinm <%+g) ,

© University of Venda
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~ 2 L~
P(ﬁ):\/%mz:1 P,, (x)cosm (C%—i-g) ~

where Ssis the trace of the solution Us to the second auxiliary problem at the 6" iteration.

Similarly, the 6! term for the approximation of the second auxiliary problem is determined
from the problem

( —Aﬁ(ﬁ)"i_Vﬁ(ﬁ): 0 m Q
V~V(6)= 0 mn Q
o) . (4.88)
Nay ’aﬂhm‘: O’ A[{(6) ’aﬂver: O

\ ‘/(6)|89hor: 0’ ‘/(6)|BQUET =a2

whose solutions are of the form

~ 2 o= ~ y o

Uwy=1/ o Z U, (x)cosm <E+§> ,
m=1

~ 2 o= ~ ) Yy o

Viey= e Z Vin () sinm <E+§> :
m=1

~ 2 = ~ y o

P(ﬁ): % Z P, (x)cosm (C_Z+§> :
m=1

Thus the 6" iteration of the first auxiliary problem is given by
(772 { ((7(7)7 ‘77> ,13(7)} :

Then by substituting the iterated solutions of first auxiliary problem into above equation, we
obtain

PN 2 — ) T 2 — m

U, = { (\/;; Un (y) sinm (:17+§> ,\/;mz:l Vim (y) cosm <x+ §> >

2 — s
: \/;mz:l P,, (y) cosm (:H—E) } (4.89)

And first iteration of second auxiliary problem is given by
Ur= { (U(G), V(6)> 7P(6)} :

Similarly by substituting iterated solutions of second auxiliary problem into U, we obtain
U = 3 N y.r \/z o . y,m
Ur = { (\/;leUm (x)cosm <d+2> ; dﬂmzlvm (x) sinm <d+2> >
2 X~ y 7
" a2) J 4.
’\/;mzzlpm (#)eosm (G5 } (4.90)
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By adding
U, = [7(1)—1-(7(1) + [?(2)—0—[7(2) + [7(3)—1-[7(3) + [7(4)-1-[7( + U +U + [7(6)+[7(6)
+ Umny+U) (4.91)
T 2

Zm L Un (y) sinm <x+§> + % S U,y ()cosm (d—i— 2> “.92)

y m

\/72777, 1 Vin (y) cosm <$+ ) an Zm 1 Vin (z) sinm <E+§>

P7:ﬁ(1)+§(1) + ﬁ(2)+1~3(g) + ﬁ(3)+§(3) + ﬁ(4) P(

~

1) + Psy+ P + Poy+ Py + Pay:

P=7 ([ZP ) cosm as+ \/>ZP Cosm<d 2>>

Then the 7" component of the first iteration is the exact solution of the problem

( —Aﬁ(7)+Vﬁ(7): 0
UA’(7)‘89118T: 07 U(7)|aﬂhor
U
=0
\ S 19%er

whose solution are of the form

in
n Q

=a+ [

(7) | aﬂhor

~ 2 L~
(7)2\/%?;:1 Up (x)cosm (%—i—g) ,

:\/%mio:l V. () sinm (
ﬁ(7):\/% Z P,, (z)cosm (
m=1

ISHES

ISHES

+2).
).

N

+

bl

where B+is the trace of the solution U; to the second auxiliary problem at the 7" iteration.

Similarly, the 7" term for the approximation of the second auxiliary problem is determined

from the problem

( —Aﬁg)—i-Vﬁ(n: 0 mn Q
U m) _ (4.93)
ay ’aﬂhor B 07 _ (7) ’aﬂve'r - O
\ ‘/(7 |aﬂhor: 07 ‘/(7)|aﬂve'r 252
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whose solutions are of the form
~ 2 o ~ y
Umy=1/ o Z Up (x)cosm <E+§> ,
m=1
~ 2 = ~ ) Yy o
Viny= = Z Vin () sinm <E+§> :
m=1
~ 2 = ~ y o
P(7): % Z Pm (x)cosm <E+§> :
m=1

Thus the 7" iteration of the first auxiliary problem is given by
Us= { (U(7), V(7)> ,P(7)}

Then by substituting the iterated solutions of first auxiliary problem into above equation, we

obtain
Us = { (@mil Un, (y) sinm <x+g> \/gmf:l Vin (y) cosm (9«“+ %) >
e > Putenn (:43) } (4.94

And first iteration of second auxiliary problem is given by
Us= { (U(7), V(7)> ,P(7)} .

Similarly by substituting iterated solutions of second auxiliary problem into U, we obtain
~ 2 - y P | )
Us = { <\/;mz_1 Uy, (x)cosm (d+2) ,\/;mz_l Vin () sinm (d+2> )
2 = ~ y 7
" a2) f 4.
,\/;mZ:le(x)cosm <d+2> } 495

By adding

Us = ﬁ(1)+l7<1) + ﬁ@ﬁﬁ(z) + ’7<3>+ﬁ<3> + (7<4>+ﬁ<4> + ﬁ@ﬁﬁ(m + ﬁ(eﬁﬁw) + U

+Ury + Uis)+Ugs)- (4.96)

2 o , s 2 o = y
Ul s \/;Zmzl Up (y) sinm (3:—1-5) oo > Un (x)cosm (c_l+§)
2
dr

\/ngnol Vin (y) cosm (m—i—%) +
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Py = Puy+Poy + Pyt Py + Poyt-Proy + Puay+Poy + P+ Prsy + P

~ ~

+ P(ﬁ) (7) P(7) + ﬁ(g)‘i‘ﬁ(g)' (4.97)

Pi=3 ([ZP cosm (w+3 \/>ZP Cosm<d 2))

Then the 8" component of the first iteration is the exact solution of the problem

( —Aﬁ(g)—i‘Vﬁ(g): 0 n
V-U(g): 0 mn Q
®log,., =0 Uwla,, =00

U,
\ 8.7; |aQUe'P_ 0 ‘/v(8)|anhor_ 0

whose solution are of the form
2 = ~
N ar m221 Up (x)cosm (%4_%)
2 = ~ ‘
=/ o mZ:l Vin () sinm <%+g) ,
]3(8):\/ % Z P,, (z)cosm (%Jrg) .
m=1

where Ssis the trace of the solution Us to the second auxiliary problem at the 8 iteration.

Similarly, the 8" term for the approximation of the second auxiliary problem is determined
from the problem

—AU (5)+V Pgy=0 in  Q
V-V ()= 0 in Q
U, o o B (4.98)
Oy S (8) |8Qver_ 0
Viglag, =0, Vil =0s

\

whose solutions are of the form

\/>Z U, (x)cosm (% g) ,

:\/%mi: \7m (x) sinm (%—I—%) ,

13(8):\/% i P,, (z)cosm (%—i—%) -
m=1

Thus the 8 iteration of the first auxiliary problem is given by

(79: { <[7(8)> ‘7(8)> ’]3(8)} '
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Then by substituting the iterated solutions of first auxiliary problem into above equation, we

obtain

Uy = { (@g Un (y) sinm (w+7 ) \/gg:l Vi (y) cosm (w+ 7 ) )

And first iteration of second auxiliary problem is given by
Up= { (U(s), V(s)) ,P(s)} :

Similarly by substituting iterated solutions of second auxiliary problem into Uy, we obtain

Uy = { (\/%mi Unn (w)cosm (%%) \/gmi Vo () sinm (%%) )
Vi Z e (55) }

(4.99)

(4.100)

By adding

Uy = [7(1)-1-[7 + (7(2 —I—ﬁ + ﬁ(g)‘i‘ﬁ(g) + (7(4)4-[7(4) + 6(5)—1-(7(5) + U +Ug) + U(7)+U
(4.101)

+ [7(8)—1-[7(8) + [7(9)—1-[7(9)‘
\/72m U smm ”d_ x)cosm (cyi+72T)
Y 7T>
d—i—

\/>Zm Vi Cosm “d_ smm( 5
13( >+1~3 2 + 13(3)+§<3> + 13(4>+§<4> + 13<5>+ﬁ<5> + 13( )+ Fe)
(4.102)

Py = Pay+ Py +

im0 (25 rutson (145) /255 oo (45)

Then the 9" component of the first iteration is the exact solution of the problem

+ Psy+Ps) + Poy+ Py

( —Aﬁ(g)—i‘Vﬁ(g): 0 n
V-U(g): 0 mn Q
U(g)‘a%w: 0, U(9)|thOT =a+fy
U9
\ 827 |aﬂve7“_ 0 W9)|89h0r_ 0
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whose solution are of the form

~ 2 o ~ y

Uwgy=1/ o Z Up (x)cosm <E+§> ,
m=1

-~ 2 = ~ ) Yy o

Vigy= = Z Vin () sinm <E+§> :
m=1

~ 2 L - y

Poy= e Z P,, (x)cosm <8+ )
m=1

where S,is the trace of the solution U, to the second auxiliary problem at the 9" iteration.

M

Similarly, the 9" term for the approximation of the second auxiliary problem is determined
from the problem

—Aﬁ(g)‘l'Vﬁ(g): 0 mn Q
_ VVig=0 in & (4.103)
U9 7 Y v 3
oy |aﬂhor= ;o Uola,, = 0V(9)|aghw: 0, Vio)la,,, =as

whose solutions are of the form

~ 2 = ~ y T

Ugy=1/ e Z Up (x)cosm (a+§> :
m=1

~ 2 = ~ ) Yy o

Vigy= = Z Vin () sinm <E+§> ,
m=1

~ [2 S ~ y o

P(g): % Z P, (QZ)COSWL (C_Z+§> :
m=1

Thus the 10" iteration of the first auxiliary problem is given by

Uro= {(U(g), V(9)> ,P(g)} :
Then by substituting the iterated solutions of first auxiliary problem into above equation, we
obtain
. 2 _ s 2 T
Uy = { (\/;mz::l Unm (y) sinm <x+§> ,\/;mz::l Vim (y) cosm (x—l— 5) )
2 — T
: \/;mz:l P,, (y) cosm <x+§> } (4.104)

And first iteration of second auxiliary problem is given by

ﬁloz {(ﬁ(g)a ‘/7(9)) 7§(9)} :
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Similarly by substituting iterated solutions of second auxiliary problem into U, we obtain

Uso = { (@; O ()cosm (447 ) \/%mi Vo () sinm (447 )
,\/%2ﬁm(x)cosm (5+3) } (4.105)

By adding

Ui = Uny+Uqr) + Ui+ Uga) + Uiy +Ugs) + Uiay+ Uiy + Uiy +Ugs) + Uiy +Uce) + Uy +Uer)
+ Ug)y+Us) + Uy +U(9) + Uno)+Uno) (4.106)

U = 10 \/22331 o (Hg) +\/\/2221 ey <%+g> (4.107)

s 2 o = y
> Vi (y) cosm <x+§> + e Yo Vin () sinm <d+2>

9)+P(g) + P( )+P(10) (4.1 08)

Py=10 ( %i P, (y) cosm x—f— \/;Z P,, (x)cosm ( 2) ) : (4.109)

For the successive iteration, the nonzero boundary condition at the first step is taken equal
to
U|6ﬂhor :al

The procedure is then cyclically repeated n times, which is the number of iteration performed.
The algorithm generates the approximation

= <ﬁi+ﬁi>. (4.110)
=1
and
Poy=>_ (Pi+P,): (4.111)
=1
The pairs {U,, P,} and { } are the solutions to the corresponding auxiliary problems
at the n'” iteration
—AU—}-VP(TL): 0 in
V.Unm=0 in  Q

Uwlog,,, = 0Viwlay= 0Um oy, =05
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Chapter 5

Numerical Method for Solving Stokes
problem

In this chapter, we discuss the full implementation of the numerical method on rectangular
and irregular domains. We use Vorticity stream function approach to solve Stokes problem
on a rectangular domain and explicit second order central difference scheme for an irregular
domain.

5.1 Numerical Solution using vorticity Stream Function ap-
proach on rectangular domain

Below is the expanded Stoke’s equation

u  0*u  Op
Ox? + o2 Or 0 (5-1)
v 0% Op

ou  Ov

p + oy 0- (5.3)

We partially derivate 5.1 with respect to y and 5.2 with respect to x to obtain the following

0 [(0*u O*u 0%p
— - =0- 4
dy <3y2 + ayQ) Jyox 0 (5-4)
0 (0*v 0% 0*p
ox (8y2 * 0y2> © Oxdy 0 (5:5)
47
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By assuming that pressure function is piece-wise continuous function within the above de-
fined intervals, implies that

2 2
Op _ b (5.6)
Oydxr  Oxdy
By substituting 5.2 into 5.1 we obtain the following
o (0*v 0% 0 (0*u O*u
@(W*a?)‘a@(@*@)—” (5.7)
From continuity equation we have the following
ou  Ov
9z + ay 0- (5.8)
this imply that
0*u o*v
oz Oxdy (5.9)
and
0*v 0%u
oz Oydx (5.10)
By using the above expression into 5.1 and 5.2 we obtain the following
2 2 92 2
O (v dw 0 (=0v Juy_ (5.11)
Ox \0x%* 0Oyox dy \ 0xdy  0y?
0% (Ov  Ou 9* (Ov  Ou
e (5~ o)+ o (3~ ) = 512
let
ov  Ou
~ o oy (5.13)
having boundary conditions
U] 90,.,= 0, U|ogy, .= (5.14)
ov
8_x|m“”: 0, v[a0y,,= 0- (5.15)

From the boundary conditions given above we can have boundary conditions for vorticity
function,thus

Wlsq,.,=0—0=0, (5.16)
ou

W|89hor: O - a_’aﬂhor: 0. (5'17)
Y
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By discritizing above equation we have the following

Wiv1; —2Wi; + Wiy n Wijs1 —2Wi; + Wi

=0
2 n2

for hy, = h, = h imply that

1
Wi, = 1 Wis1; + Wiy j + Wi + Wi ] (5.18)
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5.2 Numerical solution of stokes problem on irregular do-
main

Here we consider irregular interior grid points and points on the boundary where Cauchy
or Neumann conditions are supposed to be valid. We deal with this situation through the
construction of appropriate difference equations of given differential operators. Our task is
to approximate the differential operators at grid points that are lying near to the curved part
of the boundary. The approximations are linear combinations of the values w;_, ;,u; ; and
ui+1; and of u; j_q,u;; and w; ;41 respectively. Assume that u(x,y),v(x,y) and p(z,y) are
continuous and differentiable function, thus by using Taylor series expansion, the following
relationship hold for function values of the corresponding points.

N

Rl N
LR IO

2 N

S e NP e

L

Figure 5.1: Irregular domain in 3D

The positions of irregular points 29,30,36,41,45,52,56,60,65 are indicated below. The points

, . d d . : i —m —3d ,
lie on the domain x = —g to ~ and y= ~ o ; point 29 is at position (Tﬂ, 3 W) ,point

2 2
30 is at position <—%, _Tmr),point 36 is at position <_1—367T,_Td7r),point 41 is at position
—T . . - —T . . . ™ . . -
(?, 0) ,point 45 is at position (ﬁ’ O> ,Jpoint 52 is at position (E’ O) ,point 56 is at position

dm

(g,o),point 60 is at position (3—7T _—),point 66 is at position (%, _Tdﬂ),point 65 is at

16" 8
" —3d
position z, ™).
4° 8
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& L L 9. L » o
Points on irregular
domain
4 o 9. L L 4
L e ¢ [ 4 4
29| @
9 90 —¢ 0 @
30 0
v 1
36 0
¢ ] »
41 [6)
— o
45 °
] ®
52 [
® 9
56
4 . o
' L 4 L 60 °
® 4 65 Py
*—o—» 6 | @
9 —+—+—o 4 .
Interior
points o
——=& () L ¢« — 9
—e ¢ o —*¢

Figure 5.2: Irregular domain in 2D
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5.2.1 The velocity u at irregular points is calculated below.
Velocity u at point 29
We form linear combination with coefficient C, Cs, C5 to obtain the following
Uz = Cru(x — hyy) + Coulx,y) + Csu(x + arh,y)-
we use Taylor expansion series to obtain the following
1
u(z — h,y) :u—hu$+§h2um+---
1
u(z + arh,y) = u+ ajhu, + §(alh)2um + -
1 2 1 2
Cy(u — hu, + §h Uge + - ) + Cou + Cs(u + arhu, + §(a1h) Upg + + ) = Ugy
Then the approximation of 2"¢ order partial derivative u,, is given below
1 1
(01 + 02 + Cg)u + (—hCl + athg,)uz + (§h201 + 5(&1h>203)uxx = Ugy-
01+02+03:O, (519)
—hCl + alhO;g = O, (520)
1 2 1 2

From 5.20 C; = a,C3, substituting C into 5.21

1 1
§h2a103 + §(a1h)2C’3 = ]_,

2
03 a1h2(a1 + 1)7
2
Cl h2((11 + 1) ‘
substituting C5 and C; into 5.19
2 2 2

C = — — =
2T wh2(ar + 1) h2(ay +1)

——
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The results in the difference approximation for u,, is given below

2 2 2
W1 — 5 Wi — —5 Wil
Ra+1) Y ah2(a +1) 7 ah2

Uge =

Linear combination of w,, with coefficient Cy, C5, Cs is given below
Uyy = Cyu(z,y + hy) + Csu(z, y) + Cou(z,y — hy),
1
u(z,y + h) = u+ hyu, + Ehfuy + -

1
w(z,y — h1) =u — hyuy, + §(h1)2uyy +- -

We form linear combination with coefficient C;, Cs, C3 to obtain the following

1 1
Cy(u + hiuy + Eh%uy + ) + Csu + Cg(u — hyuy + §(h1)2uyy +) = Uyy s

1 1
<O4 + 05 + CG)U + (h104 — h106)uy + (Eh%CZL + §(h1)206)uyy = Uy

Cy,+Cs5+Cs =0, (5.22)
h104 - hlcﬁ = O, (523)
1 2 1 2
From 5.23 C; = Cj, substituting C, into 5.24
1 1
ih%CAL + §(h1)204 - 1,
1
C4 - h_%7
1
Cﬁ - h_%a
substituting C, and C into 5.22
1 1 2
G TR W
Results of difference approximation for u,, is given below
1 2 1

Yy o Yi,j+1 o Q.5 o Yi,j—1
hl hl hl

Velocity u at point 29

1 1 1 1
ui—l,j — (a1 + 1)(@—1 + )\>Uz‘,j + a—lui+17j§)\(a1 + 1)ui’j+1 + 5/\((11 + 1)ui,j—1 = 0- (525)

Velocity u at point 65
1 1 1 1
ui-i-l,j — (Cl1 + 1)(@- + )\)Uiﬂ' + a—ui_17j§)\(a1 + 1)114'7]‘4_1 + 5)\(&1 + l)ui,j_l =0 (526)
1 1
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Velocity u at point 30 Linear combination of u,, with coefficient Cy, Cs, C5 is given below
Uz = Cru(x — h,y) + Coulx,y) + Csu(x + azh,y),

1
U’('T - h7 y) =u-— huz + §h2uzx+7

1
u(x + ash,y) = u + ashu, + é(th)Qum + -

We form linear combination with coefficient C, Cs, C5 to obtain the following

1 1
C1(u — hug, + §h2um + -+ +) + Cou + Cs(u + aghu, + §(a2h)2um ) = Uy,

1 1
(Cl + 02 -+ Og)’LL + (—hCl -+ alhcg)u,; + (§h201 + §(a2h)26’3)um = Ugg,

01 -+ Cg + 03 = O, (527)
—hC1 + CLQhOg = O, (528)
1 2 1 2
Eh Cl + §(a2h) 03 = 1, (529)

From 5.20 C; = a,C3, substituting C; into 5.29

1 1
§h2a203 + §(a2h)203 = ]_,

2
C3 N ath(ag + 1)7
2
G = h2(ay + 1)
substituting C5 and C} into 5.27
2 2 2

Cy =

_a2h2(a1 + 1) B hQ(CLQ -+ 1) _CLQhQ‘
Results of difference approximation for u,., is given below

2

Uge =

Linear combination of w,, with coefficient Cy, Cs, Cs is given below

Uyy = Cyu(z,y + hy) + Csu(z,y) + Cou(z,y — hy),

1

2
1

w(z,y —h1) =u— hjuy, + §(h1)2uyy + -

u(z,y + h) = u+ hyu, + ~hju, + - - -
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We form linear combination with coefficient C, Cs, C5 to obtain the following

1 1
Cy(u + hiuy + §hiuy + ) + Csu + Cg(u — hyuy + §(h1)2uyy +0) = Uy s

1 1
(04 -+ 05 -+ 06)U -+ <h104 — thG)uy + (ihfc’él -+ §<h1)206>uyy = Uyy,

Cy+Cs5+ Cs =0,

h104 - thﬁ - O,

1 1
§h§04 + §(h1)206 =1,
From 5.31 Cy = Cj, substituting C into 5.32

1 1
5%04 + §(h1)204 =1,

substituting C; and Cg into 5.30

1 1 2
O = —— — — —_ =2
R R
Results of difference approximation for u,, is given below

1 2 1

yy 2 Yi,j+1 9 Wi,g 2 Yi,j—1
h’l hl hl

Velocity u at point 30
1

1 1 1
ui_l,j — ((12 + 1)(@—2 + )\>ui,j + a—2ui+17j§)\(a2 + 1)ui,j+1 + 5/\(@2 + 1)ui,j—1 = 0

Velocity u at point 66

1 1 1 1
ui+1,j — ((12 + 1)(@—2 + )\)’U,i,j -+ a—2ui,17j§)\(a2 + 1)ui,j+1 + 5)\(@2 + l)ui,j,l =0-

(5.30)

(5.31)

(5.32)

(5.33)

(5.34)

Velocity u at point 36 Linear combination of u,, with coefficient C;, Cs, C5 is given below

Ugye = Clu<x - h7 y) + C2u($7 y) + CgU(LU + a3h7 y>7
1
u(z — h,y) :u—hux+§h2um+~-

1
u(x + agh,y) = u + ashu, + §(a3h)2um + .
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We form linear combination with coefficient C, Cs, C5 to obtain the following
1 1
Ci(u — hu, + §h2um + )+ Cou + Cs(u + azhu, + §(a3h)2um +o ) = Uy
1 1
(Cl + 02 + Cg)u + (—h01 + ath;g)Ux + (§h201 + 5(&3h>203)um; = Ugx
Ci+Cy+C5 =0, (5.35)
—hCl —+ a3h03 = O, (536)
1 2 1 2
§h Cl + §(a3h) Cg = 1, (537)

From 5.36 C; = a3Cj3, substituting C into 5.37

1 1
§h2a303 + —(Clgh)203 = 1,

2
2
C _
s G3h2(a3 -+ 1)’
2
C —
YT R2(as + 1)
substituting C5 and C; into 5.35
2 2 2
OQ - — — = — ,
a3h2(a3 + 1) h2(a3 + 1) a3h2
Results of difference approximation for u,, is given below
2 2 2

How = i Uit1,5°

h?(as + l)ui_l’j agh®(az +1) 7 - azh?(as + 1)

Linear combination of «,, with coefficient Cy, C5, Cs is given below

Uyy = Cou(w,y + hi) + Csu(w, y) + Coulz,y — ashy),
1
u(z,y + hy) :u+h1uy+§hfuy+---

1
U(CL’, Yy — (l4h1) =Uu-— CL4h1Uy + §(a4h1)2uyy + ..

We form linear combination with coefficient C, Cs, C3 to obtain the following

1 1
Cy(u + hyuy + shiuy + - - ) + Csu + Co(u — aghyuy + §(a4h1)2uyy + ) = Uy,

2
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1 2 1 2
(04 + 05 + C@)u + (h104 — a4h106)uy + (§h104 + §(a4h1) C@)uyy = Uyy,
Cy+Cs+Cs =0, (5.38)
h104 — a4h106 = 0, (539)
1 2 1 2
5]1104 + 5(@4]11) 06 = 1, (540)
From 5.23 C; = a4Cs, substituting Cy into 5.24
1 2 1 2
—(l4h106 + —(Cl4h1) C@- = 1,
2 2
2
Ci=
TTOR(1 + ay)
2
Ch= ————
6 a4h%(1 -+ a4) ’
substituting C, and Cj into 5.22
1 1 2
Cs=—13 N -2
hl(l + a4) a4h1(1 + a4) CL4h1
Results of difference approximation for u,, is given below
— 2 L 2 o 1 .
TR Fan) T @k T g
Velocity u at point 36
1 1 1 1
ui—l,j — (CLQ + 1)(— + )\)U@j + —UH_L]‘—)\(CLQ + 1)ui,j+1 + —/\(a2 + ]-)ui,j—l =0 (541)
ag (05} 2 2
Velocity u at point 60
1 1 1 1
Uiy1,5 — (CLQ + 1)(@- + )\>ui,j + a—ui,17j§>\((12 -+ 1)'LL1'7]'+1 + 5)\(&2 + 1)UZ’J’,1 =0 (542)
2 2

Velocity u at point 41 Linear combination of u,, with coefficient C, Cs, C5 is given below

Ugye = C’lu(‘r - h7 y) + CQU(LE, y) + C3U($ + ha y)7

1
u(:r;—h,y):u—hux+§h2um+~-

1
u(z + h,y) = u+ hu, + §(h)2um+ e
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We form linear combination with coefficient C, Cs, C5 to obtain the following
1 1
C1(u — hu, + 5h2um 4o ) 4+ Cou+ Og(u 4 htg + = (h)*Uge + - +) = Ugg,
1 1
(01 + 02 + Cg)u + (—h(]l + th)uw + (§h201 + §(h)203)uzz = Ugy,
01 -+ 02 + 03 == O, (543)
—hCy + hC5 =0, (5.44)
1 2 1 2
5h Ch + §<h) Cs =1, (5.45)
From 5.44 C, = (43, substituting ¢ into 5.45
1 2 1 2 _
éh Cs + §(h) C;=1,
1
03 = ﬁ?
2
Cl ﬁ?
substituting C5 and C; into 5.43
1 2 2
C=TE e TR

Results of difference approximation for u,, is given below

1 2
Uz = 35Wi-15 = 33Wij T 55Ut

Linear combination of w,, with coefficient Cy, Cs, Cs is given below

Uyy = Cyu(z,y + hy) + Csu(x,y) + Coul(z,y — ashy),
1
u(z,y + hy) :u+h1uy+§h%uy—|—- x

1
U(l’, Yy —= a5h1) =U— a5h1uy + §(a5h1)2uyy + ..

We form linear combination with coefficient Cy, C5, C5 to obtain the following

1 1
Ca(u + hyuy + éhfuy + )+ Csu + Co(u — ashyu, + §(a5h1)2uyy + ) = Uy,
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L, 1 2
(04 + 05 + C@)u + (h105 — a4h106)uy + (§h104 + §(a5h1) C@)uyy = Uyy,
Cy+Cs5+Cg =0, (5.46)
h104 — a5h16’6 == 0, (547)
Lo 1 2
§h104 + §(a5h1) Ce =1, (5.48)
From 5.47 C, = a5Cs, substituting C, into 5.48
1 2 1 2
—a5h1C'6 + —(CL5h1) C@- = 1,
2 2
2
Ch=———
YT R (14 as)
B 2
n a5h%(1 + CL4)7
substituting C, and Cj into 5.46
o _ 1 B 1 L 2
b h%(l + CL5) a5h%(1 + (I5) - &5h%’
Results of difference approximation for u,, is given below
U 2 U 2 Ui i + !
= U — i ul. R
PRI +as) T ashd Y ashi(l4as)
Velocity u at point 41
1 1 1 1
Ui—1,5 — (CL5 + 1)(— + )\)’U,i,j + —ui+17j—)\(a5 + 1)ui,j+1 + —/\<CL5 + l)um-,l =0- (549)
as as 2 2
Velocity u at point 56
1 1 1 1
Uit1,j — (CL5 -+ 1)(@- + )\>ui,j -+ a—ui,17j§)\(a5 -+ 1)ui,j+1 + 5)\(@5 + 1)’1111"]‘,1 =0- (550)
5 5

Velocity u at point 45 Linear combination of u,, with coefficient C;, Cs, C5 is given below

Ugy = C’lu(‘r - h7 y) + CQU(LE, y) + C3U($ + ha y)7

1
u(:r;—h,y):u—hux+§h2um+~-

1
u(z + h,y) = u+ hu, + §(h)2um+ e
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We form linear combination with coefficient C, Cs, C5 to obtain the following

1 1
Cy(u — hu, + §h2um + )+ Cou+ Cs3(u + hu, + §(h)2um + ) = Ugy,

1 1
(Cy + Cy + C3)u + (—hCy + hC3)u, + (§h201 + §(h)203)um = Ugy,

Ci+Cy+C5=0, (5.51)
—hCy + hC5 =0, (5.52)
Ly Lo

From 5.52 C; = (s, substituting C; into 5.53

1 1
§h203 + 5(h)203 == 1,
1
03 - ﬁ,
2
01 — ﬁ’
substituting C5 and C; into 5.51
1 2 2
C=TE TR TR

Results of difference approximation for u,, is given below
1 2 1

Uz = 35Vim1g = 350 T Uity

Linear combination of w,, with coefficient Cy, Cs, Cs is given below

Uyy = Cpu(w,y + hi) + Csu(w, y) + Coulz,y — aghi),

1
u(z,y + hi) :u+h1uy+§h§uy+---

1
U(J}, y— aﬁhl) =UuU— a6h1uy =+ §(a6h1)2uyy + ..

1 1
Cy(u + hyuy, + §h%uy + )+ Csu+ Cs(u — aghyuy + §(a6h1)2uyy o) = Uy
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We form linear combination with coefficient C, Cs, C5 to obtain the following
1 1
(C4 —+ C5 -+ C@)U + (h1C5 — aﬁthﬁ)uy + <§h%04 + §<a6h1)206)uyy = uyy
Cy+Cs5+Cs =0, (5.54)
h104 - a6h16’6 = 0, (555)
1 2 1 2
§h104 + 5(@6}11) C6 = 1, (556)
From 5.55 C; = a5C§, substituting Cy into 5.56
1 2 1 2
—aﬁhICG + _(aﬁhl) C@- = 1,
2 2
2
Cy = 5.
TR+ ag)
2
Co = —5m—,
6 agh%(l + a6)
substituting C, and Cs into 5.54
1 1 2
Cs = —13 - 2 YR
hi(l+as)  ashi(l+ ag) aghy
Results of difference approximation for u,, is given below
2 | 2 N 1 |
Hy h3(1+ aﬁ)u”Jr1 agh? Hisg agh3(1 + a6)u”_1
Velocity u at point 45
1 1 1
ui—1,; — (ag + 1)(a— + Nu;; + a_ui+1,j§)‘(a6 + D)ujj1 + §>\<G6 + Du,j-1 =0 (5.57)
6 6

Velocity u at point 52

1 1 1
ui+1,j — (a6 + 1)(— + )\)Ui,j + —Ui_Lj—)\(aﬁ + 1)
Qg Qg 2

The discritisation of the velocity u using boundary conditions given below

U|Qver: O’ u|Qhor: 1
thus

u=>0 for x=0 and
u=1 for

N,

xT

Ny

x
and Y

upj = 0,un,; = 0.uo = landu; n, = 1

© University of Venda
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5.2.2 The velocity v at irregular points is calculated below.

Linear combination of v,, with coefficient Cy, C5, Cs is given below

Vpx = Cl’U(SU - h7 y) + CQU(x7y) =+ CBU(x + alhu y)7
1
v(x — h,y) :v—hvx+§h20m+ ce

1
v(z + ath,y) = v+ arhv, + §(a1h)2vm N

We form linear combination with coefficient C, Cs, C3 to obtain the following

1 1
Cy(v — hv, + §h2vm + )+ Cov + Cs(v + a1 hv, + é(alh)zvm + ) = Vg,

1 1
(01 + CQ + 03)1} + (—hCl + ath’g)vx + (§h201 + §(a1h)203)vxw = VUgy,

Ci+Cy+C5=0, (5.59)
—hCl + CLthg = O, (560)
1 2 1 2
§h Cl -+ §(a1h) Cg = 1, (561)

From 5.60 C; = a,C}3, substituting C into 5.61

1 1
§h2a103 + —(alh)203 = 1,

2
2
03 - a1h2(a1 + 1)7
2
Cl hz(al + 1) 9
substituting C; and C} into 5.59
2 2 2

Cy =

_ath(al + 1) h2(a1 -+ 1) _W7
Results of difference approximation for u,, is given below

2 2 2
 ah?

Y = 2+ 1) ah(a + 1)

© University of Venda
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Linear combination of v,,, with coefficient C,, Cs, Cy is given below
vyy = Cyv(x,y + hi) + Csu(x,y) + Ceu(x,y — hy),
1
v(z,y+hi) =v+ hlvy + —h%y +
v(z,y —hy) =v — hv, + (hl) Uyy +
We form linear combination with coefficient C, Cs, C3 to obtain the following
1 1
Cy(u + hyvy, + §h%1}y + ) + Csv + Co(v — hyvy + §(h1)2vyy ) = vy,
(04 + 05 + CG)U + (h104 — thG)vy ( h204 + = (hl) C’G)vyy Vyy
04 -+ C5 + Cﬁ - O, (562)
hiCy — hiCgs = 0, (5.63)
—h204 + = (hl) Ce =1, (5.64)
From 5.63 Cy = Cj, substituting C into 5.64
—h204 + = (hl) Cy =1,
1
C’4 = 799
hi
1
Ce = —,
6 h%
substituting C, and Cj into 5.62
1 1 2
Oh = —— — — — =
oW R W
Results of difference approximation for u,, is given below
1 2 n 1
v = _Ui,' —U; —Ui’ i1
vy h% J+1 h2 »J h% Jj—1
Velocity v at point 29
1 1 1 1
Ui—l,j — (CLl + 1)(a— -+ /\)Ui,j + a—’UH_ng)\(CLl + 1)Ui,j+l + 5)\(@1 + ]-)Ui,j—l = 0 (565)
1 1

© University of Venda
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Velocity v at point 65
1 1 1 1
Ui-l-l,j — (CLl + 1)(CL_ + /\)Ui,j + a—UZ’_Ljé)\(al + 1)1)1‘7]‘_5_1 + 5)\(&1 —+ ]->Ui,j—1 =0- (566)
1 1

Velocity v at point 30 Linear combination of v,, with coefficient C, C5, C5 is given below

Vpa = Cl’U(SU - h7 y) + CQU(xv y) + Cg'l}(l’ + a2h7 y)7
1
v(x — h,y) :v—h’ux+§h20m+ e

1
U(‘T + thvy) =0+ G'QhU;v + §(a2h)2vwx + -

We form linear combination with coefficient Cy, C5, C5 to obtain the following

1 1
Cl('U - hua: ‘I’ éhQUcL‘x + . ) + CQ'U + C3(U + GQhUJ: + §(a2h)21}azw + c ) = VUzz,

1 1
(01 + CQ + Cg)?) + (-hCl + ath;g)Ux + (§h201 + §(a2h)203)vm = Vg,

Ch +Cy+C5 =0, (5.67)
—hCl + aghC;g = O, (568)
1 2 1 2
Eh Cl + §(a2h) 03 = 1, (569)
From 5.60 C; = a,Cj3, substituting C into 5.69
1 2 1 2
—h GQC:J, + —(Clzh) Cg = 1,
2 2
2
Cs = arh?(ay + 1)
2
G h2(ag + 1)
substituting C5 and C; into 5.67
2 2 2
02 = — — = — s
thQ(al + 1) ]’L2(CL2 + 1) a2h2
Results of difference approximation for u,., is given below
2 2 L 2
Vew = 757 1y Vi—1,j — Ui, j i+1,5°
R2(ag+1) 7 ah?(as+1) 7 agh?(as + 1)1) i
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Linear combination of v,,, with coefficient C,, Cs, Cy is given below
vy = Cyv(x,y + hy) + Csv(z, y) + Cev(x,y — hy),

1
v(z,y+h) =v+ hluy + —h2vy +

v(z,y —hy) =v — hju, + (hl) Vyy +

We form linear combination with coefficient C, Cs, C3 to obtain the following

1 1
Cy(v + hivy + §h%7}y + 1)+ Csv + Cg(v — hyvy + §(h1)2vyy +o) = Uyy:

1 1
(04 + 05 + CG)U + (h104 — hch)?}y + (§h§C4 + §(h1)2cﬁ)vyy = Vyy,

Cy+Cs5+ Cs =0,

h104 - thG - O,

SIRCH+ () Co = 1,
From 5.71 Cy = Cj, substituting C into 5.72

—h204 +3 (h1) Cy =1,

substituting C; and Cg into 5.70

1 1 2
Cr— —— _ ~ __ =
R R hi’

Results of difference approximation for u,, is given below

1 2 1
vy = pvi,jﬂ 12 Vit pvz‘,j—l'
1 1

v

Velocity v at point 30

1 1 1 1
Ui—l,j — (CLQ + 1)(a—2 + /\)Ui,j + a—’Ui_:,_ng)\(CLQ + 1)1)1‘73'_;,_1 + 5)\(@2 + 1)Ui7j_1 =0-

2

© University of Venda
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Velocity v at point 66

1 1 1 1
Vit1,5 — (CLQ + 1)(CL_2 + /\)U@j + a—Q’Ui_LjéA(ag + 1)1)1‘7]'_;,_1 + 5)\(6@ + 1>Ui,j—1 =0- (574)

Velocity v at point 36 Linear combination of v,, with coefficient C, C5, C5 is given below

Vex = Cl’U(SL’ - h7 y) + CQU(xv y) + Cg'l}(.flf + Clgh, y)7
1
v(x — h,y) =v — hv, + §h2fum + o

1
v(x + azh,y) = v+ ashv, + E(agh)%m + e

We form linear combination with coefficient Cy, C5, C5 to obtain the following

1 1
Ci(v — hv, + §h2vm + )+ Cov + Cs(v + aghv, + §(a3h)2vm + ) = Vg,

1 1
(01 + CQ + Cg)?) + (-hCl + ath;g)Ux + (§h201 + §(a3h)26’3)vm = Vg,

Ci+Cy+C5=0, (5.75)
—hCl + a3h03 = O, (576)
1 2 1 2
Eh Cl + §(a3h) 03 = 1, (577)
From 5.76 C; = a3Cj3, substituting C into 5.77
1 2 1 2
—h agcg + —(Clgh) Cg = 1,
2 2
2
Cs = ash?(az + 1)
2
G h2(as + 1)
substituting C5 and C; into 5.75
2 2 2
02 = — — = — s
a3h2(a3 + ].) ]’L2(CL3 + 1) CL3h2
Results of difference approximation for u,., is given below
2 2 L 2
Ver = 757 1y Vi—1,j — Ui, j i+1,5°
h?(az + 1) Ly ash?(as +1) " ash?(as + 1)1) g
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Linear combination of v,,, with coefficient C,, Cs, Cy is given below

Vyy = Cyv(z,y + hy) + Csv(z,y) + Cov(z,y — ashy),
1
v(z,y+hy) =v+ ho, + §hfvy—|— e

1
’l)(l’,y - CL4hl) =V - CL4h1Uy + §<a4h‘1)2vyy 4+ ..

We form linear combination with coefficient C;, Cs, C5 to obtain the following

1 1
Ca(v + huvy + Shivy + - ) + Csv+ Co(u = aahvy + S(asha) vy + - ) = vy,

1 1
(04 + 05 + OG)U + (h104 — a4h106)vy + (5}1%04 + §(a4h1)206)vyy = Uyy,

Cy+ Cs+ Cg =0,

h104 — 6L4h106 == 0,

1 1
5]1?04 + 5(&4}11)206 = 1,

From 5.63 C; = a4Cs, substituting C; into 5.64

1 1
§a4h%C’6 + §(a4h1)2C’6 = 1,

2
Co= o,
TR+ ag)
B 2
N G4h%(1 +CL4)’

substituting C, and C into 5.62

o1 - 1 2
T R4 a))  ah?(l4ay)  ash?

Results of difference approximation for u,, is given below

2 2 1
Vyy = 75— Vij+1 — Vi
PR +a) T whi Y

Vij—1°
Velocity v at point 36

1 1 1 1
Ui—l,j — (CLQ + 1)(a—2 + /\)Ui,j + a—szng}\(ag + 1)1)1‘73'_;,_1 + 5)\(@2 + 1)Ui7j_1 =0-

© University of Venda
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Velocity v at point 60

1 1 1 1
Vit+1,; — (CLQ + 1)<a—2 + )\)'Ui,j + a—Z'Ui_Ljé)\(CLQ + 1)Ui,j+1 + 5)\(&2 + 1)1),‘7]‘_1 =0- (582)

Velocity v at point 41 Linear combination of v,, with coefficient Cy, C5, C5 is given below
Vg = Cﬂ)(l’ - ha y) + C2U(x7y) + 03?)(1" + h7 y)a

1
v(a:—h,y):v—hvx—i—ithqu---

1
v(x+ h,y) =v+ hv, + é(h)va+ e

We form linear combination with coefficient C,, Cs, C5 to obtain the following

1 1
Ci(v— hv, + §h2vu + )+ Cov+ Cs(v+ hv, + é(h)%m + ) = Vg,

1 1
(C1 + Cy + C3)v + (—=hCy + hC3)v, + (§h201 + i(h)“"cg)vm = Vyy,

Ci+Cy+ Cy =0, (5.83)
—hCy + hCs =0, (5.84)
1 2 1 2
SHPCL+ S ()°Cy = 1, (5.85)

From 5.84 C, = (43, substituting ¢ into 5.85

1 1
5h203 + 5(h)203 —1,

1

CY3 = ﬁ?
2

Cl — ﬁ’

substituting C5 and C} into 5.83
1 2 2
C=TE e e

Results of difference approximation for u,, is given below

1 2

Uz = 35Vi-1j — 75V + 72 Vit

© University of Venda
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Linear combination of v,,, with coefficient C,, Cs, Cy is given below

Vyy = Cyv(z,y + hy) + Csv(z,y) + Cov(z,y — ashy),
1
v(z,y +h) =v+ hv, + §hfvy—|— e

1
’U(ili',y - CL5hl) =v — Cl5h11}y + 5(“5’11)2%@; 4+ ..

1

C4(’U + hluy + 5

1
h?vy + )+ C5v + Cg(v — ashyvy + §(a5h1)2’uyy + ) = Uy,

We form linear combination with coefficient C;, Cs, C5 to obtain the following

1

1
(04 + C5 + Cﬁ)U + (h105 - a4h16'6)vy + (5]1%04 + §(a5h1)2C’6)vyy = Uy,

Cy+Cs5+ Cs =0,

h104 — a5h106 = 0,

1 1
Eh%C’Ll + §(a5h1)206 =1

From 5.87 C; = a5Cs, substituting C, into 5.88

1 1
5(15th6 + 5(&5]21)206 = 1,

2
Ci = pom.,
YT R2(1 4 as)

B 2

6= ash?(1 + a4)’

substituting C, and Cg into 5.86
1 1 2

C- = — — - _
T R2(1+4as)  ash3(14as)  ash?’

Results of difference approximation for u.., is given below

2 2 1
mvi’j—i_l - a5h% Ui7j + Cl5h%<1 + Cl5)vi,j_1‘

Uyy
Velocity v at point 41

1 1 1 1
Ui—l,j — (CL5 + 1)(a—5 + /\)Ui,j + a_5@i+17j§)‘(a5 + 1)1)1‘73'_;,_1 + 5)\(@5 + 1)Ui7j_1 =0-

© University of Venda
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Velocity v at point 56

1 1 1 1
Vit1,5 — (CL5 + 1)(@—5 + )\)Ui,j + a—5U171’j§)\<CL5 + 1)Ui7j+1 + 5)\((15 + 1)1)1"]',1 =0- (590)

Velocity v at point 45 Linear combination of v,, with coefficient C;, C5, Cs is given below

Vg = Cﬂ)(l’ - h7 y) + C2U(I7y) + C3U<I + h’v y)a

1
v(:c—h,y):v—hvz+§h20m+---

1
v(x+ h,y) =v+ hv, + é(h)%m—i- e

We form linear combination with coefficient Cy, C5, C5 to obtain the following

1 1
Cy (v — hv, + §h2vm + )+ Cov + Cs(v + hv, + §(h)2vm ) = Vg,

1 1
(Cy + Cy 4+ C3)v + (—hC + hC3)v, + (§h201 + §(h)203)vm = Vnes

01 + CQ + Cg - O, (591)
—hCy 4 hC5 =0, (5.92)
1 2 1 2
SO+ 5(h)*Cs =1, (5.93)

From 5.92 C; = (3, substituting ¢ into 5.93

1 1
§h203 + §(h)203 =1,
1
C’3 = ﬁ?
2
Cl — ﬁ,
substituting C5 and C} into 5.91
1 2 2
=TT e

1 2 1
Uz = 35Vi-1j = 75V + 72 Vit

© University of Venda
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Linear combination of v,,, with coefficient C,, Cs, Cy is given below

Vyy = Cyv(z,y + hy) + Csv(z,y) + Cov(z,y — aghy),
1
v(z,y +h) =v+ hu, + §hfvy—|—- ®

1
’U(l’, Yy — CLGhl) =vV— CLGhﬂ)y + §(a6h1)2uyy 4+ e

We form linear combination with coefficient C;, Cs, C5 to obtain the following

1 1
Cy(v + hyvy + §hfvy + )+ Csv + Cg(v — aghyvy + §(a6h1)2vyy + ) = Uy,

1

1
(04 + 05 + CG)U + (h105 — aGthg)vy + <§h%04 + §(a6h1)206)vyy = Uyy,

Cy+ Cs+ Cg =0,

haCy — @6h106 =0,

1 1
5]1?04 + §(a6h1)206 = 1,

From 5.95 C; = a5Cs, substituting C; into 5.96

1 1
iaﬁh%C’ﬁ + §(a6h1)2C’6 = 1,

2

Ci= o,

YT R2(1 + ag)
B 2

6= agh%(l + CL6)7

substituting C, and Cg into 5.94

o1 - 1 2
T R2(14ag)  agh®(1+ag)  agh?’

Results of difference approximation for u,, is given below

2
v h%(l—i—@ﬁ)vﬁ—i_l aﬁh%U’J + a6h%(1+a6)v’] !

Velocity v at point 45

1 1 1 1
Ui-{—l,j — (CLG + 1)(a—6 + /\)Ui,j + CL_GUi_17j§)\(a6 + 1)1)1‘73'_;,_1 + 5)\(@(5 + 1)Ui7j_1 =0-

© University of Venda
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Velocity v at point 52

1 1 1 1
Vit1,j — (CLG -+ 1)(@—6 + /\)Ui,j -+ a—vi,lng)\(ag -+ 1)Ui,j+l + 5)\(0,6 + 1)1)1-’]-71 =0-

6

The discritisation of the velocity u using boundary conditions given below

ov
%|ver: O7U|Qh,or 0
thus
0
—U:O forz =0 and r=N,
ox
v=0 for y=0 and y =N,
ov ov
a_]}|0’j: O, %|Nz,j: 0. Vio — 0 and Ui,Ny =0

5.2.3 The pressure p at irregular points is calculated below.

(5.98)

Pressure p at points 29 and 65 Linear combination of p, with coefficient C, Cs is given below

Pe = ap(x — h,y) + cap(x + arh,y),

p(x —h,y) =p— hp,
p(m + a1h7 y) =D + alhpxa
We form linear combination with coefficient C, C; to obtain the following
c1(p — hpe) + c2(p + a1hps) = pa,
(Cl + Cz)p + (_hcl + a1h02)px = Pz,

c1+cp =0,

—hq + a1h02 = ]_,
from 5.99 ¢; = —c

hCQ + a1h02 = 1,

(1 + al)hCQ = 1,

1
2T Mt a)

© University of Venda
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1
N 1‘*’@17

C1

Results of difference approximation for p, is given below
I SR S
p$ - h(l + al)plfl.] h(]_ + a1>pl+1,j

Pi-1j — Pir1,j = 0,
Pressure p at points 30 and 66 Linear combination of p, with coefficient Cy, Cs is given below
Pz = c1p(z — h,y) + cop(z + ash, y),
p(x —h,y) =p—hp,
p(z + azh,y) = p + azhp,,
We form linear combination with coefficient C, C; to obtain the following
c1(p — hpe) + c2(p + a1hps) = pa,
(c1 + c2)p + (—her + aghe)p, = po,

crte =0, (5.101)

—hq + CLQhCQ = ]_, (5102)
from 5.105 ¢; = —c»

hCQ + CLQhCQ = 1,

(1 + (lQ)hCQ = 1,

1
2T h1tan)
1
1 = ,
! 1+CL2

Results of difference approximation for p, is given below

Pz = — )pifl.j +

h(1+ as (1 + ag) oL

Pi-1j — Pit1,; =0,

Pressure p at points 36 and 53 Linear combination of p, with coefficient C, Cs is given below

pe = a1p(x — h,y) + cap(x + ash,y),

© University of Venda
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p(x —h,y) =p— hp,
p(x + azh,y) = p+ azhp,,

We form linear combination with coefficient C, C; to obtain the following

c1(p — hps) + ca(p + ashp,) = pa,
(c1 + c2)p + (—hey + asher)py = pa,

Ccl1+ cy = O, (5103)
(5.104)
—hq + a3h02 = ]_, (5105)

from 5.105 ¢; = —c»

hCQ + aghCQ = 1,
(1 + a3)h02 = 17

1

2T+ ay)’
1

1+a3

1 = 3

Pz = —

1
)pifl.j + mpiﬂ,j;

h(l + as

Di-1,j — Pi+1,; = 0,

Pressure p at points 41 and 56 Linear combination of p, with coefficient C, Cs is given below

Pz = Clp(f - h7y) + C2p(:)j + ha y)?

p(x — h,y) =p — hp,,
p(x+h,y) =p+ hp,,

c1(p — hpe) + co(p + hps) = pas
(c1 + ¢2)p + (—hey + hey)pe = po,

ey =0, (5.106)
(5.107)
—her+hey = 1, (5.108)

© University of Venda
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from 5.106 ¢; = —cy

hCQ + th = 1,
hCQ = 1,
1
Co = Ea
1
G = _Ea
Results of difference approximation for p, is given below
1 L]
p$ - hp’l—l.j h(l + a3)pl+1,]

Pi-1,5 — Pi+1,5 — 0,

Pressure p at points 45 and 52 Linear combination of p, with coefficient C;, Cs is given below

Pz = Clp<‘r - ha y) + CQP(LE' + hvy)a
p(x — h,y) =p — hp,,
p(x+ h,y) = p+ hp,,

We form linear combination with coefficient C;, C; to obtain the following
c1(p — hpe) + c2(p + hpy) = pa,
(Cl + CQ)]) + (_hcl + hC2>px = Pz,
C1+ Ccy = O, (5109)

—h01 + hCQ = 17 (5110)
from 5.109 C1 = —Co

hcy + hey = 1,

th = 1,

1
Cy = E’
1
C1 = —E,
Results of difference approximation for p, is given below
1 1

Pz = _%pifl.j + mpiﬂ,j‘

Pi—1j = Pi+1,; = 0

© University of Venda
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Section 5.3. Results and Discussion

5.3 Results and Discussion

Below we present the results of the simulated Stokes flows calculated based on the iteration
of the boundary conditions method and the finite difference method, for various flow param-
eters. This is done in a rectangular region and then extended into a region with a curved
boundary at the bottom of the flow.

To illustrate the correctness of our numerical method, we compare certain key flow param-
eter obtained by the two methods. The identified key flow properties that we compare here
are velocities, pressure distribution and the stream lines.

In the analysis of the flows, particular attention is given to the domain extension parameter,
d. It must be noted also that in our case the viscous forces are stronger than the inertial
forces and hence the velocities of the flow are expected to be small. Our main results are
derived from the case of the flow region with a curved boundary at the bottom.

All the data that we are using here were obtained through MATLAB codes developed by the
author. The codes are found under appendix in this project.
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- =d:004| |
------ 4:0.5
4:06] |
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Figure 5.3: Horizontal velocity graph in the rectangular case
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Figure 5.4: Horizontal velocity by the iteration of boundary conditions method(Analytical
method) as compared to that by the finite difference method(numerical method) on rectan-

gular domain when d = 0.01219.

Range | Maximum value of Absolute error
0—-14 0.00087
14—-1.7 0.00003
1.7—-3.3 0.00097

Table 5.1: For range and maximum values of absolute error for horizontal velocity in rectan-

gular domain
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Figure 5.5: Horizontal velocity(u)in 2-dimensions over a rectangular region
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Figure 5.6: Horizontal velocity by the iteration of boundary conditions method(Analytical
method) as compared to that by the finite difference method(numerical method) on rectan-

gular domain when d = 0.01319.
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Figure 5.8: Shows the velocity profile(v) of Analytical and Numerical methods on rectangular
domain when d = 0.01219

Range | Maximum value of Absolute error
0—14 0.00087
1.4—-1.7 0.00003
1.7—-3.3 0.00097

Table 5.2: For range and maximum value of absolute error for vertical velocity in rectangular
domain
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Figure 5.9: Velocity distribution in 2-dimensions over a rectangular domain
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Figure 5.10: Pressure variation in the direction of the x-axis
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Figure 5.11: Pressure distribution in the flow over a rectangular domain
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Figure 5.12: Stream function variation in the direction of the x-axis in the case of a rectan-

gular domain
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Figure 5.13: Graph of the stream function on a rectangular domain
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Figure 5.14: Contour lines for stream function by the Numerical method
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Figure 5.15: Contour lines for stream function by the Analytical method
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Figure 5.16: Horizontal velocity(u) for both analytical and numerical methods in the case of
a curved boundary at the bottom of irregular domain when d = 0.0779

Range | Maximum value of Absolute error
0—14 0.00045
14—-1.7 0.0005
1.7—-3.3 0.0005

Table 5.3: For range and maximum values of absolute error for horizontal velocity in irregular
domain
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Figure 5.17: Shows the surface of velocity profile(u) on irregular domain
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Figure 5.18: vertical velocity(u) for both analytical and numerical methods in the case of a
curved boundary at the bottom of irregular domain when d = 0.0779

Range | Maximum value of Absolute error
0—14 0.00045
14—-1.7 0.0005
1.7—-3.3 0.0005

Table 5.4: For range and maximum values of absolute error for vertical velocity in irregular
domain
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Figure 5.19: Shows the surface of velocity profile(v) on irregular domain
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5.4 Discussion of the results

The dimensionless velocity profiles, stream lines and pressure distribution graphs for the
Stokes flow problem are obtained, and their behavior for various flow parameters are dis-
cussed. The iteration of boundary conditions and the finite difference methods have been
used to solve the Stokes flow problem in the rectangular and irregular boundary conditions
cases. The domain extension parameter, d, has been tested for various values in order
to have a clear insight into the behavior of the flow velocities, stream function behaviour
and pressure distribution. The absolute errors obtained when comparing the analytical and
numerical methods were presented in tabular form.

The runs for d = 0.04, 0.05 and 0.06 is done in the case of a rectangular domain by the
method of lteration of boundary conditions. The results are shown in the figure 5.3 and
5.7. We observed that the flow behaviour is dependent on the parameter d. In particular
the vertical and horizontal velocities increase with the slight increase in parameter d. We
also observed that the fluid flow is stationary at the boundaries of the domain and increases
steadily as it approaches the centre of the flow. In figure 5.4 and figure 5.8, we observe that
the two methods are qualitatively in good agreement. However, away from the centre of the
flow numerical results over estimate the exact results. The difference between the analytical
and numerical results is shown in Table 5.1 and 5.2.

Figure 5.5 and 5.9 illustrate how the velocities are distributed throughout the domain. Figure
5.6 shows how the velocities for numerical and analytical methods are changing when the
value of d is changed by a small margin. The pressure in the fluid is increasing exponentially
as the flow progresses as shown in Figure 5.10. The pressure distribution is illustrated by
surface plot in Figure 5.11. The contour lines produced by the two methods are qualitatively
in good agreement although something might have to be done for the minor discripenses
that are observed. The cases for d = 0.04, 0.05 and 0.06 are illustrated. It was also noted
that the velocities produced by the analytical method are in good agreement with those of the
finite difference method again we notice that away from the centre of the flow the numerical
results over estimate the exact results, something that is observed in all our results. The
difference between the two methods is shown in Table 5.3 and 5.4. The general observation
is that, the numerical method has been shown to be a good approximation to the near exact
method. Some discrapenses are observed requiring us to go over our numerical calculations
with a view of reducing the errors between flow properties that seem to arise away from the
center of the flow.

5.5 Conclusion

The Stokes flow problem in rectangular and irregular boundary conditions has been investi-
gated through numerical and analytical approaches with a view of validating the numerical
results produced by the finite difference method. It is concluded that the behavior of the fluid
flow properties, such as velocity profile, stream function and pressure distribution depend
solely on the domain extension (parameter d), where in quantities increase as the domain
extension increases. The study confirms this feature in the case of the application of the nu-
merical method. The results of finite difference numerical method are compared with those
obtained by the analytical method to ascertain the correctness of the implementation of the
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numerical scheme. The two methods were found to be qualitatively in good agreement.
There are some discrapenses which may need to be accounted for. A revision of the im-
plementation of the numerical scheme might provide the answers for the errors. The good
thing about this work is that we have successfully implemented a numerical method which
can then be used in place of the analytical method in practical situations. It is very well
known that, it is a very difficult task to implement analytical solutions compared to numerical
solutions. Thus for practical purposes, we use the numerical approach. It was important,
therefore, for us to come up with a numerical algorithm, using the finite difference approach,
which we tested on a rectangular domain as well as on a domain with a curved boundary.
The implementation of all these approaches were done through MATLAB codes which were
developed by the author. In future the author is planning to come up with a standard scheme
and code for implementation of the numerical method for a general irregular domain.
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Coding for Stokes flow problem in
rectangular and Irregular domain.

Rectangular

%hhhh%%hDISPLAY THE VELOCITY PROFILE, PRESSURE DISTRIBUTION AND STREAM LINES
%% %%k %%%FUNCTION FOR VELOCITY ON RECTANGULAR DOMAINY%%%%%%%%

%%%% ANALYTICAL METHOD FOR SOLVING STOKES PROBLEM IN RECTANGULAR
%% %%DOMAIN%% %Y

clc, clear all
%d=0.04; % DOMAIN EXTENSION
%d=0.05;
%d=0.06;
%d=0.2;
%d=0.01319;
%d=0.5;

hd=1;

%d=1.5

%d=2
d=0.01219;

nx=100; % No of nodes for x
ny=100; % No od nodes for y

a=0; % Starting values on x
bl=pi; % End value on x
x=linspace(a,bl,nx); % Interval on x

y=linspace(-d*(pi/2) ,d*(pi/2) ,ny); % Interval on y
a=zeros(nx,1); % Intialising function a
b=zeros(nx,1); % Intialising function b
vl=zeros(nx,ny); % Initialysng function b
m=1;

maxit=1;

while m<=maxit

for i=1:nx

for j=1:nx

87
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%%%%FUNCTION WITH DEFINES VELOCITY OF THE FLUID WHEN BOTH X AND Y ARE CHANGINGY%%%%k/slels

a(i)=0;

b(i)=sqrt(2/pi)*(-1/m)*cos (m*(x(i)+pi/2));

% FUNCTION WHICH DESCRIBE THE FLUID FLOW

vi(i,j) = sqrt(2/pi).*(-1/m) . *x((b(i)-a(i))/2.*(sinh(m.*d*pi)+m.*d.*pi).*...
((2*sinh (m*pi*d/2) -m*pi*d.*cosh(m*pi*d/2)) .*cosh(m.*y(j))+2*. ..

sinh (m*xpix*d/2)* (m*xy (j)*sinh(m*y(j))))+(b(i)-a(i))/2.*(sinh(m.*d.*pi)+. ..
m.*d*pi) . *(2*xcosh(2*xcosh (m*pi*d/2) -m*pi*d.*sinh (m*pi*d/2)) .*sinh(m.*. ..
y(j))+2*cosh(m*pi*d/2) .*(m.*y(j)) .*cosh(m.*y(j)))) .*sin(m.*(x(i)+pi));

end;
end;
m=m+1;
end;

%%%% NUMERICAL METHOD FOR SOLVING STOKE’S PROBLEM IN RECTANGULAR

%% %%DOMAINY% %%
Dol

% Specifying parameters

nx=100;
ny=100;

% Number of iterations

a=0;

bl=pi;

h=(bl-a)/nx;
x=linspace(a,bl,nx);

y=linspace(-d*(pi/2),d*(pi/2) ,ny);

u=zeros (nx,ny) ;
v=zeros (nx,ny) ;
p=zeros (nx,ny) ;
w=zeros (nx,ny) ;
psi=zeros(nx,ny);
m=1;

niter=10000;

j=2:nx-1;
i=2:ny-1;
for it=1:niter

% Boundary Conditions

w(:,1)=0;

© University of Venda
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% Preallocating v
% Preallocating p
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w(i,j)=CC(w(i+l, P+w(i-1,3)))+((w(i,j+1)+w(i,j-1))))/4; % Vorticity function

end

Yoo

i=2:nx-1;

j=2:ny-1;

DohtohhhlExplicit iterative scheme with C.D in space (5-point difference)
for it=1:niter

% Boundary Condition
psi(:,1)=0;
psi(:,ny)=0;
psi(1,:)=0;
psi(nx,:)=0;

psi(i, j)=C((psi(i+1,j)+psi(i-1,3)))+((psi(i,j+)+psi(i,j-1)))+(h.*w(i,j)))/4; % Stream

end

Dot

for i=2:nx-1
for j=2:ny-1
u(:,1)=0;
u(:,ny)=0;
u(l,:)=1;

u(nx,:)=1;
u(i,j)=(psi(i,j)-psi(i,j-1)+psi(i-1,j)-psi(i-1,j-1))./2.%h; % Horizontal Velocity of t
end

end

Dot

for i=2:nx-1
for j=2:ny-1
v(:,1)=0;
v(:,ny)=0;
v(1,:)=0;

v(nx,:)=0;

v(i,j)=-(psi(i,j)-psi(i-1,j)+psi(i,j-1)-psi(i-1,j-1))./2.%h; 7% Vertical velocity of t!
end

end

© University of Venda
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% Boundary Condition
p(:,1)=0;
p(:,ny)=1;
p(1,:)=0;
p(nx, :)=0;

i=2:nx-1;
j=2:ny-1;
for it=1:niter

p(i,j)=(1/4)*x(p(i+1,j)+p(i-1,j)+p(i,j+D+p(i,j-1));
end

set(gcf, ’Renderer’, ’zbuffer’);

figure(1)

plot(x,-v1(:,10))

htitle(’Velocity Function ’)
xlabel (’Spatial co-ordinate (x)’)
ylabel(’Velocity (u)’)
%legend(’Velocity function’)
zlabel(’velocity of the fluid(u)’)
hold all

figure(1)

plot(x,-v(10,:))

htitle(’Velocity Function ’)
xlabel (’Spatial co-ordinate (x)’)
ylabel(’Velocity (u)’)

%hlegend (’Velocity function’)
zlabel (’velocity of the fluid(v)’)
hold all
g=abs(v1(:,10)-(v(10,:))’);
figure(2)

plot(y,g)

xlabel(’Spatial co-ordinate (x)’)
ylabel(’Absolute error’)

figure(3)

plot(x,p(10,:))

title(’Pressure distribution ’)
xlabel(’Spatial co-ordinate (x)’)
ylabel (’Pressure (p)’)

figure(4)

surf (x,y,p)
title(’Pressure distribution ’)
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xlabel(’Spatial co-ordinate (x)’)
ylabel (’Spatial co-ordinate (y)’)
zlabel (’Pressure (p)’)

figure(5)

surf (x,y,vl)

title(’Velocity profile ’)

xlabel (’Spatial co-ordinate (x)’)
ylabel (’Spatial co-ordinate (y)’)
zlabel (’Velocity(u)’)

Irregular domain

Dol lohohhhh % DISPLAY THE VELOCITY PROFILE, PRESSURE DISTRIBUTION AND STREAM LINEYV%%% %%/
hhhhhh%HFUNCTION FOR VELOCITY ON IRREGULAR DOMAINY%%%%%h%h%%

%%%% ANALYTICAL METHOD FOR SOLVING STOKE’S PROBLEM IN IRREGULAR
%% %%DOMAINY%% %Y

clc, clear all

% d=0.012199;

% d=0.01;

d=0.0779;

maxit=1;

nx=85;

ny=85;

r=pi/2;

k=pi/2.5;

h1=0;

a=0;

bl=pi;

h=(bil-a)/nx;
y=linspace(0,d*pi,ny);
x=linspace(0,pi,ny);

% yl=linspace(pi/4,pi/2,27);
% x1=linspace(0,pi/4,29);
% x2=k+sqrt(r. 2-(y1-h1)."2);
% x3=linspace(pi/2,pi,29);
% x=[x1 x2 x3];
a=zeros(nx,1);
b=zeros(nx,1);
vi=zeros(nx,ny) ;

u=zeros (nx,ny) ; % Preallocating u
v=zeros (nx,ny) ; % Preallocating v
p=zeros(nx,ny) ; % Preallocating p
w=zeros (nx,ny) ; % Preallocating w
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psi=zeros(nx,ny); % Preallocating w
niter=10000;

m=1;

while m<=maxit
for i=1:nx
for j=1:nx

%/’ FUNCTION WHICH DEFINES VELOCITY OF THE FLUID WHEN BOTH X AND Y ARE CHANGING%%%%%

a(i)=0; % Function which describe the fluid flow
b(i)=sqrt(2/pi)*(-1/m)*cos(m*(x(i)+pi/2)); % Function which describe the fluid flow

% Function which describe the fluid flow

u2(i,j) = sqrt(2/pi).*(1/m) .*x((b(i)-a(i))/2.*(sinh(m.*d*pi)+m.*d.*pi).*. ..
((2*sinh (m*pi*d/2) -m*pi*d.*cosh(m*pi*d/2)) .*cosh(m.*xy(j))+...
2*xsinh (m*pi*xd/2)* (m*y (j)*sinh (m*xy(j))))+(b(i)-a(i))/2.*...
(sinh(m.*d.*pi)+m.*d*pi) .*(2*cosh(2*cosh(m*pi*d/2)-m*pixd.*. ..
sinh(m*pi*d/2)) .*sinh(m.*y(j))+2*cosh(m*pi*d/2) .*(m.*y(j)) .*...
cosh(m.*y(j)))) .*xsin(m.*(x(i)+pi));

end;

end;

m=m+1;

end;

% Define variables

Nx=85; % No of nodes in x direction
Ny=85; % No of nodes in y direction
tol=14-6; % Tolerance

err=1; % Error

k=0; % Iteration counter
%x=linspace(0,pi,Nx);

r=pi/2;

h1=0;

% yl=linspace(pi/4,pi/2,27);
% x1=linspace(0,pi/4,29);

% x2=k+sqrt(r."2-(y1-h1)."2);
% x3=linspace(pi/2,pi,29);

% x=[x1 x2 x3];
y=linspace(0,d*pi,Ny);

% Initialise the Matrix
al=4-sqrt(15);

a2=4-2xsqrt(3);
a3=3-sqrt(7);
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a4=3-sqrt(7);
ab=a2;

ab=al;
h1=pi/16;
h2=d*pi/8;
lapda=(h1/h2);
u=zeros (Nx,Ny) ;
u(:,Ny)=1;
ukpl=u;

%0utput Column
% fprintf CK |’)
% for i=1:Nx-2

yA for i=1:Ny-2

% fprintf Cu(%li,%1i) |, i,3)
pA end

% end

% fprintf(’error\n’)

%%%%HITERATION USING JACOBBI METHOD UNTIL UNTIL IT CONVERGENCEY.%%/% /%% lstetels

while err>tol

Tl T T To o oo T T T T To oo o o Yo Jo Jo 2o/ UPDATE. - TTERATION NUMBERY Vo 0h s oo oo o oo ToTo o o o o o T To To oo o o oo

k=k+1;
hfprintf (P41 |2 ,k)
JLoop through computational nodes

for i=2:Nx-1

for j=2:Ny-1

ukp1(5,1)=0; ukp1(6,1)=0; ukpl(7,1)=0; ukpl(8,1)=0; ukpl(9,1)=0;
ukp1(10,1)=0; ukp1(11,1)=0;

ukp1(5,2)=0; ukp1(6,2)=0; ukp1(7,2)=0; ukpl1(8,2)=0; ukpl1(9,2)=0;

ukp1(10,2)=0; ukp1(11,2)=0;

ukp1(6,3)=0; ukpl(7,3)=0; ukp1(8,3)=0; ukp1(9,3)=0;
ukp1(10,3)=0;

ukp1(8,4)=0;

ukp1(i, j)=0.25%(u(i,j+1)+u(i+1,j)+uld,j-1)+ui-1,3));

% fprintf(’%8,6F|’,ukpl(i,j))

%At point 29
ukp1(4,1)=1/((1+al)*(1/al+lapda) ) *(u(3,1)+1/2*lapda*(1+al)*u(4,2));
yA %At point 30
ukpl1(4,2)=1/((1+a2)*(1/a2+lapda))*(u(3,2)+1/2x1lapda* (1+a2) *u(4,3)+1/2%
lapda*(1+a2)*u(4,1));

yA %At point 36
ukpl1(5,3)=1/((1+a2)*(1/a2+lapda))*(u(5,7)+((1+ad)/(1+a3))*u(5,2));
%At point 41
ukpl(6,4)=1/(2*(1+lapda/a5))*(u(7,4)+u(5,4)+2*lapda/ (1+a5) *u(6,5)) ;
ho % %At point 45
ukp1(7,4)=1/(1+lapda/a6)*(u(6,4)+2*lapda/(1+a6)*u(7,5)) ;

© University of Venda



)
-]

. . University of Venda
Section 5.5. Conclusion N7 e Page 94

b %At point 52
ukp1(9,4)=1/(2*(1+lapda/a6))*(u(10,4)+2*xlapda/ (1+a6)*u(9,5)) ;

%At point 56
ukp1(10,4)=1/(2x(1+lapda/ab) ) *(u(11,4)+u(9,4)+2*lapda/ (1+ab)*u(10,5));
%At point 60
ukp1(11,3)=1/((1+a2)*(1/a2+lapda))*(u(12,7)+((1+a4)/(1+a3))*u(11,2));
%At point 65

ukp1(12,1)=1/((1+a2)*(1/al+lapda) ) *(u(13,1)+1/2*lapdax* (1+al)*u(12,2));
/A %At point 66
ukp1(12,2)=1/((1+a2)*(1/a2+lapda))*(u(13,2)+1/2*1lapda* (1+a2)*u(12,3)+
1/2*lapda*(1+a2)*u(12,1));

end

end
b=[0;0;0;0;0;0;1lapda;0;0;0;0;0;0;1lapda;0;0;0;0;0;0;1lapda;0;0;0;0;0;0;
lapda;0;0;0;0;1lapda;0;0;0;1lapda;0;0;0;1lapda;0;0;lapda;0;0;0;lapda;
0;0;0;1lapda;0;0;0;0;1lapda;0;0;0;0;0;0;1lapda;0;0;0;0;0;0;1lapda;0;0;
0;0;0;0;1apda;0;0;0;0;0;0;lapdal;

Tl ToToTotoTo oo ToToTo o 1o 1o o /o SCALCULATE  ERROR %7761 o o oo To o o o oo To oo o o o oo ToToo To o o o

err=sqrt (sum(sum( (ukpl-u).~2)));
hfprintf (°%8.6f\n’,err)

Jupadate u

u=ukpl;

end

plot(x,u(:,6))

% set(gcf, ’Renderer’, ’zbuffer’);
% figure(1)

% plot(y,u(l,:))

% title(’Velocity Function ’)

% xlabel(’Spatial co-ordinate (y)’)
% ylabel(’Velocity (u)’)

% legend(’Velocity function’)

% zlabel(’velocity of the fluid(u)’)
% hold on

figure(1)

plot(x,u2(:,6),’b-=")

hold all

figure(1)

plot(x,-u(:,6),’g’)

xlabel (’Spatial co-ordinate (y)’)
ylabel(’Velocity (v)’)
legend(’Analitical’,’Numerical’)
zlabel (’velocity of the fluid(u)’)
hold all

figure(2)
plot(x,abs(u(:,6)+u2(:,6)))
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xlabel(’Spatial co-ordinate (x)’)
ylabel(’Absolute error’)

figure(3)

surf (x,y,u2)

xlabel(’Spatial co-ordinate (x)’)
ylabel (’Spatial co-ordinate (y)’)
zlabel (’velocity of the fluid(u)’)
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